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Abstract
We study a communication model where processes reveal their entire local information whenever
they interact. However, the system involves an indeterminate environment that may control when
a communication event occurs and which participants are involved. As a result, the amount of
information a process may receive at once is unbounded.

Such full-information protocols are common in the distributed-computing literature. Here, we
consider synchronous systems, modelled as infinite games with imperfect information played on
finite graphs. We present a decision procedure for the synthesis of a process with an ω-regular
specification in a system where the other participating processes are fixed. The challenge lies in
constructing a finite representation of information trees with unbounded branching. Our construction
is non-elementary in the size of the problem instance, and we establish a matching non-elementary
lower bound for the complexity of the synthesis problem.
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1 Introduction

One core paradigm for the analysis of complex systems is that of reactive processes, introduced
by Harel and Pnueli [17]. A reactive process interacts with its environment in a stepwise,
ongoing manner: at each stage, it observes an input signal and chooses a control action with
the purpose of ensuring that the system satisfies a specified objective.

Unlike terminating programs that compute a function on a given input, reactive processes
are meant to operate indefinitely. Their interaction with the environment is naturally
modelled as an infinite-duration game between a strategic player, representing the process,
and a non-strategic opponent, Nature. The process aims to satisfy the objective regardless
of Nature’s choices. The synthesis problem – constructing such a process – thus translates to
the construction of a winning strategy in an infinite game [7, 29].

Under perfect information, where input and output uniquely determine the system’s run,
the game is fully observable and, for ω-regular objectives, it can be solved using established
algorithms for parity games [10, 25, 29, 8]. In imperfect-information settings, where processes
have only partial views of the system state, the problem becomes significantly harder. Classical
approaches, going back to Reif [26, 9], reduce such games to perfect-information ones via a
powerset construction, incurring exponential cost but preserving strategy equivalence.
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13:2 Synthesising Full-Information Protocols

In distributed systems, complexity increases further: multiple processes operate based
on their local observations and must coordinate to achieve a common objective. This yields
coordination games with imperfect information, which are undecidable in general [23, 19, 13].
Even two processes receiving distinct inputs face an undecidable synthesis problem [28].
Coordination may require reasoning about other players’ knowledge – a task that is algorith-
mically intractable over infinite plays [6].

To study distributed synthesis beyond known undecidability barriers, we consider a
model where communication is not restricted in content. We formalise a framework of full-
information protocols (FIP), inspired by concepts from distributed computing [22, 11, 31],
in which all information held by a sender is transmitted during a communication event.
Communication availability is controlled externally, and processes cannot choose which
information to reveal. This model captures systems with maximal information exchange
constrained only by communication opportunities. Whenever synthesis is possible under
arbitrary-bandwidth assumptions, it is also possible in the FIP model.

We formalise distributed systems with FIP semantics as repeated games between players
and Nature. In each stage, players choose actions; the resulting action profile determines
a set of enabled moves, from which Nature selects one. Each move yields an observation
profile, including a local input and a set of views shared via communication. A player’s
view accumulates their own observations and, recursively, those of others with whom they
communicates, directly or indirectly. Strategies map such views to actions. A profile of
strategies determines a set of plays – infinite sequences of moves – and is winning, if all
resulting plays satisfy the objective, expressed by an automaton over infinite words.

As full synthesis remains undecidable in general, we focus on the case of a single active
player and an arbitrary number of passive observers. Observers do not act, but their views
may be communicated, conveying unbounded information in a single stage. This creates
information trees with unbounded branching, obstructing classical synthesis approaches
based on finite tree automata [25, 16, 1].

Nevertheless, we prove that synthesis is decidable in this setting. The key lies in a higher-
order quotient construction that vastly extends Reif’s powerset method to accommodate
full-information protocols. It yields a finite game bisimilar to the original one, with winning
strategies transferring via a homomorphism. The construction tracks information records
along nested coalitions of observers, leading to a state space of non-elementary size.

We show that this complexity is tight: the synthesis problem for FIP games with one active
player and n observers is as hard as the acceptance problem for Turing machines using n-fold
exponential space. Non-elementary bounds have appeared in similar contexts [2, 19, 13, 14, 5],
but are surprising here given the presence of only a single decision maker.

2 Basic Notions

For a function f : X → Y and a domain subset Z ⊆ X, we denote by f(Z) = {f(z) | z ∈ Z}
the set of images of elements in Z. The kernel of f relates elements with the same image
ker f = {(x, x′) ∈ X ×X | f(x) = f(x′)}.

For a directed graph (V,E) with edge relation E ⊆ V ×V , we designate the set of successors
and predecessors of a node v ∈ V by vE = {v′ | (v, v′) ∈ E} and Ev = {v′ | (v′, v) ∈ E}.

For a set of players I, we refer to any nonempty subset J ⊆ I as a coalition. A profile
is a tuple of objects x = (xi)i∈I , one for each player. Given a profile x, we write xi to
designate the element corresponding to Player i. Likewise, for a coalition J ⊆ I, we write xJ

to designate the profile (xj)j∈J of objects associated to its members. In general, we use
superscripts for (objects associated to) players or coalitions. To avoid confusion, we denote
the powerset of a set X by ℘(X) rather than 2X .
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For an alphabet Γ, the set of finite words over Γ is denoted by Γ∗, the set of finite
nonempty words is Γ+ = Γ∗ \ {ε}, and the set of infinite words is Γω.

2.1 Games on Graphs
In the context of reactive systems, games are used to study worst-case scenarios where a
system interacts with an adversarial environment. The goal is to synthesise a strategy for
the system player that ensures the specification is satisfied regardless of the environment’s
behaviour. Accordingly, we focus on actions and strategies of one player – or a coalition of
players – representing the system, and attribute the environment choices to a nonstrategic
player, Nature. In particular, we deviate from traditional terminology by featuring two-player
games as games between one player and Nature. To compare games played on different
structures, we represent objectives in terms of colours assigned to game positions.

Perfect Information

Let A be a finite set of actions and C a finite set of colours. A graph game with perfect
information is described by a coloured graph G = (V, vε, (Ea)a∈A, λ), where V is a set of
positions, vε ∈ V the initial position, each Ea ⊆ V × V is a transition relation for action a,
and λ : V → C labels positions with colours. For all v ∈ V and a ∈ A, we assume that the
successor set vEa is nonempty.

The game is played in stages starting from the initial position vε. In a stage at position v,
the player chooses an action a ∈ A, then Nature selects an edge (v, w) ∈ Ea, and the play
moves to position w, which is announced to the player. The outcome is an infinite path in G
starting from vε, called a play; finite prefixes are called histories.

A reachability objective is given by a binary labelling λ : V → {0, 1}, and a play is winning
if it visits a position labelled 1. A parity objective is specified by a labelling λ : V → N that
assigns priorities to positions, and a play is winning if the least priority visited infinitely
often is even.

Strategies in games with perfect information are maps s : V ∗ → A from histories to actions.
The outcome of a strategy s is the set Out(s) of plays v0v1v2 . . . such that vt+1 ∈ vtEa for
a = s(v0v1 . . . vt) at every stage t ≥ 0. A strategy is winning, if all the plays in Out(s) are
winning. The synthesis problem asks whether such a strategy exists and aims to construct
one effectively.

For parity and reachability objectives, it is known that whenever a winning strategy
exists, there exists one that depends only on the last position in the history. Such positional
strategies can be represented by a labelling of positions with actions. As the winning status
of a positional strategy can be verified efficiently, the synthesis problem for parity games is
decidable in NP ∩ CoNP; reachability games are solvable in polynomial time.

Partial Observation

One way to model uncertainty is by associating to each position an observation from a finite
alphabet B, via a function β : V → B. In a stage where the game moves to position w, only
β(w) is revealed to the player.

Formally, a graph game with partial observation is given by a coloured graph
(V, vε, (Ea)a∈A, β, λ). Every history τ = v0v1 . . . vt yields an observation history β̂(τ) :=
β(v0)β(v1) . . . β(vt). Strategies are functions s : V ∗ → A from histories to actions that do
not distinguish between histories with the same observation. Under the assumption that
objectives are visible, in the sense that indistinguishable histories end in positions with the
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13:4 Synthesising Full-Information Protocols

same colour given by λ, the synthesis problem for partial-observation games on graphs with
parity or reachability objectives can be reduced to a perfect-information game via a powerset
construction, yielding an EXPTIME-complete problem [26, 9].

To model distributed systems, graph games with partial observation are extended to
multiple players i ∈ I, each with an action set Ai, an observation set Bi, and a local
observation function βi : V → Bi. The edges are then indexed by action profiles a = (ai)i∈I .
At the stage game from position v, each player i selects an action ai ∈ Ai, Nature chooses
an edge (v, w) ∈ Ea, and each player observes βi(w). Strategies si of Player i are functions
that do not distinguish between her observation histories. The outcome of a strategy profile
is formed by the plays that are in the outcome of all component strategies.

The synthesis problem for a given, common objective asks whether there exists a strategy
profile s = (si)i∈I , such that all outcoming plays satisfy the objective. This problem is
undecidable in general for distributed games with partial observation, even with only two
players against Nature (see, e.g., [28]).

2.2 Automata

We use deterministic finite automata as language acceptors for infinite words and as trans-
ducers on finite words.

A Mealy automaton is given by a tuple (Q,Γ,Σ, qε, δ, λ) consisting of a finite set Q of
states, a finite input alphabet Γ, a finite output alphabet Σ, a designated initial state qε ∈ Q,
a transition function δ : Q× Γ → Q, and an output function λ : Q× Γ → Σ. To describe the
internal behaviour, we extend the transition function from input letters to words and define
δ : Q × Γ∗ → Q, for every state q ∈ Q, by setting δ(q, ε) := q, for the empty word ε, and
δ(q, τc) := δ(δ(q, τ), c), for words τ ∈ Γ∗ and letters c ∈ Γ. Likewise, to describe the external
behaviour, we extend the output function to λ : Γ+ → Σ by setting λ(τc) = λ(δ(qε, τ), c) for
all τ ∈ Γ∗ and c ∈ Γ. A function on Γ∗ is regular if there exists a Mealy automaton that
defines it. Further, we define the cumulative output, for an input word τ = c1c2 . . . cn ∈ Γ∗, as
the sequence λ̂(τ) = λ(c1)λ(c1c2) . . . λ(c1c2 . . . cn) consisting of the outputs of all prefixes of τ .
Finally, we extend λ̂ to infinite words π = c1c2 · · · ∈ Γω, by setting λ̂(π) = λ(c1)λ(c1c2) . . .

3 The Model

3.1 Repeated Games with Imperfect Information

Our purpose is to model dynamical systems driven by occurrences of discrete state changes
that we call moves. System runs correspond to infinite sequences of moves drawn from a
finite set Γ as outcome of a multistage game played between a fixed set I = {0, 1, . . . , n} of
players and Nature (or Environment, in control-theoretic terminology). Each player i ∈ I

has a set Ai of actions, and any action profile (ai)i∈I enables a set of moves, according to a
move-action map act : Γ → A, which is surjective. In every stage, a one-shot base game is
played as follows: each player i ∈ I chooses an action ai from her given action set Ai; the
chosen profile a = (ai)i∈I constrains the set of possible outcomes to the subset of moves
{c ∈ Γ | act(c) = a} supported by a, from which Nature chooses one. The outcoming move
is recorded in the play history, and the game proceeds to the next stage. The outcome of
the multistage game, called a play, is thus an infinite sequence π = c1c2 · · · ∈ Γω of moves.
A history (of length ℓ) is a finite prefix τ = c1c2 . . . cℓ ∈ Γ∗ of a play; the empty history ε has
length zero. The objective of a player is described by a subset of plays declared as winning.
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To pursue their objectives, players choose actions based on the information available
to them. The information of a player i ∈ I is modelled by a partition U i of the set Γ∗ of
histories; the parts of U i are called information sets (of the player). The intended meaning
is that if the actual history belongs to an information set U ∈ U i, then Player i considers
every history in U possible. The particular case where all information sets in the partition
are singletons characterises the setting of perfect information.

Our model is synchronous, which means, intuitively, that players always know how
many stages have been played. Formally, this amounts to asserting that all histories in an
information set have the same length; in particular the empty history forms a singleton
information set. Further, we assume that every player has perfect recall – he never forgets
what he knew previously, and which actions he took. Formally, if an information set of
Player i contains nontrivial histories τc and τ ′c′, then the predecessor history τ is in the same
information set as τ ′ and the moves c and c′ are supported by the same action of Player i.

A decision function for a player i ∈ I is a map f i : Γ∗ → Ai from histories to actions. We
say that a play, or a history, c1c2 . . . follows f i if acti(ct) = f i(c1 . . . ct−1), for every stage
t > 0. Further, we say that an information set U ∈ U i is reachable if there exists a history in
U that follows f i. A decision function f i is information consistent if it is constant on all
reachable information sets. A strategy for Player i is a decision function that is information
consistent (with respect to her information partition). The outcome of a strategy f i is the
set Out(f i) ⊆ Γω of plays that follow it. To capture coordination problems in distributed
systems, we refer to an objective W ⊆ Γω that is common to all players. A strategy profile
f = (f i)i∈I is winning if Out(f) ⊆ W .

Finite-state representation

As we are interested in algorithmic questions for repeated games, we will consider instances
described by finite objects. We assume that the move set Γ and the set A of action profiles
are finite. Hence, the action map act : Γ → A provides a finite description of the move
structure, that is, Γ∗ equipped with the labelling of action profiles.

To represent objectives – sets of infinite words from Γω – we use colouring functions
defined by Mealy automata over Γ. We mainly work with parity automata, which provide a
canonical form for ω-regular specifications relevant as system-design objectives [30]. These
are automata that input moves – drawn during the play – and output natural numbers called
priorities: a play is winning if the least priority output infinitely often is even. We sometimes
refer to reachability objectives, given by an automaton that outputs flags 0 or 1: a play is
winning if some prefix history yields output 1.

To describe information partitions in a finite way, it will be convenient to refer to
their representation as indistinguishability relations, which equate histories that the player
cannot distinguish. An information partition U thus corresponds to the equivalence relation
∼ ∈ Γ∗× Γ∗ with τ ∼ τ ′ whenever τ, τ ′ ∈ U for some U ∈ U . Generally, an indistinguishability
relation for Player i is a synchronous equivalence ∼ on (Γ × Γ)∗ that is prefix-closed and
respects the player’s actions: if τc ∼ τ ′c′ then τ ∼ τ ′ and acti(c) = acti(c′), for all τ, τ ′ ∈ Γ∗

and c, c′ ∈ Γ. Indeed, ∼ defines an information partition with information sets given by
equivalence classes [τ ]∼ = {τ ′ ∈ Γ∗ | τ ′ ∼ τ}, for each history τ ∈ Γ∗. The information
structures arising from the full-information protocols introduced in this paper are a particular
case of indistinguishability relations recognisable by two-tape deterministic finite automata,
as studied in [4].

We shall distinguish between the finite-state representation of a repeated game, for
instance as a tuple (act, (Ri)i∈I ,A), on the one hand, that includes automata Ri and A
describing the indistinguishability relations and the objective, and its presentation as a logical
structure G = (Γ∗, act, (∼i)i∈I , λ), on the other hand, with ∼i= L(Ri) and λ = λA.
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13:6 Synthesising Full-Information Protocols

3.2 Full-Information Protocols
We formalise a communication model that gives rise to a particular class of finitely-
representable information structures for repeated games. Our formalisation and the applica-
tion scenario are inspired from [21].

In full-information protocols, players receive local observations from a finite set Bi via
an observation function βi, as they do in partial-observation games, but additionally they
communicate with other players. The information transfer in that event is idealistically
efficient: the entire information available to the sending party is revealed to the receiving
player. However, the opportunity of communication may not be under the control of the
players: whether a communication event occurs in a particular stage, and which player it
includes, is determined by the current move.

Communication opportunities for a player i ∈ I are specified by a function comi : Bi →
℘(I) that associates with each of her local observation b ∈ Bi, a set of players comi(bi) ⊆ I

to which communication links are enabled. Intuitively, when Player i receives the local
observation bi ∈ Bi, she also receives the information of every player j ∈ comi(bi), which
includes his observation history bj

1, b
j
2, . . . , b

j
ℓ , but also (recursively) the observation history of

all players in comj(bj
t ) at previous stages t = 1, 2, . . . , ℓ. Thus, a link j ∈ comi(bi) specifies a

one-way communication event from sender j to receiver i: upon observing bi, Player i can
peek at Player j. We refer to such links as direct links. Our semantics of communication links
is transitive. If at some history, there is a direct link from Player i to Player j, and also a
direct link from Player j to Player k, then an indirect communication link is established from
Player i to Player k. Even if the protocol specifies no direct link from i to k, the information
of k is revealed to i.

Formally, we represent the information available to the players at a history τ = c1c2 . . . cℓ

by a view graph View(τ) = (V,E), defined as follows:
V = I × {0, 1, . . . , ℓ} is the set of nodes, and a node (i, t) ∈ V represents the viewpoint of
Player i in stage t;
E ⊆ V × V is the set of edges, where an edge ((i, t), (j, u)) intuitively means that in
stage t, Player i has access to the view of Player j in stage u; the set E contains the
edges ((i, t), (i, t− 1)) for all stages 1 < t ≤ ℓ and every player i – which correspond to
looking into the past, and the edges ((i, t), (j, t)) are included, for all stages 1 ≤ t ≤ ℓ

and all players i ∈ I and j ∈ comi(bi) where b = βi(c1c2 . . . ct) – which correspond to
revealing the current view of Player j to Player i (via a direct link).

Two histories τ, τ ′ ∈ Γ∗ are indistinguishable for Player i, denoted τ ∼i τ ′, if they have
the same length ℓ and the local observations βj(τ(t)) = βj(τ ′(t)) agree, for all nodes (j, t)
reachable from (i, ℓ) in the view graph View(τ). In particular, this means that from (i, ℓ) the
same set of nodes is reachable in View(τ) and in View(τ ′). We say that the histories τ, τ ′

are indistinguishable for a coalition J ⊆ I, denoted τ ∼J τ ′, if they are indistinguishable for
all players of the coalition, that is, τ ∼i τ ′ for all i ∈ J .

A full-information protocol (FIP) for a set of players I, a move alphabet Γ, and an
alphabet B of observation profiles, is described by a profile F = (Mi, comi)i∈I specifying
for each player i ∈ I, a Mealy automaton Mi that defines the local observation function
βi : Γ∗ → Bi and the communication map comi : Bi → ℘(I) that specifies, for every local
observation, the set of players to which a communication link from i is enabled. The
protocol F defines an indistinguishability relation, for each player i ∈ I, which we denote
by ∼i

F .
To turn a FIP instance F = (Mi, comi)i∈I into a game, consider now a profile A of action

sets Ai for the players i ∈ I together with a suitable action map act : Γ → A. The actions
of any player i should be observable to himself: if acti(c) ̸= acti(c′), then βi(τc) ̸= βi(τ ′c′),
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for all histories τ, τ ′ ∈ Γ∗ and moves c, c′ ∈ Γ. If the condition is satisfied, then F induces a
profile of indistinguishability relations for the repeated game form described by act. Together
with the action map act and a parity automaton A for defining the objective, we thus obtain
the repeated game G(F ) := (Γ∗, act, (∼i

F )i∈I , λ
A), which we call the FIP game associated

with F .

3.3 Example: Leader election with failures and recoveries
To illustrate the model, consider a classical leader election scenario. A set V = {0, . . . , n} of
processes is connected in a network graph (V,E), where each edge (i, j) ∈ E represents a
unidirectional channel through which process i can send messages to process j. The system
runs indefinitely in synchronous rounds.

In each round t ∈ N, every process i declares a leader candidate ai
t ∈ V and proposes a

message mi
t for broadcasting to its neighbours j ∈ iE. The environment may crash a subset

Ft ⊆ E of channels, so that process i receives messages only from j ∈ (E \ Ft)i. In the next
round, some channels may recover while others may fail. A process i is said to fail at time t
if any of its outgoing channels crash. Failures are bounded by parameters (N,L): at most N
channels may crash in any window of L rounds. A process is valid at time t if it does not fail.

The objective of leader election is to ensure that, unless all processes fail repeatedly, there
is a time t0 after which all valid processes i agree on a leader ai

t = k who is also valid.
Note that we did not specify the message space. This is intentional: in practice, it is

often difficult to settle on the structure of internal messages for distributed algorithms that
are yet to be designed. To maintain focus on external behaviour, we instead assume that
processes broadcast all available information whenever communication is possible – in other
words, they follow a full-information protocol. Once a solution is found for this idealised
setting, it may later be implemented more efficiently. It might turn out that the problem is
unsolvable even under full information, hence no effective protocol exists either.

Process implementation must answer two questions: (1) How to choose a leader based on
the observed failure history; (2) What to transmit. The full-information assumption focuses
on the first question, assuming the second is solved or deferred.

We model this as a FIP game with players in I = V ∪ E. Each process player i ∈ V has
actions Ai = I, representing candidates, whereas channel players are passive, with |Ae| = 1,
for all e ∈ E. Moves are tuples (a, F ) of declarations and crash sets, with Γ =

∏
i∈V V ×℘(E)

and act(a, F ) = a.
Local observations, for each process player i, specify the subset of channels from which

it can read, i.e., Bi ⊆ {(j, i) ∈ E}, and the communication function comi is the identity.
Including the channels as observers is an artifice to prevent players from seeing the entire
network, since we choose a semantics where communication is transitive. Accordingly, each
channel (i, j) has two observations: {read, lock} with com(i,j)(read) = {i} – when the source
process is revealed – and com(i,j)(lock) = ∅ – when it may reveal to the target. The
observation automata for channels alternate between read at odd times and lock at even
times. For processes, the observation automaton of i sends the ∅ observation at odd times,
whereas it reveals the enabled incoming channels from E \ F at even times. The Mealy
automaton is further adjusted to keep track of the number of crashes within the time window.
To ensure that the bounds (N,L) are respected, the automata send ∅ when the budget does
not allow to crash the subset F recorded in the current move.

The objective is described by a parity automaton with three priorities: 2 when all valid
processes agree on a valid leader; 1 when there is disagreement or the leader is invalid; 0 after
a phase in which all processes failed. It rejects plays that visit priority 1 infinitely often.
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13:8 Synthesising Full-Information Protocols

Now we can verify that the model faithfully captures our scenario: any distributed
protocol – regardless of which messages the processes pass – corresponds to a strategy profile.
It solves the leader election problem under the given bounds if, and only if, the strategy is
winning in the FIP game.

4 The Synthesis Problem

We study the following synthesis problem: Given a finite FIP game instance F =
(act, (Mi, comi)i∈I ,A), decide whether there exists a winning strategy in the repeated
game G(F) and, if so, effectively construct one.

Graph games are special cases of FIP games. For instance, a perfect-information game on
a graph (V, vε, (Ea)a∈A, λ) corresponds to the repeated game (act, id,M) with Γ = A× V ,
where act(a, v) = a and M maps a history τ = (a1, v1) . . . (at, vt) to λ(vt) if τ follows a path
from vε, and to a fresh colour ⊥ otherwise. Given an objective L ⊆ Cω, a play is winning in
the repeated game, if M maps it to a sequence in L or to one reaching ⊥.

Partial-observation games translate similarly by expressing observation functions as
Mealy automata that output observation labels on transitions. Standard partial-observation
games [26] correspond precisely to FIP games with one player. In such repeated games, the
indistinguishability relation ∼ is defined by a regular observation function β : Γ∗ → B, such
that τ ∼ τ ′ if β̂(τ) = β̂(τ ′). Assuming perfect recall, τc ∼ τ ′c′ iff τ ∼ τ ′ and β(τc) = β(τ ′c′).
Accordingly, every information set U has at most |B| successors, so the information tree has
bounded branching.

For two or more players, FIP games yield strictly richer information structures. Consider
a FIP game with players I = {0, 1}, binary observations, and a communication map where
Player 0 can communicate with Player 1 only on observation 1. Suppose Player 0 observes 0
for 7 stages, while Player 1 observes an arbitrary bit sequence. In stage 8, Player 0 observes 1,
revealing all 8 bits seen by Player 1. Thus, her current information set, with 27 histories,
has 28 successors (that are singletons). If the play continues in the same way, until the next
communication event occurs, say in stage 88, there will be a branching of degree 280, and so
on. Hence, FIP information trees may have unbounded branching.

Restriction to one active player, visible objectives

Since synthesis is undecidable already for two players in partial-observation games, we restrict
our analysis to one active player. Accordingly, we consider games with a set of players
I = {0, . . . , n}, where Player 0 is active and the others are passive observers (|Ai| = 1 for
i ̸= 0). References to actions or indistinguishability relations refer to Player 0 unless specified.

We further restrict to visible objectives, where the colouring function λA defined by the
objective automaton A is information consistent: λA(τ) = λA(τ ′) whenever τ ∼0 τ ′.

Despite these restrictions, the model captures significant system-design problems. One
motivation is monitoring and diagnosis: constructing a decentralised supervisor that runs
alongside a fixed distributed system – using the given communication architecture – to
log data and detect faults. The active player outputs new data according to the specified
objective, leaving the system unchanged.

An active player added to a fixed distributed protocol can influence the system meaning-
fully. For example, in leader election, we may let one process repair channels in addition to
its original role, with the objective to ensure stability, that is, that leaders are revoked only
if they fail. Formally this is done by extending Player 0’s action set to A0 ×E, and adapting
the action map to exclude the repaired channel from the crash set of the stage outcome. The
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synthesis objective is stability in conjunction with the condition that passive players follow
the actions prescribed by the original protocol. Under standard connectivity assumptions
(already necessary to solve basic leader election), this can be specified by a visible automaton.

4.1 Method
In the rest of the paper, we show that the synthesis problem for FIP games with one active
player is computationally solvable, albeit with daunting theoretical complexity.

The key tool for synthesis in infinite games is the automata-theoretic approach, founded
by Büchi and Landweber [7] and Rabin [24, 25]. Strategies are viewed as trees with bounded
branching. However, FIP games may yield unbounded information trees. Indeed, [4] shows
that a regular indistinguishability relation defines a tree of finite branching degree if, and only
if, it corresponds to an observation function. The counterexample there is a FIP protocol
with one active player and one passive observer. Thus, we cannot rely on tree automata to
recognise the set of winning strategies of a FIP game.

To overcome this obstacle, we reduce a finite FIP game (with parity objectives) to a
perfect-information graph game, preserving winning strategies: (1) if a winning strategy
exists in the original game, one exists in the reduct; (2) from a regular strategy in the reduct,
we can construct one for the original.

The reduction builds effectively a homomorphism from histories Γ∗ to a finite set of ab-
stract states, preserving information sets. By collapsing the abstract states of an information
set, we obtain a finite perfect-information game equivalent (bisimilar) to the original. This
allows pulling back winning strategies.

Information quotient

A repeated game with imperfect information and one active player can be represented as
a game with perfect information played on the information tree – the infinite graph with
information sets as positions.

Let us fix a move alphabet Γ and a set A of actions. The information quotient of a game
G = (Γ∗, act,∼, λ) is the graph U(G) on U = {[τ ]∼ | τ ∈ Γ∗}, with initial node uε = [ε]∼,
edges:

EU
a := {([τ ]∼, [τc]∼) | act(c) = a}, for each a ∈ A,

and colouring λU ([τ ]∼) = λ(τ). As ∼ has perfect recall, U(G) is a tree. Therefore, each node
u ∈ U identifies a unique path from uε, and we view strategies as functions s : U → A.

Although structurally different, a game with imperfect information and the perfect-
information game played on its information tree are the same (from the perspective of the
active player), in the following sense.

▶ Lemma 1. For every game G with indistinguishability relation ∼, there is a one-to-one
correspondence mapping each strategy s in U(G) to a strategy s̃ in G, such that s̃(τ) = s([τ ]∼),
and their outcomes agree on colours: λ̂(Out(s̃)) = λ̂U (Out(s)).

Bisimulation

Further, we use bisimulation to relate strategies across games.
Let G, H be perfect-information game graphs with the same vocabulary (vε, (Ea)a∈A, λ).

A bisimulation between G and H is a relation Z ⊆ V G × V H such that every related pair of
nodes (u, v) ∈ Z agree on the colour λG(u) = λH(v) and
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(Zig) for each a ∈ A and (u, u′) ∈ EG
a , there is (v, v′) ∈ EH

a with (u′, v′) ∈ Z;
(Zag) for each a ∈ A and (v, v′) ∈ EH

a , there is (u, u′) ∈ EG
a with (u′, v′) ∈ Z.

The graphs G, H are bisimilar if their initial states are related: (vG
ε , v

H
ε ) ∈ Z.

A graph homomorphism from G to H is a function h : V G → V H that preserves the initial
state: h(vG

ε ) = vH
ε , the edges: h(EG

a ) ⊆ EH
a for all a ∈ A, and the colouring: λG = λH ◦ h.

A p-morphism is a homomorphism h : G → H such that the relation {(x, h(x)) | x ∈ V G}
forms a bisimulation. Equivalently, h is a homomorphism and, for every edge (v, w) ∈ EH

a

and node x ∈ V G with h(x) = v, there exists an edge (x, y) ∈ EG
a such that h(y) = w [15, 27].

▶ Lemma 2 ([12]). Let G and H be bisimilar game graphs. Then, G has a winning strategy iff
H has one. Moreover, if there exists a p-morphism h : G → H, then it takes every strategy s
in H, to a strategy s ◦ h in G such that the outcomes agree on colours: λ̂G(Out(s ◦ h)) =
λ̂H(Out(s)).

5 The Reduction

For this section, let us fix a set I = {0, . . . , n} of players with 0 being the active player, with
an action set A, and the others being passive observers.

5.1 Simplifications

To simplify the presentation, we assume that all players in I share a common observation
alphabet B. Moreover, we identify moves with observation profiles: Γ =

∏
i∈I B. Each

player’s observation function is defined trivially by βi(τc) = ci for all τ ∈ Γ∗ and c ∈ Γ.
These assumptions can be made without loss of generality. Any FIP instance can be

brought to this form by adding a dummy observer and modifying the objective to check
that the observations in the view of the active players match the original Mealy-automaton
outputs, or else go to a sink state labelled with an even priority. This modification incurs an
exponential blowup in size, but preserves visibility of the objective.

In the simplified model, we can characterise indistinguishability relations without reference
to view graphs. Given a move c ∈ Γ, let Link(c) :=

⋃
i∈I{i} × comi(ci) denote the set of

all communication links enabled under c. For any player i ∈ I, let now synci(c) be the set
of players reachable from i via the reflexive-transitive closure of Link(c). Hence, synci(c)
describes the set of players that communicate (directly or indirectly) with Player i under
move c. For a coalition J ⊆ I, let syncJ(c) :=

⋃
i∈J synci(c).

We note the following properties for later use: syncJ (c) always includes J , every coalition
L = syncJ (c) that occurs as a synchronisation target is autonomous, meaning L = syncL(c),
intermediary coalitions J ⊆ K ⊆ syncJ (c) share the same target: syncK(c) = syncJ (c), and
syncJ∪K(c) = syncJ(c) ∪ syncK(c).

The following lemma describes how the information sets of a coalition evolve with a move.

▶ Lemma 3. Let J ⊆ I be a coalition. Then, for all histories τ ∈ Γ∗ and all moves c ∈ Γ:
(i) For the target coalition L = syncJ(c), we have [τc]∼L = {τ ′d | τ ′ ∼L τ and dL = cL}.
(ii) For every intermediary coalition K with J ⊆ K ⊆ syncJ(c), we have [τc]∼K = [τc]∼J .

Lemma 3 provides an inductive definition of indistinguishability in simplified FIP games:
[τc]∼J = [τc]∼L = {τ ′d | τ ′ ∈ [τ ]∼L and dL = cL}, for L = syncJ(c). Recall that, for the
grand coalition, ∼I is the identity.
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5.2 Abstraction morphism
As a first step towards our reduction, we map each history τ ∈ Γ∗ to an abstract state from
a finite domain. This state encodes the knowledge of every coalition containing the active
player 0. For a coalition J ⊆ I, its own knowledge is information-consistent, hence visible;
whereas knowledge of strictly larger coalitions K ⊋ J might not be information-consistent for
coalition J – these values form a hidden part of the abstract state, called the configuration.

Knowledge is represented by a set of configurations, and configurations are profiles of
knowledge sets indexed by coalitions. For the grand coalition, the configuration is just the
state of the objective automaton.

For any J ⊆ I, let J↑ := {K ⊆ I | J ⊆ K} be the set of coalitions containing J , and
J

↑↑ := J↑ \ {J}. We call any J ∈ {0}↑ an active coalition.
Let F = (act, (syncJ )J∈{0}↑ ,A) be a FIP game in simplified form, with local observation

alphabet B, moves Γ, action map act : Γ → A, a profile of synchronisation maps syncJ : Γ →
℘(I), one for every active coalition J , and a Mealy automaton A defining the objective. We
refer to the corresponding one-player game as G := (Γ∗, act,∼, λA).

For each J ∈ {0}↑ and history τ ∈ Γ∗, we define the configuration φJ (τ) and the knowledge
set ΦJ(τ) by mutual induction:

φI(τ) := δA(qε, τ),
φJ(τ) := (ΦK(τ))K∈J↑↑ for J ̸= I,
ΦJ(τ) := {φJ(τ ′) | τ ′ ∼J τ}.

Finally, the abstract state for coalition J is hJ(τ) := (ΦJ(τ), φJ(τ)). We write ConfJ

and KSetJ for the ranges of φJ and ΦJ , respectively. These sets are finite, as ConfI = Q

and ConfJ ⊆
∏

K∈J↑↑ KSetK , whereas KSetJ ⊆ ℘(ConfJ). The set of abstract states is
QH

J ⊆ KSetJ × ConfJ . We omit indices for J = {0} and write h = h{0}.
Note that in any (Ψ, ψ) ∈ QH

J , we have ψ ∈ Ψ. Also, the knowledge-set component of hJ

is information-consistent by construction.

▶ Lemma 4 (Preservation of indistinguishability). If τ ∼J τ ′, then ΦJ(τ) = ΦJ(τ ′), for all
histories τ, τ ′ ∈ Γ∗ and all active coalitions J ∈ {0}↑.

In particular, this holds for the active player singleton J = {0}, hence ∼ ⊆ ker Φ{0}. The
abstraction map also respects the colour assigned by the objective automaton.

▶ Lemma 5 (Preservation of objective colouring). If hJ(τ) = hJ(τ ′), then λ(τ) = λ(τ ′), for
all histories τ, τ ′ and active coalitions J .

Proof. The statement is immediate for J = I, since φI(τ) = φI(τ ′) is a state q, so hI(τ) =
hI(τ ′) = ({q}, q) and λ(τ) = λ(τ ′) = λ(q). Otherwise, if J↑↑ is nonempty and hJ (τ) = hJ (τ ′),
then ΦK(τ) = ΦK(τ ′) for all K ∈ J

↑↑, in particular ΦI(τ) = ΦI(τ ′) = {q}, and again
λ(τ) = λ(τ ′) = λ(q). ◀

Accordingly, we can map abstract states to colours via λH(Φ, φ) := λ(τ) for any history
τ ∈ Γ∗ such that h(τ) = (Φ, φ).

An elementary, but important insight is that the abstract state of a history determines
the set of abstract states of its information set.

▶ Lemma 6 (Information commuting). If hJ(τ) = hJ(τ ′) then hJ([τ ]∼J ) = hJ([τ ′]∼J ), for
all histories τ, τ ′ and active coalitions J .
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Proof. Any histories τ, τ ′ with the same image under hJ share ΦJ(τ) = ΦJ(τ ′) =: Ψ, so
their information sets map to:

h[τ ]∼J = {(ΦJ(π), φ) | φ ∈ ΦJ(τ)} = {(Ψ, φ) | φ ∈ Ψ}
= {(ΦJ(τ ′), φ) | φ ∈ ΦJ(τ ′)} = h[τ ′]∼J . ◀

Regularity

To show that the abstraction map h can be constructed effectively, we prove that it is a
homomorphism on the repeated game G, as it preserves the move operations: for every pair
of histories τ, τ ′ ∈ Γ∗, and every c ∈ Γ, if h(τ) = h(τ ′), then h(τc) = h(τ ′c). Towards this,
we define operations on abstract states that mimic the information updates triggered either
by local observations or by communication.

Intuitively, when a coalition J communicates with coalition L, it is as if J communicates
with J ∪ L. Therefore, we focus on communication between coalitions that are comparable
with respect to inclusion. We define, for every increasing pair of active coalitions J ⊆ L, a
lifting operator ⌈·⌉J

L : KSetL → KSetJ that maps every knowledge set Φ for L to a knowledge
set ⌈Φ⌉J

L for J , by setting ⌈Φ⌉J
J := Φ and

⌈Φ⌉J
L := {⌈Φ, φ⌉J

L | φ ∈ Φ}, for all L ∈ J
↑↑.

The construction uses an auxiliary operator that maps every abstract state (ΦL, φL) ∈
KSetL × ConfL for the larger coalition L to a configuration ⌈Φ, φ⌉J

L ∈ ConfJ for the
smaller J :

⌈Φ, φ⌉J
L := (ΨK)K∈J↑↑ with ΨK :=

{
⌈Φ⌉K

L if K ⊆ L;⌈
φK∪L

⌉K

K∪L
otherwise.

By unfolding the definition, we can see that the operators compose naturally.

▶ Lemma 7 (Composition of lifting). For all increasing coalitions J ⊆ K ⊆ L,⌈
⌈Φ⌉K

L

⌉J

K
= ⌈Φ⌉J

L, for every knowledge set Ψ ∈ KSetJ .

The following lemma states that the operator indeed captures that the information of a
coalition L is revealed to smaller (hence, possibly less informed) coalition J .

▶ Lemma 8 (Communication). For coalition J and a move c ∈ Γ, consider the target coalition
L = syncJ(c). Then, ⌈ΦL(τc)⌉J

L = ΦJ(τc), for every history τ ∈ Γ∗.

Proof. We proceed by induction starting with the grand coalition. As syncI(d) = I, the
base case is trivial. For the induction step, suppose that the statement holds for all coalitions
strictly larger than J . By unfolding the definitions, we obtain:

⌈ΦL(τc)⌉J
L =

{(
⌈ΦL(τc), φ⌉K

L

)
K∈J↑↑ | φ ∈ ΦL(τc)

}
(Set lifting, configuration)

=
{(

⌈ΦL(τ ′d), φL(τ ′d)⌉K
L

)
K∈J↑↑ | τ ′d ∼L τc

}
(Lemma 3(i), Lemma 4)

=
{(

⌈ΦL∪K(τ ′d)⌉K
L∪K

)
K∈J↑↑ | τ ′d ∼L τc

}
. (Abstract-state lifting)

Observe that for every K ∈ J
↑↑, we have syncK(d) = syncJ∪K(d) = syncJ (d)∪syncK(d) =

L∪ syncK(d). On the other hand syncL∪K(d) = syncL(d)∪ syncK(d) = L∪ syncK(d). Hence,
the coalitions L ∪ K and K share the same target T := syncL∪K(d) = syncK(d), strictly
larger than J . Therefore, we can develop the knowledge sets in the last expression as follows:
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⌈ΦL∪K(τ ′d)⌉K
L∪K = ⌈⌈ΦT (τ ′d)⌉L∪K

T ⌉K
L∪K (Induction hypothesis for syncK∪L(d) = T )

= ⌈ΦT (τ ′d)⌉K
T (Lemma 7)

= ΦK(τ ′d) (Induction hypothesis for syncK(d) = T ).

In conclusion, ⌈ΦL(τc)⌉J
L = {φJ(τ ′d) | τ ′d ∼L τc} = {φJ(τ ′d) | τ ′d ∼J τc} = ΦJ(τc),

according to Lemma 3(ii). ◀

With the lifting operators in place, we define update operations on configurations,
knowledge sets, and ultimately on abstract states, for each active coalition.

For configurations, define succJ : ConfJ × Γ → ConfJ as follows. For the grand coalition,
this coincides with the automaton update: succI(φ, c) := δA(φ, c). For other coalitions J ,
the update is componentwise, based on synchronisation targets:

succJ(φ, c) :=
(
SuccK(φsyncK(c))

)
K∈J↑↑ .

Knowledge sets are updated by a partial function SuccJ : KSet × Γ → KSetJ , defined on
pairs (Φ, c) with Φ ∈ KSetL and L = syncJ(c):

If J is autonomous (J = L), set

SuccJ(Φ, c) := {succJ(ψ, d) | ψ ∈ Φ, dL = cL},

Otherwise, for L ̸= J , define

SuccJ(Φ, c) := ⌈SuccL(Φ, c)⌉J
L.

The state update δH
J : QH

J → QH
J is defined as:

If J is autonomous, then

δH
J ((Φ, φ), c) = (SuccJ(Φ, c), succJ(φ, c)),

Otherwise, letting L = syncJ(c), set

δH
J ((Φ, φ), c) := (SuccJ(φL, c), succJ(φ, c)).

▶ Lemma 9 (Preservation of moves). Let J be an active coalition. Then,

hJ(τc) = δH
J (h(τ), c), for all τ ∈ Γ∗, c ∈ Γ.

Proof. We detail the inductive argument for knowledge sets to show that for L = syncJ(c),

SuccJ(ΦL(τ), c) = ΦJ(τc).

The base case, with I = syncI(c), concerns moves in the objective automata:

SuccI(ΦI(τ), c) = {succI(φ, d) | φ ∈ ΦI(τ), cI = dI}

= {δ(δ(qε, τ), c)} = {δ(qε, τc)} = SuccI(τc).

Inductive step: if J is autonomous,

SuccJ(ΦJ(τ), c) = {succJ(φ, d) | φ ∈ ΦJ(τ), dJ = cJ} (Definition of SuccJ )

= {succJ(φJ(τ ′), d) | τ ′ ∼J τ, dJ = cJ} (Knowledge set ΦJ )

= {
(
SuccK(ΦsyncK(d)(τ ′), d)

)
K∈J↑↑ | τ ′d ∼J τc} (Lemma 3(i))

= {(ΦK(τ ′d))K∈J↑↑ | τ ′d ∼J τc} = ΦJ(τc) (Induction hypothesis).
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Otherwise, if J ̸= L := syncJ(c):

SuccJ(ΦL(τ), c) = ⌈SuccL(ΦL(τ), c)⌉J
L (Definition of SuccJ )

= ⌈ΦL(τc)⌉J
L = ΦJ(τc). (Induction hypothesis, Lemma 8)

The statement extends to configurations and abstract states by structural induction. ◀

With these ingredients in hand, let us define the automaton H = (QH,Γ, QH, δH, qH
ε , δ

H)
on the set QH of abstract states – also used as output alphabet – , with input alphabet Γ,
transition function δH

0 , initial state qH
ε := h(ε) and an output function that returns the

current state λH = δH. This Mealy automaton H defines h. By projecting the output on
its first component, we obtain, for every input history τ , the knowledge set Φ{0}(τ). In
conclusion, the functions h and Φ{0} are regular.

5.3 Knowledge Quotient
Now, we construct a new game from the automaton H by collapsing abstract states that
share the same knowledge set. Concretely, we define the perfect-information game graph
K = (QK, (EK

a )a∈A, q
K
ε , λ

K) with the following ingredients. The set of positions consists of
knowledge sets: QK := KSet0 = Φ{0}(Γ∗). For every action a ∈ A, the set Ea contains the
edge from Φ to Φ′ if there exist abstract states (Φ, φ) and (Φ′, φ′) in QH and a move c ∈ Γ
such that δH((Φ, φ), c) = (Φ′, φ′). The initial position is obtained from the initial abstract
state qH

ε = (Φε, φε) by taking the first component qK
ε := Φε. As the objective colouring λA

and the knowledge-set map Φ{0} are both information consistent, we can lift the colouring
from the configuration component of the states in QH defined in Lemma 5 to the knowledge
set in their knowledge-set component: for any Φ ∈ QK, we assign λK(Φ) := λH(Φ, φ) for
some/any abstract state (Φ, φ) ∈ QH with Φ in the first component.

The same game graph can be obtained directly from the original repeated game by taking
the quotient Γ/ker Φ. Indeed, QK = Φ0(Γ∗), Ea = {(Φ0(τ),Φ0(τc)) | τ ∈ Γ∗, c ∈ Γ} for all
a ∈ A, qε = Φ0(ε), and λK(Φ0(τ)) = λ(τ), for all histories τ ∈ Γ∗.

Let k : Γ∗ → KSet0 be the quotienting map that associates to every history its knowledge
set: k(τ) := Φ{0}(τ). Since k is information consistent with respect to ∼, it induces a map
k̄ : Γ∗/∼ → KSet0 with k̄([τ ]) = k(τ) = Φ0(τ). The map k̄ is actually a graph homomorphism
from the information quotient U(G) = G∗/ ∼ of the original game to K = k(G), as it preserves
edges, actions and the colouring λ.

As an immediate consequence of Lemma 6, the factor map describes a functional bisimu-
lation.

▶ Lemma 10 (p-morphism). For every history τc ∈ Γ∗, and every τ ′ ∈ Γ∗ with k(τ ′) = k(τ),
there exists a history τ ′′ ∼ τ ′ such that k(τ ′′c) = k(τc).

Accordingly, {([τ ],Φ0(τ)) ∈ (Γ∗/∼) × KSet | τ ∈ Γ∗} is a bisimulation between U(G)/∼
and k(G) and, by Lemma 2, we can conclude that the games are equivalent.

▶ Corollary 11 (Bisimulation). The finite parity game K on k(Γ∗) is bisimilar to the in-
formation quotient U(G) of the original FIP game on Γ∗/ ∼. Moreover, for every winning
strategy s in the parity game K, the strategy s ◦ k = s ◦ Φ{0} is winning in the FIP game G.

By positional determinacy of parity games, if there exists a winning strategy in K, then
there exists one represented by a labelling s : QK → A of positions with actions. Recall that
the positions of K correspond to knowledge sets Φ0(τ) output by the automaton H (with
projection on the first component). By composing the output function of the automaton
with the action labelling s, we thus obtain a winning strategy for the game G at the outset.
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▶ Theorem 12. The synthesis problem for FIP games with parity objectives is decidable.
Whenever a winning strategy exists, we can effectively construct a Mealy automaton that
defines one.

Given a FIP game with n observers, the pre-processing step from Subsection 5.1 adds one
observer, and thus the size |K| of the perfect-information game constructed in the reduction
is (n+ 1)-fold exponential in the size of the FIP game. Note that the number of priorities for
the parity objective does not change. Since perfect-information parity games can be solved
in time at most exponential in the number of priorities (actually, in quasi-polynomial time in
the number of nodes, see, e.g., [18, 20]), we derive an (n+ 1)-EXPTIME upper bound for
the synthesis problem.

Theorem 12 extends to all visible objectives for which perfect-information games are
decidable, such as mean-payoff or discounted-sum conditions.

6 Complexity Lower Bound

We show a matching lower bound for reachability objectives, by a reduction of the membership
problem for alternating n-EXPSPACE Turing machines, which is (n+1)-EXPTIME-complete,
to the synthesis problem for FIP games with n observers.

Intuitively, the FIP game simulates an execution of an alternating Turing machine M
on an input word w of length ℓ, where the player chooses transitions in existential states,
and Nature chooses transitions in universal states. The winning condition requires the
player to announce successive configurations of M – consisting of the tape content (of n-fold
exponential size), the head position, and the control state – until an accepting configuration
is reached.

The main difficulty is to verify the consistency of these configurations using only
polynomial-size Mealy automata. To address this, we use the structure of FIP games
with imperfect information and n observers. Instead of checking transitions directly, the
game allows Nature to challenge the equality of successive configurations. Nature may mark
differing positions in the two configurations by sending observations to designated observers.
These marks are hidden to the player until a communication occurs.

If the marked bits differ, the player may claim the marks refer to different positions, which
reduces to checking inequality between two (n− 1)-fold exponential-size numbers. The player
does so by pointing out a differing bit in their binary encodings and announcing its address
(a (n − 2)-fold exponential-size number) – again recursively allowing Nature to challenge
this claim. Each level of this recursive protocol uses one of the n observers. Eventually, the
values are small enough to be verified by the objective automaton.

The encoding uses nested counters: a level-n counter is a sequence of bits, each followed
by its address as a level-(n − 1) counter. This encoding is directly inspired by a similar
definition in previous work [14, Section 4.2]. We define actions for the player to emit
bits, counters, Turing machine transitions, and specific claims like r01 or r10 asserting bit
differences. Nature’s moves include sending observations (marks), initiating communication,
and branching to verification components in the Mealy automaton.

Correct encoding is enforced by separate Mealy components that check syntactic properties:
correct counter format, input encoding, control state updates, and that configurations follow
transitions. Nature can branch to any component. The marking mechanism allows checking
bit-equality claims, and address comparison proceeds recursively with up to n observers.

We argue that a small (polynomial-size) Mealy automaton can store the values of the
marked bits in order to verify the player’s claims (r01 or r10). Storing two bits at each level
(hence 2n bits) would suffice if Nature never challenges the format of the counters announced
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by the player. However, if a challenge occurs, the game restarts at a lower level to check the
counter format, which requires storing only 2(n− 1) bits at that level – assuming no further
challenges. Repeating this argument recursively, the total number of bits needed for storage
is O(n2). Since n is fixed independently of the input word w and the Turing machine M , the
resulting Mealy automata remain polynomial in size. This ensures that the overall reduction
is polynomial-time.

We conclude that the player has a winning strategy in the FIP game if and only if the
machine M accepts the input w.

▶ Theorem 13. The synthesis problem for FIP games with n observers is (n+1)-EXPTIME-
complete, both for parity and reachability objectives.

7 Conclusion

We studied the problem of synthesising a finite-state process that must aggregate information
from multiple sources, where the accessibility of a source is determined through interaction
with the environment. This models dynamic networks with time-varying links and failures,
and captures convergecast (single-sink data aggregation) tasks in which a designated process
must fuse inputs from dispersed sensors while the environment controls when and with whom
communication occurs. In game-theoretic terms, the question requires handling information
trees with unbounded branching, beyond the reach of classical tree-automata approaches.

Our main contribution is a decision procedure for the case of one active player with
visible objectives and n passive observers. Technically, we introduce a higher-order knowledge
quotient that tracks nested coalitions and induces a p-morphism from the information quotient
to a finite perfect-information parity game on knowledge sets; by positional determinacy, a
winning strategy there yields a finite-state strategy for the original game.

The reduction is non-elementary in the number of observers, and we show tight complexity:
with n observers, the synthesis problem is (n+1)-EXPTIME-complete. The upper bound holds
for parity objectives and extends to other visible objectives (e.g., mean-payoff, discounted-
sum), and the lower bound already for reachability.

Outlook

(i) Efficient implementability. Given a FIP strategy, can it be implemented by processes
that exchange only bounded-length messages ? The answer is not always yes. For instance,
consider one active player and two observers that all receive bit sequences; the player can
communicate with the observers only upon input 1, and the specification requires the player
to indicate whether the two observation histories are equal. Clearly, any protocol with a
finite message space fails; each observer must reveal her full private history. If instead of
equality, the specification asks whether the observation histories belong to a given regular
relation, the task is solvable under FIP (the specification is indeed a winning strategy), but
deciding implementability with finite messages corresponds to the monadic decomposability
of regular relations [3]. Lifting such decomposition techniques to scenarios with intermediary
communication events appears challenging, but possible.

(ii) Regular indistinguishability via two-tape automata. For indistinguishability relations
recognisable by two-tape automata, information trees form a more general subclass of
automatic trees than those arising from FIP. Do such information trees always admit a finite
bisimulation quotient? A positive answer would yield decidability for one-player synthesis in
games with imperfect information beyond full-information protocols.
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