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—— Abstract

We study the speed of convergence of the Swendsen—Wang (SW) dynamics for the g-state ferro-
magnetic Potts model on the n-vertex complete graph, known as the mean-field model. The SW
dynamics was introduced as an attractive alternative to the local Glauber dynamics, often offering
faster convergence rates to stationarity in a variety of settings. A series of works have characterized
the asymptotic behavior of the speed of convergence of the mean-field SW dynamics for all ¢ > 2
and all values of the inverse temperature parameter § > 0. In particular, it is known that when
B > g the mixing time of the SW dynamics is ©(logn). We strengthen this result by showing that
for all 8 > g, there exists a constant c¢(3,q) > 0 such that the mixing time of the SW dynamics is
¢(B,q)logn + O(1). This implies that the mean-field SW dynamics exhibits the cutoff phenomenon
in this temperature regime, demonstrating that this Markov chain undergoes a sharp transition from
“far from stationarity” to “well-mixed” within a narrow ©(1) time window. The presence of cutoff is
algorithmically significant, as simulating the chain for fewer steps than its mixing time could lead to
highly biased samples.
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1 Introduction

The g-state ferromagnetic Potts model is a classical spin system model central in statistical
physics, theoretical computer science, and discrete probability. Given a finite graph G =
(V, E), a set of spins or colors S = {1,...,¢q}, and an edge interaction parameter 5 > 0, it
is defined as a probability distribution over the configurations in Q = {1,...,¢}", which
correspond to the spin assignments from S to the vertices of G. Formally, the probability of
a configuration o € ) is given by:

1
plo) = e, (1)
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where M (o) denotes the number of edges of G with the same spin in both of its endpoints in
o (i.e., the monochromatic edges of G in 0), and Z is the normalizing constant or partition
function. The edge interaction parameter 3 is proportional to the inverse temperature in
physical applications; the ¢ = 2 case corresponds to the classical ferromagnetic Ising model.

The algorithmic problem of efficiently generating approximate samples from p has
attracted much attention in theoretical computer science. For the Ising model (i.e., for ¢ = 2),
seminal results from the 1990s [30, 39] provide a polynomial-time approximate sampling
algorithm for u. Additional approximate-sampling algorithms have been discovered since
then for the ferromagnetic Ising setting [15, 24], but all have a large running time of at least
O(n'%) where n = |V|. For ¢ > 3, the sampling problem is computationally hard, specifically
#BIS-hard [22, 20], but efficient approximate sampling algorithms are still possible for many
interesting families of graphs; see [25, 29, 13, 12, 1].

An algorithm with the potential of providing both faster algorithms for the ¢ = 2 case
and a technology for understanding the feasibility boundary of approximate sampling for
q > 3 is the Swendsen-Wang (SW) dynamics [40]. This sophisticated Markov chain exploits
the connection between the ferromagnetic Potts model and the random-cluster model [18]
and was designed to bypass some of the key difficulties associated with sampling from p at
low temperatures (large §). In particular, the SW dynamics is conjectured to converge to u
in O(n'/*) steps when ¢ = 2 on any graph G for any 8 > 0. This Markov chain was also
recently used to the expand the graph families for which approximately sampling can be
efficiently done for ¢ > 3 and S large [1].

The SW dynamics transitions from a configuration o; € Q to o,411 € Q as follows:

1. Independently, for every e = {u,v} € E if 04(u) = o4(v) include e in M, with probabil-
ity p=1—e7;
2. Independently, for every connected component C in (V, M;), draw a spin s € {1,...,q}

uniformly at random, and set o411(v) = s for all v € C.

The SW dynamics is ergodic and reversible with respect to p and thus converges to it [40, 18].
We refer to Step 1 as the percolation step and to Step 2 as the coloring step.

The SW dynamics is a highly non-local Markov chain, updating and potentially changing
the spin of each vertex in each step, making its analysis quite difficult in most settings.
Still, significant progress has been made in understanding the speed of convergence of this
dynamics in various geometries, including the complete graph [16, 23, 34, 19, 21], finite
subsets of the d-dimensional integer lattice graph Z< [41, 9, 4, 38, 3], trees [27, 5], random
graphs [7, 14, 8], locally-tree-like graphs [1], graphs with sub-exponential growth [1], graphs
of bounded [6, 2] or unbounded degree [11], as well as general graphs when ¢ = 2 [24]. A
setting that has attracted particular interest and that will be the focus of this work is the
complete graph, also known as the mean-field model.

On the complete graph, it is natural to re-parametrize the model and use /n instead
of 5 ie., p(o) x exp(g -M(0)). A detailed connection between the phase transition of the
mean-field model, which we describe in detail in Remark 2, and the mizing time of the SW
dynamics emerged from [34, 19, 21]. The mixing time of a Markov chain is defined as the
number of steps until the Markov chain is close in total variation distance to its stationary
distribution starting from the worst possible initial configuration, and it is the most standard
notion of speed of convergence to stationarity. Formally, if P is the transition matrix of the
chain, for € € (0, 1),

. - i Lo ) — (s <
Tmix (€) Iglggrtﬂzlg{lll’ (0,°) = p()llrv < €},

and by convention Tyix 1= Tmix(1/4).
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When ¢ > 3, the mixing time 75}V of the SW dynamics satisfies:

0(1) if 8 <By;
sw_ ) Om'?) if §=p;
Tmix = 2(n) if g€ (/BLaﬂR); (2>

©(logn) if > By;

see [19, 21]. Tt is known that 8y = ¢, but 5, does not have a closed form, and it is given
instead implicitly as the root of a certain equation [19, 37]. When ¢ = 2, 8, = fx = ¢ and
there is no slow-mixing window, and the mixing time of the mean-field SW dynamics for
q=2is (1) for § < ¢, ©(n/*) at the critical point 3 = ¢, and ©(logn) for 3 > ¢ [34].

In this work, we provide sharper results for the mixing time of the mean-field SW dynamics
in the 8 > By = q regime, further refining our understanding of this dynamics. We show that
there exists a constant ¢(3,q) > 0 such that 75V = ¢(3, q) logn + ©(1), which implies that
this Markov chain exhibits cutoff. A Markov chain exhibits cutoff if there is a sharp drop in
the total variation distance from close to 1 to close 0 in an interval of time of smaller order
than 7,;x which is called the cutoff window; i.e., we say that there is cutoff if as n — oo, for
any fixed ¢ € (0,1),

Tmix<5) - 7-mix(l - 5) = O(Tmix)~
We can now state our main result.

» Theorem 1. Let ¢ > 2 and 8 > B, = q. Then, there exists a constant ¢(3,q) > 0 such
that SW dynamics for the q-state mean-field ferromagnetic Potts model exhibits cutoff at
mizing time 753 = ¢(B, q) logn with cutoff window O(1); that is, TS5 = c(B,q) logn + O(1).

mix mix

We provide the expression for the constant ¢(f, ¢) in (4).

The only previously known mixing time cutoff result for the SW dynamics was on the
integer lattice graph for sufficiently small enough g [38]; ours is the first such result in the
low-temperature SW dynamics. For the local Glauber dynamics, which updates a single
randomly chosen vertex in each step, cutoff is known in the mean-field through the high-
temperature 8 < f3, regime [32, 17]. For the special case of the Ising model, cutoff has also
been established for the Glauber dynamics for several graph families; see [35, 36, 31, 42].

Recall from (2) that the mixing time of the SW dynamics is ©(1) when § < 5, and
exponentially slow when g € (5., Br), so the question of whether the chain exhibits cutoff is
of limited significance in those parameter regimes. It is an interesting open question, however,
whether the SW dynamics exhibits cutoff at the dynamical critical points 8 = 8, or 8 = [g.
In the former, mixing is not entirely governed by a “strong drift” towards a typical spin count
distribution and relies on the variance of the dynamics as well; as such, it is unlikely that
the dynamics exhibits cutoff at 8 = §,. For 8 = B, the SW dynamics exhibits a first-order
drift towards typical configurations, but the percolation step is critical, which significantly
complicates even the asymptotic mixing time analysis.

From an algorithmic perspective, for a Markov chain like the SW dynamics that exhibits
cutoff at ¢(3, q) log n, knowing only the asymptotic mixing time, e.g., that 75 = ©(logn), is
insufficient in practice, since simulating the dynamics for say @ logn steps, is guaranteed
to result in a sample with total variation distance close to 1.

We conclude this introduction with some brief remarks about our proof and techniques.
We construct a multi-phase coupling that converges to a pair of configurations with roughly
the correct (expected) number of vertices in each spin class. (In the mean-field setting when
B > Bg, under the stationary distribution pu, there is one dominant spin and all other spins
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are assigned to roughly the same number of vertices.) Our coupling gradually contracts the
distance to this type of configuration over two phases: first to a linear distance and then to
within O(y/n) distance. The second phase determines the leading order of the mixing time.
Earlier analyses (i.e., [19]) yield the O(log n) mixing time bound but treat step deviations
“pessimistically” and cannot provide the sharper bound we derive here. Our analysis carefully
accounts for how deviations are amortized over time and account for the fact that early
fluctuations do not matter as much.

An innovation of the present argument is the use of a ¢ X ¢ projection to a partition
{V1,...,V4} of V at low temperatures. This projection contains information about the
number of vertices assigned each spin in each V; and its convergence is known to imply that
of the SW dynamics due to the symmetry of the mean-field model. This idea was used before
in [17, 34, 19] in the high-temperature § < f, setting where the percolation steps of the
SW dynamics result in subcritical random (sub)graphs with trivial connected component
structures. In the g > B regime, we must account for the existence of a linear-sized connected
component and how it is distributed in the partition {V4,...,V;}. To address this, we have
an additional step in our analysis in which we argue that the fraction of vertices assigned
each spin in each V; coalesces to the overall fraction of vertices with that spin in the full
configuration before the full configuration reaches a typical spin count (i.e., before the end of
second phase of the coupling). This allows us to analyze the final phase of our coupling.

» Remark 2. As mentioned earlier, the mixing behavior of the SW dynamics described in (2)
is tightly connected to the order-disorder phase transition of the mean-field model which we
describe next for completeness. This phase transition occurs at the critical value 5 = Ber(q),
where Scr(q) = g when ¢ = 2 and

Ber(q) = 2(%) log(q — 1)

for ¢ > 3. When 8 < fBcr(q), the number of vertices assigned each spin is roughly the same
with high probability up to lower-order fluctuations. In contrast, when 8 > S (q) there is
a dominant spin in the configuration with high probability. For ¢ > 3, the model exhibits
phase coexistence at the critical threshold 8 = Bqr(g); this means that at this point, the set of
configurations with no dominant spin and the set of configurations with a dominant spin (with
all other non-dominant spins assigned to roughly the same number of vertices), contribute
each a constant fraction of the probability mass with all other configurations contributing 0
mass (in the limit as n — c0). The effects of the phase coexistence phenomenon extends to
the window (8, Br) around Ser(q); this window is known as the metastability window and
coincides with slow-mixing regime for the SW dynamics. For ¢ = 2, on the other hand, there
is no phase coexistence at Scr(q) or metastability, so there is no slow mixing.

2 Preliminaries

We gather here a number of standard definitions and results that we will use in our proofs.

2.1 Couplings

A one step coupling of the Markov chain with state space €2 specifies for every pair of states
(X¢,Y:) a probability distribution over (X;11,Y;4+1) such that the processes {X;} and {Y;}
are each faithful realizations of the chain, and if X; =Y, then X;; = Y;11. The coupling
time is defined by

Teoup = max min{X; =V [ Xo = 2,Yp = y}.
z,yeQ) t
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It is a standard fact that if Pr(Teoup > t) < €, then myix(e) < ¢; see [33]. In addition, to
bound Tmix = Tmix(1/4), it suffices to bound Pr(T¢oup > t) by any constant e < 1, as the
bound can then be boosted by repeating the coupling a constant number of times. For
establishing cutoff, however, this approach is not feasible, as it would increase the mixing
time bound by a multiplicative factor. Throughout our proofs, we track the probability of
success of each phase of our multi-phase coupling so that Pr(Teou, > t) < 1/4.

2.2 Random graph lemmas

Let G be a random graph distributed as a G(n, A\/n) random graph with A > 0. Let L;(G)
denote the size of the i-th largest component of G (breaking ties arbitrarily) and let C(v)
denote the connected component of vertex v in G.

» Lemma 3 (Lemma 5.7 [34]). Let I be the number of isolated vertices in G. For any constant
A > 0, there exists a constant C' > 0 that Pr(I > Cn) =1—-0(n™1).

For A > 1 let 6(\) denote the unique positive solution of the equation
e M =1—uz. (3)

» Lemma 4 (Lemma 5.4 [34]). For A > 1, there exist constants ¢ = ¢(A) > 0 and C > 0 such
that for any A >0

Pr(|L1(G) — 0(\)n| > Avn) < Ce Y.

Let £1(G) denote the largest component of G. Lemma 4 and Hoeffding’s inequality, which
also holds when sampling without replacement (see [26]) imply the following.

» Lemma 5. Let U C V. For XA > 1, there ewist constants ¢ = ¢(X) > 0 and C > 0 such that
forany A >0

Pr(||£1(G) NU| — 0(N)|U|| > Avn) < Ce™ A",
Finally, Theorem 1.1 in [28] and the reflection principle yields the following lemma.

» Lemma 6.
L IfA <1, 3y =y(A) such that B[Y o, Lj(G)*] = yn+0(1) and Var[}~ -, L;j(G)?
2. IfA>1, 3y = y(\) such that B[} -, L;(G)*] = yn+0O(1) and Var[y -, L;(G)*

T
22
S

2.3 Drift function

Let us define the function F : [1/¢,1] — [0,1] as

Flz) = é (- é)G(ﬁx)x,

with 6(Sx) given by (3). This function plays a central role in the analysis of the mixing time
of the SW dynamics, as it captures the expected fraction of vertices in the largest color class
after one step of the SW dynamics from a configuration with an x fraction of the vertices in
its largest color class. As such, we refer to F' as the “drift function”. Our proofs will use
the following facts about F; the first two were previously established in [19] and we provide
proofs of the next two in the full version of this paper [10].

» Fact 7 (Lemma 4 [19]). For 5 > q, F' has a unique fized point a(B8,q) € (1/¢,1] and
|[F'(a(B,q))| < 1.
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» Fact 8 (Lemma 8 [19]). For 8 >0, F'(x) > 0 and F"(z) <0 for all z € (1/5,1]. That is,
F is strictly increasing and concave in the interval (1/5,1].

» Fact 9. There exists A(q, ) > 0 such that |F"'(z)| < A(g, ) for all z € (0,1].

1oy — a=1 6(aB)* q-1
» Fact 10. F'(a) = 0= - gaa0=0(p) log(1=0(aB) = ¢ -

3 Proof of main result: cutoff when 8 > ¢q

We assume through the remainder of the paper that 8 > 8z = ¢. Let a = a(,q) > 1/q be
the unique fixed point of the drift function F in (1/¢,1]; see Fact 7. We use in our analysis
two different low-dimensional projections of the SW dynamics. The first is the g-dimensional
proportions vector. For a configuration X € Q, let a(X) be a g-dimensional vector, where
each coordinate of a(X) corresponds to the fraction of vertices assigned a given spin in X.
We will assume that o4 (X) contains the fraction of vertices assigned the dominant spin in X,
breaking ties arbitrarily; that is, oy (X) > «;(X) for all i € [q].

When 8 > Sy, for a configuration X ~ p, (X)) will concentrate around the g-dimensional
majority vector

( 1—a 1—a>
m:=(a, ——, ...,
qg—1 qg—1

or one of its permutations.

We will design a multi-phase coupling, and in the first two phases, we bound the time
it takes a copy of the SW dynamics to reach the neighborhood of m from an arbitrary
initial configuration. We use the first phase to argue that the SW dynamics reaches constant
distance from m and the second phase to further contract the distance to O(1/v/n); the
latter will dominate the order of the mixing time.

Let Xy € Q2 be an arbitrary configuration and Yy ~ p. We will bound the probability
that {X;} and {Y:} have not coupled after ¢(53, q) logn + O(1) steps, where

6.0 = (2108 (7)) :
C = O _— = .
4 E\F(a) 2log (727 - HeP0=0la) ls(1=0(a5) |

(4)

see Fact 10. From (3), we know that 6(af) is the unique root in (0, 1] of the equation
—By
e1—(a-Dy =1 — Y.

In the first two phases {X¢}+>0, {Y:}+>0 evolve independently. We claim that after T3 = O(1)
steps [|a(X7,) — mlleo < e and [|a(Yr,) — m|le < € for any desired constant € € (0,1).

» Lemma 11. For any constants 6 € (0,1) and £ > 0 sufficiently small, for all sufficiently
large n and any starting state Xo € Q, after T = O(1) steps, with probability at least §, the
SW dynamics reaches a state Xp such that ||a(X71) — m||e < €.

A version of this lemma was established in [19], but we require a slight refinement here
so that the probability of success is any constant arbitrarily close to 1.

In the second phase, we claim that after an additional To = ¢(5, ¢) logn + O(1) steps, in
which both copies of the chain continue to evolve independently, for any constant ¢ € (0, 1)
there exists a constant C' = C(d) > 0 such that with with probability at least §:

C C
|a(XT,41,) — Ml < 7 and [la(Yr, 41,) — Ml < Tn (5)

This is established in the following lemma.
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» Lemma 12. Suppose X is such that ||a(Xo) — m| e < & for a sufficiently small constant
e >0 and let T = ¢(B,q)logn + v for constant v > 0. Then, for any constant § € (0,1),
there exists a constant C = C(v,d) > 0 such that with probability at least 6, we have

[o(X7) = mlloe < C/y/n.

A similar convergence result was proved in [19], where it is required that T = Alogn with
A > ¢(f,q). This allowed for a simpler analysis. To obtain our sharper bound, we use the
fact that deviations from the expected proportions vector after one step are amortized over
the remaining steps of the dynamics, so that early (larger) deviations end up contributing
less to the overall separation from m.

In the analysis of the third phase of coupling, we use an additional “stationary-like”
property for both copies of the chain. Let V = {Vi,...,V,} be a partition of V' where
V; contains all vertices of X, assigned spin ¢. For constant A € (0,1), we say that V is
a A-partition if min; |V;| > AV/|. From Lemma 11 we know that V is a A-partition with
constant probability arbitrarily close to 1.

Let a1 4(X;) denote the fraction of vertices of V; assigned the dominant spin in Xj; i.e.,
there are ai ;(X;)|V;| such vertices. The following lemma ensures that during the second
phase, in parallel to making progress towards m, at some time T; + 75, the fraction of vertices
assigned the spin from the dominant spin class in each V; is roughly the same fraction as
that from the full configuration X7 in V. This additional property will allow us to couple
the two process in O(1) additional steps in the third phase.

» Lemma 13. Let Xg be an arbitrary initial configuration and let V be a A-partition of V with

constant A € (0,1). For any 0 € (0,1), there exist a constant C' > 0 such that with probability

at least § when T > —logn _ | 108Q/C) "0 paye maxye(q |a1(X7) — o1 x(X7)| < C//n.
210g (727)  1os (5%) ! ’

We note that (2log (q%l))’1 < ¢(B,q) by Fact (10), and so at time 7} + T2 we reached two

configurations that are close to m, i.e., satisfy (5), but that also have ~a|V;| vertices assigned

the dominant spin in each partition set V;.

For the third phase, we consider another lower-dimensional projection of the SW dynamics;
in particular, we zoom into a projection of dimension ¢ x ¢q. For {X;}¢>0, let A; =
{Asj.t}ijeq, with Ay, denoting the number of vertices in V; assigned color j in X;. Similarly,
define Aj for {Y:}i>0.

We have shown that after the first two phases of the coupling, for any constant be (0,1)
there is a suitable constant C' > 0 such that at time 7' = T} + T5 with probability at least )
the following holds:

AL [[a(X1) = mllo < C/v/a and [a(Yr) = mll < G/
A2. |Oz1’i(XT) — alﬁi(YT)| < C/\/VZ for all i € [q]

Under these assumptions, we design a coupling such that A, = A%, with probability Q(1).

» Lemma 14. Let A € (0,1) be a constant independent of n. Let V = {Vi,...,V,} be a
A-partition and let Ay and A} be two copies of the projection chain such that A1 and A2
above hold. Then, there exists a coupling of Aiy1 and A}, such that with probability Q(1),
it holds that Ay 1 = A}, .

Similar couplings were also designed in [34, 19] but for the high-temperature 8 < 3, setting
where all the spin classes have roughly the same number of vertices and the percolation steps
are subcritical. Here, we have to contend with the presence of a dominant spin class and
a supercritical percolation step; this is the reason for the additional step in our analysis
(Lemma 14) that guarantees that the extra assumption A2 holds after the first two phases.

17:7
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The final step of our coupling is a simple boosting phase so that the overall probability
of success is at least > 3/ 4.

» Lemma 15. Let Xy and Yy be configurations such that A1 and A2 hold. Then, there exists

a coupling and a constant integer £ > 0 such that Pr ( U, {Ai = A;_‘_i}) > %.

In summary, we have shown that there exists a T = ¢(8,¢)logn + O(1) such that
|Ar — A% ||y < 1/4. It was already noted in [34, 19] that the symmetry of the mean-field
setting implies that || Xp — Yr| = ||Ar — A% ||lrv and thus

SW < T = o8, ) logn + O(1),

mix

which completes the proof of the upper bound in Theorem 1. The lower bound in this theorem
follows straightforwardly from some of the same facts required to establish Lemma 12, and it
is provided later in Appendix A.

We comment briefly in the organization of the rest of the paper. The proofs of Lemmas 11
and 12, as well as that of the mixing time lower bound, are provided in Section 4. Section 5
contains the proof of Lemma 13, and Section 6 those of Lemmas 14 and 15.

4 Convergence to the neighborhood of the majority vector

We provide next the the proofs of Lemmas 11 and 12, which ensure that SW dynamics
reaches an O(1/+/n) ball around m after T = ¢(8, ¢) logn + O(1) steps. For b € (0,1), let

1-b 1—b)
1 1)

K(b) == (b,

Let F¥(x) = FF=1(F(z)) with F'! = F. We show first that a(X;) is close to x(F*(a1(Xp)))
for t > 0 and then that, for an appropriate choice of ¢, k(F*(a1(Xj))) is close to m.

» Lemma 16. Suppose X is such that ||a(Xo) — m|leo < € for a sufficiently small constant
e > 0. Then, there exists a constant ¢(8,q) > ¢(B,q), such that for any t < &8, q)logn and
any constant 6 € (0,1), there exists a constant C(J) > 0 such that with probability at least 0

lle(Xe) = £(F" (@1 (X0))) oo < —=-
» Lemma 17. Let ¢y € (a — e,a + €) where ¢ > 0 is small enough and let v € R. If
T = ¢(B, q)logn + v, there exist C1 = C1(B,q,¢) > 0 and Cy = C2(B,q,¢) > 0 such that

|zo — alF'(a)"Cy |zo — alF'(a)"Cy
Vn Vn ‘

A key step in the proof of Lemma 16, which is also useful for proving Lemma 11 is the
following concentration guarantee on the fluctuations.

< |FT(x0) —al <

» Lemma 18. Suppose X, is such that ||o(X:) — m|leo < € for a sufficiently small € > 0.
Then, there exists vo(B) such that for any r > ()

Pr (||04(Xt+1) — K(F (o1 (X)) |loo = %) < ) L O(r2).

Before proving these lemmas, we show how use them to establish Lemmas 11 and 12.
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Proof Lemma 11. From Lemma 30 in [19], we have that for any constant ¢ > 0 and
any starting state X, € €, there exists T = O(1) such that after T steps, we have that
[la(XT) — ml|oo < € with probability at least v = Q(1). Running the dynamics for kT steps,
ensures the probability that we do not reach a configuration X such that ||a(X) — m|le < &
after kT steps is at most (1 —7)*.

To complete the proof, we we show that once we reach a configuration ||a(X:) —m|l« < ¢,
then this property is preserved for many steps with high probability. In particular, we show
that X1 is such that [|a(Xi11) — m|e < € with probability 1 — O(n~!) provided ¢ is small
enough. The result then follows from a union bound over the required O(1) steps.

If |a(X:) — m|loo < &, then a1 (X}) € [a — €,a + €]. By Fact 7, for £ small enough there
exists a constant p € (0,1) such that |F(a+¢) —a| < pe and |F(a —¢) — a| < pe. Since F is
increasing and concave in (1/g,1) (see Fact 8), this implies that (a +¢) — F(a+¢) > (1 —p)e
and F(a —¢) — (a—¢€) > (1 — p)e. Thus, in order for ||a(Xi11) — M|l > €, we would need

1—
lon (Xeq1)—F(a1(Xy))| > (1—p)e, which implies that ||a(Xiy1)—k(F(a1(Xt)))]leo = (1—p)e.

Then, from Lemma 18 we have that
Pr (lla(Xe41) = £(F(a1 (X))o = (1= p)e) <O(n7"). 4

Proof of Lemma 12. Follows from Lemmas 16 and 17 and the triangle inequality. <

4.1 Proofs of Lemmas 16, 17, and 18

We provide first the proof of and Lemma 18.

Proof of Lemma 18. Since § > ¢ and a > 1/¢q by Fact 7, a8 > 1 and ﬁﬁ < 1. By
assumption ||a(X;) — m|lec < &, so for e small enough, exactly one color class in the
percolation step is supercritical, and the remaining ¢ — 1 color classes are subcritical.

Let Cy,Cs, ... denote the connected components after the percolation step from X, sorted
in decreasing order by size (breaking ties arbitrarily) and let R =) ,.,|C;|*. By Lemma 6
there exist constants 7,1 > 0, that depend only on 3 and ¢, such that E[R] = yon + O(1)

and Var[R] < y1n. Then, by Chebyshev’s inequality, for any v > 1 and n large we have

4
Pr(|R —5on| 2 vy < Pr (|R -~ EIR] 2 Tymm) < . (6)
2

For j > 2 and i € [q], consider the random variables Q;i) where

0 — |C;] if Cj colored i, and
! 0 otherwise.
Let Z; =3 ;5o Q;i). By Hoeffding’s inequality, for any 3 > 0

—273 )

Yo + Y2/ /n ,

Pr <|Zi — B[Z]]| > v3v/n | R < yon + m/vm) < 2exp (
and combined with (6) we deduce that

2
— 4
Pr (|2~ BlZ)| = navi] < 200 (——2—) + .
2

Yo + Y23/ 71/

17:9
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Turning our attention to |Cy], by Lemma 4, there are exists constants ¢1,cy > 0 such
that for any v4 > 0

Pr(||C1| = 0(Bar (X¢)) o (Xe)n| = vav/n) < e1exp(—c273). (7)
If [|C1]| — 0(Bai(Xe))ar (Xi)n| < yay/n, and |Z; — E[Z;]| < v34/n for all i € [g], we have

n—0(Ba1(Xy))ar (Xy)n

7 + (v3 +74)vV/n

a1 (Xip1)n < 0(Bar (Xe))ar (Xi)n +

= F(a1(Xe))n + (v3 +v4)vn,

and similarly
o1 (Xpp1)n > F(ar(Xe))n — (v3 +ya)v/n.
In addition, for j # 1

n — 0(Bar(Xy))a1 (X)n (s va)/i < (1= F(a1(Xy)))n

+ (v3 +74)V/n,
q q—1

OZj (Xt+1)n S

and
(1 — F(ai(X)))n

aj(XH_l)n Z q— 1

— (v3 +74)Vn.

Combining these facts via a union bound, and setting vo = y3 = 4 = r/2, it follows that
for r > 79 and n large enough that

r

In

-3 ) 4q
Yo +v2/ 71 /1 73

<e M L O(r72). <

Pr (||a(Xt+1) — w(F(1(X2))) ]| oo = ) <ep-eme 4 2gexp (

We are now ready to provide the proof of Lemma 16.
Proof of Lemma 16. Let
& =n-[la(Xy) = £(F(a1(Xe-1)))llso- (®)

By Fact 7, |F'(a)] < 1, so for small enough ¢, there exists p € (0,1) such that 1 — p =
max|,_q|<2¢ |[F'(2)|. Let K >0 be a large constant we choose later and define the sequence

t—i t—i
ri=K(1-p/2) " (1+p) . (9)
Our first observation is that when &; < r;y/n for all i < ¢, we have
|[F'" 7 (a1 (X)) — a] < 2 (10)

for all 7 < t—1. To see this, note that since F' is increasing, concave and have a unique fixed
point in [1/q, 1] (see Facts 7 and 8) we have that for any y € [1/¢, 1]

[F(y) —al <y —al. (11)

Hence, |F'=771(a1(X;)) — a| < |a1(X;) — al, and from (8) and the triangle inequality it
follows that

o0 (X;) — ol < |Flon(X;1)) — ol + .
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Using (11) again and combining these inequalities we conclude that:
T () — al < Jan(X1) —al + 2.
Iterating this process:
. 1J 1 J
[F'7 (X)) — al < Joa(Xo) —a] + Z;g Set = er
Observe that for a suitable constant K’ > 0,

1 J K t o i K’(l— /2 1+ )t
%;m:%;(lfpﬂ) (1+p) "< ( P\/ﬁ)( p) '

So, when ¢ is such that ((1— p/2)(1+ p)) < nz=7 for a constant vy € (1/4,1/2), we have

% Zri =o(1),

and thus [F'"771(a1(X;)) — a| <&+ o(1) < 2¢ for n large which establishes (10). Observe
that

(L=p/2)(1+p)) <02
when t < h)g((l—%p% logn, and it can be checked that

- _ 1
e =20+~ Y 2o

(SIS

Now, going back to (8),

Floa(Xi)) ~ & < 01 (X0) < Plan(X-1)) +
Similarly,

ftfl

Flai(Xi—2)) — <oq(Xio1) < F(a1(Xi—2)) + ay (12)

gtfl
n

and since F' is increasing in [1/q, 1] (see Fact 8), we have

-1

F(F(al(Xt_g)) -

)~ & < an(x) < F(Floa (e + 1) 4 &

Since from (10) we know that F'(a1(Xi—2)) € (a — 2¢,a + 2¢). Hence, the Taylor expansion
of the function F' about F(«a1(X;—2)) yields that

F(Plon(Xea)) + 570) < F(P(ay (X)) + L2801 (13)
and
F(Plan (X))~ 1) > F(Play (X)) - L2800 (14)

FSTTCS 2025
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Therefore,

F(F(an (X))~ F280 8 0 (x0) < PRy (X)) + 2821 4 5

Iterating this argument, making use of (10) in each step, we deduce that

t t

Fi(an(Xo) = 7 Yo (1= )76 < an(X) < F(an(Xo) + - Y (1= p) 6, (19
i=1 1=1
so that
o (X0) = F{an(Xo))] < = Y1 = ) (16)

In a similar fashion, from (8) for j # 1

1-F X 1-F X
E]oa(1 t—1)) —%Saj(Xt)g E]Oll(l t—1)) +§7

and from (12) since F is increasing

1= F(F(an(Xi0) +551) & <o (X0) < 1— F(F(a1(Xi—2)) + 5=1) s
qg—1 noo T .

q—1
From (13) and (14), we then deduce that

1— F?(1(X;—2)) (A =p)-1 & <ai(X)) < 1-F(ai(Xi—2))  (1=p)&1 &

q-1 (g—ln  n q-—1 (¢—n  n’

and iterating as in (15):

S O i CLCLTE )] PR S o PR an

q-1 T g-DnH

From (16) and (17), it suffices to show that for a suitable constant C' > 0, with probability
at least § € (0,1)

t

S (- )i < OV

i=1
When ¢; < r;y/n for all ¢ < ¢, then

t

Z(l —p)' 7 < K\/EZ(l —p) (1 - p/2)t_i(1 + p)t_i <Cvn

i=1

for large enough C. By Lemma 18, we can choose K large enough such that

t t
> Pr(g =) <Y 0@ <4
i=1 i=1

It then follows from a union bound that

Pr (Zfi(l —p)ii > C\/ﬁ) < ZPT(& > r;v/n) <. <
i=1 i=1
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We complete this proof by proving the proof of Lemma 17.

Proof of Lemma 17. For ease of notation, set |F’(a)] = n < 1. By Fact 9, there exists
A > |F"(z)| for all z € (a — &,a + ). Let d; = |a — F'(x¢)|. The Taylor expansion of F'
about a implies that

A A
ndi1 — Sy < dp <ndpa + iy (18)
Iterating,
T T
A , A 4
n'do— 52> iy <dr <n'do+ 323 n'dh.
i=1 i=1

Since d; < € for t > 0, for € small enough, we can deduce from (18) that

A A
(n— Tg)dtfl <d < (n+ g)dtfly

and thus
~ Ad2 Aevor T ;
dr < don " 0(7724' > ) Z( UAE 2)”
vn N =+ %)
and
v Ad2(p — Beyer T i
dp > don?  Adg(n — 5F) Z( 77A€ 2)’.

For ¢ small enough, n > (n+ %)2 > (n — %)27 and thus there exist constants v, =

v (n,A,e) > 0 and 2 = y2(n, A, &) > 0 such that, as claimed:

do Ay don(1— 252) don? | Adgy o _ o (1+ £5)

=— T T dr < = <
NI N VTR IR/ NG
5 Spin fraction coalescence in partition
We provide in this section the proof of Lemma 13. For this, for k& € [q¢], let dgk) =
log (X¢) — a1, (Xe)| and
2(k k 1 k
G =it - (1= )oan (x| (19)

We will need the following concentration bound for ét(k)

» Lemma 19. Let {V1,...,V,} be a A\-partition of V and suppose X, is such that |a(X;) —
Mmoo < € for a sufficiently small ¢ > 0. Then, there exists v1(83,q) > 0 such that for any

r27(B,q) and any k € [q]

~ r —a(r -~
Pr (&Eﬂ 2 ﬁ) <e M+ Oo(r?).
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Proof. Since 8 > ¢ and a > 1/q by Fact 7, af > 1 and % < 1. By assumption

[lo(X:) —mloo < €, so when ¢ is small enough, exactly one color class in the percolation step
of the SW dynamics is supercritical, and the remaining ¢ — 1 are subcritical.

Without loss of generality, let us prove the statement for V; (i.e., for k = 1), noting
that the same argument applies to any other V;. Let Cy, Cs,... denote the connected
components after the percolation step from X;, sorted in decreasing order by size, let
R=3..,]Ci]* and Ry = > .-, |C;i N V;|2. By Lemma 6 there exist constants yo,71 > 0
such that E[R] = yon + O(1) and Var[R] < yyn. Then, by Chebyshev’s inequality, for any
v2 > 1 and n large we have

Pr[Ry > qon+72yA1] < Pr [R > qon+72v/7m)] < Pr (R > B[R]+ 2 Am) < % (20)
2

For j > 2 and i € [g], consider the random variables Qg»i) where

(i) |C; NVi| if Cj is colored 4; and
Q_j = .
0 otherwise.

Let Z; = 2322 Q;i). By Hoeffding’s inequality, for any 3 > 0:

—272 )

Yo + Y2/ 71 /1

Pr (|Zz‘ — E[Zi]| 2 v3v/n | Ry < 70n+72\/71n) < 2exp (

and combined with (20) we obtain
——73> 4
Yo+ v/ /n/

Y2
We consider next |C; N V;|. By Lemma 5, we have that for suitable constants c¢;,co > 0 for
any v4 >0

Pr[|Z; — E[Zi]| > v3v/n] < QGXP(

Pr ([[Cy N Vi| = 8(Bar (Xe))ar 1 (X)[Val| > vav/n) < erexp (—ed).
If ||Cl n Vi‘ - G(ﬁal(Xt))al,l(Xt)WlH < ’)/4\/5, and ‘ZJ - E[Z]” < ’yg\/ﬁ for allj € [q]

V1] — 0(Ban (X¢)) a1 (Xe) [V
q
= G(ay(Xy), 1,1 (Xe))[Va| + (73 +74)Vn,

1,1 (X 1) [Vi| < 0(Bar (Xy))oa 1 (Xe)|[Va] + + (v3 + v4)vVn

where the function G : [1/g,1] x [1/q,1] — [0, 1] is defined as

1 1
G(z,y) = - +6(Bzx y(l—f).
(z,9) . () .
Similarly, we have that

a1,1(Xe1)|Vi| > Glar (Xy), a1,1(Xe1)) [VA| = (3 + 72) v/,
and for j # 1

n — 0(Bay (Xy))o 1 (Xe) Vi

;1 (Xe1)|V1] < .

+ (y3 4+ 74)V/n,
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and

0(Bon (X))o 1 (Xe)| V4|
q
Combining these facts and setting yo = v3 = 74 = r/4, for r > vy and n large enough that

Pr (a1 (Xi41) = Glaa(Xp), 1,1 (X)) =

n
;1 (Xer1)|Va] > — (73 +72)Vn.

5i)
<Pr (‘041,1(Xt+1) — Glon(Xe), 1 (X)) = W\/ﬁ%)>

< Pr (Jon s (Xepn) = Glan (Xe), 0n,1(X0)] > W)

2
— 4
< ey exp(—c273) + 2qexp (¢) + —g <e M L O(r72). (21)

Yo + Y2/ M1/

By Lemma 18, for large enough r

Pr <|a1(Xt+1) ~ Flai (X)) > 27) <e M 1 O(r2). (22)

Since i}y = |aa(Xi11) = ara (Xee)l, €50 = |difh = (1= §)0(Baa(X0)di| and
Fla)~Gla,y) = (1= =)z~ )8(Bo),
q
it follows from (21) and (22) that Pr (ét(-lq-)l > ﬁ) <exp(—Q(r)) + O(r=2). <

We can now provide the proof of Lemma 13.

Proof of Lemma 13. Since dgk) = |a1(Xy) — a1,£(Xy)|, from (19) we have
# < (1L (9) ek < (1 D\ k) 2k
S (1 q)a(ﬁal(Xt—l))dt—l +& < (1 q>dt—1 +&

Tterating, we deduce that

< (1) e () e
i=1

Let K >0, p= 1/q, and define the sequence 7; = K(l — ﬁ/2) (1 + ) By Lemma 19,
for any 6 > 0 there exists & large enough such that

t N t
~ T
SPr(EV> L) <30 <2
i=1 v T
If «fz(k) < 7;/+/n for all i < t, then

‘ - K Jd ) —i —i ¢
DoAY < S T ) T (1) T S

i=1 i=1

for a suitable constant C' > 0. A union bound then implies that

Pr<Zg “>7) ZPr(f(k) \7)<5

q

Then, when t > —18n _ 4 108(/C) "o have that d(k) < C/+/n with probability at least
2108 (727)  log (547)
1 —6/q, and the result follows by a union bound over k € [¢]. <
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6 Projection chain

In this section, we prove Lemma 14 using the following multinomial coupling from [19].

» Fact 20. Fiz integers q > 2, m > 0 and a constant L > 0. Let X and Y be two multinomial
random variables with m trials, where each trial leads to success of one of q values with the
probability of success for each value being 1/q; i.e., X, Y ~ Mult(m;1/q,...,1/q). Let w =
(w1, ..., wy) € Z% such that >_}_, w; =0 and |w||« < Ly/m. Then there exists a coupling of
X and Y and a constant ¢ = c¢(q, L) > 0 independent of m such that Pr (X =Y+ w) > c.

Proof of Lemma 14. We couple A;1; and A}, as follows. The percolation step is done
independently in both copies. In the coloring step, first, the same random color s is assigned
to the largest connected component in both chains, and all other connected components with
two or more vertices from both chains are assigned spins uniformly at random independently.
In addition, in each V;, if one copy has more isolated vertices than the other, the excess of
isolated vertices in that copy are assigned spins independently. The coloring of the remaining
isolated vertices will be coupled to fix the potential discrepancies created in each V; by this
initial procedure as we described next.

For i, j € [q], let @;j, aj; be the number of vertices assigned color j in V; so far. We claim
that there exists a constant C' > 0 such that with probability (1) it holds for 4, j € [¢] that

lai; — ai;| < CV/ Vil (23)

To prove this, let {C}x>1 be the connected components in the first chain after the percolation
step; assume C is the largest component. Let C'(v) be the component of vertex v. Note that

MICnVIP=>" > GnVil=)> > [C)nVi[< Y [C).

k>2 k>20veC,NV; k>2veCynV; vEV\Ch

For v € Cy, E[|C(v)|] < A; for a suitable constant A; > 0. Hence, taking expectations,
it follows from Markov’s inequality that

Pr (0, GO VA 2 10004, Vi) < ﬁ
Let n; be the number of vertices in V; excluding those in C'; and the unassigned isolated
vertices. If C} is assigned spin s, then conditioning on Y, <, |Cx N V;|> < 100¢A4,|V;|, by
Hoeffding’s inequality, we deduce that for a large enough constant A, > 0, with probability
at least %, for any j € [q] with j # s, it holds that |&ij — % < Ay /il

Similarly, we can get an analogous bound for &gj, and by a union bound (23) holds for all
i,7 € [q] such that j # s with probability at least 96,/100.

By Lemma 5 and assumption A2, for a suitable constant A3 > 0, we have for any i € [q]

Pr (||01 NVl —|Ci NV > Ag,\/ﬁ) < Toos

Conditioning on this event and on Y-, |Cx N Vi* < 100gA;|V;], both for all i € [g], we
obtain via Hoeffding’s inequality that for a large enough constant A% > 0 that for any i € [g]

ags —|C1N V| — % < (A4 + A3)y/n, and

azswcmvn—% < (A + Ag)V/n

with probability at least 99/(100q), which implies that (23) holds for all i € [¢] and j = s
with that probability 99/100 by a union bound.
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Since V is a A-partition, Lemma 3 and a union bound over the partition sets imply that

there are at least 2(n) unassigned isolated vertices in each V; in both chains with probability
1 —O(n™1). Observe that the distribution of the coloring of the isolated vertices in each V;
and each copy is a multinomial distribution. Then, using Fact 20, we can couple the coloring

of the isolated vertices in each V; to equalize the spin counts and obtain two configurations

such that A, = A}, with probability Q(1). <
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A Mixing time lower bound

We will use the following result for proving the the lower bound on the mixing time as stated
in Theorem 1.

> Lemma 21. If X ~ pu, then [|a(X) — m|le < A/v/n with probability at least 3/4 for a
suitable constant A > 0.

Similar results are available in the literature, but we were not able to find this particular
variant, so, for completeness, we provide a proof of Lemma 21 in the full version of this
paper [10].

Proof of Theorem 1 (Lower bound). By Lemma 21, if X ~ g, then ||a(X)—m|e < A/v/n
with probability at least 3/4 for a suitable constant A. Now, take X to be a configuration
where all vertices are assigned the same spin. By Lemmas 16 and 17, there exists v such
that after T' = ¢(3, ¢) log n + v steps, with probability > 3/4, we have ||a(X1) — m|/c > %.
Hence, || X7 — pllrv > 1/4 and thus that the SW dynamics has not mixed after T steps. <

B Proof of Lemma of 15

The idea behind this proof is that we can show that once Al and A2 are achieved, they are
preserved for a constant number of steps with constant probability, providing more attempts
for the coupling from Lemma 14 to succeed at least once.

To formalize this, let P(r) be the set of pairs of configurations of the projection chain A
and A’ such that any full configurations X and X’ that project onto A or A’, respectively,

satisfy: [[(X) —mllec <7/Vn, (YY) =mloc <7/v/n, maxpepq [onk(X) =1k (V)] < r/v/n.

» Fact 22. For ¢ € (0,1), there exists r = r(5) > 0 such that Pr(Z; 1 € P(r)|Z; € P(r)) > 4.
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Proof. Let X; and Y; be two configurations that project onto Z; = Z € P(r). Then,
la(X:) — m|leo < 7/4/n. Let us assume that a;(X;) > a (the case when a1(X;) < a is
analogous). By Fact 8, F(a1(X})) < F(a+r/y/n). Moreover, by Fact 7 and the mean value
theorem, there exists a constant n € (0,1) such that F(a+r/\/n) —a = nr/y/n which implies
that (a +r/v/n) — F(a+r/\/n) = (1 —=n)r/y/n. In order for ||a(Xiy1) — m|eo > r/v/n, we
would need ||a(X41) — K(F(a1(X)))|loo > % From Lemma 18, for any large enough

constant r, we have

1—

Pr (Ja(Xia) = s(Fla (X)) | = S 20) <06,
The same holds for Y; .

Similarly, by assumption, dgk) = |a1(X¢) — aq 1 (Xt)| < r/y/n. Then, using Lemma 19,
for any large enough constant r, we have that there exists 7 € (0, 1) such that

Pr (d"“)1 > L) < Pr (\d"“)1 _pa® > L= ’7)7") <0(r2).

= n) = o - Vn -

The same holds for all k € [¢] by a union bound, and for Y; ;. The result then follows by
another union bound over the four events. |

Proof of Lemma 15. We consider the coupling that in each step aims to couple two instances
of the projection chain using the coupling from Lemma 14. If it succeeds, the two instances
remain coupled in all future steps. For ease of notation, let P be the set of pairs of
configurations of the projection chain that satisfy Al and A2 for a constant C sufficiently
large, let S; be the event that A; = A}, and let Z; = (A¢, A}). Let P C P be the subset of P
that contains pairs of distinct configurations: i.e., the pairs (4, A’) € P such that A # A’.

It suffices to show that for a suitable constant ¢, we have Pr ( N{_; =Si4;) < 1/4. For
this, we obtain first the following recurrence:

PI' ( ﬁle _‘St+i) - PI‘ (_‘St+( | mf;%_‘St_H') PI' ( mf;% _‘St-i-i)

< Z Pr (=Spie, Zevo—1 = Z | N[ =Seqi) Pr (N2 =Sp4i) + Pr(Zeso1 € P)
ZeP
= Z Pr (ﬁStJrea Zypo1 =27 | mf;llﬁstﬂ‘) Pr ( mf;ll ﬁStJri) +Pr(Zipo—1 €P), (24)
zZeP
where the first inequality follows from the law of total probability, and the second equality

from the fact that under our coupling the probability of =S;1¢ is 0 when Z € P\ P. The
sum in right-hand-side of (24) satisfies:

= Z Pr (=Sppe | 21 =Sivis Ziveo1=2Z) Pr(Zipe—1=Z | NjZ{ ~Seqi) Pr (NiZ] =Sivs)

ZeP

= Z Pr (=Sitt | Ziso—1 = Z) Pr(Zigo—1 = Z | 021 ~Sppi) Pr (NIZ] ~Sivs)
ZeP

<(1=0) Y Pr(Ziye1 = Z | MZ{=Seyi) Pr(MZ] ~Si14)

ZePp
<(1-06)Pr(niZ] —Si4i),

i=

where the second equality follows from the Markov property; in particular, note that {Z;}
is a Markov chain and Z € P is such that =S;4,—1 holds and can be dropped from the
conditioning. The first inequality follows from Lemma 14.
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Observe also that for j € {1,...,£— 1}, it follows from Fact 22 that there is a constant
d2 > 0 that we can choose arbitrarily close to 1 by taking C' large enough so that

Pr(Ziy; €P) > Y Pr(Ziy; €P | Ziyjr = Z)Pr(Zeyj1 = 2)
ZeP

Z Z 62 Pr(Zt+j_1 = Z) Z 52 Pr(Zt+j_1 S P),
ZeP

and iterating we get Pr(Z,4,; € P) > 5%, since by assumption Z; € P. Then,
Pr(N{_; ~Sii) < (1—08)Pr(N{Z] ~Sepi) +1— 057"

Iterating once again,
-1 -1
e 0—j—1 z
Pr(ni_, =Sep) <(1-0)"+> (1-8)(1 -8 7" <(1-9) Zl_ Ty
Jj=1 j:1

Now first fixing ¢ so that (1 — §)* < 1/8, we can then pick & close enough to 1 so that
Zf 1 % < 1, and the result follows. <
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