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—— Abstract
Informally, unboundedness problems are decision problems that ask about the existence of infinitely
many words (satisfying certain properties) in a formal language. For example: Is a given language
infinite? Or: Does a given language have super-polynomial growth? These came into focus in recent
years because of their connections to downward closure computation and separability problems.
Although unboundedness problems may seem difficult at first, it turns out that there are techniques
that are at the same time conceptually very simple, but also apply to a surprisingly wide variety of
language classes. The talk will survey recent results (and techniques) concerning unboundedness
problems.
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1 Introduction

A classic theme of automata theory is to understand, given (i) a particular model of automata
and (ii) a decision problem, whether this decision problem is decidable for this model. For
example, the emptiness problem is decidable for the model of non-deterministic automata.
Sometimes, it is even possible to obtain general decidability results: This means, they are of
one of the following forms:

Type I: Class of models For a class of models, the result shows decidability of a particular
problem.

Type ll: Class of problems For a class of decision problems, the result shows decidability
for a particular model of automata.
A well-known example of a result of type I is the fact that for well-structured transition systems
(under mild assumptions), the coverability and termination problem are decidable [2,34].
However, in this talk, we will focus on unboundedness problems: This is not a precise
notion, but intuitively, these are problems concerning formal languages (represented by some
automaton) that ask about the existence of infinitely many words.
The following are examples of unboundedness problems:

Infinity Given a language L C ¥* (represented by some automaton), does L contain infinitely
many words?

Downward closure computation A classic result of Higman [38] and Haines [37] is that the
set L] of (scattered) subwords of any language L C X* is regular. The problem of
downward closure computation is, given a language L C ¥* compute an NFA for L |.
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Boundedness A language L C X* is bounded if there are words wy,...,w, € X* with
L C wi---w}. The boundedness problem asks, given a language L C ¥*, whether L is
bounded.

Here, downward closure computation is an unboundedness problem, because e.g. determining

that L | = a* means in particular concluding that L contains arbitrarily many occurrences

of a. Moreover, concluding that a language L is not bounded means proving in particular
that L is infinite.

We focus on unboundedness problems for two reasons. On the one hand, they have
attracted significant attention in recent years: For example, computing downward closures is
often useful for the verification for complex types of automata (see, e.g. [7,12,13,15,16,45,52]).
Another application is separability problems, which have been studied intensively in recent
years, either as separability by PTL [31,35] (see below for a definition), regular languages [8,14,
17,20,24,29,30,32,32,40-43,59], or other kinds of languages [1,18,21,23,54-56]. Separability
problems are closely intertwined with unboundedness problems (see, e.g. [31]) and can be
viewed as unboundedness problems themselves. The second reason is that unboundedness
problems have turned out to be particularly well-suited for general results as above.

Here, we will briefly outline the results mentioned in the talk.

2 Downward closures, PTL separability, and simultaneous
unboundedness

Our first result is about computing downward closures, and separability by piecewise testable
languages (PTL). The former result is explained above. The PTL separability problem asks,
given languages K, L C ¥* whether there exists a piecewise testable language S such that
K C Sand LNS = (. Here, a language S C X* is piecewise testable if it is a Boolean
combination of languages of the form ¥*a;X*---a,X*, where n >0, ay,...,a, € X.

For many models of automata, their recognized class of languages is closed under rational
transductions: Those are relations described by automata, called transducers, with one input
tape and one output tape. A run of the transducer thus reads an input word and produces an
output word. Applying the transducer to a language L then yields a new language consisting
of all ouput words of transducer runs that read a word from L.

In this result, the model of automata is represented by its language class, i.e. the collection
of languages recognized by automata of our model. Such a language class C is a full trio if
for every language L from C, applying a transducer to L will again yield a language from C.

Finally, our result involves the simultaneous unbounded problem (SUP), which asks, given
a language L C af - - - a), whether for every k > 0, there is a word aj* - - -af» € L such that
Tiyeno, Ty > k.

We are ready to state the first result, which characterizes computability of downward
closures and decidability of PTL separability, by the much simpler SUP. It is combination of a
characterization of computable downward closures [60, Theorem 1] and a characterization of
decidable PTL-separability due to Czerwiniski, Martens, Rooijen, Zeitoun, and the author [31,
Theorem 2.6]:

» Theorem 2.1. For every full trio C, the following are equivalent:
1. Downward closures are computable for C.

2. PTL separability is decidable for C.

3. The SUP is decidable for C.
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Motivated by this result, the SUP was then shown to be decidable for indexed languages [60],
more generally for higher-order pushdown automata [36], and even for more generally for
higher-order recursion schemes [22] (see also [10,53]). A similar approach was then also
developed for computing tree downward closures of higher-order schemes [9].

3 Unboundedness predicates for VASS

The second result is about a specific model, and a class of decision problems. The model
is the prominent model of vector addition systems with states (VASS), which are automata
equipped with multiple counters that (i) hold natural numbers and (ii) cannot be tested for
zero during the run. Hence, the counters can only be incremented and decremented. In the
end, a run is accepting if all counters are zero.
The class of decision problems is the class of “unboundedness predicates”: An unboun-
dedness predicate is a predicate p on languages such that
1. If K C L and p(K) holds, then p(L) holds as well.
2. If p(F(KL)) holds, then p(F(K)) or p(F(L)) holds.
3. If p(K U L) holds, then p(K) or p(L) holds.
Here, F(L) := {v € ¥* | Ju,w € £*: uwvw € L} denotes the set of factors of a language
L C ¥*. Examples of such unboundedness predicates are:
Infinity the predicate po,, where po. (L) if and only if L is infinite,
Not being bounded the predicate p_,, where p_,(L) if and only if L is not bounded,
Factor universality the predicate peuni, where payni(L) if and only if every word in X* appears
as a factor in L
We say that an unboundedness predicate p is decidable for a language class C if given a
language L from C, we can decide whether p(F'(L)) holds. Hence, note that unboundedness
predicates are always checked for the set of factors of the input language.
The following was shown by Czerwinski, Hofman, and the author [28, Theorem 3.1]:

» Theorem 3.1. Let p be an unboundedness predicate. Then p is decidable for languages of
VASS if and only if p is decidable for regular languages.

In fact, [28, Theorem 3.1] is stronger, since it is about a more general notion of unboundedness
predicate, which also generalizes the SUP. In [11, Theorem 2|, the authors show a version of
Theorem 3.1 with complexity guarantees for automata with integer counters (i.e. which can
attain negative values) and with/without a pushdown store.

4 Amalgamation

Our next result provides a sufficient condition for an automata model to have decidability
of a particular set of decision problems. This sufficient condition is called (concatenative)
amalgamation. The result is in the same spirit as the classical results about well-structured
transition systems: In the latter, one assumes that the set of configurations in an automaton
is equipped with a well-quasi ordering such that the reachability relation is (in some particular
sense) compatible with the ordering. This leads to several decidability results 2,30, 34].

In contrast, in (concatenative) amalgamation systems, one assumes a well-quasi ordering
< on the set of runs of an automaton. Here if pg < p;1, then the word read by pg must be
a subword of the word read by p;. Moreover, whenever one has runs pg, p1, p2 such that
po < p1 and pg < po, then there is a fourth run ps with p; < p3 and pa < p3 such that,
roughly speaking, the word of p3 is obtained by concatenating the gap words between py and
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p1 and between po and po. We say that a language class has (concatenative) amalgamation if
each of its languages is recognized by a concatenative amalgamation system. For a detailed
definition, see [5].

The idea for this notion comes from the theory of VASS: Janc¢ar has introduced a well-quasi
ordering on runs [39]. Based on ideas of Leroux [48], Leroux and Schmitz [50] observed that
runs in VASS can be amalgamated as above. In [49], this was extended to pushdown VASS,
which are VASS that also have access to a pushdown store. The amalgamation technique has
then been used in structural [33,49] and in algorithmic [21,32] results on (pushdown) VASS.

Amalgamation as an abstract notion. The paper [5] proposes to view amalgamation as an
abstract property that an automata model can satisfy. The paper shows that amalgamation
is not only available in (pushdown) VASS, but in a hierarchy of infinite-state automata
beyond pushdown VASS. In particular, all models in the unifying framework of valence
automata [61] with decidable emptiness satisfy the amalgamation property.

Moreover, the paper [5] shows that many unboundedness problems can actually be
shown decidable using only amalgamation, and with surprisingly simple proofs. The main
algorithmic result of that paper [5, Main Theorem A] is the following:

» Theorem 4.1. IfC is a full trio with concatenative amalgamation, then the following are
equivalent:

1. The SUP is decidable.

Downward closures are computable.

Separability by piecewise testable languages is decidable.

Boundedness is decidable.

Languages over one letter are effectively reqular.

Priority downward closures are computable.

Emptiness is decidable.

Noo &b

Here, priority downward closures are a regular overapproximation of languages that preserves
more information than downward closures [6].

5 Bounded treewidth, multiple context-free languages, and downward
closures

Finally, let us briefly mention some very recent work [3]. It concerns the notion of bounded-
treewidth systems, which is a unifying framework for deciding reachability (and other proper-
ties) of infinite-state automata.

A seminal paper by Madhusudan and Parlato [51], together with a line of follow-up work [4,
26,27,46] revealed that many models of infinite-state automata (particularly those obtained
as underapproximations of multi-pushdown automata) are bounded-trecwidth [19,44,47,57].
This means, the executions can be represented as graphs that have small tree decompositions.
Therefore, decidability of these models can be uniformly explained by Courcelle’s Theorem [25],
which says that among structures of bounded treewidth, satisfiability of any property definable
in monadic second-order logic (MSO) is decidable in polynomial time.

While this uniform framework is useful for yes-or-no queries like reachability, it yields
little information about languages.

The results in [3] bring some light into this. It analyzes the languages in the slightly
smaller class of bounded-special-treewidth systems: Bounded special treewidth is a somewhat
stronger restriction that bounded treewidth, but coincides with bounded treewidth on all
bounded-degree graphs. In fact, all bounded-treewidth systems studied in the literature have
in fact bounded special treewidth.
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It is shown in [3] that the languages of bounded-special-treewidth systems are exactly

those generated by multiple context-free grammars (MCFG), a formalism originally developed
in computational linguistics [58]. Intuitively, in an derivation of an MCFG, a non-terminal

generates a tuple of words rather than a single word as in a context-free grammar.

In addition, it is shown in [3] that the downward closure of MCFG is computable in

doubly exponential time (and that this is asymptotically optimal). Hence, this yields a

downward closure computation algorithm for all bounded-special-treewidth systems.
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