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Abstract
Hypertrace logic is a sorted first-order logic with separate sorts for time and execution traces. Its
formulas specify hyperproperties, which are properties relating multiple traces. In this work, we
extend hypertrace logic by introducing trace quantifiers that range over the set of all possible
traces. In this extended logic, formulas can quantify over two kinds of trace variables: constrained
trace variables, which range over a fixed set of traces defined by the model, and unconstrained
trace variables, which can be assigned to any trace. In comparison, hyperlogics such as HyperLTL
have only constrained trace quantifiers. We use hypertrace logic to study how different quantifier
patterns affect the decidability of the satisfiability problem. We prove that hypertrace logic without
constrained trace quantifiers is equivalent to monadic second-order logic of one successor (S1S), and
therefore satisfiable, and that the trace-prefixed fragment (all trace quantifiers precede all time
quantifiers) is equivalent to HyperQPTL. Moreover, we show that all hypertrace formulas where the
only alternation between constrained trace quantifiers is from an existential to a universal quantifier
are equisatisfiable to formulas without constraints on their trace variables and, therefore, decidable
as well. Our framework allows us to study also time-prefixed hyperlogics, for which we provide new
decidability and undecidability results.
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1 Introduction

Temporal logics offer a powerful formalism for specifying trace properties, which describe sets
of allowed sequences of events (or system states) that a system can exhibit over time. Within
the linear-time spectrum, Linear Temporal Logic (LTL) has been particularly successful
in system verification, striking a practical balance between expressiveness and decidability.
Its extension with propositional quantifiers, known as Quantified Propositional Temporal
Logic (QPTL), extends LTL’s expressive power to capture all regular trace properties while
preserving decidability. The connection between temporal logics and classical first-order logic
for specifying linear-time properties was first explored in the seminal work of Kamp [12].
This line of research established that LTL is expressively equivalent to first-order logic of
order (FO[<]), where the order relation < is interpreted over the natural numbers. In the
case of QPTL, it was proven to be expressively equivalent to monadic second-order logic of
order of one successor (S1S) [13]. However, these logics are inherently limited to reasoning
about individual execution traces and cannot express properties that involve comparing
multiple executions. In particular, they are not capable of capturing hyperproperties.
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20:2 Flavors of Quantifiers in Hyperlogics

To address this limitation of trace-based formalisms in expressing hyperproperties, nu-
merous extensions have been proposed in the literature. Notably, HyperLTL and HyperQPTL
extend LTL and QPTL, respectively, with quantification over traces of the system under
verification. An alternative approach involves extending FO[<] with capabilities to compare
multiple traces. Hypertrace logic, introduced in [1], extends FO[<] into a two-sorted first-
order logic, with separate sorts for time and traces of a given system, allowing only binary
predicates over traces and time.

In this work, we propose an extension of hypertrace logic that includes both constrained
trace quantifiers, ranging over all traces in the set given as a model, and unconstrained trace
quantifiers, ranging over the universe of all traces. Properties with a mix of constrained and
unconstrained trace quantification occur naturally in many areas of system verification. For
example, in reactive systems, input enableness requires that “the system must produce an
output for any possible input” which can be specified as:

∀π ∃π′ ::T ∀i
(
(input(π, i)↔input(π′, i)) ∧ outputs(π′, i)

)
. (1)

By using the unconstrained quantifier, ∀π, we ensure that all possible input values are taken
into account, not just those accepted by the reactive system. By linking the universally
quantified inputs to those instantiated by the constrained existential quantifier, ∃π′ ::T , we
guarantee that every possible input is in at least one system execution.

Another example, can be found in the specification of consistency properties in concurrent
systems like linearizability [11], which requires all histories of invocations and response events
to shared resources to be consistent with some sequential execution of those operations.
While verifying for linearizability, it is irrelevant whether the implementation of a concurrent
data structure exhibits linear histories because all that matters is that its histories can be
successfully related to the “idealized” sequential implementation. In its essence, linearizability
can be captured by the following hyperproperty:

∀π ::T ∃π′ (φlinear(π′) ∧ φequivOrder(π, π′)). (2)

The formula above universally quantifies over the observed call history of the shared object
while requiring the existence of a linear trace (φlinear(π′)) that is equivalent to the observed
one and respects the precedence order defined between the observed (φequivOrder(π, π′)).

We prove that the fragment of hypertrace logic without constrained trace quantifiers,
named unconstrained hypertrace logic, is expressively equivalent to S1S. It follows directly
that unconstrained hypertrace logic has a decidable satisfiability problem. We show how to
translate hypertrace formulas whose only constrained trace quantifier alternation is from
existential to universal quantification into an equisatisfiable unconstrained hypertrace formula.
Hence, this fragment also has a decidable satisfiability problem. This fragment places no
limitations on the positioning of unconstrained or temporal quantifiers after the constrained
quantification. For the fragment where all trace quantifiers occur before time quantifiers,
we prove it to be expressively equivalent to HyperQPTL. While the majority of satisfiability
results for hyperlogics in the literature focus on the trace-prefix fragment, we extend this line
of work by also analyzing the fragment of hypertrace logic where time quantifiers occur first.
For the time-prefix fragment, we prove a new undecidability result by presenting a reduction
from the non-halting problem for 2-counter Minsky machines. Our main contribution is in
highlighting the role of different quantifiers, including unconstrained trace quantification,
plays in defining hyperlogics with a decidable satisfiability problem.



M. Chalupa, T. A. Henzinger, and A. Oliveira da Costa 20:3

2 Logics of Time and Order

In this section, we present the necessary theoretical background, including definitions and
prior results, which will form the basis for the results introduced in the next sections.

Let X be a finite set of boolean variables. A valuation is a partial mapping assigning
boolean values, 2 ={0, 1}, to variables in X , that is, v : X → 2. We denote by v[x 7→ b] the
valuation resulting from updating the value of x in v to b, and the set of all valuations of X
by 2X . We freely treat a valuation as a set of variables where suitable. In particular, we write
x∈ v when v(x) = 1. A trace τ over variables X is a sequence of valuations in 2X . The set of
all finite traces over X is denoted (2X )∗, while the set of all infinite traces over X is denoted
by (2X )ω. For a trace τ = v0v1 . . . and an index i within its length (i.e., i < |τ |), we adopt
the following indexing notations: τ [i] = vi, τ [i . . .] = vivi+1 . . ., and τ [. . . i] = v0v1 . . . vi−1.
When an index falls outside a trace length (i.e., j ≥ |τ |), we adopt the convention that
τ [j . . .] is the empty trace, and τ [. . . j] = τ . Two traces, τ and τ ′, agree on their valuation of
a set of propositional variables Y at position i, denoted τ [i] =Y τ

′[i], iff (τ [i] ∩ Y) =(τ ′[i] ∩ Y).
We generalize it to equality between two traces of equal size with respect to a given set of
variables Y, denoted τ =Y τ

′, when, for all i< |τ |, τ [i] =Y τ
′[i].

Trace properties define set of traces satisfying a target specification. Formally, a trace
property T over X is a set of traces over X ; for infinite traces, that is, T ⊆(2X )ω. A trace τ
satisfies a trace property T iff it is one of its elements, that is τ ∈ T. We refer to the set of
all trace properties as T= 2(2X )ω . For systems represented by a set of traces S, where each
trace corresponds to one of the system’s execution, the system is said to satisfy the trace
property T if and only if all its traces are in T; that is, S⊆ T. A hyperproperty T defines
a set of systems (or, equivalently a set of trace properties) satisfying a given specification,
T ⊆T. Hence, a system S satisfies a hyperproperty T if and only if S ∈ T.

2.1 Linear Temporal Logics
A successful formalism to specify trace properties is Linear Temporal Logic (LTL), introduced
by Pnueli in [16]. LTL formulas are defined by the grammar: φ ::= a | ¬φ |φ∨φ | Xφ |φUφ

where a∈ X is a propositional variable, and X (“next”) and U (“until”) are temporal
modalities. Given a LTL formula φ and an infinite trace τ ∈(2X )ω, the trace τ satisfies φ,
denoted τ |=LTL φ, inductively over the structure of φ, as follows:

τ |=LTL a iff a∈ τ [0] τ |=LTL ¬ψ iff τ ̸|=LTL ψ

τ |=LTL ψ1 ∨ ψ2 iff τ |=LTL ψ1 or τ |=LTL ψ2 τ |=LTL Xψ iff τ [1 . . .] |=LTL ψ

τ |=LTL ψ1Uψ2 iff exists j≥ 0 s.t. τ [j . . .] |=LTL ψ2 and for all 0 ≤ j′ <j, τ [j′ . . .] |=LTL ψ1.

QPTL extends LTL with propositional quantification. Concretely, QPTL formulas may
include subformulas with propositional quantifiers (e.g., ∃q φ, where q ∈ X and φ is a QPTL
formula) interpreted as: τ |=QPTL ∃q ψ iff exists τ ′ s.t. τ =X \{q} τ

′ and τ ′ |=QPTL ψ. All other
subformulas are interpreted as for LTL.

2.2 Monadic Logics of Order
Monadic second-order logic of one successor (S1S) is a widely used formalism for reasoning
about regular properties of infinite sequences. S1S formulas φ are defined by the grammar:

φ ::= ∃X φ | ∃i φ | ¬φ | φ ∨ φ | i = i | Succ(i, i) | X(i) (3)

FSTTCS 2025



20:4 Flavors of Quantifiers in Hyperlogics

where X is a second-order variable from a set of variables V2, i is a first-order variable over
a set of variables V1 and Succ is a successor function. The set of first and second order
variables are disjoint; that is, V1 ∩ V2 = ∅. Unless specified otherwise, we use uppercase letters
for second-order variables, V2 ={X,Y, . . .}, and lowercase letter for first-order variables,
V1 ={i, j, . . .}. The set of free variables of a formula (i.e., not bounded to a quantifier) and
closed formulas (no free variables) are defined as usual.

We interpret S1S formulas over the natural numbers, where the Succ(n, n′) is interpreted
as usual: Succ(n, n′) iff n′ =n+ 1. We adopt the following abbreviations:

X ⊆Y
def= ∀i (X(i) → Y (i));

SuccClosed(X) def= ∀i ∀i′ ((X(i) ∧ Succ(i, i′)) → X(i′));
x≤ y

def= ∀Z((Z(x) ∧ SuccClosed(Z)) → Z(y));
x<y

def= x≤ y ∧ ¬(x = y);
i = 0 def= ∀j (i = j ∨ i < j).

The semantics of S1S formulas is defined inductively with respect to two assignments: one
for first-order variables, Π1 : V1 7→ N, and another for second-order variables, Π2 : V2 7→ 2N.
For any assignment Π, Π[x 7→ v] denotes the assignment that is the same as Π except for the
value of x that is updated to v. We define that (Π1,Π2) satisfies φ inductively, as follows:

(Π1,Π2) |=S1S ∃X φ iff exists S⊆N s.t. (Π1,Π2[X 7→ S]) |=S1S φ

(Π1,Π2) |=S1S ∃i φ iff exists k∈N s.t. (Π1[i 7→ k],Π2) |=S1S φ

(Π1,Π2) |=S1S ¬φ iff (Π1,Π2) ̸|=S1S φ

(Π1,Π2) |=S1S φ ∨ φ′ iff (Π1,Π2) |=S1S φ or (Π1,Π2) |=S1S φ
′

(Π1,Π2) |=S1S i = j iff Π1(i) = Π1(j)
(Π1,Π2) |=S1S Succ(i, i′) iff Π1(i′) = Π1(i) + 1
(Π1,Π2) |=S1S X(i) iff Π1(i) ∈ Π2(X)

S1S formulas define a set with all their satisfying assignments:
JφK ={(Π1,Π2) | (Π1,Π2)|=S1Sφ}.

▶ Theorem 1 ([19]). For all S1S formulas φ, it is decidable to determine whether JφK ̸= ∅.

In his seminal work [12], Kamp studied of relative expressiveness between the classical
first-order approach to specify linear-time – the first-order logic of order, FO[<] – and LTL.
The first-order logic FO[<] is interpreted over labeled linear orders with all uninterpreted
predicates being unary. Formally, FO[<] formulas φ are defined by the grammar:

φ ::= ∃i φ | ¬φ | φ ∨ φ | i < i | i = i | X(i) (4)

where i is a first-order variable, = is equality, < is the order, and X is predicate from a given
set of monadic predicates X .

We work with interpretations of FO[<] over labeled linear-orders defined by a tuple
(Λ, <, I) where < defines a linear order over the domain Λ, and I is a function that associates
to each predicate symbol a subset of elements of Λ. From a trace τ , defined over the set
of propositional variables X , we can derive the labeled linear-order (N, <, Iτ ) over the set
of unary predicates {Xa | a∈ X }, where < is interpreted as usual for natural numbers
and Iτ (Xa) = {j | a∈ τ [j]}. Using this interpretation, it is straightforward to translate LTL
formulas to equivalent FO[<] formulas interpreted over (N, <). Hence, FO[<] subsumes LTL.
The only question remaining is whether LTL subsumes FO[<] interpreted over (N, <). Kamp
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proved in [12] that LTL with both past and future temporal operators is equivalent to FO[<]
over Dedekind complete orders. Later, Gabbay et al. [9] proved that when considering only
future operators, LTL is complete for FO[<] under the interpretation of < over the natural
numbers. For the remaining of the manuscript, we are only interested in the linear order
over natural numbers.

▶ Theorem 2 ([12, 9]). LTL and FO[<] interpreted over (N, <) are equally expressive.

3 Hypertrace Logic

In this section, we extend hypertrace logic, introduced in [1], to support quantification over
unconstrained trace variables; that is, variables ranging over the set of all possible traces.

3.1 Syntax and Semantics
Hypertrace logic [1], denoted FO[<,T], extends FO[<] with a time sort N< and a trace sort
T. While FO[<] allows only unary uninterpreted predicates1, in FO[<,T] we allow binary
uninterpreted predicates defined over pairs of a trace and a time variable. In [1], hypertrace
logic is defined only over constrained trace variables: trace variables ranging over a fixed
set of traces. Here we lift the implicit constraints on trace variables: we quantify instead
over the set of all possible traces while enabling trace variables to be constrained by a unary
predicate. Formally, in this work, hypertrace formulas φ are defined by the grammar:

φ ::= ∃π φ | ∃π ::T φ | ∃i φ | ¬φ | φ ∨ φ | i < i | i = i | X(π, i) (5)

where π is a trace variable from a set VT, i is a time variable from a set VN disjoint from VT,
T is a unary predicate over trace variables and X is a binary predicate over pairs of trace and
time variables from a finite set X. We typically use lowercase letters for predicates in X to
reflect their correspondence with propositional variables in traces. Without loss of generality,
we assume that all variables are quantified only once. We refer to ∃π ::T as a (existential)
constrained trace quantifier and we may refer to π as a constrained trace variable. We introduce
the usual abbreviations: ∀x φ def= ¬(∃x ¬φ), where x∈{i, π}; ∀π ::Tφ def= ¬(∃π ::T ¬φ); and
φ∧φ′ def= ¬(¬φ∨¬φ′). Finally, constrained trace quantifiers are abbreviations for the following
first-order formulas: ∃π ::T φ

def= ∃π (T (π) ∧ φ) and ∀π ::T φ
def= ∀π (T (π) → φ).

▶ Example 3. We define independence between a secret input and a public output as:
φ

def= ∀π ::T ∀π′ ::T ∃π∃ ::T ∀i ((secret(π, i) ↔ secret(π∃, i)) ∧ (pub(π′, i) ↔ pub(π∃, i))). We
can mix constrained and unconstrained quantifiers to require that a system produces all
combinations of visible public outputs with possible input secret values (i.e., a combination
of input enableness with independence between secret inputs and public outputs): φmix

def=
∀π ∀π′ ::T ∃π∃ ::T ∀i ((secret(π, i) ↔ secret(π∃, i)) ∧ (pub(π′, i) ↔ pub(π∃, i))).

Our models of interest are sets of traces. As FO[<,T] is a first-order logic, we start
by defining how to translate a set of traces to a first-order structure. We translate each
propositional variable a∈ X to the binary predicate Xa(τ, k), asserting that “variable a is
true in trace τ ∈(2X )ω at time k∈N”. Formally, given a set T of traces, we translate T
to a structure T with signature: (N, (2X )ω; <⊆N × N, T ⊆(2X )ω, (Xa ⊆(2X )ω ×N)a ∈ X )

1 The binary predicates for equality, =, and the linear order, <, are interpreted by (N, <).

FSTTCS 2025



20:6 Flavors of Quantifiers in Hyperlogics

where N and (2X )ω are the time and trace sort domains, respectively. The predicate < is
interpreted as the usual order on natural numbers, the unary predicate T is true for all
traces in the set set of traces used to generated the structure2, while for all variables a∈ X :
Xa ={(τ, k) | a∈ τ [k]}.

We evaluate hypertrace formulas over pairs of assignments for traces and time: (ΠT,ΠN) :
(VT → (2X )ω) × (VN → N). A set T of traces is a model of a hypertrace formula φ∈ FO[<,T],
denoted T |=T φ, iff T models φ under the standard first-order semantics. Formally, T |=T φ,
iff there exists a pair of assignments (ΠT,ΠN) such that (T, (ΠT,ΠN)) |= φ, where |= is the
standard first-order logic models relation. In particular, trace quantifiers are interpreted as:

(T, (ΠT,ΠN)) |=T ∃π φ iff exists τ ∈(2X )ω s.t. (T, (ΠT[π 7→ τ ],ΠN)) |=T φ

(T, (ΠT,ΠN)) |=T ∃π ::T φ iff exists τ ∈ T s.t. (T, (ΠT[π 7→ τ ],ΠN)) |=T φ.

Hypertrace formulas define a set with all the set of traces it satisfies: JφK ={ T | T |=T φ}.
From now on, we may refer to Xa just as a, and omit the subscript T in |=T, when clear.

▶ Example 4. Looking back to our previous example, consider the sets of traces defined over
the variables secret and pub, where with each valuation v is represented as a set: T0 ={{}ω},
T1 ={{secret,pub}ω}, and T0,1 ={{}ω, {secret,pub}ω}. For the fully constrained formula in
Example 3, T0 |=T φ and T1 |=T φ because in each of these traces we only observe one of the
possible values for secret. While, T0,1 ̸|=T φ. For the mix formula, φmix none of sets satisfy
its requirements; that is, T0 ̸|=T φmix, T1 ̸|=T φmix and T0,1 ̸|=T φmix.

We close this section by defining the function flatten that rewrites hypertrace formulas
into an equisatisfiable formula, exploiting the independence between variable valuations in
traces assigned to unconstrained trace variables. For each trace variable in a set V and
propositional variable, π and x∈ X , flatten introduces a new trace variable, πx, which is
used exclusively in predicates involving the corresponding variables (e.g., x(π, i)). For a given
set of trace variables V and propositional variables X , we define VX ={πx | π ∈ V and x∈ X }.

flatten(∃π φ, {x0, . . . , xn},Vc) =∃πx0 . . . ∃πxnflatten(φ, {x0, . . . , xn},Vc ∪{π})
flatten(∃π ::T φ,X ,Vc) =∃π ::T flatten(φ,X ,Vc)

flatten(∃i φ,X ,Vc) =∃i flatten(φ,X ,Vc)

flatten(x(π, i),X ,Vc) =
{
x(πx, i) if π ∈ Vc

x(π, i) otherwise
(6)

flatten(¬φ,X ,Vc) =¬flatten(φ,X ,Vc)
flatten(φ ∨ φ′,X ,Vc) =flatten(φ,X ,Vc) ∨ flatten(φ′,X ,Vc)

We prove below that flatten returns an equisatisfiable hypertrace formula.

▶ Lemma 5. Let φ be a hypertrace formula over the set of propositional variables X and
T be a set of traces over the same variables. Let ΠN and ΠT be trace and time assignments
over the set of free variables in φ. Let Vc ⊆ free(φ) be a set of trace variables that are free in
φ. For all trace assignments Π′

T over trace variables in Vc
X ∪ free(φ) agreeing with ΠT in its

assignments of propositional variables x for the trace assigned to π (i.e., for all π ∈ Vc and
x∈ X , ΠT(π) ={x} Π′

T(πx)) and otherwise having the same trace assignments of ΠT (i.e., for
all π /∈ Vc, ΠT(π) = Π′

T(π)): (T, (ΠT,ΠN)) |=T φ iff (T, (Π′
T,ΠN)) |=T flatten(φ,X ,Vc).

2 We slightly abuse notation by letting T denote both the set of traces generating the structure and the
predicate determining which traces constrain the trace quantification. Note that, the set used to define
the structure may be renamed, but the predicate T is true only for the traces in that set.
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Proof. Let X ={x0, . . . , xn}. We prove the statement by structural induction on the formula.
Let us prove the ⇒ direction. In the base case (φ = x(π, i)), (T, (ΠT,ΠN)) |=T x(π, i) iff

(ΠT(π),ΠN(i)) ∈Xx. By definition of Xx (given by T), it holds that (ΠT(π),ΠN(i)) ∈Xx ⇔
ΠT(π)[ΠN(i)](x) = true. If π ∈ Vc, this is equivalent to Π′

T(πx)[ΠN(i)](x) = true (by definition
of Π′

T). Otherwise, it is equivalent to Π′
T(π)[ΠN(i)](x) = true (also by definition of Π′

T).
Therefore, (T, (Π′

T,ΠN)) |=T flatten(x(π, i),X ,Vc). If φ is i = j or i < j, the implication
holds as these formulas depend only on ΠN which is not affected by changes from flatten.

In the induction step, cases for φ1 ∨ φ2 and ¬φ follow from the definition of |=T and
induction hypothesis. Assume the formula ∃i φ. Then, (T, (ΠT,ΠN)) |=T ∃i φ ⇔ ∃c∈N
s.t. (T, (ΠT,ΠN[i 7→ c])) |=T φ. From IH, (T, (Π′

T,ΠN[i 7→ c])) |=T flatten(φ,X ,Vc) which
implies (T, (Π′

T,ΠN)) |=T flatten(∃i φ,X ,Vc). Analogously for ∃π ::T .
Finally, assume formula ∃π φ and a set of trace variables Vc ⊆ free(∃π φ). This formula is

satisfied iff there exists t s.t. (T, (ΠT[π 7→ t],ΠN)) |=T φ. We observe that π ∈ free(φ), as we
assume there are no double binding of variables. Then, from IH, for Vc′ = Vc ∪{π}, it follows
that (T, (Π̃T,ΠN)) |=T flatten(φ,X ,Vc′) where Π̃T is such that for all π′ ∈ Vc ∪ {π} and
x∈ X , ΠT[π 7→ t](π′) ={x} Π̃T(πx) and otherwise the trace assignments are the same as ΠT.
Observe that (T, (Π′

T[πx0 7→ Π̃T(πx0), ..., πxn 7→ Π̃T(πxn)],ΠN)) |=T flatten(φ,X ,V ∪{π}).
From the definition of |=T: (T, (Π′

T,ΠN)) |=T ∃πx0 ...∃πxn
flatten(φ,X ,Vc).

The proof for the ⇐ direction is analogous to the ⇒ direction, because the relation
between ΠT and Π′

T is equational. ◀

It follows from the above lemma that all hypertrace formulas are equisatisfiable to their
rewrite with flatten.

▶ Corollary 6. Let φ be a closed hypertrace formula over the set of propositional variables
X : JφK ̸= ∅ iff Jflatten(φ,X , ∅)K ̸= ∅.

3.2 Satisfiability of Hypertrace Formulas
We are interested in the decidability of the satisfiability problem of hypertrace logic.

Satisfiability of Hypertrace Formulas

Let φ be a hypertrace formula over trace variables VT, time variables VN and binary
predicates defined from X (i.e., from the set {Xa | a∈ X }).
Is there a set of traces T ⊆(2X )ω that is a model of φ; that is, JφK ̸= ∅?

We present in Table 1 a summary of decidability results proved in this work for the
satisfiability problem of hypertrace logic. We describe fragments by specifying patterns on
its quantifiers: we denote Q∈{∀,∃}, while QN< denotes time quantifiers, and QT and QT ::T
denotes unconstrained and constrained quantifiers, respectively. We then combine these
symbols to define patterns as regular expressions.

4 Unconstrained Hypertrace Logic

We look into the fragment of hypertrace formulas without constrained quantifiers (i.e., no
subformulas with shape Qπ::T φ), which we refer to as unconstrained hypertrace logic. We prove
that unconstrained hypertrace logic is expressively equivalent to monadic second-order logic
of order of one successor (S1S). The translation follows naturally from Lemma 5. Specifically,

FSTTCS 2025



20:8 Flavors of Quantifiers in Hyperlogics

Table 1 Summary of results on the decidability of hypertrace formulas satisfiability.

Trace-prefixed
∃∗
T(∃T ::T )∗(∀T ::T )∗Q∗

TQ∗
N<

Decidable [10] [Cor. 17]
(∀T ::T )2∃T ::T Q+

N<
Undecidable [6] [Prop. 16]

Time-prefixed
∃∗
N<

E∗
T(∃T ::T )∗(∀T ::T )∗Q∗

T Decidable [Cor. 22]
∃N<

∀N<
∃2
N<

∀N<
∀T ::T (∃T ::T )2∃T Undecidable [Thm. 23]

we show that quantification over variables in each unconstrained trace is equivalent to second-
order quantification over the sets of time points at which the corresponding propositional
variable holds in that trace.

4.1 Equivalence to S1S
To establish the equivalence between unconstrained hypertrace logic and S1S, we define a
translation between unconstrained hypertrace formulas and models to their counterpart in
S1S, and vice-versa. The translation from unconstrained hypertrace formulas to S1S rewrites
the formulas using flatten, while reinterpreting each πx as a second-order variable.

To translate from unconstrained formulas to S1S formulas, we define the substitution
σ = {x(πx, i) 7→ πx(i) | x ∈ X , π ∈ VT, i ∈ VN} and the rewriting function toS1S(φ,X ) =
flatten(φ,X ,VT ∩ free(φ))[σ] where φ is an unconstrained trace formula. This translation
does not work for formulas with constrained trace quantifiers because, in general, we cannot
assume T to be S1S-definable. The next step is to define a translation for trace assignments. A
trace assignment ΠT : VT → (2X )ω is translated to an assignment over second-order variables
where each variable is mapped to its support set. Formally, toSuppSet(ΠT) : VX → 2N where
toSuppSet(ΠT)(πx) = {i | x∈ ΠT(π)[i]}.

For the translation from S1S to unconstrained hypertrace formulas, each second-order
variable X becomes the trace variable τX . Additionally, we use the standard translation of
Succ using ≤.

toHyper(∃X φ′) =∃πX toHyper(φ′) toHyper(X(i)) =X(πX , i)
toHyper(∃i φ′) =∃i toHyper(φ′) toHyper(i = j) =(i = j)

toHyper(¬φ′) =¬toHyper(φ′) (7)
toHyper(φ1 ∨ φ2) =toHyper(φ1) ∨ toHyper(φ2)

toHyper(Succ(i, i′)) =i < i′ ∧ (∀j (i < j → i′ ≤ j))

We translate second-order assignments, Π2, to trace assignments as: toBool(Π2) : VT → (2X )ω

where for all i∈N and X ∈ X , X ∈(toBool(Π2)(πX))[i] iff i∈ Π2(X).

▶ Theorem 7. Let T be a set of traces over X . For all unconstrained hypertrace formulas φ
over X : (T, (ΠT,ΠN)) |=T φ iff (ΠN, toSuppSet(ΠT)) |=S1S toS1S(φ,X ). For all S1S formulas:
(Π1,Π2) |=S1S φ iff (T, (toBool(Π2),Π1)) |=T toHyper(φ).

Proof. We start by proving, by structural induction, the translation from unconstrained
hypertrace formulas and trace assignments to S1S formulas and second-order assignments. For
the base case, we need to prove (T, (ΠT,ΠN)) |=T x(π, i) iff (ΠN, toSuppSet(ΠT)) |=S1S πx(i).
Given k= ΠN(i), we observe that, by definition, x∈ ΠT(π)[k] iff k∈(toSuppSet(ΠT))(πx).
Hence, the base case holds. For the induction cases, we use the induction hypothesis and
Lemma 5.
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We consider now the translation from S1S formulas and second-order assignments to
unconstrained hypertrace formulas and trace assignments. We have two base cases. We
start by proving that (Π1,Π2) |=S1S X(i) iff (T, (toBool(Π2),Π1) |=TX(πX , i). This holds,
because for k= ΠN(i), X ∈(toBool(Π2)(πX))[k] iff k∈ Π2(X). The second base-case is
(Π1,Π2) |=S1S Succ(i,i′) iff (T, (toBool(Π2),Π1)) |=T i < i′ ∧ (∀j (i < j → i′ ≤ j)), holding by
definition of ≤. For the induction cases, we use the induction hypothesis and Lemma 5. ◀

From the previous theorem and S1S having a decidable satisfiability checking problem [19],
checking whether an unconstrained hypertrace formula is satisfiable is also decidable.

▶ Corollary 8. The satisfiability problem for unconstrained hypertrace logic is decidable.

4.2 Relation to Full Hypertrace Logic
In this section, we show that any hypertrace formula with a single alternation from an
existential to a universal constrained quantifier can be rewritten into an equisatisfiable
formula without constrained quantifiers. We prove our results by adapting techniques
introduced in [6, 5] to rewrite HyperQPTL formulas into QPTL. We start by showing how to
eliminate the universal constrained trace quantifiers.

▶ Lemma 9. Let φ = −→
E ∃π1 ::T . . .∃πn ::T ∀π′

1 ::T . . .∀π′
m ::T −→

Q φqf be a hypertrace formula
in prenex normal form s.t. E is any combination of existential time or unconstrained trace
quantifiers, −→

Q is any combination of time or unconstrained trace quantifiers and φqf is a
quantifier-free hypertrace formula. Let

removeForAll(φ) = −→
E ∃π1 ::T . . .∃πn ::T

n∧
j1=1

. . .

n∧
jm=1

−→
Q φqf[π′

1 7→ πj1 , . . ., π
′
m 7→ πjm ]

where φqf[π′
1 7→ πj1 , . . ., π

′
m 7→ πjm ] is the formula obtained by substituting π′

i with πji , for
all 1 ≤ i≤m, in φqf. Then, JφK ̸= ∅ iff JremoveForAll(φ)K ̸= ∅.

Proof. A set of trace variables V and a trace assignment ΠT that includes assignments for
all variables in V (i.e., V ⊆ Dom(ΠT)) define the set of traces T(ΠT,V) ={ΠT(π) | π ∈ V}. For
a set of free variables and assignment, V and ΠT, when we evaluate the subformula starting
with the universal constrained quantifier against the set of traces T(ΠT,V), we can remove the
universal quantifiers by considering all possible combinations of assignments to the traces
in T(ΠT,V). Formally, for any hypertrace formula ∀π′

1 ::T . . .∀π′
m ::T −→

Q φqf where −→
Q is any

combination of time or unconstrained trace quantifiers, φqf is a quantifier-free hypertrace
formula, and V ={π1, . . . , πn} s.t. V ⊆ free(∀π′

1 ::T . . .∀π′
m ::T −→

Q φqf), the equivalence below
follows from definitions:

(T(ΠT,V), (ΠT,ΠN)) |=T ∀π′
1 ::T . . .∀π′

m ::T −→
Q φqf iff (8)

(T(ΠT,V), (ΠT,ΠN)) |=T

n∧
j1=1

. . .

n∧
jm=1

−→
Q φqf[π′

1 7→ πj1 , . . ., π
′
m 7→ πjm ].

Before we prove the main claim, we need to prove that the set of models of a hypertrace
formulas without existential constrained quantifiers is subset-closed.

▷ Claim 1. Let φ be a hypertrace formula in prenex and negation normal form (i.e., all
quantifiers at the beginning of the formula and negation only at the atomic level) without
existential constrained trace quantifiers. For all sets of traces T and its subsets T′ ⊆ T, and
assignments ΠT and ΠN: if (T, (ΠT,ΠN) |=T φ, then (T′, (ΠT,ΠN) |=T φ.
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Proof of Claim 1. We prove by structural induction on φ. For the bases cases, we observe that
|=T is independent of the set of traces, hence, as the assignments are preserved, the property
holds. The induction cases φ ∨ φ′, φ ∧ φ′, ∃i φ and ∀i φ follow directly from definitions
and induction hypothesis. The only case remaining is ∀π ::T φ. Consider arbitrary set of
traces T and T′ ⊆ T and assignments ΠT and ΠN. We assume that (T, (ΠT,ΠN) |=T ∀π ::T φ,
which, by definition of |=T, is equivalent to: for all traces τ ∈ T, (T, (ΠT[π 7→ τ ],ΠN) |=T φ.
By induction hypothesis and T′ ⊆ T, for all traces τ ∈ T′, (T′, (ΠT[π 7→ τ ],ΠN) |=T φ. Hence,
by definition of |=T, (T′, (ΠT,ΠN) |=T ∀π ::T φ. ◁

We prove now each side of the implication. We assume without loss of generality that the
formula is in prenex and negation normal form. In what follows, V∃ ={π1, . . ., πn}. We start
by proving that JφK ̸= ∅ ⇒ JremoveForAll(φ)K ̸= ∅:

JφK ̸= ∅ ⇔ exists T ∈J
−→
E ∃π1 ::T . . .∃πn ::T ∀π′

1 ::T . . .∀π′
m ::T −→

Q φqfK
def. |=T⇔

exists T,ΠT and ΠN s.t. ΠT(π) ∈ T with π ∈ V∃ :

(T, (ΠT,ΠN)) |=T ∀π′
1 ::T . . .∀π′

m ::T −→
Q φqf

T(ΠT,V∃) ⊆ T,Claim 1
⇒

exists ΠT and ΠN : (T(ΠT,V∃), (ΠT,ΠN)) |=T ∀π′
1 ::T . . .∀π′

m ::T −→
Q φqf

(8)⇔
exists ΠT and ΠN :

(T(ΠT,V∃), (ΠT,ΠN)) |=T

n∧
j1=1

. . .

n∧
jm=1

−→
Q φqf[π′

1 7→ πj1 , . . ., π
′
m 7→ πjm

] ⇔

exists ΠT and ΠN : T(ΠT,V∃) |=T removeForAll(φ) ⇒ JremoveForAll(φ)K ̸= ∅

And now, we prove JremoveForAll(φ)K ̸= ∅ ⇒ JφK ̸= ∅:

JremoveForAll(φ)K ̸= ∅ ⇔

exists T ∈J
−→
E ∃π1 ::T . . .∃πn ::T

n∧
j1=1

. . .

n∧
jm=1

−→
Q φqf[π′

1 7→ πj1 , . . ., π
′
m 7→ πjm

]K
T(ΠT,V∃) ⊆ T

⇒
Claim 1, (8)

exists ΠT and ΠN : (T(ΠT,V∃), (ΠT,ΠN)) |=T ∀π′
1 ::T . . .∀π′

m ::T −→
Q φqf ⇒ exists T ∈JφK ◀

▶ Example 11. for the formula: φ = ∃π1∃π2∀π3∃i∃j a(π1, i) ∧ ¬a(π2, i) ∧ b(π3, j), we have

removeForAll(φ) = ∃π1∃π2

(∃i∃j a(π1, i) ∧ ¬a(π2, i) ∧ b(π1, j)) ∧ (∃i∃j a(π1, i) ∧ ¬a(π2, i) ∧ b(π2, j))

which can be simplified to ∃π1∃π2∃i a(π1, i) ∧ ¬a(π2, i) ∧ (∃j b(π1, j)) ∧ (∃j b(π2, j)).

We observe that hypertrace formulas with only existential constrained trace quantifiers
are equisatisfiable to an unconstrained formula. Intuitively, each existential trace quantifier
can be instantiated independently of the others.

▶ Lemma 12. Let φ = −→
E ∃π1::T . . .∃πn::T −→

Q φqf be a hypertrace formula in prenex normal
form s.t. −→

E is a any combination of existential time or unconstrained trace quantifiers, −→
Q

is any combination of time or unconstrained trace quantifiers and φqf is a quantifier-free
hypertrace formula. JφK ̸= ∅ iff J

−→
E ∃π1 . . . ∃πn

−→
Q φqfK ̸= ∅.

Finally, for all hypertrace formulas where all universal constrained trace quantifiers are
only followed by existential constrained quantifiers, we can apply the rewrite described in
Lemma 9 and Lemma 12 to get an equisatisfiable unconstrained hypertrace formula.
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▶ Theorem 13. Let φ= −→
E ∃π1::T . . .∃πn::T ∀π′

1::T . . .∀π′
m::T −→

Q φqf be a hypertrace formula
in prenex normal form s.t. E is any combination of existential time or unconstrained trace
quantifiers, −→

Q is any combination of time or unconstrained trace quantifiers and φqf is a
quantifier-free hypertrace formula. There exists an unconstrained hypertrace formula φu s.t.:
JφK ̸= ∅ iff JφuK ̸= ∅.

5 Trace-prefixed Hypertrace Logic

In this section, we consider the fragment of FO[<,T] where trace quantifiers come before time
quantifiers. We call this the trace-prefixed hypertrace logic, denoted T-FO[<,T]. Formally,
trace-prefixed formulas φ ∈ T-FO[<,T] are defined by the grammar:

φ ::= ∃π φ | ∃π ::T φ | ¬φ | ψ ψ ::= ∃i ψ | ψ ∨ ψ | ¬ψ | i < i | i = i | X(π, i)

where π is a trace variable, i is a time variable and X is a binary predicate.
We observe that T-FO[<,T] is orthogonal to unconstrained hypertrace logic. While

the unconstrained fragment allows any mix of (unconstrained) trace and time quantifiers,
T-FO[<,T] requires trace quantifiers to come first. On the other hand, T-FO[<,T] introduces
constrained trace quantifiers, which the unconstrained version does not support.

▶ Example 14. We can express bounded promptness in T-FO[<,T]:

∃π ∀π′ ::T ∃i ∀j
(
(j < i → ¬p(π, j)) ∧ p(π, i) ∧ q(π′, i)

)
. (9)

In this property, the unconstrained trace is used to guess a synchronization point (i.e., the
time when p becomes true in π) where all traces agree with the value of proposition q.

In [1], the authors study the trace-prefixed hypertrace logic for the fragment of FO[<,T]
with only constrained trace quantifiers, which we refer to as T-FO[<,T::T ]. They prove that
T-FO[<,T::T ] is expressively equivalent to HyperLTL. From this result, we can prove that
adding unconstrained quantifiers to T-FO[<,T::T ] extends its expressive power.

▶ Proposition 15. T-FO[<,T] is strictly more expressive than T-FO[<,T::T ].

Proof. Clearly, T-FO[<,T::T ] is a fragment of T-FO[<,T]. To prove that T-FO[<,T::T ]
is not equally expressive to T-FO[<,T], we observe that bounded promptness (9) is not
expressible in HyperLTL [4] and, from T-FO[<,T::T ] being equally expressive to HyperLTL
[1], it is also not expressible in T-FO[<,T::T ]. ◀

We can also use T-FO[<,T::T ] to get our first undecidability result for T-FO[<,T].

▶ Proposition 16. Let φ= ∀π1 ::T ∀π2 ::T ∃π′
1 ::T ψ where ψ has only time quantifiers. It is

undecidable to check whether JφK ̸= ∅.

Proof. We prove by reduction of the HyperLTL satisfiability problem for formulas with
quantifier pattern ∀∀∃ to the problem of checking for satisfiability of hypertrace formulas with
quantifier pattern ∀::T ∀::T ∃::T . Consider an arbitrary HyperLTL formula φ= ∀π1∀π2∃π′

1ψ

where ψ has only temporal operators. By T-FO[<,T::T ] being expressively equivalent to
HyperLTL, there exists φ′ ∈ T-FO[<,T::T ] s.t. JφK =Jφ′K. Using the computable translation
in [1], φ′ = ∀π1 ::T ∀π2 ::T ∃π′

1 ::Tψ′ where ψ′ has only temporal quantifiers. From [6, 14], it
is undecidable to check for satisfiability of HyperLTL formulas with quantifier pattern ∀∀∃.
Hence, it is also not possible to decide JφK ̸= ∅. ◀

FSTTCS 2025



20:12 Flavors of Quantifiers in Hyperlogics

5.1 Satisfiability
From Theorem 13 and Corollary 8, we get our first fragment of T-FO[<,T] with a decidable
satisfiability problem: the fragment where constrained trace quantifiers is of shape ∃∗∀∗.
This matches the known decidable fragment for HyperQPTL [10].

▶ Corollary 17. Let φ= −→
ET ∃π1 ::T . . .∃πn ::T ∀π′

1 ::T . . .∀π′
m ::T −→

QT
−−→
QN< φqf be a hypertrace

formula in prenex normal form s.t. −→
ET is a sequence of existential unconstrained trace

quantifiers, −→
QT and −−→

QN< are any combination of time and unconstrained trace quantifiers,
respectively, and φqf is a quantifier-free. It is decidable to check whether JφK ̸= ∅.

Unconstrained trace quantifiers not only extend the expressivity of T-FO[<,T] compared
to T-FO[<,T::T ] but can also be used to seamlessly define a semi-decision procedure to
check for the unsatisfiability of T-FO[<,T::T ] formulas. In the proposition below, we prove
that removing constraints from existentially quantified trace variables preserves the models
of the constrained formula. We can use the contrapositive of this proposition to determine
the unsatisfiability of constrained hypertrace formulas.

▶ Proposition 18. Let φ= ∀π0::T ∃π′
0::T . . .∀πk::T ∃π′

k::T ψ be a hypertrace formula where ψ
is quantifier-free, and T be a set of traces. If T |=T φ, then T |=T ∀π0::T ∃π′

0 . . . ∀πk::T ∃π′
k ψ.

Proof. The statement follows directly from T being a subset of all possible traces and, thus,
any assignment over T is also an assignment over the set of all traces. ◀

5.2 Equivalence to HyperQPTL
We prove that, for sets of infinite traces, trace-prefixed hypertrace logic is expressively
equivalent to HyperQPTL [17]. HyperQPTL formulas φ are defined by the grammar:

ψ ::= Xψ | ψ U ψ | ¬ψ | ψ ∨ ψ | q | aπ φ ::= ∃q φ | ∀q φ | ∃π φ | ∀π φ | ψ

where π ∈ VT is a trace variable and q, a∈ X are propositional variables, where VT ∩ X = ∅.
We evaluate HyperQPTL formulas over a set of traces and a trace assignment Π : VT → (2X )ω,
relative to a time point i ∈ N:

(Π,T, i) |=HQ ∃q ψ iff there exists τ ∈(2{q})ω : (Π[πq 7→ τ ],T, i) |=HQ ψ;

(Π,T, i) |=HQ ∀q ψ iff for all τ ∈(2{q})ω : (Π[πq 7→ τ ],T, i) |=HQ ψ;
(Π,T, i) |=HQ ∃π ψ iff there exists τ ∈ T : (Π[π 7→ τ ],T, i) |=HQ ψ;
(Π,T, i) |=HQ ∀π ψ iff for all τ ∈ T : (Π[π 7→ τ ],T, i) |=HQ ψ;
(Π,T, i) |=HQ q iff q ∈ Π(πq)[i]; (Π,T, i) |=HQ aπ iff a∈ Π(π)[i];
(Π,T, i) |=HQ ¬ψ iff (Π,T, i) ̸|=HQ ψ;
(Π,T, i) |=HQ ψ1 ∨ ψ2 iff (Π,T, i) |=HQ ψ1 or (Π,T, i) |=HQ ψ2;
(Π,T, i) |=HQ Xψ iff (Π,T, i+ 1) |=HQ ψ;
(Π,T, i) |=HQ ψ1 U ψ2 iff exists j ≥ i : (Π,T, j) |=HQ ψ2 and all i ≤ j′ < j (Π,T, j′) |=HQ ψ1.

A set T of traces is a model of a HyperQPTL formula φ, denoted T |=HQ φ, iff there exists an
assignment Π such that (Π,T, 0) |=HQ φ. For all closed formulas φ, T |=HQ φ iff (Π∅,T, 0) |=HQ φ,
where Π∅ is the empty assignment.
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▶ Remark 19. In this work, we interpret HyperQPTL formulas as introduced in [17, 5]. An
alternative definition found in the literature uniformly instantiates quantified propositions
across the set of traces used as the model [10, 7, 20, 18]. The semantics we adopt in this work
subsumes the uniform interpretation; that is, we can simulate the uniform interpretation by
rewriting the HyperQPTL formula interpreted under the uniform semantics.

For a set of traces T and an assignment Π for variables in V , we define its flattening to a
trace as: aπ ∈⟨Π⟩[i] iff a∈ Π(π)[i] and q ∈⟨Π⟩[i] iff q ∈ Π(πq)[i] for all i∈N, trace variables
π ∈ V and propositional variables a, q ∈ X . A trace assignment satisfies a quantifier-free
HyperQPTL formula iff its flattening satisfies the same formula under the LTL semantics.

▶ Proposition 20. Let φ a quantifier-free HyperQPTL formula. For all i ∈ N, all trace sets
T, and all trace assignments Π, (Π,T, i) |=HQ φ iff ⟨Π⟩[i . . .] |=LTL φ.

▶ Theorem 21. For all HyperQPTL sentences φH there exists a trace-prefixed hypertrace
sentence φ such that for all sets of infinite traces T ⊆(2X )ω, T |=HQ φH iff T |=T φ. For all
trace-prefixed hypertrace sentences φ there exists a HyperQPTL sentence φH such that for all
sets of infinite traces T ⊆(2X )ω, T |=HQ φH iff T |=T φ.

Proof. We denote by LTLtoFO(ψ) and FOtoLTL(ψ) the translation from LTL formulas to
FO[<] and vice-versa given by LTL and FO[<] being equivalent [9].

We start with the translation from HyperQPTL formulas to an equivalent T-FO[<,T]
formula. We first define the translation of φ∈ HyperQPTL for its different quantifiers:

trquant
H (φ) =


φ if φ is quantifier-free
Qπ ::T trquant

H (φ′) if φ=Qπ φ′,Q∈{∀,∃} and π ∈ VT

Qπq trquant
H (φ′) if if φ=Qq φ′,Q∈{∀,∃} and q ∈ X

(10)

With LTLtoFO(ψ) all propositional variables aπ in ψ are mapped to Paπ
(i), while all q

are mapped to Pq(i). We define the substitution from these predicates to the binary
predicates of FO[<,T]: σ={Paπ

(i) 7→ Xa(π, i) | a∈ X , π ∈ VT, i∈ VN} ∪ {Pq(i) 7→ Xq(πq, i) |
q ∈ X , π ∈ VT, i∈ VN}. The translation from HyperQPTL formulas to T-FO[<,T] is defined
below, where ψ ∈ LTL, xi ∈ VT ∪ X , for 1 ≤ i≤n, and Q∈{∀,∃}:

trH(Qx1. . .Qxn ψ) = trquant
H (Qx1. . .Qxn ((LTLtoFO(ψ))[σ])). (11)

Given a trace assignment, Π, and k∈N we denote Πk any assignment satisfying q ∈ Πk(πq)[i]
iff q ∈ Π(πq)[i+ k], and otherwise, Πk(π) =(Π(π))[k . . .]. We prove in the extended version,
using the equivalence between LTL and FO[<] [9] and Prop. 20, that for all HyperQPTL
formula φ=Qx1 . . .Qxn ψ where xi ∈ VT ∪ X , for 1 ≤ i≤n, and Q∈{∀,∃}: (Π,T, k) |=HQ φ

iff (T[k . . .], (Πk,Π∅
N)) |=T trH(φ), where Π∅

N is the empty time assignment.
For the translation from trace-prefixed hypertrace formulas to HyperQPTL, we use

Lemma 5, and give a translation from flattened hypertrace formulas to HyperQPTL. As
before we define a substitution σ′′ ={Xa(π, i) 7→ Paπ

(i) | a∈ X , π ∈ VT, i∈ VN}∪{Xq(πq, i) 7→
Pq(i) | q ∈ X , π ∈ VT, i∈ VN}. The translation is defined as: trT(φ) = −→

Q(FOtoLTL(ψ′[σ′′]))
with −→

Qψ′ = flatten(φ,X , ∅) where −→
Q is a sequence of constrained and unconstrained trace

quantifiers and ψ′ is a hypertrace formula with no trace quantifiers.
We prove that for all hypertrace formulas φ with only free trace variables, for all

sets of traces T and assignments ΠT: (T, (ΠT,Π∅
N)) |=T φ iff (Π′

T,T, 0) |=HQ trT(φ), where
Π′

T(πq) = (ΠT(πq)[0] ∩{q})(ΠT(πq)[1] ∩{q}) . . .. For the base case, where ψ′ has no trace
quantifiers and all time quantifiers are bounded: (T, (ΠT,Π∅

N)) |=T ψ
′ iff (⟨ΠT⟩,Π∅

N) |=
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ψ′[σ′], follows from an analogous proof from the previous case. As the translation from
ΠT to Π′

T does not change the valuation of q in the trace assigned to πq and by [9],
(⟨ΠT⟩,Π∅

N) |= ψ′[σ′] iff ⟨Π′
T⟩ |=LTL FOtoLTL(ψ′[σ′]). By Proposition 20, it is equivalent to

(Π′
T,T, 0) |=HQ FOtoLTL(ψ′[σ′]). The induction cases (i.e., constrained and unconstrained

quantifiers) follow from induction hypothesis and definitions. ◀

6 Time-prefixed Hypertrace Logic

We consider now time-prefixed hypertrace logic, with formulas defined by the grammar:

φ ::= ∃i φ | ¬φ | ψ ψ ::= ∃π ψ | ∃π ::T ψ | ψ ∨ ψ | ¬ψ | i < i | i = i | X(π, i)

where π is a trace variable, i is a time variable and X is a binary predicate. To the best of
our knowledge, there is no formalism in the literature allowing to specify hyperproperties by
quantifying over time before traces, while supporting arbitrary time and trace quantifiers.
The relative expressiveness between the trace-prefix and time-prefix fragments, however,
remains an open problem.

As for the previously studied fragments, we use Theorem 13, and Corollary 8 to identify
a fragment of the time-prefixed hypertrace logic with decidable satisfiability problem.

▶ Corollary 22. Let φ= −−→
EN<

∃π1 ::T . . .∃πn ::T ∀π′
1 ::T . . .∀π′

m ::T −→
QT φqf be a hypertrace

formula in prenex normal form s.t. −−→
EN<

is a sequence of existential time quantifiers, −→
QT

is any combination of time and unconstrained trace quantifiers, respectively, and φqf is a
quantifier-free. It is decidable to check whether JφK ̸= ∅.

In our theorem below, we prove that the satisfiability problem for arbitrary time-prefixed
formulas is undecidable. We prove our result with a reduction from the (non)-halting problem
for 2-counter Minsky machines.

A 2-counter Minsky machine is defined by a tuple M =(Q,∆, q̂) where Q is a finite set
of states with q̂ ∈Q being the initial state, and ∆ ⊆Q × {1, 2} × {inc, dec, isZero} × Q

being the transition relation. For all n, n′ ∈N, we write: n isZero−−−−→ n′ iff n=n′ = 0; n inc−−→ n′

iff n′ =n + 1; and n
dec−−→ n′ iff n′ =n − 1. We observe that dec is only allowed when

n > 0. A configuration is a tuple with a state and the current value of the two counters.
Given one of the counters c∈{1, 2} we refer to the other counter as c= 3 − c. We say
that there is a transition between two configurations (q, n1, n2) and (q′, n′

1, n
′
2) iff there

exists (q, c, op, q′) ∈ ∆ s.t. nc
op−→ n′

c and, for the other counter, nc =n′
c. A computation is a

sequence of configurations connected by transitions. It is undecidable to check whether an
arbitrary 2-counter Minsky machine has an infinite computation [15].

▶ Theorem 23. Let Q∈ ∃N<
∀N<

∃2
N<

∀N<
∀T ::T (∃T ::T )2∃T and φ=Qφ′ be a time-prefixed

hypertrace formula where φ′ is quantifier-free. It is undecidable to check whether JφK ̸= ∅.

Proof. In our reduction from the (non)-halting problem for 2-counter Minsky machines, each
trace encodes one configuration and the transition relation for the next step of the computation.
Traces include the following propositional variables to capture configurations, for a given set
of states Q: Xconfig =Q∪{mem1, mem2} with mem1 and mem2 encoding the current value in their
respective counters. We use Xtransition ={qto, qfrom | q ∈Q} ∪{inc, dec, isZero, to1, to2} to
specify transitions where to1 and to2 represent the counters to be updated. The values in
each counter are represented in unary and so incrementing the counter c amounts to making
memi true for one more step, while decrementing removes the last true valuation. We use an
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unconstrained trace quantifier to guess the time point where this increment or decrement
takes place. This guess is guided by two propositional variables: Xguess ={guess, guessed}.
Hence, our traces are defined over X = Xconfig ∪ Xtransition ∪ Xguess.

We start by defining useful formulas to encode requirements of well-formed traces, where
exactlyOne(Y) is true when only one of the propositions in Y holds:

At each time i the trace π defines an unique transition:

singleTr(Q, π, i) def= exactlyOne({qto(π, i) | q ∈ Q}) ∧ exactlyOne({qfrom(π, i) | q ∈ Q})∧ (12)
exactlyOne({to1(π, i), to2(π, i)}) ∧ exactlyOne({inc(π, i), dec(π, i), isZero(π, i)})

for times i and j the trace π defines the same transition:

sameTr(Q, π, i, j) def=
∧

q ∈ Q

(qto(π, i) ↔ qto(π, j)) ∧
∧

q ∈ Q

(qfrom(π, i) ↔ qfrom(π, j)) ∧ (13)

∧
c ∈{1,2}

(toc(π, i) ↔ toc(π, j)) ∧
∧

op ∈{inc,dec,isZero}

(op(π, i) ↔ op(π, j))

transition matches a transition from ∆:

validTr(∆, π, i) def=
∨

(q,c,op,q′) ∈ ∆

(qfrom(π, i)) ∧ toc(π, i)) ∧ op(π, i)) ∧ q′
to(π, i))) (14)

for times i and j the trace π defines the same unique state:

sameState(Q, π, i, j) def= (
∧

q ∈ Q

q(π, i) ↔ q(π, j)) ∧ exactlyOne({q(π, i) | q ∈ Q}) (15)

states in π and π′ match the configuration:

goodStates(Q, π, π′, i) def=
∨

q ∈ Q

(qfrom(π, i) ↔ q(π, i)) ∧
∨

q ∈ Q

(qto(π, i) ↔ q(π′, i)) (16)

Only one (the first) guess can affect the evaluation:

stopMulitpleGuess(πg, i, j) def= (guess(πg, i) ∨ guessed(πg, i)) → guessed(πg, j) (17)

We recall that operations update at most one of the counters. To guess for the time point
where this change occurs, our encoding uses propositional variables guess and guessed to
be instantiated by an unconstrained trace quantifier. In particular, if either the guess is
false or guessed is true, we require the two traces being compared to have equal values in
their counters. We define now how to encode the effect of an operation, where π encodes
the transition to be applied as well as the incoming configuration, π′ encodes the outgoing
configuration and πg the unconstrained trace with the guess:

op(π, c, π′, πg, i, i+, i−) def= (memc(π, i) ↔ memc(π′, i) ∧ (18)
(isZero(π, i) → (¬memc(π, i) ∧ ¬memc(π′, i))) ∧ (19)
((¬guess(πg, i) ∨ guessed(πg, i)) → (memc(π, i) ↔ memc(π′, i))) ∧ (20)
((¬guessed(πg, i) ∧ guess(πg, i) ∧ inc(π, i)) → (¬memc(π, i) ∧ memc(π′, i) ∧ ¬memc(π′, i+))∧ (21)
((¬guessed(πg, i) ∧ guess(πg, i) ∧ dec(π, i)) → (memc(π, i) ∧ ¬memc(π′, i) ∧ memc(π′, i−)) (22)

We include the time just before i, i−, and just after, i+, because time quantification will
precede the quantification of π′ and, so, we may get a different π′ at each time point. In
the time-prefixed formula defined next, we encode the requirement that all true valuations
of mem1 and mem2 must be consecutive, starting from the beginning of the trace. Hence, by

FSTTCS 2025
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using i− and i+ we ensure that the change around time i is consistent with the operation
leading to it. We combine all requirements above in the following time-prefixed hypertrace
logic formula φM for a given machine M =(Q,∆, q̂):

∃i0∀i ∃i+ ∃i− ∀j ∀π ::T ∃π′ ::T ∃πq̂ ::T ∃πg

(
(23)

(i0 ≤ j ∧ i− ≤ i ∧ i < i+ ∧ (i < j → i+ ≤ j) ∧ (i− = i → i = i0) ∧ (j < i → j ≤ i−)) → (24)
(mem1(π, i+) → mem1(π, i)) ∧ (mem2(π, i+) → mem2(π, i)) ∧ (25)
q̂(πq̂, i) ∧ (q̂(π, i) → (¬mem1(π, i) ∧ ¬mem2(π, i))) ∧ (26)
stopMulitpleGuess(πg, i, i+) ∧ (27)
singleTr(Q, π, i) ∧ sameTr(Q, π, i, i+) ∧ validTr(∆, π, i) ∧ (28)
sameState(Q, π, i, i+) ∧ goodStates(Q, π, π′, i) ∧ (29)

(to1(π, i) → op(π, 1, π′, πg, i, i+, i−)) ∧ (to2(π, i) → op(π, 2, π′, πg, i, i+, i−))
)

(30)

A set of traces T |=T φM satisfies the following properties, where for Y ⊆ X we define its
projection over a trace as τ |Y = (τ [0] ∩ Y)(τ [1] ∩ Y) . . .:

exists τ ∈ T and (q̂, c, op, q′) ∈ ∆ s.t. τ |{q̂,q̂from,toc,op,q′
to,mem1,mem2} ={q̂, q̂from, toc, op, q

′
to}ω

encoding the initial state where both counters are 0;
for all τ ∈ T, τ |{mem1} ={mem1}n1{}ω, τ |{mem2} ={mem2}n2{}ω and there exists q ∈Q and
(q, c, op, q′) ∈ ∆ s.t. τ |{q,qfrom,toc,op,q′

to} = {q, qfrom, toc, op, q
′
to}ω, which are unique and

denoted by config(τ)=(q, n1, n2) and trans(τ) =(q, c, op, q′);
for each trace assigned to π, there can be only one time point where for the unconstrained
trace assigned to πg the value of guess is true and guessed is false;
the trace assigned to π′ encodes a correct next state from the transition defined by π.

T |=T φM, iff T has a trace encoding the initial state of M and, starting from that trace we
can define a valid infinite computation of M using only traces in T. ◀

7 Related Work

The first work to explore the connection between hyperlogics (specifically HyperLTL) and
classical first-order reasoning is by Finkbeiner and Zimmermann [8]. They extend FO[<]
with the equal-level predicate E, which allows comparisons between positions at the same
time point across different traces. They also use the bounded-promptness (also referred to as
bounded-termination) property from [4] to show that FO[<,E] is strictly more expressive
than HyperLTL. Later, Bartocci et al. introduce hypertrace logic [1], which takes a different
approach by extending FO[<] to a two-sorted logic, explicitly distinguishing between sorts
for time and (constrained) traces. They prove that FO[<,E] and hypertrace logic (with
only constrained trace quantifiers) are equivalent. More recently, Beutner and Finkbeiner, in
[2], presented a tool to check the satisfiability of hyperproperties specified in HyperLTL by
translating them to first-order logic. Their translation follows the same approach as hypertrace
logic: it considers separate sorts for traces and time. Other works have explore reasoning
about hyperproperties using second-order quantification. For example, Hyper2LTL [3] extends
HyperLTL by introducing second-order quantification over the set of all possible traces, in
addition to first-order quantification over a given trace set. These approaches fall outside the
scope of our work, as we focus on first-order definable languages.

The boundaries for the decidability of the satisfiability problem of HyperLTL were first
investigated in [6]. These results were extended, in [14], to understand further which HyperLTL
fragments have a decidable satisfiability checking. In [5], Coenen et al. give a complete picture
of the hierarchy of hyperlogics based on extensions of temporal logics. In particular, they
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compare and summarize results for HyperLTL and HyperQPTL. A different line of work looks
into LTL interpretation with team semantics, called TeamLTL. Team semantics generalizes
classical first-order logic by evaluating formulas over sets of assignments, called teams, rather
than single assignments. TeamLTL, based on this framework, does not use explicit trace
quantifiers. Instead, it adopts the modular approach of team semantics, where reasoning
over multiple traces is introduced implicitly through the use of generalized atoms. In [20],
the authors establish the relation between different extensions of TeamLTL to fragments
of HyperQPTL+, which generalizes HyperQPTL to include non-uniform quantification over
propositional variables.

8 Conclusion

In this work, we introduced an extension of hypertrace logic with unconstrained trace
quantifiers, effectively extending its expressive power. We established expressiveness results
connecting fragments of hypertrace logic to well-known temporal logics: unconstrained
hypertrace logic is equivalent to S1S, while trace-prefixed hypertrace logic corresponds
to HyperQPTL. We also identified a decidable fragment of the logic, where constrained
trace quantifier alternation is restricted to a single existential-to-universal switch. This
generalizes a known decidability result for HyperQPTL by allowing arbitrary placements of
time quantifiers. Finally, we identified a fragment of time-prefixed hypertrace logic with
undecidable satisfiability checking. For future work, it remains open how the trace- and
time-prefixed fragments relate in terms of expressiveness. Additionally, we plan to explore
the connection between hyperlogics and classical first-order reasoning to enable the transfer
of techniques and results across these areas.
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