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—— Abstract

Quantified Conflict Driven Clause Leaning (QCDCL) is one of the main approaches to solving
Quantified Boolean Formulas (QBF). Cube-learning is employed in this approach to ensure that
true formulas can be verified. Dependency Schemes help to detect spurious dependencies that are
implied by the variable ordering in the quantifier prefix of QBFs but are not essential for constructing
(counter)models. This detection can provably shorten refutations in specific proof systems, and is
expected to speed up runs of QBF solvers.

The simplest underlying proof system [BeyersdorffBohm-LMCS2023], formalises the reasoning
in the QCDCL approach on false formulas, when neither cube-learning nor dependency schemes is
used. The work of [BohmPeitlBeyersdorfl-A12024] further incorporates cube-learning. The work
of [ChoudhuryMahajan-JAR2024| incorporates a limited use of dependency schemes, but without
cube-learning.

In this work, proof systems underlying the reasoning of QCDCL solvers which use cube learning,
and which use dependency schemes at all stages, are formalised. Sufficient conditions for soundness
and completeness are presented, and it is shown that using the standard and reflexive resolution
path dependency schemes (D**® and D**®) to relax the decision order provably shortens refutations.

When the decisions are restricted to follow quantification order, but dependency schemes are
used in propagation and learning, in conjunction with cube-learning, the resulting proof systems
using the dependency schemes D**¢ and D™** are investigated in detail and their relative strengths
are analysed.

2012 ACM Subject Classification Theory of computation — Proof complexity
Keywords and phrases QBF, CDCL, Resolution, Dependency schemes

Digital Object Identifier 10.4230/LIPIcs. FSTTCS.2025.25

Related Version Full Version: https://arxiv.org/abs/2510.05876 [17]

Funding Meena Mahajan: Supported in part by the J. C. Bose Fellowship of SERB, ANRF.

1 Introduction

Despite the NP-hardness of the satisfiability problem, in the last three decades SAT solvers
have been phenomenally successful in solving instances of humongous size, and have become
the go-to tool in many practical industrial applications (see e.g. [30, 22]). This success has
spurred ambitious programs to develop solvers for computationally even more hard problems.
In particular, the PSPACE-complete problem of determining the truth of Quantified Boolean
Formulas QBFs has many more applications (see e.g. [27]), and over the last twenty years
QBEF solvers have rapidly approached the state of industrial applicability.
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The paradigm that revolutionized SAT solving is Conflict Driven Clause Learning CDCL
([28]), and this is also one of the principal approaches (but not the only one) in QBF solving.
The CDCL technique was lifted to QBFs in the form of QCDCL ([31], see also [18]; in [19],
the term QDPLL is used), and implemented in state-of-the-art solvers DepQBF [20, 21] and
Qute [23] with further augmentations to enhance performance.

For both SAT and QBF, solving techniques are intricately connected with proof systems.
The runtime trace of a solver on a formula can be thought of as a proof of the final outcome
(sat/unsat, true/false). Proof systems abstract out the reasoning employed in the solvers,
and allow representing these traces-as-proofs as formal proofs. The CDCL paradigm in SAT
solvers corresponds to resolution, a very well-studied proof system. There are multiple ways
in which resolution can be lifted to QBFs, see [5] for an overview. As shown in [4], resolution
proofs can be efficiently extracted from traces of CDCL-based SAT solvers. For QBFs,
QCDCL traces yield proofs in the proof system long-distance Q-resolution LDQ-Res [31, 3].
However, the converse direction, going from resolution proofs to CDCL runs, famously shown
for SAT in [25, 1], seemingly breaks down for QBF and QCDCL as currently implemented;
the reasoning employed in basic QCDCL solvers was abstracted in [7, 15] as the proof systems
QCDCL and QCDCL®*®®, and shown to be exponentially weaker than LDQ-Res.

The proof system QCDCL is a refutational proof system; it was formulated in [7] to explain
the reasoning of basic QCDCL-style algorithms on false QBFs. The proof system QCDCLc**
defined in [15], incorporates cube-learning as well, and can thus certify both falsity and truth
of QBFs. Intriguingly, it was shown in [15] that even for false QBFs, where cube-learning is
not necessary for completeness, it can still significantly shorten refutations. Very recently,
it was shown in [8] that even when short refutations are actually found, it may take an
exponentially long time to find them. Many other variants (different policies for decision
order, propagations, reductions) have been studied extensively in [14].

One heuristic that has been used in some QCDCL solvers is the use of dependency
schemes. These schemes involve performing some basic analysis of the formula structure and
identifying spurious dependencies amongst variables, dependencies that are implied by the
quantification order of variables but are not necessary for constructing (counter)models; see
for instance [29]. Eliminating such dependencies would transform a QBF to a Dependency
QBF, DQBF, for which the computational problem of deciding truth/falsity is even harder; it
is NEXP-complete ([2, 12]). However, retaining the formulas as a QBF, and using information
about spurious dependencies while propagating and learning, is still a feasible approach, that
has been implemented in the solver DepQBF [20, 21] using the standard dependency scheme
D%, In resolution-based QBF proof systems, employing reduction rules based on the reflezive
resolution path dependency-scheme D™™2, is known to exponentially shorten refutations ([10]),
and the expectation is that a similar advantage also manifests in QCDCL solvers.

This work makes progress towards formally understanding the strengths/limitations of
using the dependency-scheme heuristic. The first steps in this direction were initiated in
a recent work in [16]. It considered the simplest setting, in which the QCDCL proof system
uses the LEV-0RD decision policy (deciding variables according to the quantification order),
and does not learn cubes. A dependency scheme D is used in propagation by, and learning
of, clauses. Additionally, a dependency scheme D’ may be used to preprocess the formula,
reducing all clauses according to D’ before beginning the QCDCL trails. In this setting, when
D and D’ are “normal” schemes (as defined in [24]), the resulting proof systems were shown
to be sound and refutationally complete. In the same setting, the four systems arising from
using D™** in preprocessing, in propagation/learning, in both, and in neither, were shown to
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be incomparable with each other. In the underlying proof system LDQ-Res, using dependency
information can never lengthen proofs. The handicap in QCDCL arises because QCDCL
algorithms also need to search for the proof.

In this work, we consider more general settings. Our contributions are as follows:

Formalising intensive use of dependency schemes in QCDCL. We formalise the definitions
of QCDCL and QCDCLC"™® proof systems that use dependency schemes more intensively: in the
decision policy, which determines which variables can be “decided” at a particular stage, as
well as in propagation and learning, with and without cube learning. Using a dependency
scheme Dy in the decision policy means that a variable can be decided if all variables on
which it depends, according to Dy, are already assigned; this is the policy D;-0RD. Using a
dependency scheme Dy in propagation and learning means that reductions enabled by Do
are performed whenever possible. For two dependency schemes D; and Dy (which may be
the same) we consider QCDCL™® proof systems that use D; in the decision policy and Dy
in propagation through and learning of clauses. We consider three scenarios with respect
to cube-learning: (1) cube-learning is switched off completely; (2) cube propagation and
learning is done without using any dependency schemes; or (3) cube propagation and learning
use the scheme Dy but disallow long-distance term-resolution. The reason for this difference
between clause and cube learning is that long-distance term resolution is not (yet?) known
to be sound if used in conjunction with dependency schemes. We show that for normal Dy,
Do, the resulting systems are sound and refutationally complete; Theorem 3.12.

Provable advantage of D-ORD. We show that other parameters remaining the same, using
either D™ or D% as D; is strictly better than using LEV-ORD; Theorem 3.13.

Using cube-learning, and dependency schemes only in propagation/learning. When
the decision policy is restricted to LEV-ORD, we generalise the results from [16] to settings

with cube-learning switched on, and also to settings where DS*® rather than D™ is used.

Specifically, we show that
1. Using D*¢ in pre-processing is useless; Proposition 4.2.

2. Switching on cube learning provably adds power even in the presence of D*¢ or D**s;
Theorem 4.12.

3. Adding D**® in various non-trivial ways to QCDCL®**® results in proof systems that are
not only pairwise incomparable, Theorem 4.14, but are also incomparable with both
QCDCLC""® and QCDCL; Theorems 4.13 and 4.15.

4. Adding D®* to QCDCL is orthogonal to switching on cube learning; Theorem 4.16. In
certain cases, adding D* to both QCDCL and QCDCLS"®® offers a provable advantage.

5. Although D™ strictly refines D%, in the context of QCDCL and QCDCLS"®, adding these
schemes gives rise to incomparable systems; Theorem 4.17. Thus, the LEV-0RD policy can
negate potential benefits of the strict refinement.

We use several known bounds on formulas from earlier works, and also show some new

bounds for them. To obtain desired separations, we also introduce three carefully handcrafted

new formulas. For easy reference, the known and new results (about previously defined
and new formulas) are collated in Table 1 in Section 4. The known simulation order of the
proof systems, incorporating prior known results as well as the new results proved here, are

summarised in Figure 1, also in Section 4.
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Organisation of the paper

In Section 2, we give some basic definitions and describe, in a high-level informal way, the
background about known proof systems and dependency schemes. In Section 3, we define
the new proof systems, show soundness and completeness, and show that the decision policy
D-ORD is strictly more powerful than LEV-ORD. In Section 4, we briefly discuss preprocessing,
we define three new QBF families and show various lower and upper bounds for their proof
sizes, and we describe the simulation order among various QCDCL systems. We conclude with
some pointers for further directions of interest. Detailed definitions from prior work, as well
as detailed proofs of many new results, appear in the full version of this paper [17].

2 Preliminaries

Basic Notation

We assume familiarity with basic concepts from logic and computational complexity: Boolean
variables and literals, clauses and cubes/terms, conjunctive normal form (CNF'), substitutions,
etc. We follow notation from [7, 15]; see also [5]. Selected relevant items are included here.

A literal ¢ is a Boolean variable z or its negation z, and var(¢) denotes the associated
variable x. For a set S of clauses and a literal ¢/, we use shorthand ¢V S to denote the set
of clauses {£V C | C € S}. The empty clause, denoted [J, is unsatisfiable; the empty cube,
denoted T, is always true. A clause (cube) is said to be tautological (contradictory) if for
some variable x it contains both & and z. The resolution rule can be applied to clauses and
to cubes. The resolvent of clauses A’ = AV x and B’ = BV x is the clause AV B denoted as
res(A’,B',x) or res(B’, A’,z). The resolvent of cubes A’ = AAx and B’ = BAZ is the
cube A A B, also denoted as res(A’, B',x) or res(B’, A, x).

A Quantified Boolean Formula (QBF) in prenex conjunction normal form (PCNF) is
a prefix with a list of variables, each quantified either existentially or universally, and a
matrix, which is a set (conjunction) of clauses over these variables. That is, it has the form
O =07 ¢ =0Q111Q222...Qunx, p(x1,Ta,...,T,) where ¢ is a propositional formula in
CNF, and each @; is in {3,V}. We denote by X3 (Xv respectively) the set of all variables
quantified existentially (resp. universally). A QBF is true if for each variable z; € X3, there
exists a (Skolem) function s;, depending only on variables ; € Xy with j < 4, such that
substituting these s; in ¢ yields a tautology. Similarly, the formula is false if for each variable
x; € Xy, there is a (Herbrand) function h;, depending only on variables ; € X3 with j < 4,
such that substituting h; in ¢ yields an unsatisfiable formula.

Some QBF proof systems, and the Dependency Scheme heuristic

The propositional proof system Resolution certifies unsatisfiability of a propositional formula
by adding clauses obtaining through resolution until the empty clause is added. This can be
lifted to QBFs in many ways. One of the simplest ways is to use the resolution rule along
with a universal reduction rule, that allows removing a universal literal u or u from a clause
if it is not ‘blocked; that is, the clause has no existential literals quantified after u in the
prefix. This gives rise to the system QU-Res; its restriction where resolution is allowed only on
existential pivots is the system Q-Res. The long-distance resolution rule generalises resolution
by permitting seemingly useless universal tautological clauses under certain side-conditions,
and gives rise to the system LDQ-Res that generalises Q-Res. Informally, in this system, a
resolution on z is permitted even if the resolvent ends up having u and w for some universal
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variable u, provided w is quantified to the right of x. The presence of u and u together, often
referred to as a merged literal u*, is to be interpreted not as a tautology but as a place-holder
for a partial strategy for v depending on the value of the pivot x.

In direct analogy to Q-Res and LDQ-Res are the proof systems Q-TermRes and LDQ-TermRes
for certifying truth. Here the resolution is performed on terms, or cubes, with universal
pivots, and existential literals can be reduced from a term if not blocked by universal literals
quantified after them. The goal is to derive the empty term. A key point of difference is at
the start; since the QBF is in PCNF, there are no terms to begin with. The Axiom rule in
these systems permits starting with any term that satisfies the matrix.

For formal definitions of these proof systems, see for instance, Figure 2 in [9] (for
Q-Res,QU-Res, LDQ-Res), Figure 2, in [29] (for Q-TermRes).

The notion of blocking, used in the reduction rules, stems from the understanding that
if variables x,y are quantified differently with y quantified after =, then the value of y in
a (counter)model may non-trivially depend on x. If there is no literal blocking x, then the
satisfaction of the clause (falsification of cube) should not rely on the unblocked universal
(resp. existential) z. The dependency scheme heuristic refines this further. If a syntactic
examination of the clause-variable structure can reveal that y does not really depend on z,
even though it is quantified later, then x can be reduced even in the presence of y. This can

drive the process towards the empty clause/term faster. Dependency schemes do precisely this.

They identify pairs (x,y) where x and y are quantified differently and where y can be safely
assumed to be independent of z. (Actually, they list pairs where y may depend on x; the other
pairs can be assumed to be independent.) The trivial dependency scheme associates with each

QBF @ the dependency set D**V(®) = {(z,y) | y is quantifed after, and differently from, x}.

Other schemes can associate subsets of this set. The schemes relevant to this paper are the
standard scheme D5*¢ (see Def 7 in [26] and Def 9 in [29]), and the reflexive resolution scheme
D*™® (see Defs 3,4,6 in [29]). For every ®, D**V(®) D Ds*¢(P) D D™*5(P).

When a dependency scheme D is incorporated into any of the preceding proof systems,
the reduction rule becomes more generally applicable, and the side-conditions concerning
merged literals also become more permissive. This gives rise to the proof systems Q(D)-Res,
LDQ(D)-Res, Q(D)-TermRes, LDQ(D)-TermRes. See, for instance, Figure 3 and Section 3.3 in
[29] (for Q-TermRes and D-reductions), and Figure 1 in [24] (for LDQ(D)-Res). For a clause
and a dependency scheme D, we denote by red-D(C') the clause obtained by removing all
unblocked universal literals from C. Similarly, for a cube C, red-D3(C') denotes the cube
obtained by removing all unblocked existential literals from C.

An important subclass of dependency schemes are the so-called normal dependency
schemes, which have the property of being “monotone” and “simple”. See Def. 7 in [24] for
the precise definition. The dependency schemes D**V, D5%*¢, D™ are all normal. This class of
schemes is of interest to us because it is known that for normal dependency schemes, Q(D)-Res
and LDQ(D)-Res are sound and refutationally complete [24]. The system Q(D)-TermRes is
known to be sound and complete on true formulas for D € {D**¥, D™} (in [29], soundness is
shown for a stronger dependency scheme, D*®* implying soundness for D™* as well). However
the soundness of LDQ(D)-TermRes is not known for dependency schemes other than D**".

We say proof system Py simulates a proof system P5 if some computable function transforms
proofs in P5 into proofs in P; with at most polynomial blow-up in proof size. If this function
is also computable in polynomial time (in the given proof size), we say that Py p-simulates
P,. Two systems are said to be incomparable if neither simulates the other.

By definition LDQ(D)-Res p-simulates LDQ-Res and Q(D)-Res, both of which p-simulate
Q-Res. Similarly, both LDQ-TermRes and Q(D)-TermRes p-simulate Q-TermRes. It is also
known that Q(D)-Res is exponentially stronger than Q-Res for D = D**%; [10, 11].

25:5
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The proof systems QCDCL with and without cube learning

The proof system for QCDCL, as defined in [7], formalizes reasoning in QCDCL algorithms
operating on false formulas without cube learning. These algorithms construct trails or
partial assignments in a specific way — decide values of variables according to some policy,
propagate values of existential variables that appear in clauses which become unit after
restriction by the trail so far and by universal reduction (call such a clause the antecedent of
the propagated literal) — trying to satisfy the matrix. If a conflict is reached, then the trail
is inconsistent with any Skolem function. Conflict analysis is performed, and a new clause
is learnt and added to the matrix. If the empty clause is learned, the formula is deemed
false. The corresponding refutation in the proof system QCDCL consists of the sequence of
constructed trails, and for each trail the sequence of long-distance resolution steps performed
in conflict analysis to learn a clause. The full definition can be found in [7] (Def. 3.5).

The above formulation of the QCDCL system only considers trails that end in a conflict.
Trails ending in a satisfying assignment are ignored. This is enough to ensure refutational
completeness — the ability to prove all false QBFs false. However, from satisfying assignments,
solvers can and do learn cubes (or terms), and this is necessary to prove true QBFs true. In
[15] it was shown that even while refuting false QBFs, allowing cube learning from satisfying
assignments can be advantageous. This led to the definition of the proof system QCDCLC"P¢,
and in [15], it was shown to be strictly stronger than the standard QCDCL system. The main
idea in cube learning systems is to consider satisfying assignments also as conflicts, albeit of
a different kind, and to learn cubes from these conflicts. (The algorithm learns that such a
trail is inconsistent with any Herbrand function.) Learnt cubes are added disjunctively to the
matrix, which thus at intermediate stages is not necessarily in CNF but is the disjunction of
a CNF formula and some cubes. With the augmented CNF matrices, cubes that become unit
after existential reduction can now propagate universal variables in a way that falsifies the
cube. Also, with the augmented CNF matrices, a trail may end up satisfying a cube rather
than the CNF; this too is now a conflict, and conflict analysis involving term-resolution can
be performed to learn a new cube. For formal details, see Section 3 in [15].

3 Adding dependency schemes to the QCDCL proof system

The work done in [16] was the first to formalise the addition of dependency schemes to
the QCDCL proof system. It was done only for the setting where trails follow level-ordered
decisions, and there is no cube learning. Here we relax both these restrictions; we allow
dependency schemes to affect the decision policy of the trail, and we allow cube-learning.
Dependency schemes can be used in QCDCL algorithms in many ways:

(1) in specifying the decision order, (2) in specifying how reduction, propagation, and learning
of clauses are performed, and (3) in specifying how these are performed for cubes, if at all.
We set up unified notation to describe all such QCDCL-based proof systems.

» Definition 3.1 (D-ORD). For a dependency scheme D, the decision policy D-ORD permits
a decision on a vartable x at some point in a trail if all variables y on which x© depends
according to D (i.e. (y,x) € D), have already been assigned.

The specific case of LEV-ORD is the policy where decisions must respect quantification level
order; ANY-ORD is the policy where decisions are unrestricted.

» Definition 3.2. QCDCL®(ClausePol, CubePol) is the QCDCL proof system where
1. ORD denotes the decision policy; e.g. LEV-ORD, D’-ORD, ANY-ORD.
In D'-0RD, D’ denotes the dependency scheme, such as D**S-0RD, DS*¢-ORD.
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2. ClausePol is the dependency scheme D used in reduction, propagation, and learning for
clauses. Note that this scheme need not be the same as the D’ in D’-ORD.
3. CubePol € {No-Cube, Cube-LD, Cube-D} denotes the type of usage of cube learning;
a. No-Cube: No cube learning.
b. Cube-LD: Cube Learning used, but no dependency scheme (only D**V) in cube propaga-
tion, and cube learning using LDQ-TermRes.
c. Cube-D: Cube Learning used, dependency scheme D used in propagation, and cube
learning is done using Q(D)-TermRes.

Note that in this notation, clause learning always uses LDQ(D)-Res, where D might well be
D™V, However, for cube learning, the propagation and learning can use either long-distance
term resolution LDQ(D)-TermRes, or dependency schemes without long-distance Q(D)-TermRes,
not both. We impose this condition because the soundness of LDQ(D)-TermRes is not known.

In the notation of Definition 3.2, the standard vanilla QCDCL system denoted QCDCLEE}-ORP
in [7] would be QCDCLEV-ORP(D**V No-Cube), whereas the QCDCL™® system from [15] would be
QCDCLEV-0RD(D**V Cube-LD). Further, the dependency-based system QCDCL(D*™®) introduced
in [16] would be QCDCLEV-08P(D*™s No-Cube).

To define what a derivation in these QCDCL systems looks like, we first define trails and
the learnable clauses and cubes from trails in this system. The following definitions are the
natural generalisations of the corresponding ones from [7, 15]. We give a short illustration in
Example 3.6 after Definition 3.5.

The trail is a sequence of literals (or O, T)

T = (P0,1)>" " »P(0,90); A1, P(1,1) " P(1,g1); Ay - e, D)5 Dirg,))

where the literals d; (in boldface) are decision literals, the literals p; ; are propagated literals.

and no opposing literals appear. We can also view it as a set of literals or an assignment,

and the corresponding clause (cube) is the disjunction (conjunction) of all literals in it.
The learnable constraints from a trail are defined as follows:

» Definition 3.3 (learning from conflict). From a trail

T = (p0,1)>" " »P(0,90); A1, P(1,1)> " P(1,g1); Ay - e, Pr1)s Pirg,))

ending in a conflict p(. 4.y € {0, T}, the set Ly of learnable constraints has a clause C; j
associated with each propagated literal p; jy propagated in the trail if p. 4y = U, and a
cube associated with each propagated literal in the trail if p. 4.y = T. These associated
clauses/cubes are constructed by tracing the conflict backwards through the trail as follows.
(ante(¥) denotes the clause/cube that causes literal £ to be propagated; i.e. the antecedent.)
Starting with ante() (respectively ante(T)), we resolve in reverse over the antecedent
clauses (cubes) that propagated the existential (universal) variables as described below. All
such resulting clauses (cubes) are learnable constraints.

In particular, if p, g,y = U, then

Cr,g,) = red-D(ante(p(,g,)))-

Forie{0,1,---,r} and j € [g; — 1], if var(p ;) € X3 and Py jy € C(; j41), then C 5

is the clause obtained by resolving the clause C; ji1) with the clause obtained from the

antecedent of p(; jy after reduction; such a resolution is possible on pivot p(; j). Otherwise,

Ci,j) is simply the same as C(; j41). Thus, C; ;) equals

red-D[res(C(; j11), red-D(ante(p(; j))), Pa.j))] if var(pu,;) € X3 and pgj) € C it

and is C(; j41) otherwise.

FSTTCS 2025
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The learning process skips decision variables, so C(; 4,y is defined using p(; 4,
Fori € {0,1,--- ,r—1}. C(; 4,) equals red-D[res(C(; 11,1y, red-D(ante(p(;,g.))), P(i,g:))] if
var(p,qg,)) € X3 and p( g, € Ciz1,1), and is C(;41,1) otherwise.
If p(rg,) = T, then non-trivial cube-resolution is performed when p(; ;) is universal, not
existential. The set L1 depends on CubePol. If CubePol = Cube-LD, then red-D is replaced by
reds. If CubePol = Cube-D, then red-D is replaced by red-D3, but the res step is performed
only if it is a valid Q(D)-TermRes resolution step; otherwise we use the previously learnt cube,
Just as we do in clause learning when the resolution on p; jy is not defined.

) and C(’i-‘rl,l) .

» Definition 3.4 (learning from satisfaction). From a trail T that assigns all variables, satisfies
all clauses, and does not satisfy any cube, the set of learnable constraints is defined as follows:
For any set L of literals, let t;, denote the cube that is the conjunction of all literals in L.
Viewing the trail T' as a set of literals,

I {reds(ty/) | T' CT; T’ satisfies all clauses} if CubePol = Cube-LD
| {red-Ds(ty/) | T' C T; T’ satisfies all clauses} if CubePol = Cube-D.

» Definition 3.5. For a specific choice of ORD, ClausePol, CubePol, let P be the proof system
QCDCLP*(ClausePol, CubePol). A P-derivation ¢ from a PCNF QBF ® = Q% - ¢ of a clause
or cube C is a sequence ¢ of triples, . = (T1,C1,71), (T, Con, ™m), where each T; is a
trail, each C; is a clause/cube, and C,, = C. The objects T;, C;, m; are as defined below.

For each i € [m], @; is a propositional formula of the form p; = (/\Ceci C)v (\/TETL- T),
where C; is a set of clauses and T; is a set of cubes. These formulas are defined iteratively;
initially we have all the clauses of ¢ and no terms, and after each trail either a clause or a
term is learnt and added. Formally,

G ={C[Ceyp}, T =0
If C; is a clause: Cipq = C; U{C;}, Tir1 =T
If C; is a cube: Cix1 =Gy, Tiv1 =T, U{C}.

For each i € [m], ®; is the QBF with the same quantifier prefix as ®, and inner formula ¢;.
For each i € [m], T; is a trail from the formula ®;, C; is a learnable clause or cube from T,
and m; is the derivation of C; from ® in the system as per ClausePol or CubePol.

A refutation in these systems is a derivation of the empty clause O, and a verification in
this system is a derivation of the empty term T.

» Example 3.6. The TwoPHPandCT,, formulas, defined in [16](Section 4.5), have the prefix
Q=Vuldr; -z, Jy1---Ys, YvIzi, 22 and the matrix

uV PHP, (21, - ,xs,) @V PHP(y1, - ,¥s, )
vVz2zi1Vzea,vV2Z1Vze,0vV21V2o, vVZ V2

Here PHP,, refers to the propositional Pigeon-hole-principle formulas that assert the existence
of a map from n 4+ 1 pigeons to n holes without collision; these formulas are known to
be exponentially hard for resolution. Due to PHP,, the matrix is unsatisfiable, and thus
cube-learning makes no difference. So we consider No-Cube.

Consider refutations using D-ORD, with D = D™ or D*¢. For these formulas, it can be seen
that D™= = () and D*¢ = {(u, z;), (u, y;) : for all i} U {(v,21), (v, 22)}. The v, 21, 29 variables
are completely independent from the u, x, y variables; neither (x;,v) nor (y;,v) is in D for any
i. Therefore using the D-ORD decision policy, we can decide v or z; in the beginning. Consider
the trail that decides to assign v to false and then z; to true. The clause vV z; V 25 becomes
unit, so z, is propagated. Then the clause vV 21 V z5 becomes empty, and the empty clause is
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propagated, leading to conflict. That is, in 71 = ¥; 21, 22,0, we have ante(d) = v V 21 V Za,
and ante(z) = vV 21 V z5. In conflict analysis, we first resolve (the reduced version of)
ante([) with ante(z2) to obtain v V z;.

If D™ is used in learning, then this can be reduced further to z;, which is learnt, i.e.
included in Cy and ®5. The next trail then begins with the propagaed literal z;, and
propagates further; Th = z1, 20,00, and ante(d) = v V 21 V 22, ante(z3) = v V 21 V 29,
ante(z;) = %, allowing us to learn [J. This is a refutation in QCDCLY" (D**®, No-Cube) or
QCDCLY™" (D**=, No-Cube), but not in QCDCLIEV-0RP (DTS No-Cube).

If D5*¢ or D™V is used in learning, then from trail 7} the clause v V z; is learnt (i.e.
included in Cy and ®3) since it cannot be further reduced. The next trail must again begin
with a decision. With Ty = ¥, 21, 29,0, ante(d) = v V 21 V Za, ante(z2) = v V 21 V 29,
ante(z1) = vV z1, allowing us to learn [J. This is a refutation in QCDCLP! (Dy, No-Cube), where
D; could be D% or D% but not D**Y, and Dy could be D5*¢ or DV,

By definition, D-ORD generalises LEV-ORD, and ANY-ORD generalises D-ORD. Thus,

» Observation 3.7. For a CubePol € {No-Cube, Cube-LD, Cube-D}, and dependency schemes
D, D,
Every derivation in QCDCLEV-%8 (D, CubePol) is a derivation in QCDCLY -%%°(D, CubePol).
Every derivation in QCDCLP “%% (D, CubePol) is a derivation in QCDCLAY-9R(D CubePol).

Trails in a system without cube learning are also trails in the corresponding system with
cube learning. Hence:

» Observation 3.8. For CubePol € {Cube-LD, Cube-D}, and for any decision policy ORD, any
derivation in QCDCLP®P (D, No-Cube) is also a derivation in QCDCLPP(D, CubePol).

If the matrix of the given PCNF formula is unsatisfiable, then no satisfying trail can ever
be constructed, no matter what policy is used, so no “cube learning” can happen. Hence:

» Observation 3.9. For CubePol € {Cube-LD, Cube-D}, and for any decision policy ORD, if
a PCNF formula ® has an unsatisfiable matriz, then any derivation from ® in the system
QCDCLO*P(D, CubePol) is also a derivation in QCDCL™ (D, No-Cube).

The following result is shown in [16].

» Proposition 3.10 (Theorem 1 in [16]). For any normal dependency scheme D, the system
QCDCLIEV-0BD (D No-Cube) is refutationally complete.

A minor adaptation of the proof of Theorem 3.9 in [7] shows the following soundness:

» Theorem 3.11. For any normal dependency scheme D, the proof systems
QCDCLAY-0BD(D Cube-LD) and QCDCLAY-ORP(D Cube-D) are sound.

Proof. To show that both these systems are sound, it is enough to show the following three
statements: (1) The derivation of any learnt clause is a valid LDQ(D)-Res derivation. (2) If
CubePol = Cube-LD, the derivation of any learnt cube is a valid LDQ-TermRes derivation, and
the addition of cubes when learning from satisfaction is sound. (3) If CubePol = Cube-D, the
derivation of any learnt cube is a valid Q(D)-TermRes derivation. From these three it follows
that sticking together the derivations of the final learnt empty clause/term gives a proof in
the corresponding system, and all these systems are known to be sound.

Statement (3) is true by definition: term resolution in learning is performed only if it
is valid in Q(D)-TermRes. For Statement (2), cube learning is shown to be sound in [15,
Theorem 3.8]. For statement (1), we need to show that the resolution steps performed while

25:9
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learning respect the side-conditions of LDRes(D). The analogous statement when D = D™V is
proved in [7, Lemma 3.7, Proposition 3.8, Theorem 3.9], but the same proof works with any
D. For details, see the full version [17]. <

From Proposition 3.10, Theorem 3.11, Observation 3.7 and Observation 3.8, we conclude
that all the aforementioned systems are sound and refutationally complete.

» Theorem 3.12. For any dependency schemes D', D where D is normal, and for each
CubePol € {No-Cube, Cube-LD, Cube-D}, the proof system QCDCLY O”%(D, CubePol) is sound
and refutationally complete.

In QCDCL based proof systems, incorporating dependency schemes into propagation and
learning processes does not always yield benefits: as shown in [16], certain pathological
formulas can render the addition of dependency schemes disadvantageous when decisions are
constrained to the LEV-ORD decision policy.

If the dependency shceme is allowed to influence the decision order (i.e., the system
adopts the D-ORD decision policy), we show below that the resulting systems are strictly more
powerful than their counterparts using LEV-0RD. (For D; = D%*? an advantage over LEV-ORD
was noted already in [19]. ) However, they remain strictly weaker than the LDQ(D)-Res
systems. (For the proofs, see the full version [17].)

» Theorem 3.13. For dependency schemes D1 € {D**,D5*} and Dy € {D**%,D5* D**V} qand
for policy CubePol € {No-Cube, Cube-LD, Cube-Dy}, the proof system QCDCLP1-9%0 (D, CubePol)
p-simulates QCDCLMEV-"2 (D, CubePol) and is not simulated by it.

» Theorem 3.14. For CubePol € {No-Cube, Cube-LD,Cube-D} in D € {D**V,D5*¢ D**S} the
proof system LDQ(D)-Res p-simulates QCDCLP-9*P (D, CubePol) and is not simulated by it.

4 Dependency-schemes-based QCDCL systems restricted to LEV-0ORD

We now restrict our attention to proof systems utilizing only the LEV-ORD decision policy.
Even with LEV-ORD, dependency schemes can affect (enhance or impair) the performance of
QCDCL systems. These are the systems also considered in [7, 15, 16].

In [16], another way of incorporating dependency schemes was also considered, through
“preprocessing”. For a more complete comparison, we very briefly define such systems here
as well. Preprocessing a formula using a dependency scheme simply means applying all
reductions enabled by it on the input formula, and then proceeding with whatever version of
QCDCL is of interest, on the reduced formula.

» Definition 4.1. For a QBF ® = Q- ¢ and a normal dependency scheme D, a derivation of
a clause C from ® in D + QCDCL™(ClausePol, CubePol) is a derivation of C from the QBF
U = red-D(®) in QCDCLP*P(ClausePol, CubePol).

As shown in Theorem 4 of [16], preprocessing using D*™*® can significantly alter the system
strength. In contrast, we observe below that preprocessing using schemes D** or Ds*¢ has no
effect, no matter what version of QCDCL is the subsequent system.

» Proposition 4.2. For every decision policy ORD, dependency scheme D € {D**V DS*d prrs}
and for CubePol € {No—Cube7Cube-LD,Cube-D}, the proof systems QCDCLURD(D,CubePol),
D™V 4 QCDCL*?(D, CubePol), and Dt + QCDCLP*P(D, CubePol) are equivalent to each other.

We now introduce some new formulas which will be used to pinpoint the relative strengths
of the proof systems.



A. Choudhury and M. Mahajan

The DoubleLongEq,, formulas

The Equality formulas, first defined in [6], show that the proof system QCDCL with cube
learning is stronger than QCDCL without [15]. We wish to show that cube-learning offers a
similar advantage for systems with D*™*°. The Equality formulas cannot show this because
D*™*%(Equality) = (); so using D™ in any way makes them easy to refute irrespective of
cube-learning. To achieve the desired separation, we modify the Equality formula by adding
two clauses that make D™ and D**V identical. These new formulas, called DoubleLongEq,
maintain the separation without altering the hardness of Equality.

» Formula 1. The DoubleLongEq, formula has the prefiz
dzy - 2, Yuq -+ u, Ity - t, and the PCNF matriz

(E Ve Vi) AN | (@ Vu VE)AZ Va V)| A
N————’

Th B L A; B;
(U Vet VELV b)) A (G Vol VEL VL)

UT, uTy,
(Note: deleting the clauses UT,, and UT), gives the Equality formulas.)
» Proposition 4.3. For ® = DoubleLongEq, red(®) = ®, and D*™(®) = D*4(P) = D™V ().

This makes the usage of the dependency schemes D*** or D¢ completely useless. We now
show that the formulas are easy to refute with cube-learning, but hard if cube-learning is
switched off. Both these results closely mirror the corresponding results for Equality shown
in [7] and [15] respectively.

» Lemma 4.4. For D;,D; € {D*V D¢ D™} gnd CubePol € {Cube-LD,Cube-Dy}, the
DoubleLongEq formulas have polynomial size refutations in Dy + QCDCLIEV-0"P (D, CubePol).

» Lemma 4.5. For Dy,Dy € {D**V D% D™} {he DoubleLongEq formulas require exponential
size refutations in Dy + QCDCL'EV-0P(D, No-Cube).

Proof (Sketch). By the discussion above, it suffices to show that the formulas require
exponential size refutations in QCDCL'EV-08P (D=7 No-Cube).

In [13], the authors consider X3 formulas with a specific structure, called X UT-formulas
with the XT-property. They introduce a semantic measure called gauge for 3 QBFs,
and show that for an XUT-formula with the XT-property, the size of a refutation in
QCDCLIEV-0RD(DEXV No-Cube) is at least exponential in its gauge.

The DoubleLongEq formulas are easily seen to be XUT-formulas with the XT-property.

We show that they have linear gauge, implying that they are exponentially hard. |

The PreRRSTrapdoor,, formulas

D**® in different ways affects the system. It

The next formula is designed to explore how adding
sends QCDCL trails into a “trap” (of refuting the hard existential Pigeonhole Principle PHP; see
Example 3.6) if D**® is not used in propagation, but allows a short refutation (a contradiction
on two variables) when D™* is used. This leads to the definition of a formula inspired by the

Trapdoor and Dep-Trap formulas from [7](Def. 4.5) and [16](Def. 4.4) respectively.
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» Formula 2. The PreRRSTrapdoor,, formula has the prefix
Ja Vp 3y1, - ,ys, Yw Yv 3t 3x1,- - , x5, Yu 3b 3¢ Ir s, and the matriz is as given below.

PHPZ+1('I17"' ,xsn)
for i€ [sp]: (G Va;Vuvd), (y; VZ; VuVb)
for i€ [sy]: (yi VwVoVEtVD), (i VwVoViEVb)
(G VwVoVtVD), (g;VwVoVEVb)

for i€ s,): (@wVb), (wVbVF), (VbVs), (avb), (@vbd), (pVq), (BVQ)

This formula has an unsatisfiable matrix (due to the presence of PHP).

The variable “w” is not necessary for the lower or upper bounds proved for this formula.
Initialising PreRRSTrapdoor|,—o or removing the variable “w” entirely affects neither the
bounds nor their proofs. However we keep it in because the PreRRSTrapdoor formulas are
defined to extend the Trapdoor formula (defined in [7]) which has the “w” variable. Also, it
shows that even if the preprocessing step (by D**®) is non-trivial and changes the formula,
addition of D*™*® in propagation can still make a difference.

» Proposition 4.6. D™*°(PreRRSTrapdoor) = {(u,b), (v,b), (p,q)}.

Hence red-D*"*(PreRRSTrapdoor)= PreRRSTrapdoor|,—o. That is, if we preprocess using
D3| everything stays the same except that the variable w “disappears”.

However, just preprocessing by D*™*® is not enough to make this formula easy to refute. The
following lemmas shows that the presence of D*™** during propagation is crucial to achieving
polynomial sized refutations; its absence forces exponential size.

» Lemma 4.7. For CubePol € {No-Cube, Cube-LD, Cube-D**} the PreRRSTrapdoor formulas
have polynomial size refutations in D**S + QCDCLMEV-0RP(D*Ts CubePol)

Proof (Sketch). By Observation 3.8, it suffices to show polynomial size refutations in
D**S 4 QCDCLMEV-0RD(Drrs No-Cube). Any trail must start with a decision on a. With D*™** in
propagation, the contradiction on on y; and ¢ is reached. Thus in 4 such trails the empty
clause can be learnt, completing the refutation. |

» Lemma 4.8. For CubePol € {No-Cube, Cube-LD, Cube-D**} the PreRRSTrapdoor formulas
require exponential size refutations in D*S + QCDCLMEV-0BD(DE*V CubePol)

Proof (Sketch). Since the PreRRSTrapdoor formulas have an unsatisfiable matrix, therefore,
by Observation 3.9 it suffices to show hardness in D*** + QCDCL*EV-9%(D**V No-Cube).

Any trail starts with a decision on a, propagating b, and then subsequently the trail falls
into the trap of refuting Trapdoor and hence the PHP formulas; the hardness follows. |

The StdDepTrap formulas

The third new formula StdDepTrap we introduce shows the advantage of using D% in
propagation and learning. The goal is to create clauses that can be learnt easily with D%,
but are hard to learn without it. These learned clauses enable a quick refutation in QCDCL
with DS* but without them, one is stuck refuting something hard.

» Formula 3. The StdDepTrap,, formula has the prefiz

3b Yw; 321, -+, 25, Ywa Ja Id e Yu Fx Jy Ip Je; Jea, and the matriz is as given below.
bV PHP M (2y, -+, 2 )
(y\/p) ) (yvﬁ)a (wlvel) ) (192\/62)

bvy), (avy), (avz), (cVuVvz), (dVveVy), (dVeVy)
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The variables wi, w2, u are essentially “separators”, putting existential variables into
different levels. The variables ey, eo, x are blockers, ensuring that the separators do not get
reduced too early in the trail.

» Proposition 4.9. D**%(StdDepTrap) = {(w1, e1), (we, €2), (u,x)}.
When D5*¢ is used in propagation, we show that these formulas have short refutations.

» Lemma 4.10. For CubePol € {No-Cube,Cube-LD, Cube-D***} the StdDepTrap formulas
have polynomial size refutations in QCDCLMEV-0BD(Ds*d CubePol)

Proof (Sketch). By Observation 3.8, it suffices to show short refutations in the system
QCDCLIEV-O0RD (Dstd No_Cube). Consider the trail 71 = b, y, a, x, ¢, d, [0 with learnable sequence
L1, ={cVy,uVzVy,aVy,y,b}. We choose to learn . We construct next the trail 7 = g, p,

with learnable sequence L1, = {y V p,y,0}. Thus the empty clause [ is learnt. <

However, without D¢, the propagations force refuting the PHP clauses, which is hard.

» Lemma 4.11. For CubePol € {No-Cube, Cube-LD, Cube-D**V} the StdDepTrap formulas
require exponential size refutations in QCDCLMEV-0RP(DE*V CubePol)

Proof (Sketch). We first show that the the StdDepTrap formulas require exponential size
without cube learning i.e. in QCDCLLEV-0RP(D**V No-Cube) and then extend the argument for
the case of QCDCLLEV-0RP(D*TV Cube-LD) and QCDCLMEV-9RP(D*V Cube-D*V)

Every QCDCLEV-08D(D®*V No-Cube) trail must start with a decision on b, until a literal on
b is learnt; thenceforth a trail must begin by propagating that literal. Any trail starting with
b reaches a conflict in the PHP clauses, so subsequently exponential size is required. It can be
shown that no satisfying trail is ever constructed, so cube-learning offers no advantage. <«

Strength Relations between the Proof Systems

The hardness of formulas in QCDCL systems with or without cube-learning and dependency
schemes are collected in Table 1, including known bounds as well as those established above.
Using these bounds, we now establish various relations between the newly introduced

LEV-0RD-based proof systems and also between them and other QCDCL-based proof systems.

Figure 1 summarises these and earlier known relations in a visually clear way.

As we have discussed, cube-learning in QCDCL proof systems is the concept of allowing
“terms” to be learnt from satisfying trails, and intuitively more (optional) learning power
would mean a more powerful proof system. The first theorem validates this claim . It states
that for any QCDCL proof system with dependency schemes, adding cube-learning yields a
more powerful system than the corresponding system without it.

» Theorem 4.12. ForD;,Dy € {D*V,D5%* D™} and CubePol € {Cube-LD, Cube-Ds} the proof
system Dy + QCDCL™EV-0"P(Dy CubePol) is strictly stronger than Dy + QCDCLLEY-9R (D, No-Cube)

For the next three theorems we focus specifically on D*™**. The first of these shows that

DI'I'S

irrespective of the manner in which is used in a QCDCL proof system, the resulting system

is provably incomparable in strength to the QCDCL system that does not use dependency

schemes. This was already known for the setting without cube-learning, Theorem 5 in [16].
We show here that cube learning makes no difference; the systems still remain incomparable.

This highlights the fact that adding dependency schemes is not always beneficial.
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[D"S + QCDCLYEV-0RD (prrs Cubepolz)]

"‘,.' ...... __________ [QCDCLLEV—DRD<Dtrv7cubepoll)j

[D"s -+ QCDCLLEV-0R (pytrv CubePolg)} ----- [QCDCLLE"'DRD(D"S‘ CubePolg)]

a or CubePol; € o-Cube, Cube- ube- ; CubePoly € {Cube- ube- .
(a) For CubePol; € {No-Cube, Cube-LD, Cube-D**"}; CubePoly € {Cube-LD, Cube-D""*}
From Theorems 4.13 and 4.14.

(D77* + QCDCLI" % ('Y, CubePol) } (D77 + QCDCLM % (D772, CubePol ) )

.

e

(b) For CubePol € {Cube-LD, Cube-D*"*}.
From Theorems 4.12 and 4.15.

[QCDCLLE"-U“D(D““. CubePolz)] [QCDCLLEV-““D (D™, CubePoll)]
T .
(QoDCLH"-9% (D4, No-Cube) ) (aoDCLH" -9 (7, No-Cube))

(c) For CubePol; € {Cube-LD, Cube-D**"}, CubePols € {Cube-LD, Cube-D***}.
From Theorems 4.12 and 4.16.

[D"s - QCDCLYE"-0R (s CubePol)]

. .

o .

S PP {DCDCLLEV'”“D (D, CubePol)]

o .

.

[Drrs - QCDCLYEV-0RD (perv, Cubepol)} ------ [QCDCLLE"’“RD (D=2, CubePol)j

(d) For CubePol € {No-Cube, Cube-LD, Cube-D***}. From Theorem 4.17.

Figure 1 The simulation order of various QCDCL systems.
A — B means A simulates B but B does not simulate A.
A--- B means neither A nor B simulates the other.
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» Theorem 4.13. Any proof systems P1,Po are incomparable, where

P; € {QCDCL*EV-0%(D**V CubePol) | CubePol € {No-Cube, Cube-LD, Cube-D***}} and

D D 6 DtI‘V DI‘I‘S DI‘I‘S Dtrv DI‘I‘S DI‘I‘S
P, € {D; + QCDCLLEV—DRD(DZ’ CubePol) | ( 1y 2) {( ) )v ( ) )v ( ) )}7 )
CubePol € {Cube-LD, Cube-Dy}

The next theorem shows that adding D™ in different ways to QCDCL yields systems
incomparable in strength. (Again, this was already known for the setting without cube-
learning, Theorem 4 in [16].) This highlights that adding dependency schemes in any one of
preprocessing or propagation and learning is not inherently better than the other.

» Theorem 4.14. For a fized CubePol € {Cube-LD, Cube-D"*}, the three systems
QCDCLIEV-0BD(D*s CubePol), DS + QCDCLMEV-0RP(D®*V CubePol), and
D**® + QCDCLMEV-ORD(D**s CubePol) are pairwise incomparable.

Earlier, we have seen that adding cube-learning to a QCDCL system with dependency
always yields a stronger system, Theorem 4.12. The following theorem shows that even
adding cube-learning to a QCDCL system using D™** is incomparable to a QCDCL system without
cube-learning but using D*™*® in a different way.

» Theorem 4.15. For any CubePol € {Cube-LD, Cube-D**}, adding D*™*® to the proof system

QCDCLMEV-0BD(Dt=v CybePol) in one way and to QCDCLLEV-ORP(DFTV No-Cube) in any different

way yields incomparable proof systems. In particular,

1. D*™ + QCDCLMEV-08(D**V CubePol) is incomparable with QCDCLMEV-0BD(DT*S No-Cube) and
D**® + QCDCLLEV-0RD(DT*s No-Cube).

2. QCDCLMEV-ORD(DrTs CybePol) 4s dncomparable with D¥** + QCDCLMEV-0RP (DY No-Cube) and
D**S 4 QCDCLMEV-0RP(Drrs No-Cube).

3. D**+QCDCLEV-0RD(D*s CubePol) incomparable with QCDCLIEV-0RP(DT*s No-Cube) and D™+
QCDCLIEV-0RD D=V No_Cube).

Now we come to D¢, First, we show that, as for D™, a QCDCL system with D5*¢ is
incomparable in strength to a standard QCDCL system without any dependency schemes.

» Theorem 4.16. For CubePol € {Cube-LD, Cube-D5*¢}, the proof systems
QCDCLIEV-0BD(pstd 'No_Cube) and QCDCLMEV-0RD(DETV CubePol) are incomparable.

Finally, we compare the dependency schemes D*** and D*¢. The mere fact that D**® is a
refinement of DS*¢ (more general, eliminates more dependencies) does not make it better; for
that matter, D*™* is a refinement of D™, but we have seen that using it can be a disadvantage
for some formulas. Similarly, we prove below that neither of D*** and D**¢ has a proof-theoretic
advantage over the other, irrespective of the presence or absence of cube-learning.

» Theorem 4.17. For any (D1,D2) € {(D*V,D**®), (D***,D**V), (D**°,D**®)},
and CubePol € {No-Cube, Cube-LD, Cube-Ds*%} the proof systems
P, € QCDCLMV-08P(pstd CybePol) and P2 € Dy + QCDCLMV-0R(Dy, CubePol) are incomparable.

5 Conclusions

In the context of QBF proof systems, dependency schemes are expected to aid the process
of refutation, as indeed they do for Q-Res and QU-Res. It was thus a surprise to see this
advantage does not automatically translate to QCDCL algorithms (even in the presence
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of cube learning) if they make only level-ordered decisions. However, we lack proper lower
bound techniques for a non-trivial decision policy D-ORD. Even for the level-ordered policy,
there are many unresolved questions. The comparison between D**V and D**® already shows
that using a more refined scheme is not necessarily an advantage. The relative strengths
of D** and D*** (which refines D*?) is not yet clear. How other dependency schemes would
relate in this scenario is completely unexplored.

Since QCDCL-style reasoning is explained through long-distance clause/term resolution, it
is worth highlighting three long-standing open questions about those systems. (1) Does using
dependency schemes confer any advantage with clausal long-distance; i.e. is the simulation
of LDQ-Res by LDQ(D)-Res strict for D5* or D**57 (2) Is the use of dependency schemes in
long-distance term resolution (the system LDQ-TermRes) sound? (3) Can we even show that
Q(D5*?)-Res is strictly more powerful than Q-Res? This question has remained open since
D% was first implemented in DepQBF over 15 years ago.
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