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—— Abstract

Krebs et al. (2007) gave a characterization of the complexity class TCP as the class of languages
recognized by a certain class of typed monoids. The notion of typed monoid was introduced to
extend methods of algebraic automata theory to infinite monoids and hence characterize classes
beyond the regular languages. We advance this line of work beyond TC® by giving a characterization
of NC'. This is obtained by first showing that NC' can be defined as the languages expressible in an
extension of first-order logic using only unary quantifiers over regular languages. The expressibility
result is a consequence of a general result showing that finite monoid multiplication quantifiers
of higher dimension can be replaced with unary quantifiers in the context of interpretations over
strings, which also answers a question of Lautemann et al. (2001). We estblish this collapse result
for a much more general class of interpretations using results on interpretations due to Bojanczyk et
al. (2019), which may be of independent interest.
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1 Introduction

Much work in theoretical computer science is concerned with studying classes of formal
languages, whether these are classes defined in terms of grammars and expressions, such as
the class of regular or context-free languages, or whether they are complexity classes such as
P and NP, defined by resource bounds on machine models. Indeed, the distinction between
these is largely historical as most classes of interest admit different characterizations based
on machine models, grammars, logical definability, or algebraic expressions. The class of
regular languages can be characterized as the languages accepted by linear-time-bounded
single-tape Turing machines [12] while P can be characterized without reference to resources
as the languages recognized by multi-head two-way pushdown automata [7]. The advantage
of the variety of characterizations is, of course, the fact that these bring with them different
mathematical toolkits that can be brought to the study of the classes.

The class of regular languages has arguably the richest theory in this sense of diversity of
characterizations. Most students of computer science learn of the equivalence of deterministic
and nondeterministic finite automata, regular languages and linear grammars and many
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also know that the regular languages are exactly those definable in monadic second-order
logic with an order predicate. Perhaps the most productive approach to the study of regular
languages is via their connection to finite monoids. Every language L has a syntactic
monoid, which is finite if, and only if, L is regular. Moreover, closure properties of classes of
regular languages relate to natural closure properties of classes of monoids, via Eilenberg’s
Correspondence Theorem [11]. Finally, we have Krohn-Rhodes theory which decomposes
regular languages into elementary components; such a decomposition has found applications
not only in semigroup theory but also, for example, in physics [17, Sections 4.8a, 4.10] and
the modeling of biochemical reactions [17, Chapter 6, Part I]. All together, these tools give
rise to algebraic automata theory — which leads to the definition of natural subclasses of the
class of regular languages, to effective decision procedures for automata recognizing such
classes, and to separation results.

When it comes to studying computational complexity, we are mainly interested in classes
of languages richer than just the regular languages. Thus, the syntactic monoids of the
languages are not necessarily finite and the extensive tools of Krohn-Rhodes theory are not
available to study them. Nonetheless, some attempts have been made to extend the methods
of algebraic automata theory to classes beyond the regular languages. Most significant is
the work of Krebs and collaborators [2, 3, 14, 13, 6], which introduces the notion of typed
monoids. The idea is to allow for languages with infinite syntactic monoids, but limit the
languages they recognize by associating with the monoids a finite collection of types. This
allows for the formulation of a version of Eilenberg’s Correspondence theorem associating
closure properties on classes of typed monoids with corresponding closure properties of
classes of languages. In particular, this implies that most complexity classes of interest can
be uniquely characterized in terms of an associated class of typed monoids [3]. An explicit
description of the class characterizing uniform TC? is given in Krebs et al. [14, 13] and,
furthermore, provides a decomposition of TC? into elementary components analogous to
the Krohn-Rhodes theory for regular languages. This is obtained through a general method
which allows us to construct typed monoids corresponding to unary quantifiers defined from
specific languages [13] (see also Theorem 11 below).

In this paper, we extend this work to obtain a characterization and decomposition of
(uniform) NC! as the class of languages recognized by the collection of typed monoids
obtained as the closure under ordered strong block products of three typed monoids: the
group of integers with types for positive and non-positive integers; the monoid of the natural
numbers with types for the square numbers and non-square numbers; and a finite non-solvable
group such as S5 with a type for each subset of the group. Full definitions of these terms
follow below. Our result is obtained by first characterizing NC! in terms of logical definability
in an extension of first-order logic with only unary quantifiers. It is known that any regular
language whose syntactic monoid is a non-solvable group is complete for NC* under reductions
definable in first-order logic with arithmetic predicates ((FO)[+, x]) [1]. From this, we know
we can describe NC! as the class of languages definable in an extension of (FO)[+, x] with
quantifiers (of arbitrary arity) associated with the regular languages recognized by the monoid
S5. We show that the family of such quantifiers associated with any finite monoid can be
replaced with just the unary quantifiers. This answers a question left open in Lautemann et
al. [16] and allows us to obtain the sought after algebraic characterization.

For the purpose of establishing the characterization of NC', it suffices to consider
quantifiers applied to interpretations in which tuples of elements are ordered lexicographically.
However, we show that the arity collapse of quantifiers associated with finite monoids holds
more generally, for any first-order definable linear orders on tuples. To show this, we leverage
a characterization of first-order interpretations due to Bojanczyk et al. [5, 4].
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We begin in Section 2, by covering relevant background on semigroup theory, typed
monoids, and multiplication quantifiers (some of which is relegated to the appendix in the
interests of space). In Section 3, we establish the technical result showing that quantifiers of
higher arity over a regular language L can be defined using just unary quantifiers over the
syntactic monoid of L, when the quantifiers are applied to interpretations with a lexicographic

order on tuples. In Section 4, we apply this to obtain the algebraic characterization of NC

finally, in Section 5, we establish the arity collapse for quantifiers in the context of more
general interpretations. A full version of this paper with a detailed background is available
on arXiv [8].

2 Preliminaries

We assume the reader is familiar with basic concepts of formal language theory, automata
theory, complexity theory, and logic. We quickly review definitions we need in order to fix
notation and establish conventions.

We write Z for the set of integers, N for the set of natural numbers (including 0), and Z*
for the set of positive integers. We write [n] for the set of integers {1,...,n} and S for the
set of square integers. That is, S = {x € Z* | 2 = y? for some y € Z}.

For a fixed n € Z* and an integer i € [n], we define the n-bit one-hot encoding of i to be
the binary string b € {0,1}" such that b; = 1 if, and only if, j = 7. For any set S, we write
p(S) for the powerset of S.

The complexity classes TC? and NC! are classes of languages defined in terms of circuits.

We are only interested in the uniform versions of these classes. Specifically, TC? is the
class of languages recognized by a uniform family of circuits of polynomial size and constant
depth using And, Or, Not and Majority gates of arbitrary fan-in; and NC! is the class of
languages recognized by a uniform family of circuits of polynomial size and logarithmic depth
using And, Or and Not gates of fan-in at most 2. Since gates (including majority gates) of
unbounded fan-in can be simulated by circuits of logarithmic depth of fan-in 2 using just
the standard Boolean basis, we have TC? C NC! and the separation of the two classes is
open. The requirement of uniformity here means that the circuits of input size n are easily
computed from n. It is standard to take “easily computed” to mean DLOGTIME-uniform,
though the classes are robust under varying the definition (see [20]).

2.1 Semigroups, Monoids, and Groups

A semigroup (S,-) is a set S equipped with an associative binary operation. We call a
semigroup finite if S is finite. Context permitting, we may refer to a semigroup (.5, -) simply
by its underlying set S.

A monoid (M,-) is a semigroup with a distinguished element 15, € M such that for all
me M, 1y -m=m -1y =m. We call 1) the identity or neutral element of M. A group
(G,-) is a monoid such that for every g € G, there exists an element g~! € G such that
g9 t=g"

Note that (Z, +) is a group, (N, +) is a monoid but not a group and (Z*, +) is a semigroup
but not a monoid. In the first two cases, the identity element is 0. When we refer to the
monoids Z or N we assume that the operation referred to is standard addition.

For a semigroup (.5, -), we say that a set G C S generates S if S is equal to the closure of

-g=1. We call g—! the inverse of g.

G under -; we denote this by S = (G)., or, simply, (G) if the operation is clear from context,
and call G a generating set of S. We say that S is finitely generated if there exists a finite
generating set of S. All semigroups we consider are finitely generated. Note that ZT is
generated by {1}, N by {0,1} and Z by {1, —1}.
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We write U; for the monoid ({0,1},-) where the binary operation is the standard
multiplication. Note that 1 is the identity element here. For any set S, we denote by ST
the set of non-empty finite strings over S and by S* the set of all finite strings over S.
Equipped with the concatenation operation on strings, which we denote by either o or simply
juxtaposition, S* is a monoid and ST is a semigroup but not a monoid. We refer to these as
the free monoid and free semigroup over S, respectively. Note that S is a set of generators
for ST and S U {e} is a set of generators for S*.

A monoid homomorphism from a monoid (.5, -s) to a monoid (7, -7) is a function b : S — T
such that for all s1,s2 € S, h(sy -5 s2) = h(s1) -7 h(s2) and h(lg) = 1r. A congruence on
a monoid (M, ) is an equivalence relation ~ on M such that for all a,b,¢,d € M, ifa ~ b
and ¢ ~ d, then a- ¢~ b-d. We denote by M/~ the set of equivalence classes of ~ on M.
We denote by [a]~, or simply [a], the equivalence class of a € M under ~. Any congruence
~ gives rise to the quotient monoid of M by ~, namely the monoid (M /~,*) where for
[a],[b] € M/~, [a] x [b] = [a - b]. The map n: M — M/~ defined by n(a) = [a] is then a
homomorphism, known as the canonical homomorphism of M onto M /~.

2.2 Language Recognition with Monoids

Here we recall the definition of syntactic congruences and syntactic monoids.

For a language L C ¥* over an alphabet X, we define the syntactic congruence of L as
the equivalence relation ~j, on ¥* such that for all z,y € ¥*, x ~, y if, and only if, for all
w,v € X* wzv € L if, and only if, wyv € L.

It is easily seen that this relation is a congruence on the free monoid ¥*. The quotient
monoid X*/~, is known as the syntactic monoid of L. More generally, we say that a monoid
M recognizes a language L if there is a homomorphism A : ¥* — M and a set A C M such
that L = h™!(A). It is easily seen that the syntactic monoid of L recognizes L. A language
is regular if, and only if, its syntactic monoid is finite [19].

2.3 Logics and Quantifiers

We assume familiarity with the basic syntax and semantics of first-order logic. In this paper,
the logic is always interpreted in finite relational structures. We generally denote structures
by Fraktur letters, %A, B, etc., and the corresponding universe of the structure is denoted
|2(], B, etc. We are almost exclusively interested in strings over a finite alphabet. Thus, fix
an alphabet 3. A Y-string is then a structure 2 whose universe |2l| is linearly ordered by a
binary relation < and which interprets a set of unary relation symbols (R, )secx such that
for each element a € |2| there is a unique o € ¥ such that a is in the interpretation of R,.
More generally, let 7 be any relational vocabulary consisting of a binary relation symbol
< and unary relation symbols Ry, ..., Rr. We can associate with any 7-structure in which <
is a linear order a string over an alphabet of size 2* as formalized in the following definition.

» Definition 1. For 7 a relational vocabulary consisting of a binary relation symbol < and
unary relation symbols Ry, ..., Ry, and 2 a T-structure with n elements that interprets the
symbol < as a linear order of its universe, we define the string wg associated with 2 as the
string of length n over the alphabet Xy, = {0, 1} of size 2% so that if a is the ith element of
wy(, then a is the k-tuple where a; = 1 if, and only if, R; holds at the ith element of 2.

For example, say 7 = {Ry, Ry, R3} and 21 = ([4], <®, R}, R}, RY) where 1 < 2 < 3 < 4,
R¥ ={1,3}, R? = {2,4}, and R = {1,2,3}. Then, the string wy = (101)(011)(101)(010).
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Using the above, we can associate a language with any isomorphism-closed class of
structures over the vocabulary 7. We formalize this definition for future use.

» Definition 2. For 7 a relational vocabulary consisting of a binary relation symbol <
and unary relation symbols Ry, ..., Ry, and A a class of T-structures where every structure
interprets < as a linear order, we define the language L4 over the alphabet ¥, = {0, 1}*
to be

LAZ{U}Q[|Q[€A}.

Conversely, for any language L over the alphabet ¥y, we define the class of T-structures
Sy, to be

SL:{Ql|U)Q[€L}.

It is worth noting that the above operations are not inverses, in the sense that it is not the
case that Sz, = A. This is because while A is a class of structures using £ unary relation
symbols, Sr,, is in a vocabulary using 2% unary symbols.

As the elements of a string 2 are linearly ordered, we can identify them with an initial
segment {1,...,n} of the positive integers. In other words, we treat a string with universe
{1,...,n} and the standard order on these elements as a canonical representative of its
isomorphism class. In addition to the order predicate, we may allow other numerical
predicates to appear in formulas of our logics. These are predicates whose meaning is
completely determined by the size n of the structure and the ordering of its elements. In
particular, we have ternary predicates + and X for the partial addition and multiplication
functions.

An insight due to Lindstrom allows us to define a quantifier from any isomorphism-
closed class of structures (see [10]). We adopt the terminology of Ebbginhaus and Flum [9,
Chapter 12] and provide a brief overview now. Consider a relational vocabulary 7 =
{R1,..., R}, where for each i, R; is a relation symbol of arity r;. For any vocabulary o
and positive integer d, an interpretation of 7 in ¢ of dimension d is a tuple of formulas
I = (¢1(Z1),...,0:1(7;)) of vocabulary o where ¢; is associated with a tuple T; of variables
of length |T;| = dr;. Suppose we are given a o-structure 2 and an assignment « that takes
variables to elements of 2. Then let qb?t’o‘ denote the relation of arity dr; consisting of the
set of tuples {a € |2A|%" | A |= ¢;[a[z;/a]]}. Then, the interpretation I defines a map that
takes a o-structure 2, along with an assignment « to the 7-structure I(2(, o) with universe
|2A|? where the interpretation of R; is the set gi)f[’a, seen as a relation of arity r; on |%|%.

Given a class of T-structures @@ and any positive integer d, we have a quantifier Q4. In a
logic with @4, we can form formulas of the form

Qdfl "'jl(¢1a"'a¢l)

whenever I = (¢1(%1),...,¢:(F;)) is an interpretation of dimension d. In this formula,
occurrences in the subformula ¢; of variables among x; are bound. The semantics of this
quantifier are given by the rule that QqZ1 - - - Zi(¢1,. .., @) is true in a structure 2 under
some assignment « of values to the free variables if the T-structure I(2, «) is in Q. We can
understand Qg4 as the dth vectorization of the quantifier @ (see [9, Def. 12.1.6]). When d = 1,
we may omit the subscript. A quantifier of the form @ is called unary.

The standard first-order quantifiers: 3 and V can be seen as special cases of Lindstrém
quantifiers in a vocabulary with one unary relation U. The existential quantifier consists of
all structures (A, U) where U C A is non-empty and the universal quantifier consists of all
structures (A4,U) where U = A.
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We are particularly interested in interpretations I where both ¢ and 7 are vocabularies
of strings. These are also known in the literature as string-to-string transducers. (See [4] for
an example of how transducers may have many representations.) Therefore, I must define an
interpretation of not only each R; € 7 (using the formula ¢;) but also a o-formula ¢ defining
the linear order on the universe of the 7-structure I(2l, o). We are particularly interested
in the case where the order defined is the lexicographic order on d-tuples of || induced by
the order in 2. This order is easily defined by a (quantifier-free) first-order formula, and we
often omit it from the description of I.

When we consider interpretations that define a linear order other than the lexico-
graphic order, we explicitly include the formula defining the order and thus the formula is
QaTY(P<(T), $1(Y), ..., 61(Y)), where the interpretation is of dimension d and so |[Z| = 2d
and |g| = d.

Finally, we now introduce some notation we use in the rest of the paper for various logics
formed by combining particular choices of quantifiers and numerical predicates.

» Definition 3. For a set of quantifiers Q and numerical predicates 9, we denote by (Q)[N]
the logic constructed by extending quantifier-free first-order logic with the quantifiers in Q
and allowing the numerical predicates in .

We denote by FO the set of standard first-order quantifiers: {3,V}.

When 9 is just a singleton {Q}, we sometimes denote (Q)[9] by (Q)[M] or (Q1)[N] to
emphasise that it is the unary quantifier. We also write Q for the collection of all vectorizations
of the quantifier Q. We use similar notation for the sets of numerical predicates. We use
L((Q)[MN)]) to denote the languages expressible by the logic (Q)[N].

All the logics we consider are substitution closed in the sense of [10]. This means in
particular that if a quantifier @ is definable in a logic (Q)[91], then extending the logic with the
quantifier () does not add to its expressive power. This is because we can replace occurrences
of the quantifier @ by its definition, with a suitable substitution of the interpretation for the
relation symbols. Hence, if @ is definable in (Q)[91], then £((Q)[N]) = L((Q U {Q})[N)).

A remark is due on our notation for numerical predicates. All structures we consider
are ordered, including those defining the quantifiers. Thus the order predicate is implicitly
present in the collection of numerical predicates 9 and is used (implicitly) to define the
interpretations to a quantifier. We sometimes write (Q)[@] to indicate a logic in which this
is the only use of the order that is allowed; by our choice of notation, the order symbol then
does not appear explicitly in the syntax of the formulas.

2.4 Multiplication Quantifiers

The definition of multiplication quantifier has its origin in Barrington, Immerman, and
Straubing [1, Section 5] where they were referred to as monoid quantifiers; the authors
proved that the languages in NC! are exactly those expressible by first-order logic with
quantifiers whose truth-value is determined via multiplication in a finite monoid. The notion
was extended by Lautemann et al. [16] to include quantifiers for the word problem over more
general algebras with a binary operation. Multiplication quantifiers over a finite monoid
M can be understood as generalized quantifiers corresponding to languages recognized by
M, and here we define them as such. We then see how this definition matches that of
multiplication quantifiers ¢ la Barrington et al. [1, 14].

Fix a monoid M, a set B C M, and a positive integer k. Let ¥ denote the set {0, 1}*
which we think of as an alphabet of size 2¥, and fix a function v : X — M. We extend 7 to
strings in ¥} inductively in the standard way: v(e) = 1as and y(wa) = y(w)y(a). Note that
~ is a monoid homomorphism. Together these define a language

LY ={z e} | y(x) € B}.
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We can now define a multiplication quantifier. In the following, Sy denotes the class of 7
structures associated with a language L in the sense of Definition 2.

» Definition 4. Let 7 be a vocabulary including an order symbol < and k unary relations.
For a monoid M, a set B C M and a function v : {0,1}* — M, the multiplication quantifier
Ff\f’B is the Lindstrom quantifier associated with the class of structures S;m.5.

Y

We also write 1"34,;3 for the vectorization of this quantifier of dimension d. If B is a
singleton {s}, then we may write Ffi\/[f for short.

Recall that Uy denotes the two-element monoid {0, 1} with standard multiplication. Then,
it is easily seen that 11[1]717’0, where v : {0,1} — U; such that v(0) = 1 and (1) = 0, is the
standard existential quantifier. The universal quantifier can be defined similarly.

Another way of describing the semantics of the multiplication quantifier (which relates it
directly to the form described in Barrington et al. [1]) is as follows. For a monoid M, a set
B C M, a positive integer k£ and a function «y : {0,1}* — M, consider the formula

M,B—__ _ _ _

L2 7y(0<(T), 61(7), - - - k(D)
where |Z| = 2d and || = d; and I = (¢<(T), ¢1(¥), - .., ¢k (7)) defines an interpretation of
dimension d from some vocabulary 7 to a vocabulary with binary relation C and k£ unary
relations. Then, for a 7-structure 2 and assignment «, we have that

AT 70 (@), 61). - -, 0(D)) 0]

if, and only if, ¢~ defines a linear order C on the d-tuples of 2 and

I ~6@.....én@) € B

(@el|2A]|4)c

Here, multiplication is in the monoid M and, since multiplication is not necessarily com-
mutative, the order of d-tuples is specified to be the one given by C, which is defined

by ¢<.
As stated above, when 2l is itself ordered and the order C is the lexicographic order on
d-tuples, we simply omit the formula ¢..

» Definition 5. For a monoid M, we define the following collections of quantifiers:
M _ {rﬁff |BC M, ~:{0,1}* > M, and d, k > 1}

= F(Ii\j[;{B|B§Mand'y:{0,1}k%M}

i ={
e = {r)tP | BC M, andd > 1}
ry, = {rit” 1B c )}

Finally, let T be the collection of all multiplication quantifiers over finite monoids.

The study of the expressive power of multiplication quantifiers has generally been in
relation to logics which restrict the application of multiplication quantifiers to interpretations
with a lexicographic order. For this purpose, we introduce a piece of notation: we write
lex-(Q UTM)[MN] to mean the fragment of the logic (Q U T'™)[MN] in which all applications of
quantifiers from I'™ are to interpretations with a lexicographic order. Likewise, we write
fo-(Q UTM)[MN] to mean the fragment of the logic (Q U T'™)[N] in which all applications
of quantifiers from I'™ are to interpretations in which the order is defined by a formula of
(FO)[<].
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From [1, Corollary 9.1], we know that NC' is characterized by (FO)[+, x] equipped with
finite multiplication quantifiers over lexicographic orders:

» Theorem 6 ([1]). NC' = £L(lex-(T)[+, x]).

» Remark 7. In fact, simply adding multiplication quantifiers for some fixed finite, non-
solvable monoid to (FO)[+, x| suffices. The definition of “non-solvable monoid” is not needed
for our proofs here but, for example, the symmetric group of degree five, denoted S5, is a
non-solvable monoid. Therefore, we know that NC' = £(lex-(FO UT%)[+, x]).

In the absence of the arithmetic predicates for addition and multiplication, the logic
of multiplication quantifiers over finite monoids only allows us to define regular languages.
Specifically, Barrington et al. [1, Theorem 11.1] established that the regular languages are
characterized by the logic using such quantifiers with only unary interpretations.

» Theorem 8 ([1]). REG = L(lex-(I'f®)[<]).

Later, Lautemann et al. [16, Theorem 5.1] showed that allowing interpretations of higher
dimension to the quantifiers does not increase the expressive power when order is the only
numerical predicate.

» Theorem 9 ([16]). REG = L(lex-(Ti")[<]).

In Theorem 14 we show that this is true even in the presence of other numerical predicates
and, therefore, Ti® can be replaced by I'f® even in Theorem 6. For our intended application,
we need this technical result only in the case when the quantifier in I'fi™ is applied to
interpretations where the order defined is lexicographic, and we give the proof in this special
case. However, the result holds more generally for cases in which the quantifier in T'fi® is
applied to interpretations where the order is defined by a (FO)[<]-formula, and this may be
of independent interest so we state the more general Theorem 19.

2.5 Typed Monoids

Our results build on the theory of typed monoids as developed in the work of Krebs and
collaborators [2, 3, 14, 13, 6]. We recapitulate the main definitions in Appendix A for ease
of reference. In particular, we need the notions of division of typed monoids (Definition 29),
syntactic typed monoid (Definition 32), and language recognition with typed monoids (Defini-
tion 27). Here, we turn to discussing the relationship between the expressive power of logics
with multiplication quantifiers and typed monoids. A formal association is defined through
the definition below.

» Definition 10. For a multiplication quantifier Q = I‘fy\/[’B where v : {0,1}F — M, we define
the typed quantifier monoid of @ to be the syntactic typed monoid of the language LfY”*B.

We also state the formal connection between the languages expressible in a logic with a
collection of quantifiers and the corresponding class of typed monoids which recognizes the
exact same language. For this we need the notion of the ordered strong block product of a
pair of monoids. The definition is technical and can be found in [13] and is also reproduced
in the linked full version of this paper. For a set of typed monoids T, we denote by sbpc_ (T)
its closure under ordered strong block products.

From [13, Theorem 4.14], we then get the following relationship between logics and
algebras:?

2 The theorem in [13] is actually more general as it allows for more predicates than just order; however,
for our purposes, order alone suffices.
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» Theorem 11. Let 9 be a collection of multiplication quantifiers and Q the set of typed
quantifier monoids for quantifiers in Q. Then, L(lex-(Q1)[<]) = L(sbpc_(Q)).

Recall that the subscript in £; means we are restricting the logic to only use the quantifiers
in  on unary interpretations and the prefix “lex-” means that the quantifiers are only

applied to interpretations with a lexicographic order.

3 Simplifying Multiplication Quantifiers

To use Theorem 11 to obtain an algebraic characterization of NC', we need to characterize
this class in a logic with only unary quantifiers. Remark 7 gives us a characterization using
first-order quantifiers and quantifiers in I'>. Our aim in this section is to show that we can
eliminate the use of quantifiers of dimension higher than 1 in this logic. As a first step, we
show that we can restrict ourselves to quantifiers I S"’B for a fized function §.

» Lemma 12. For every finite monoid M, there exists a function & : {0, 1}M| — M such

that for every B C M and ~y : {0,1}* — M, and dimension d, the quantifier F%B is definable
M,B ’

n (Tgs )@l

Proof. Recall that FM B is the class of structures 2 in a vocabulary 7 with one 2d-ary
ordering relation < and k d-ary relations Ry, ..., Ry such that «y(wg) € B where wg is the
||2A]|?-length string associated with 2 as in Def. 1.

Let ¢ = | M|, fix an enumeration {my,...,m.} of M. Let 6 : {0,1}° — M be the function
where 0(w) = m; if w is the one-hot encoding of 7 and §(w) = z, for some arbitrary z € M,
otherwise (that is, if the number of occurrences of the symbol 1 in the string w is not exactly
one).

For each t € M, define the formula 1 (y1,...,yq) as follows:

Ve(Yy1, -, Yd) = \/ /\ Ri(y1,.-.yya) A /\ =Ri(y1,---,Yd)

we{0,1}ry(w)=t \i€[k]:w;=1 i€[k]:w;=0

Tt is easy to see that in a 7-structure 2, we have 2 = ¥[a1/y1,. .., aq/ya4] if, and only
if, the element of wgy indexed by (aq,...,aq) is mapped by v to t. Thus, in particular, the
formulas ¥, , - - ., ¥m, define disjoint sets that partition the universe of A. We now claim
that the quantifier FQ/[ B is defined by the formula:

M,B—— — —
F§ r1x2yy - - - yd(xl < vawwu (yla s 7yd)a s 71/)mc(y17 cee 7yd))'

To see this, let I denote the interpretation (<, ¥, ..., %m,) so that wy(g) is a string over
{0,1}¢. By the fact that the sets defined by the formulas ¢,,,, . . ., ¥.,, partition || it follows
that each letter of wy(g is a vector in {0, 1}¢ with exactly one 1. Indeed, the element of w; g

indexed by (a1, ...,aq) is the one-hot encoding of ¢ precisely if 2 = ¥, [a1/y1, - - -, aq/yd]-

Since § takes the one-hot encoding of i to m;, we have for any a4, ...,aq € |2

6((wl(m))(alw-wad)) = m;
iff A = silar/yr,- .., ad/ydl
iff ’Y((wm)(al,...,ad)) = m;.

Hence, 6(wy(ay) = y(ws) and therefore I(2A) € F%’B if, and only if, 2 € I‘%B asrequired. <
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It then follows from Lemma 12 and the substitution property of quantifiers that the
expressive power of (QUTM)[N] is the same as that of (QUT')[N]. Indeed, any application
of a quantifier in '™ can be replaced by an application of a quantifier in F(Z;VI of the same
dimension. We next aim to show that an application of a quantifier Fgﬁ;B with lexicographic

S . M,B
order, can be replaced by d nested applications of quantifiers I'ys

» Lemma 13. For any collection of quantifiers Q and numerical predicates N, any formula
of lex-(QUT ) [N] is equivalent to one of lex-(Q U TY%5)[N].

Proof. Again, fix an enumeration M = {my,...,m.} of M and recall that ¢ : {0,1}¢ — M
takes the one-hot encoding of i to m;.
We show, by induction on d that if we have a formula

P .= FS%Bml,...,xd(d)l(xl,...,:cd),...,qﬁc(zl,...,xd))

where each formula ¢; is in lex-(Q UT1%)[9, then ® is equivalent to a formula of lex-(Q U
['Y%5)[N]. The result then follows by induction on the structure of the formula.
The base case when d = 1 is trivially true. Assume then that we have the formula ® for
d > 1 and let I denote the interpretation (¢1(z1,...,24),...,dc(x1,...,24)) of dimension d.
We claim that ® is equivalent to the formula

@y = F%Bffl(al(wl)w-',ac(fﬁ))
where 6; is the formula

Oi(w;) =Ty s, wa(dr (@, wa), s Bl 2a)).

M,B
Ls

Thus, ®; is obtained by the application of to an interpretation

I := (91(1‘1), ceey ec(xl))

where each formula 6; is obtained as the application of a quantifier I‘(]i\/[_‘; 5 to an interpretation
defined by formulas of lex-(Q U T}%5)[MN]. Thus, by the inductive hypothesis, each 6; is
equivalent to a formula of lex-(Q UT{%)[91] and we are done.

It remains to show that ® and ®; are equivalent on any structure 2. To see this, fix an
assignment « of values in |2 to the free variables of ®. We need to show that A = ®[a] if,
and only if, 2l = ®1]a]. Let n be the length of 2 and assume without loss of generality that
the elements of |2| are {1,...,n} in that order.

Now, wr(g,q) denotes the string associated with the structure (2, o) and note that this is
a string of length n¢ whose elements are indexed by d-tuples of elements of 2l in lexicographic
order. By definition, & = ®[a] precisely if §(wr(,a)) € B. We can also regard I as an
interpretation of dimension d — 1 obtained by treating the variable x; as a parameter. We
write Wr(at afa/e,]) for the string of length n?1 that results from applying this interpretation
with the assignment of a to the variable z;. Since the ordering of d-tuples in wy(gq) is
lexicographic, we have

WI,a) = Wi A,aft/z1]) " WIAaln/w1])

and thus

S(wra,a)) = (Wi af1/z1])) -+ O(Wrt,afn/a1]))-
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Now, by definition of 6;, we have 2 = 6;[a[a/x1]] if, and only if, d(wra,afa/z,])) = M-
Thus, for each a € ||, there is exactly one i such that 2 |= 6;[afa/x1]]. Thus, wy, (21,q)
is the string of length n whose ath element is the one-hot encoding of i exactly when
S(wr(t,afa/z:])) = Mi- In other words, §((wr, (21,0))a) = 0(Wr(2t,a[a/z:]))- Thus,

A = Bla]
iff S(wr,a)) € B

i S(wr(ataf/z) * S(Wiafn/a1]) € B

HE 5((wry (21,0))1) - 0((wr, (21,0))n) € B

iff 0(wr, (2,0)) € B

2 = By[al. «

Now we are ready to state the main theorem of this section.

» Theorem 14. For every finite monoid M, there exists a function ¢ : {0, 1}‘M| — M such

that for any collection of quantifiers Q and any set N of numerical predicates, every formula
of lex-(Q UTM)[N] is equivalent to a formula of lex-(Q U F%)[‘ﬁ].

Proof. Let ¢ be any formula of lex-(QUTM)[M]. By Lemma 12 we can replace all occurrences
of quantifiers in FQ/[ B by their definitions using quantifiers in I’é‘/[’B to get a formula ¢’ of
lex-(QUT}")[9] equivalent to ¢. Finally, by Lemma 13, there is a formula of lex-(QUT ;) [9]
equivalent to ¢'. <

Note that for a finite monoid M, while I'™ and T'M are infinite sets, F% is a finite set.

Therefore, this gives us a logic characterizing NC* which not only uses unary quantifiers but
also only has a finite number of quantifiers:

» Corollary 15. There exists a 6 : {0,1}% — S5 such that NC' = L(lex-(FO U Ff’%)[+, x]).

This simplifies our construction of an algebra capturing NC*.

Another consequence of Theorem 14 is Theorem 9 ([16, Theorem 5.1]). Thus, we get a
proof of Theorem 9 which is purely logical, unlike the original proof which relies on the use of
finite automata. Furthermore, we also resolve a question left open in Lautemann et al. [16]:

» Corollary 16. L(lex-(T')[+, x]) = £(lex-(Tf") [+, x])

4  The Algebraic Characterization

Now that we have an extension of first-order logic capturing NC' using only unary quantifiers,
we are able to apply Theorem 11 to construct an algebra for it. We just need to obtain
an equivalent logic using only the numerical predicate < without introducing quantifiers of
higher dimension.

To do this, we follow the construction of an algebra for TC°. The majority quantifier
Maj is the collection of strings over the alphabet {0,1} in which at least half of the symbols
are 1. The square quantifier Sq is the collection of strings over the alphabet {0,1} in which
the number of 1s is a positive square number (i.e., an element of S). In the logics we define
below, we always use these quantifiers only with unary interpretations.

The following lemma displays some known results about the expressiveness of these
quantifiers:
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» Lemma 17.
(i) Maj is definable in lex-(T5™)[+, x]. (cf. [1])
(ii) The quantifiers in FO are definable in (Maj)[<]. ([15, Theorem 3.2])
(iii) The numerical predicate + is definable in (Maj)[<]. ([15, Theorem 4.1])
(iv) The numerical predicate x is definable in ({Maj, Sq})[<] and Sq is definable in (Maj)[<,
+, x]. (¢f [18, Theorem 2.3.f] and [14, Section 2.3])

Bringing everything together, we get the following algebraic characterization of NC':

» Theorem 18.
NC' = £(prc<({(Zv Z+7 il)a (N’ S, {O’ 1})7 (S5a p(SS), 55)}))

Proof. Let ¢ : {0,1}° — S5 be as defined in Lemma 12. Tt is easy to see that the typed
quantifier monoid for Maj is (Z,Z™,+1), for Sq is (N, S, {0,1}), and for Fi&"é’s is (S5, {s},S5)
for any s € Ss.

By Corollary 15, we have that NC' = £(lex-(FO U Fff’é)[Jr, x]). Lemma 17 (ii)—(iv) allow
us to define FO, +, and x in ({Maj, Sq})[<] and (i) and (iv) allow us to define Maj and Sq
in lex-(FOU Fff‘é)H, x]. Therefore, NC!' = [:(lex—(Ff:”(S U {Maj, Sq})[<]). Moreover, we may
restrict this to just quantifiers T'°>4 with A a singleton set, as for any A C S5, the quantifier
Ff;’A may be easily defined using Boolean combinations of quantifiers I‘fis’s since Sy is finite.
Theorem 11 then gives us the algebraic characterization of

NC' = L(sbpe ({(Z, ZF,+1), (N,8,{0,1})} U {(S5,5,95) | {s} € 9(S5)}))-

Because (Ss,s,55) < (S5,0(S5),S5) for all {s} € p(S5), we lose no expressive power
by replacing all elements of the form (Ss,s,S5) with (Ss, 9(S5),S5). We neither gain
expressive power because £((Ss, 9(S5),S5)) € REG € NC'. Therefore, we have our final
characterization:

NC' = E(sbpc<({(Z, z*, +1), (N, S, {0,1}), (S5, 9(S5), S5)}))- <

5 For-Programs and Non-Lexicographic Interpretations

The proof of Lemma 13 relies crucially on the fact that we only allow lexicographic ordering
of tuples in our interpretations. This is sufficient for the algebraic characterization in
Section 4. However, in this section, we prove a more general version: we prove that even
when interpretations are allowed to use any first-order definable ordering of tuples, we can
replace multiplication quantifiers of higher arity by unary quantifiers. To do so, we rely on
the work of Bojaniczyk et al. [5], which characterizes first-order definable orders in terms of
d-enumerators and for-programs which we review below. These are combined with techniques
introduced in the proof of Theorem 14 to prove the following:

» Theorem 19. Let Q be any collection of quantifiers and N any collection of numerical
predicates. Then, L(fo-(Q UTHM)[N]) = L(lex-(QUTEM [N U {<}]).

As we noted in Section 2, we always assume that the collection 9t of numerical predicates
contains the order relation <, except in the case where it is empty. Thus, the statement of
the theorem notes that in translating our formulas to use unary quantifiers, we may need
to introduce the order symbol if 91 = ). From the theorem, we then get the immediate
corollaries.
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» Corollary 20. NC' = L(fo-(T'"") [+, x]).
» Corollary 21. REG = L(fo-(I'in)[<]).

Before going into the proof, we first introduce for-programs. As the definition of d-
enumerators and for-programs in general are relatively intuitive, we keep the definition brief
and a more detailed treatment may be found in [5, 4]. A first-order d-enumerator is a
for-program which takes a structure 2 = (A, <, 7%) over vocabulary 7, as input and outputs
an enumeration of all the d-tuples of A. The program consists of a nesting of for-loops with
a body:

for y1 in p1
for y2 in po
(1)
for yg in pa
body

Here the ith loop iterates the variable y; over the domain A and p; determines whether the
iteration is in increasing order (p; = first..last) or decreasing order (p; = last..first),
according to the order <.

The body consists of a sequence of if-statements

if 61(y1,...,ys) then
output (yi1,...,¥;1)
if 62(y1,...,ya) then
output (yﬁ,...,y%) (2)

if 6;(y1,...,ya) then
O'thp'llt (yzlla7yzii)

Here 64,...,0; are (FO)[<]-formulas over the vocabulary 7, specifying mutually exlusive
conditions, so that for each assignment of values to the variables y1,...,ys at most one of
them is satisfied. Note that which formula is satisfied may depend on the assignment « of
values to free variables other than yi,...,ys. We only consider programs which produce,
over the course of the iteration, all tuples in A%, with each tuple being output exactly once.
For a string 21 and assignment «, we write P(2(, &) to mean the output of the program P
when run on the string 2 with assignment «.
From Bojanczyk et al. [5, Theorem 12], we know the following fact:

» Lemma 22 ([5]). For every (FO)[<] definable linear order on d-tuples, defined by a formula
¢« over a vocabulary T of unary predicates, there exists a first-order d-enumerator P such
that for every T-structure A = (A, <, %), P on input A enumerates the elements of A% in
the order defined by ¢~ .

We now use this to prove Theorem 19. We first use Lemma 22 to transform a formula
of (QUTH™)M] into one in which all applications of quantifiers in I'i" use interpretations
using a generalized lexicographic order, and then use the techniques introduced in Section 3
to transform this to a formula using only unary quantifiers.

» Definition 23. Given a set A with a linear order < on its elements and d € Z, a linear
order < on A% is called a generalized lexicographic order if there is a sequence dir € {I,7}%
such that @ < b if, and only if, for the least i for which a; # b;, we have a; < b; if dir; =1
and a; > b; if dir; = r.

Note that the standard lexicographic order is a generalized lexicographic order with dir = (<.
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Proof of Theorem 19. Let 9 be any collection of quantifiers and 91 any collection of numer-
ical predicates. Let M = {m;,...,m.} be a finite monoid, B C M, v : {0,1}* — M, and
¢« a (FO)[<]-formula over a vocabulary T which defines a linear ordering on d-tuples. Let
b1, ..., b1 be fo-(Q U TH)[N]-formulas over 7 giving an interpretation I = (¢, ¢1,. .., dx)
of dimension d. We want to show that for

O :=T3"P75(0< (), 61(7), - -, 61(7)) 0],

there is an equivalent formula in lex-(Q U T{*)[9t U {<}]. We first prove by induction on the
nesting of multiplication quantifiers that ® is equivalent to a formula in which all applications
of quantifiers in '™ are to interpretations in which the order defined is a generalized
lexicographic order. Note that formulas (e.g., ¢~) defining the order in interpretations are in
(FO)[<] and, thus, by assumption do not have nested multiplication quantifiers.

For the base case, say we have a formula which uses no multiplication quantifiers; then,
we are done as this is a formula of lex-(Q UTE") M U {<}]. For the inductive step, assume
that ¢y,..., ¢ are formulas of fo-(Q U T'f")[M U {<}] in which all orders are generalized
lexicographical orders.

By Lemma 22, we have a first-order d-enumerator P which enumerates the elements of
A? in the order defined by ¢ on any 7-structure 2. P has the form specified in (1) and (2).
Recall that in this for-program we have [ if-statements. Now, let ®' be the formula

P = F(]i\f{’ffyl ey (E<(@) e (s s yar)y - Yty yar),
£C+1(y1’ R ’yd/)7 A 7€2C(y17 A 7yd/)7
Ea-1yer1 s Yar), - &e(yis -, yar)

where § : {0,1}/¢ — M is such that for a word w = wy ... w,. € {0,1}¢, 6(w) = m; if
there exists a j where 0 < j < [ such that the substring wjcq1...w(11)c is equal to the
one-hot encoding of i and all other characters in w are 0. In other words, partitioning
w into [ consecutive c-length substrings, we map w to m; if one of these substrings is
the one-hot encoding of i and all others are simply strings of 0s. All other elements of
the domain are mapped to the identity of M. Moreover, for 0 < j <l and 1 < j' < ¢,
Ejety’ (Y1, yar) is the formula 0;(y1, . . ., yar ) Athm, (?/1;7 . ’ylﬂ) where i{7 . ,ifl are defined
as they are in the for-program P, and Um,, is as defined in Lemma 12; therefore, ;.4
is satisfied if both 60;(y1,...,ys ) is and the element of M indexed by (yijl-, . ,yzjd) equals

mj. Lastly, {< is the generalized lexicographic order given by the vector dir € {1,r}¢
with dir; = [ if p; = first..last and dir; = r if pgy = last..first. We now prove that

AT TY(6< (), 01(D), -, 04 ()] iff A = @'[al.
Let 157 denote the identity of M and fy o : A% U {€} — M be the function defined by

2A, 2,
fm,a(alwﬂaad):’)/(g_ a[alw-'»ad}v'-'a ;c a[a17"-aa/d])

for (a1,...,aq) € A% and fo o(€) = 1ps. and let gy o AT A?U{e} be the function defined
by the body of the for-program P where if no output is produced, go o (a1, ...,aqs) = 0%
thus,

(avj,...,ai_;) if 35 such that 2 = 6;(a1,...,aa)

€ 0.W.

gm,a(alv-wyad/) —{

Let f3., 1 (AY)* — M and g§ , : (A%)* — (A%)* be the monoid homomorphisms induced
by the functions fy ., and g, respectively, in the natural way.
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Let 2 be an arbitrary 7-structure and « an arbitrary variable assignment with assignments
for at least all free variables in each ¢} with the exception of 7;. By definition of multiplication
quantifiers, we get that 2 = Fd - B2y(0< (@), 4,(3), . -, o1, (@) [a] iff y(wra,a)) € B.

By construction of fy o and because P provides the order by which Fi‘l{’yB is evaluated, it
is easy to see that y(wrw,«)) € B iff f3 (P2, )) € B.

Let t1,...,t 4o denote the ordering of d’-tuples of A as defined by £&.. Because the
output of P is an enumeration of A% in the ordering defined by ¢, and g2,o outputs the
empty string € during an iteration of its for-loops only when P outputs nothing at that
iteration, it follows that

faa(g2a(ty . tya)) = fo,a(P(A @)

and, thus, fy (95, (t1.. - t40)) € Biff f3 (P, )) € B.
Let I' = (¢<, &1, .., &e). We now want to show that

S(wr(ata)) € Biff fo o(ga,a(t1-- taa)) € B.

To do so, we prove that 0((wr (a,a))a) = fo.a(99.q(ta)) for every 0 < a < |A|Y. Let a be
arbitrary. Then, u = (wy(x,q))a is either 0' or a one-hot encoding of some b € [Ic]. If u = 0'¢,

then §(u) = 1y and no 0; is satisfied. Thus, gy ,(t.) = € and fy ,(€) = 1as by construction.

If w is a one-hot encoding of some b € [Ic], then some 6; is satisfied and,

7 Ao

2,
(/1 a[ai{,...,aiﬂ},..., k [ai{,...,aiﬂ]):fgha(ai]l-,...,aifl)

o(u)=m=r
by definition of § and the construction of each ;. By the construction of gy o and fo a,
we also get immediately that g3  (ta) = (aijl-, ...,a,) and, thus, fg (95 (ta)) = m. Thus,
: a : ,
5(w1/(917a)) € B iff f;l,oz(g;l,a(tl .. .t‘Ald/)) € B.
Then, by definition, we have that 2 = ®'[a] iff 0(wp(a,q)) € B.
Therefore, all together, we have that

ATy 70« (), 01(D), - 04 () [a)
iff y(wra,a)) € B
iff fg*l,a(P(Ql, o)) €B
iff f§7a(g57a(t1 ...tua)) €EB
iff 0(wr/(a,0)) € B
iff A = ®"[a].

This concludes the inductive step. Therefore, for any formula ®, we have an equivalent
formula ® which uses only uses multiplication quantifiers using a generalized lexicographic
order.

To see that we can construct a formula equivalent to @' using only unary quantifiers, we
use the technique used in the proof of Lemma 13 with a minor modiﬁcation to account for
generalized lexicographic order. In the proof of Lemma 13, a quantifier F B of dimension d
is replaced by a sequence of d nested unary quantifiers over the same m0n01d M. To account
for the order &, which defines a generalized lexicographic order with dir € {/, 7, }¢, we define
the ith quantifier in the sequence as before if dir; = [ and replace the monoid (M, -) with
(M, -7) where m -f'm’ := m/ - m for all m,m’ € M if dir; = r. The proof follows exactly
along the lines of the proof of Lemma 13.

All together, we have an equivalent formula to ®’, and, thus, ®, which only uses unary
quantifiers, completing the proof. <
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6 Conclusion

In this work, we constructed a class of typed monoids exactly recognizing NC'. To do
so, we proved results regarding the expressive power of logics with quantifiers defined over
finite monoids. Specifically, we established that the expressive power is not changed by
restricting the dimension of the interpretations on which the quantifiers act, regardless of
which numerical predicates are available.

Therefore, we were able to provide a logic characterizing NC! which only uses unary
quantifiers and use this logic to construct an algebraic characterization of NC'. This result
marks the second circuit complexity class to be characterized in a such a way, with the first
being TC? [14], and provides a decomposition theorem in the style of Krohn-Rhodes for NC!.

An interesting future direction would be to construct similar algebraic characterization
of other complexity classes beyond NC!. It seems this would require the development of
new algebraic tools. In particular, the block product is a key tool used to characterize
first-order quantification and more generally quantification over interpretations of dimension
one. To extend the work to other complexity classes, it would be worthwhile investigating
other product constructions that might similarly relate to quantification on interpretations
of higher dimension as well as higher-order quantifiers.

Moreover, we extended the work of Barrington et al. [1] and Lautemann et al. [16] by
studying the expressive power of multiplication quantifiers when applied to interpretations
using other than the standard lexicographic order. We showed that over strings the expressive
power of logics equipped with finite multiplication quantifiers is not changed by loosening
the restriction to permitting any first-order definable linear order. A natural next step would
be to investigate the expressive power when other linear orders are permitted. For example,
by extending the Domination Lemma of Bojanczyk et al. [5] to monadic second-order logic
(MSO[<]), one would be able to show that permitting the application of multiplication
quantifiers to interpretations with an MSO[<]-definable order does not change the expressive
power. This would result in the interesting consequence that

Ru6 = £(lex-(T")[<]) = £(T™)[<]).
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A Typed Monoids

In this section, we review the definitions and results from [3, 13] on typed monoids, their
relationship to languages and corresponding characterizations of complexity classes.

A typed monoid is a monoid equipped with a collection of types, which form a Boolean
algebra, and a set of units. We only deal with concrete Boolean algebras, given as collections
of subsets of a fixed universe.

» Definition 24 (Boolean Algebra). A Boolean algebra over a set S is a set B C p(S) such
that @, S € B and B is closed under union, intersection, and complementation. If B is finite,
we call it a finite Boolean algebra.

We call @ and S the trivial elements (or in some contexts, the trivial types) of B.

A homomorphism between Boolean algebras is defined as standard. That is, if B; and
By are Boolean algebras over sets S and T, respectively, then we call h : By — By a
homomorphism if h(@) = &, h(S) =T, and for all s1,s2 € By, h(s1 N s2) = h(s1) N h(s2),
h(s1Usa) = h(s1) Uh(sz), and h(s®) = (h(s))¢. Now we are ready to define typed monoids.

» Definition 25 (Typed Monoid). Let M be a monoid, G a Boolean algebra over M, and
E a finite subset of M. We call the tuple T = (M, G, E) a typed monoid over M and the
elements of G types and the elements of E units. We call M the base monoid of T. If M is
a group, then we may also call T a typed group.
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Characterizing NC! with Typed Monoids

When G = {@,A,M — A, M} for some A C M, we abbreviate T as (M, A, E), i.e., the
Boolean algebra is signified by an element, or elements, which generates it — in this case, A.
We say that a typed monoid (M, G, E) is finite if M is.
We also need a notion of morphism between typed monoids.

» Definition 26. A typed monoid homomorphism h from (S,G, E) to (T, H, F) is a triple
(h1, ha, h3) where hy : S — T is a monoid homomorphism, he : G — H is a homomorphism

of Boolean algebras, and hs : E — F is a mapping of sets such that the following conditions
hold:

(I) For all A € G, hl(A) = hQ(A) N hl(S)
(ii) For alle € E, hi(e) = hs(e).

Note that hg is redundant in the definition as it is completely determined by h;. We retain
it as part of the definition for consistency with [3, 13].

To motivate the definitions, recall that a language L C X* is recognized by a monoid M
if there is a homomorphism A : ¥* — M and a set B C M such that L = h~1(B). When the
monoid M is infinite, the languages recognized form a rather rich collection and we aim to
restrict this in two ways. First, B cannot be an arbitrary set but must be an element of the
algebra of types. Secondly, the homomorphism A must map the letters in 3 to units of the
typed monoid. Formally, we have the following definition.

» Definition 27. A typed monoid T = (M, G, E) recognizes a language L C X* if there
exists a typed monoid homomorphism from (X*,L,X) to T. We let L(T) denote the set of
languages recognized by T .

When the base monoid of a typed monoid is finite, we recover the classical definition of a
recognition. Hence, the languages recognized by finite typed monoids are necessarily regular.

» Proposition 28. If T is a finite typed monoid, then L(T) C REG.
We can now state the definitions of the key relationships between typed monoids.

» Definition 29. Let (S,G,E) and (T, H, F) be typed monoids.
A typed monoid homomorphism h = (hi,he,h3) : (S,G,E) — (T,H,F) is injective
(surjective, or bijective) if all of hy, ha, and hs are.
(S,G,E) is a typed submonoid (or, simply, “submonoid” when context is obvious)
of (T,H,F), denoted (S,G,E) < (T,H,F), if there exists an injective typed monoid
homomorphism h : (S,G,E) — (T, H, F).
(S,G,E) divides (T,H, F), denoted (S,G,E) = (T,H,F), if there exists a surjective
typed monoid homomorphism from a submonoid of (T, H,F) to (S,G, E).

These have the expected properties.

» Proposition 30 ([3]). Let T1, Ts, and T3 be typed monoids.
Typed monoid homomorphisms are closed under composition.
Division is transitive: if Ty = Ty and Ty < T3, then Ty < Tj3.
If Th < Ty, then L(T1) C L(T3).

We can formulate the notion of the syntactic typed monoid of a language L as an extension
of the syntactic monoid of L with a minimal collection of types and units necessary.
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» Definition 31. Let T = (M, G, E) be a typed monoid. A congruence ~ over M is a typed
congruence over T if for every A € G and s1,82 € M, if s1 ~ so and s1 € A, then so € A.
For a typed congruence ~ over T, let

A/~ ={[z]~ |z € A} where AC M
G~ = {Aj~] A€ G)
B/~ = {[t)~ |z € B}.

Then, T/~ = (M/~,G/~, E/~) is the typed quotient monoid of T' by ~.

Let ~p denote the typed congruence on T such that for s1,s0 € S, s1 ~7 so if, and only
if, for all z,y € S and A € G, xs1y € A if, and only if, xssy € A. We then refer to the
quotient monoid T/~ as the minimal reduced monoid of T'.

Recall that ~j, is the syntactic congruence of L, defined in Section 2.2.

» Definition 32. For a language L C ¥*, the syntactic typed monoid of L, denoted syn(L),
is the typed monoid (X*,L,X)/~p.

We also get the canonical typed monoid homomorphism, ny, : (£*, L,¥) — syn(L) induced
by the syntactic homomorphism of L.

It also turns out that we can give a purely structural characterization of those typed
monoids that are syntactic monoids.

» Proposition 33 ([13]). A typed monoid is the syntactic monoid of a language if, and only
if, it is reduced, generated by its units, and has four or two types.

In case it has just two types, then it only recognizes the empty language or the language
of all strings.
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