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—— Abstract

Our input is an undirected weighted graph G = (V, E) on n vertices along with a source set S C V.
The problem is to preprocess G and build a compact data structure such that upon query Qu(s, v, f)
where (s,v) € S x V and f is any faulty edge, we can quickly find a good estimate (i.e., within a
small multiplicative stretch) of the s-v distance in G — f. We use a fault-tolerant ST-distance oracle
from the work of Bilo et al. (STACS 2018) to construct an .S x V approximate distance oracle or
sourcewise approximate distance oracle of size O(|S|n + n*/?) with multiplicative stretch at most 5.
We construct another fault-tolerant sourcewise approximate distance oracle of size 5(|S In +n*/?)
with multiplicative stretch at most 13. Both the oracles have O(1) query answering time.
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1 Introduction

The problem of computing distances between all pairs of vertices in a given graph G = (V| E)
with positive edge weights is a fundamental problem in graph algorithms. The problem here
is to preprocess G and build a compact data structure (called a distance oracle) that can
quickly answer distance queries for any pair of vertices. As is often the case with real-world
networks like routing networks or road networks, links may fail or roads may be temporarily
blocked. Thus we have to allow for the case of faulty edges. Since several links are unlikely
to fail simultaneously, we consider the case of a single edge failure.

Instead of recomputing distances from scratch for all pairs of vertices after an edge has
failed, the problem is to build a resilient data structure that can answer distance queries
between vertices after a single edge failure. Furthermore, we assume there is a specific
set S C V of sources, e.g., S is a set of starting locations on a road network or S is a set
of source nodes in a routing network. Thus we are interested in distances only for pairs
(s,v) € Sx V. Suppose |S| < n, say O(nc) for some € € (0,1). Then it feels wasteful to build
a fault-tolerant distance oracle that maintains distances for all pairs of vertices. Another
application is Vickrey pricing [21], with the objective of determining, for every (s,v) € S xV
where S is a given subset of V' and every edge f, how much the distance from s to v increases
if f were to fail.

Thus the distance oracle has to process queries of the form (s, v, f) where s is the source,
v is the destination, and f is the failed edge. Upon query Qu(s, v, f), the oracle has to return
the s to v distance in G — f, where G — f is the graph obtained by removing edge f from G.
So our problem is the following (as described below).
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Preprocess GG and build a compact data structure that can quickly answer distance queries
for any pair in S x V when an edge fails. Hence our distance oracle has to answer queries
Qu(s,v, f) where s € S;v € V, and f is the failed edge.

This data structure is called a single edge fault-tolerant sourcewise distance oracle. As
discussed below, for undirected unweighted graphs, a single edge fault-tolerant sourcewise
exact distance oracle of size O(n*/?/|S]) with O(1) query time is known [20]. Our goal is to
design more compact distance oracles (for sublinear sets S) in weighted graphs. Furthermore,
for the sake of space efficiency, we are ready to relax exactness. Thus the problem we consider
is to design a compact fault-tolerant sourcewise approzimate distance oracle.

Recall that “sourcewise” captures the fact that we are interested in distances between
pairs (s,v) € S x V. For any pair (s,v) € S x V and f € E, let ||sv ¢ f|| denote the
distance from s to v in G — f. A fault-tolerant approximate distance oracle is said to
have multiplicative stretch o if the distance dg_y(s,v) returned by the oracle on query
Qu(s,v, f) is sandwiched between the actual distance and « times the actual distance, i.e.,
l|svo fl| < dg—y(s,v) < a-||svo f||. We show the following result.

» Theorem 1. Let G = (V, E) be an undirected graph on n vertices with positive edge weights.
For any S CV, a fault-tolerant sourcewise approxrimate distance oracle with multiplicative
stretch at most 5 and size O(|S|n + n3/2) can be constructed in polynomial time such that
Qu(s,v, f) where (s,v) € S xV and f € E can be answered in constant time.

Note that our oracle has size O(n3/2) when |S| = O(y/n). For smaller sets S, we show
a sparser fault-tolerant sourcewise approximate distance oracle at the expense of a larger
stretch. Its query answering time is also O(1).

» Theorem 2. Let G = (V, E) be an undirected graph on n vertices with positive edge weights.
For any S CV, a fault-tolerant sourcewise approxrimate distance oracle with multiplicative
stretch at most 13 and size O(|S|n 4+ n*/3) can be constructed in polynomial time such that
Qu(s,v, f) where (s,v) € S xV and f € E can be answered in constant time.

Thus the above oracle has size O(n*/3) when |S| = O(n'/3). The work of Bild, Guala,
Leucci, and Proietti on multiple-edge fault-tolerant approximate shortest path trees [11]
in undirected weighted graphs with a single source (so |S| = 1) implies a multiple-edge
fault-tolerant sourcewise! (so S is any subset of V) approximate distance oracle of size
O(|S|n) with a stretch of 3. Thus their oracle is sparser than our oracles when | S| is small
and it also achieves a better stretch. However, our query answering time is O(1) while theirs
is O(log® n), where n is the number of vertices. Our algorithms are truly simple while their
techniques are quite involved.

As mentioned above, the problem of constructing fault-tolerant sourcewise exact distance
oracles in undirected unweighted graphs has been studied earlier. Also, in undirected weighted
graphs, the problem of constructing fault-tolerant single source (so |S| = 1) exact distance
oracles has been studied. We discuss these results below.

Background. The first fault-tolerant exact distance oracle was designed by Demetrescu
and Thorup in 2002 [14] and it was for directed weighted graphs. Their oracle handles single
edge failures and has size O(n?logn) with O(1) query time. After this result, there has

L Unfortunately, we were unaware of this work at the time of paper submission. We thank Manoj Gupta
for bringing this paper to our attention.
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been a long line of research on the problem of efficiently constructing single edge/vertex
fault-tolerant exact distance oracles. Ignoring preprocessing time, the most space-efficient
oracle is by Duan and Zhang [19] with size O(n?) and query time O(1). Thus it shaves off
the logn factor from the size of the original oracle.

Fault-tolerant sourcewise distance oracles. For undirected unweighted graphs, Gupta and
Singh [20] designed a single edge fault-tolerant sourcewise exact distance oracle of size
O(n3/? \/E ) with O(1) query time and source set S. In undirected graphs with edge weights
in the range {1,2,..., M}, Bilo, Cohen, Friedrich and Schirneck [10] designed a fault-tolerant
single source exact distance oracle. This oracle handles single edge failures and has size
O(n?/2/M) with query time O(1). For undirected unweighted graphs, Dey and Gupta [15]
designed a different oracle with the same space and query time bounds as in [10], but with a
faster preprocessing time.

ST-distance oracles in directed graphs. In directed weighted graphs, Bilo, Choudhary, Guala,
Leucci, Parter and Proietti [9] designed a fault-tolerant ST-distance oracle, i.e., it maintains
exact distances for all pairs in S x T', for given vertex subsets S and 7T'. It handles single edge

failures and has size O((|S| + |T|)n) with O(1) query time, where n is the number of vertices.

They also designed a fault-tolerant ST-distance oracle in unweighted directed graphs of
size O(n+/|S[|T]) with query time O(1/[S[[T]). Furthermore, they showed a fault-tolerant
ST-approzimate distance oracle in directed unweighted graphs that returns in constant time
a distance estimate stretched by an additive term. In particular, when |S| = O(y/n), their
oracle has size O(n3/2) and additive stretch O(y/n).

Fault-tolerant approximate distance oracles.
distances within a small multiplicative stretch for all vertex pairs have been extensively

Approximate distance oracles that provide

studied. Table 1 summarizes results for fault-tolerant approximate distance oracles in
directed /undirected graphs. Note that the stretch here is multiplicative, except for the last
row where the stretch has an additive term as well.

Table 1 A table listing the works related to fault-tolerant approximate distance oracles where D
is the diameter of the graph.

Graph Faults Stretch Size Query time Ref
Undirected c>1 8k —2)(c+ 1), | O(ckn'T*log(nM)), O(c) [13]
Weighted k > 1 integer M is the max edge wt
Undirected c=1 2k —1D(1+e), | O (gjﬁ““) o(1) 2]
Unweighted k > 1 integer

and € > 0
Undirected | c=o0 (log’ign) (1+¢) O(n*(log D/¢)°clog D) O(c’ log D) [12]
Weighted
Directed c>2 (3+¢) O(n*~ 741 Je)(logn/e)°) O(n® /%) [6]
Unweighted where a € (0,1/2) and

e>0
Undirected | ¢= (log’ign) (2k — 1) where O(nl+%+"+°(1)) where O(nH%_’“(C&*l)) 8]
Weighted k > 1 integer a € (0,1)
2— e to
Undirected | ¢ = (1olgign) (%)(1 + ¢ | O (n (kt)c:f) O(n”/€%) [7]
Unweighted with  additive A
1

stretch of 2, where v € (0’ T)

k > 1 integer

and € > 0
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For single edge faults, note that Chechik, Langberg, Peleg, and Roditty [13] showed an
approximate distance oracle with stretch 12 and size 6(113/ %) and another with stretch 28
and size 6(714/ 3). In comparison to this, Theorem 1 shows a sourcewise approximate distance
oracle with stretch 5 and size 6(|S |n4n3/?) and Theorem 2 shows a sourcewise approximate
distance oracle with stretch 13 and size O(|S|n +n*/3). Thus for small sets S, our oracles are
as sparse and have smaller stretch. Note that for single faults and every k > 1, approximate
distance oracles by Baswana and Khanna [2] are almost as sparse as the oracles in [13] and
have significantly smaller stretch. However these oracles work only for unweighted graphs.

It is an open problem if our construction can be generalized to work for all integers k,
in other words, to show a sourcewise approximate distance oracle of size 6(\S|n + nlt/Ek)
and stretch 8k — 3 with O(1) query answering time for £ > 3. Our results show such a
construction for £ = 1,2. Note that the remaining approximate distance oracles in Table 1
have superconstant query time, so our oracles cannot directly be compared with them.

Our techniques. Our algorithms are simple to describe and use the ST-distance oracle by
Bilo, Choudhary, Guala, Leucci, Parter and Proietti [9]. Their oracle uses landmark vertices,
i.e., vertices picked uniformly at random from the vertex set V' (originally used by Bernstein
and Karger [4]).2 The oracle in Theorem 1 uses this ST-distance oracle for the given source
set S and T'= S U L, where L is our landmark vertex set. The oracle in Theorem 2 is based
on the same idea, however there are two levels of sampling here: so we have two landmark
vertex sets Lo C L£q7. Theorem 1 and Theorem 2 are proved in Section 3 and Section 4,
respectively. We discuss preliminaries in Section 2 and conclude in Section 5.

2 Preliminaries

This section describes the notation that will be used in the rest of the paper and also gives a
sketch of the ST-distance oracle from [9]. Our input is an undirected graph G = (V, E) with
positive edge weights as given by wt : E — R. For any path p in G:

let [[p]| be the length of p, ie., [[p]] = > .c, wt(e);

let |p| be the hop length of p, i.e., the number of edges in p.

For any (u,v) € V x V, a shortest path between v and v is a path of minimum length
between u and v. We assume the shortest path between any two vertices in the graph is
unique. This property can be achieved by random perturbation of the given edge weights
(e.g., see [22]). The property of unique shortest paths was also used in [5, 17, 18, 20, 21]. We
denote the shortest path from u to v by uv. Thus ||uv|| is the distance between v and v in G
and |uv| is the hop length between u and v in G.

Let G — f = (V,E\ {f}) be the graph obtained after deleting edge f from the graph G.
As in G, we assume there is a unique shortest path between any pair of vertices in G — f.
For any (u,v) € V x V and f € E, let uv ¢ f be the shortest path between u and v in
G — f. So ||uv ¢ f|| is the distance between v and v in G — f.

The concept of landmark vertices will be key to our distance oracles.

» Definition 3 (Landmark Vertex Set, £). Sample each vertex in G independently with
probability p. The selected set (call it L) of vertices is the landmark vertex set.

2 To the best of our knowledge, the name “landmark” vertices was first used by Dey and Gupta [16].
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The probability p in Definition 3 will be set to different values in Section 3 and Section 4.

The following proposition on the landmark vertex set £ will be very useful to us.

» Proposition 4. With high probability, for any pair of vertices u and v, if |uv| > \_?’I%J
then there is at least one landmark vertex on uv.

Proof. Since each vertex in G is sampled independently with probability p, for any pair of
vertices u and v, the probability that there is no landmark vertex on uv is (1 — p)*¥ where
k = |uv| 4+ 1 is the number of vertices on uv. Because |uv| > Lgl%], the probability that
there is no landmark vertex on wv is at most:

Sinn 1 3lnn 1
(I-p~ 7 < (= < =

e n3

Thus for any pair of vertices u and v with |uv| > L‘(“%J, the probability that there is
no landmark vertex on wv is at most 1/n3. Hence the probability that there is some pair
(z,y) € V x V with |zy| > L‘“%j such that there is no landmark vertex on xy is at most
(g) /n3 < 1/n. Thus with probability at least 1 — 1/n, it is the case that for every pair
(u,v) € V. x V with |uv| > LM%J, there is at least one landmark vertex on uw. <

Since each vertex in G is sampled with probability p, the expected size of L is np. We
will set p = n=9 for some d € (0,1) in Section 3 and Section 4. Thus with high probability,
we will have |£] < 2np (by Chernoff bound).

If either |£| > 2np or there exists a pair of vertices u, v with |uv| > L‘O’I%J such that there
is no vertex of £ on uv then we will repeat the step of sampling vertices and construct
another landmark vertex set such that both these properties hold for the set obtained.

Thus we will assume that |£] = O(np) and every pair of vertices u, v with |uv| > |
has at least one vertex of £ on uv. The expected number of trials to obtain a desired
landmark set £ is O(1).

3lnn
=]

Fault-Tolerant ST-Distance Oracle. We now briefly discuss the algorithm of Bilo et al.[9]
to construct a fault-tolerant exact distance oracle in G for pairs (s,t) € S x T, where S C V
and T C V are part of the input. Fix a pair (s,t) € SxT and let f = (a,b) be any edge on st.
Let ¢ and ¢ be the two landmark vertices on st closest to a and b on as and bt, respectively.

There are 3 cases with respect to the replacement path st o f: (i) st o f goes through ¢,
(ii) st o f goes through ¢/, (iii) st ¢ f goes through neither ¢ nor ¢. Their algorithm builds
tables to deal with each of these cases. Figure 1 captures the main idea.

[ VN
®

Figure 1 The replacement path st ¢ f where f = (a,b) in case (i) is s£ followed by the magenta
path £t o f; in case (ii) it is the path s’ ¢ f followed by £'t and in case (iii) st o f avoids both £
and £ - so the path is part of st ¢ f.

The following theorem from [9] will be used in our algorithms.

27:5
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» Theorem 5 ([9]). An n-vertex directed or undirected weighted graph G for given subsets
S and T of V can be preprocessed in polynomial time to compute a data structure of size
O((|S] + |T|)nlogn) that given any pair (s,t) € S x T and any failing edge f can report
[|st o f|| in constant time.

3 Sourcewise Approximate Distance Oracle for a Single Edge Fault

Our input is an undirected weighted graph G = (V, E) with a positive weight function
wt: F — R, and a subset S C V of sources. The goal is to build a compact data structure
that can answer distance queries Qu(s,v, f) within a small multiplicative stretch, where
s € S,veVand f is the edge fault.

Landmark vertex set £. Recall Definition 3 on landmark vertices. Let us sample each
vertex independently with probability p = (31nn)/y/n to obtain our landmark vertex set L.
The following two properties hold (see Proposition 4); otherwise we resample to obtain
another landmark vertex set £ so that the following two properties hold.

|£| = O(y/nlogn).

For any pair of vertices u and v: if |uv| > |\/n], then there is at least one landmark

vertex on uv.

Our algorithm. On input G = (V, E) and S C V|, the first step of our algorithm is to build
the above landmark vertex set £. We then compute shortest path trees T (u) rooted at u for
all w € SU L. Along with every vertex v, the tree 7 (u) also has the two attributes ||uv||
and |uw|, i.e., the length and the hop length of uw.

Our algorithm constructs the ST-exact distance oracle from [9] fixing the source set S
and destination set T'= S U L. For each v € V|, let ¢, be the vertex in T that is closest to v,
where ties are broken arbitrarily. We maintain the lengths of replacement paths vt, ¢ f for
each edge f € vt,. Our algorithm is described below.

1. Obtain the landmark vertex set L.
2. For each u € S U L do: compute the shortest path tree T (u) rooted at u in G = (V, E).
3. Use Theorem 5 to construct an ST-exact distance oracle for the given source set S and
target set T = LU S in G = (V, E).
4. For every v € V in the graph G = (V, E) do:
Identify the nearest vertex to v in the target set T = LU S. Call this vertex t,.
For 1 <i < |vt,| do:
Let f; be the i-th edge from ¢, on vt,,.
Compute the distance ||vt, ¢ f;|| between v and ¢, in G — f;.
Set Distr(v,i] = ||[vt, © fi]]-

Query answering algorithm. In response to the query Qu(s,v, f), the query answering
algorithm first checks if f € sv. This check can be done efficiently via LCA queries. Given
a rooted tree T and a pair of vertices x,y in the tree T, recall that LCAy(z,y) is the least
common ancestor of x and y in tree 7T .

Observe that f = (a,b) € sv if and only if the answer to the following three questions is
“yes” where T (s) is the shortest path tree in G rooted at s.

Is LCA7(5) (v, a) equal to a?

Is LCA7(5) (v, b) equal to b?

Is |sa| + 1 = |sb| or is |sb| + 1 = |sa|?
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A “yes” answer to the first two questions implies that both a and b are vertices on the
path sv. Moreover, a and b are adjacent to each other on sv if and only if the answer to the
third question is “yes”. Recall that for any vertex w, |sw| is the hop length between s and w,
i.e., the number of edges in sw.

Given a tree T, there is a linear time algorithm to build an O(n) size data structure such
that LCA queries on T can be answered in O(1) time [3]. Recall that for every vertex w,
the hop length |sw| is stored along with w in T (s). Thus |sa| and |sb| can be retrieved in
O(1) time. Hence the query answering algorithm can determine in O(1) time if f € sv or
not. The query answering algorithm will return ||sv|| if f ¢ sv (see Figure 2). Recall that
the distance ||sv|| is also stored along with v in 7 (s).

S® L XY
ot
1
1

blt

Figure 2 Here f = (a,b) ¢ sv, so the path sv is undisturbed by the edge fault f.

v

If f € sv, then the query answering algorithm looks up the identity of ¢,, which is the
nearest vertex in 7' to v. Via LCA queries on 7T (¢,), we can determine if f = (a,b) € vt, or
not. If not, then ||vt, o f|| = ||vty|]. So let us assume f € vt,.

Assume without loss of generality that b is closer than a to t,, i.e., |at,| = |bt,| + 1
(see Figure 2). Let i be the index such that a is the i-th vertex from ¢, on vt,. Then
[|vt, © (a,b)|| = Distr[v,i]. Recall that the attribute ¢ = |at,| is stored along with a in T (¢,).

The query answering algorithm returns ||vt, ¢ f|| +||st, ¢ f||, where ||vt, © f|| = Distr[v, i].

Note that the distance ||st, ¢ f|| is obtained by querying the ST-distance oracle. Thus
the query answering time is O(1). We show below that ||[vt, o f|| + ||sty © f|| < 5||sv o f]].

» Lemma 6. For any (s,v) € S xV and f € E, our algorithm returns an estimate for the
s-v distance in G — f with a multiplicative stretch of at most 5 in constant time.

Proof. It follows from the discussion above that the query answering time is O(1). Since the

query answering algorithm will return ||sv|| if f ¢ sv (see Figure 2), let us assume f € sv.

Then the distance estimate returned by the query answering algorithm in response to query
Qu(s,v, f) is ||sty © f|| + ||vty © f|| where t, is the nearest vertex in T' to v. We now bound
the sum [|st, ¢ f|| + ||vt, © f||- Consider the following four cases.

1. f € st, and f € vt,. This means the edge f belongs to the shortest path between t,
and the least common ancestor of s and v in T (t,) (see Figure 2). However then f ¢ sv,
contradicting our assumption that f € sv.

2. f € st, and f ¢ vt,. The query answering algorithm will determine via LCA queries that
f € vty, so ||vt, o f|| = ||vty||. Let us bound [|st, ¢ f||. The graph G — f has an s-t, path
obtained by stitching the paths sv ¢ f and vt,, i.e., the path sv ¢ f followed by vt,. So

[|sty o fl] < ||sve f|| + ||vty||. Hence the distance returned is at most ||sv o f|| + 2||vt,|].

Because t, is the closest vertex in T'= L U S to v, we have ||vt,|| < ||vs||. Hence the
distance returned is at most ||sv o f|| + 2||sv|| < 3||sv o f]|. So the stretch is at most 3
in this case.

27:7
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3. f ¢ st, and f € vt,. Since f ¢ st,, we have ||st, ¢ f|| = ||sty||. Let us bound ||vt, ¢ f]].
Since the graph G — f has a vt, path obtained by stitching sv ¢ f and st,, we have
[lvt, o fI] < |lsvo f|| +||sty|| (see Figure 3). Thus the distance returned by the oracle is
at most ||sv o f|| 4 2||sty]]-

Observe that ||st,|| < ||sv]| + ||vty|] < 2||sv||. Hence the distance returned is at most
[|sv o f]| + 4]|sv|| < 5||sv< f||. Thus the stretch is at most 5 in this case.

svo f

Figure 3 The oracle returns a distance estimate < 2||st,|| + ||sv ¢ f|], so the stretch is < 5.

4. f ¢ st, and f ¢ vt,. The query answering algorithm will return ||st, ¢ f|| + ||vt, © f|| =
[|sty||+]|vty|| in this case. We have ||vt,|| < ||vs|| and we also have ||st,|| < |[sv]|+]||vE, || <
2||sv||. Thus the stretch is at most 3 in this case.

This finishes the proof of the lemma. <

Data structures constructed. Our algorithm constructs in step 3 all the data structures
constructed by the ST-distance oracle algorithm. Thus we have access to ||st o f|| for every
(s,t) € S x T and f € E. Our oracle also has the table Disty that stores ||vt, ¢ f|| between
v and t, in G — f, for each v € V and edge f € vt,. Let us bound the size of our oracle.

» Lemma 7. The size of the data structures constructed by our algorithm, is O(|S|n + n3/2).

Proof. The size of T is 5(\S| + /). So the sizes of all the shortest path trees constructed
in step 2 is O(|S|n + n3/2). Similarly, the size of the ST-oracle constructed in step 2 is
O(|S|n+n3/2) (by Theorem 5). Furthermore, the data structure used to answer LCA queries
on each shortest path tree 7 (u) has size O(n). Since u € S U L, these data structures also
take up space O(|S|n + n3/2).

It follows from the property of our landmark set £ that for any vertex v, we have
min{|vl| : £ € L} < [v/n]. So for each vertex v, we have ||vt, ¢ f|| stored for at most
|v/n] many edges f, where t, is the nearest vertex in T to v. Thus the size of Disty is
O(n - v/n) = O(n3/?). This finishes the proof of the lemma. <

It is easy to see that our algorithm runs in expected polynomial time. Recall that we
used randomization to construct the set £. By blowing up the size of £ by a factor of logn,
the construction of £ can be made deterministic (see [9, Lemma 1]). Thus Theorem 1 follows.
We restate it below for convenience.

» Theorem 1. Let G = (V, E) be an undirected graph on n vertices with positive edge weights.
For any S CV, a fault-tolerant sourcewise approxrimate distance oracle with multiplicative
stretch at most 5 and size 6(|S\n +n3/2) can be constructed in polynomial time such that
Qu(s,v, f) where (s,v) € S XV and f € E can be answered in constant time.
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» Remark 8. The query answering algorithm can return not only an approximate estimate of
the distance ||sv ¢ f||, but also the corresponding approximate shortest path in a succinet
form. It is known that any replacement path p< f is 2-decomposable, i.e., it is a concatenation
of at most 2 shortest paths interleaved with at most 1 edge [1].

So along with any distance ||st, ¢ f]| (similarly, ||vt, ¢ f]|), we could also store the corres-
ponding replacement paths in 2-decomposable form. Thus the query answering algorithm
can return the corresponding s-v approximate shortest path as the union of two replacement
paths p; = st, ¢ f and ps = vt, © f, each in 2-decomposable form, say, p1 = (s,z,y,t,) and
p2 = (v,2',y,t,). This will mean p; is the shortest path in G between s and z followed by
the edge (z,y), and the shortest path in G between y and t,, similarly for ps.

4 A Sparser Fault-Tolerant Sourcewise Approximate Distance Oracle

In this section, we present another fault-tolerant sourcewise approximate distance oracle for
single edge faults. As before, the input is an undirected weighted graph G = (V, E) with
a positive weight function wt : £ — R, and a subset S C V of sources. Our goal is to
build a sparser data structure that can answer distance queries Qu(s,v, f) within a small
multiplicative stretch. For sets S of size o(y/n), the oracle in this section will be sparser than
the one in Section 3.

Our algorithm. We will now construct two sets £, and Lo of landmark vertices. We will
first run the sampling step in Section 2 with p = (3Inn)/n'/3. Let £; be the resulting
landmark set. The following properties follow from Section 2 (see Proposition 4).

|L1] = O(n?/3logn).

For any pair of vertices u and v: if |uv| > |n'/3] then there is at least one vertex of £,

on uv.

After that, we sample each vertex of £ with probability 1/ n'/3. Let L4 be the set of
selected vertices. Observe that this 2-step sampling to obtain L5 is equivalent to running
the sampling step in Section 2 with p = (3Inn)/n?/3 on the entire vertex set V. Thus the
following properties follow from Section 2 (see Proposition 4).

|L2] = O(n'/3logn).

For any pair of vertices u and v: if [uv| > [n?/?] then there is at least one vertex of Ly

on uv.

Rather than sampling each vertex of V with probability p = (3Inn)/n?/3 to get Lz, we
did this in two steps so that we have Lo C L. Let T1 = £, U S and let T, = Lo U S. Our
algorithm will use the following notations for any vertex v.

Let t, be the vertex in T3 that is nearest to v.

Let ¢/, be the vertex in T3 that is nearest to v.

For each u € Ty, we will keep the shortest path tree 7(u) in G rooted at u. However, we
cannot afford to keep shortest path trees rooted at each u € L4, since that would exceed the
desired space bound. Corresponding to each u € L4, let Ball(u) = {v € V : t, = u} be the
set of all vertices v that regard u as their nearest vertex in T7.

For each v € Ball(u), we will store the path uv.

Thus we keep a truncated shortest path tree 7Aﬂ(u) = UyeBall(w)uv in G rooted at u for

each u € L.

27:9

FSTTCS 2025



27:10

Fault-Tolerant Approximate Distance Oracles with a Source Set

Along with each vertex v € T (u) where u € £, we also store |uv], i.e., the hop length
of uv, and the distance ||uv||. Similarly, as done in Section 3, along with each vertex v € T (u),
where u € Ty, we store |uv| and ||uv]|.
Below we describe the steps in our algorithm.
1. Obtain the landmark sets £, and Lo, where L5 C L4, as described above.
2. For each u € T, = S U L do: compute the shortest path tree 7 (u) rooted at w in G.
3. Use Theorem 5 to construct an ST-exact distance oracle for the given source set S and
target set T =T, in G = (V, E).
4. For each u € £, do: compute the truncated shortest path tree 7 (u) rooted at u in G.
5. For every v € V do:
a. Let t, € T1 = S U L7 be the vertex in 77 that is nearest to v.
b. For 1 <i < |vt,| do:
Set Disty [v, ] = ||vt, © f;|| where f; is the i-th edge from ¢, on vt,.
6. For every u € Ty do:
a. Let !, € T5 be the vertex in Ty that is nearest to u.
b. For 1 <j < |ut},| do:
Set Dista[u, j] = ||ut), o f;|| where f; is the j-th edge from ¢/, on ut,,.

Observe that the array Disty [v, 9] stores for any vertex v, the distance ||vt, ¢ f|| where f
is the i-th edge from ¢, on the path vt,. Similarly, the array Dists[u, j] stores for any vertex
u € Ty, the distance ||ut!, o f|| where f is the j-th edge from ¢/, on the path wut/,.

The query answering algorithm. In response to the query Qu(s,v, f), the query answering
algorithm first checks if f € sv. As described in Section 3, this is done by checking the
answers to some LCA queries in 7 (s). Let us assume f € sv, otherwise the query answering
algorithm will return ||sv]|.

Then the query answering algorithm looks up = ¢, and y = t,. In more detail,
(i) « is the closest vertex to v in T; and (ii) y is the closest vertex to = in T5. The query
answering algorithm needs to know if f € vz or not; if so, it also needs to know the index
ie{l,... ,n1/3} such that f is the i-th edge on zv. As described in Section 3, we can decide
if f € vz or not via LCA queries on the truncated shortest path tree 7A'(:13) If so, we can also
obtain from 7 () the value i such that f is the i-th edge from = on zv.

Thus the query answering algorithm knows in O(1) time whether f € zv or not and if so,
the index ¢ such that f is the i-th edge from z on zwv.

If f ¢ vz then ||jvz o f|| = ||vz||; else ||vx o f|| = Disty[v, i].

Recall that we compute T (u) for all u € T,. Thus, as described in Section 3, we can
efficiently check if f € zy or not; if so, the algorithm also knows the index j such that f is
the j-th edge from y on the path xy.

If f ¢ xy then ||zy o f|| = ||zy||; else ||zy ¢ f|| = Dista[z, j].

Since s € S and y € T (recall that T = Ty), the distance ||yso f|| is obtained by querying
the ST-distance oracle. Thus the query answering algorithm can obtain |jvx o f||, ||zy © f]],
and ||yso f|| in O(1) time. In response to the query Qu(s, v, f), the query answering algorithm
veturns ||oz o £ + [|zy o ]| + [lys o fII

We will show in Lemma 9 that our s-v distance estimate in G — f is at most 13||sv o f]|.

» Lemma 9. For any (s,v) € S XV and f € E, our algorithm returns an s-v distance
estimate with stretch < 13 in G — f in O(1) time.
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Proof. Suppose the query is Qu(s,v, f). If f ¢ sv then the algorithm returns ||sv||, thus
the stretch is 1 in this case. So assume f € sv. Then the query answering algorithm returns
[lvz o f|| + ||zy © fI| + ||lys © f||, where 2 = t,, and y = t/,. Let us bound the stretch.

We need to compare the sum ||vz o f|| + ||zy o f|| + ||ys © f|| with ||sv o f|]. Let us first
show the following claim.

> Claim 10. We have (i) [[vz|] < [|vs]|, (ii) ||zy]| < 2||vs]|, and (iii) ||ys]|| < 4]|vs]].

Proof. It follows from the definition of Ty = £; U S that both =z and s are in 7. Since
x is the nearest vertex in T} to v, we have ||vz|| < ||vs||. Recall that y = t/. Since y is
the closest vertex in Th to x, we have ||zy|| < ||zt)||, i.e., the z-y distance is at most the
distance between x and t! (recall that t! is the nearest vertex in 75 to v). Furthermore,
|2ty || < {lzvf] + [t ]

Observe that both [|zv|| and ||vt] || are at most ||sv|| since s € T3 N Ty, so v’s distance
to its nearest vertex in 77 and also in 75 is at most ||sv||. Thus ||zy|| < 2||sv||. So we have
ysll < [lsvll + [fox]| + [lzyl| < [[sv]| + [|sv]| + 2[|sv]| = 4]|sv]]. <

We are now ready to bound |jvz o f|| + ||zy © f|| + ||ys ¢ f||. There are 8 cases depending
on the presence of edge f on various shortest paths.

1. f ¢ vz and f ¢ zy and f ¢ ys. Then the algorithm returns ||vz|| + ||zy|| + ||ys]]-
It immediately follows from Claim 10 that the s-v distance estimate returned in this
case is at most 7||sv|| < 7||sv o fl].

2. f¢wvzand f ¢ zy and f € ys. Then the algorithm returns ||vz||+||zy|| +||lyse f]|. Since

the failed edge f belongs to neither vx nor zy, we have ||syo f|| < ||svo f||+ ||ve|| + ||zy]].

We have ||vz|| + ||zy]| < 3]||sv|| (by Claim 10).
Thus the s-v distance estimate returned in this case is at most ||sv o f|| + 6]|sv|| <
7|[sv o f]| (by Claim 10).

3. f¢vrand f € zyand f ¢ ys. Then the algorithm returns ||vz||+||zyof||+]||ys||. Observe
that G — f has an z-y path of length at most ||zv||+||vso f||+||sy]||. Since ||ys|| < 4||vs]]|
(by Claim 10), this z-y path in G — f is of length at most ||sv|| + ||sv o f|| + 4]||sv|| =
5|svl] + [lsv o fll.

Using Claim 10 to bound ||vz|| and ||ys||, the s-v distance estimate returned in this
case is at most ||sv|| + 5||sv|| + ||sv ¢ f|| + 4||sv|| = 10]|sv|| + ||sv o f|| < 11||sv o f]].

4. f € vz and f ¢ xy and f ¢ ys. Then the algorithm returns ||lvz o f|| + ||zy|| + ||ys]|-

Observe that G — f has a v-z path of length at most ||vs o f|| + ||sy|| + ||yz||. This is of
length at most ||sv o f|| + 4||sv|| + 2||sv|| = 6]|sv]| + ||sv o f]]-
Using Claim 10 to bound [|zy|| and ||ys||, the s-v distance estimate returned in this

case is at most ||sv o f|| + 6]|sv|| + 2|[sv|| + 4]|sv]| = 12]|sv]| + [|sv o f|| < 13]||sv o f]].

5. f ¢ vz and f € xy and f € ys. Consider the shortest path tree 7 (z) rooted at = in G.

Since f ¢ vr and f € xy, the edge f € wy where w = LCA7(,(v,y). But the edge f also
belongs to ys and sv — this is not possible (see Figure 4). Thus this case cannot arise.

6. f € v and f ¢ ay and f € ys. Consider the shortest path tree 7T (s) rooted at s

in G and let z = LCAy(4(v,2). Since f € sv and f € vz, it follows that f € zv.

Hence f ¢ sx. Thus there is a v-x path in G — f of length ||vs o f|| + ||sz||. Since
|sz|| < ||sv]| + ||[vz|| < 2||sv]], this v-z path in G — f has length ||sv o f]| + 2||sv]|.
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Figure 4 The edge f = (a,b) is supposed to be in the paths sv, zy, and ys, but not in vz. Here
w = LCA7 (4 (v,y) where T () is the shortest path rooted at x in G.

Since f € sv and f € sy, the edge f € sr where r = LCA7(4)(v,y). Thus the edge f
does not belong to the path v-r-y in T (s). Hence there is an s-y path in G — f of length
[lsv o fIl + [los]| + [[syl| < [|svo fI| + [[vs]| + 4] sv]| (by Claim 10).
Thus G — f has an s-y path of length ||sv ¢ f|| 4+ 5||vs||, plus a v-z path of length
[|sv o fl| +2||vs||. Since ||zy|| < 2||vs||, the s-v distance estimate returned in this case
is at most 2||sv o f|| + 9||vs|| < 11||sv o f]].

7. f € vz and f € zy and f ¢ ys. As seen in case 6, there is a v-x path in G — f of
length ||sv o f|| + 2||vs||. Moreover, since f € vz and f € zy, the edge f € xw where
w = LCA7(;)(v,y). Hence the edge f does not belong to the path v-w-y in T (z).

Thus there is a v-y path in G — f of length at most |[vz|| + ||zy|| < 3||sv||. Hence there
is an z-v-y path of length at most |[sv ¢ f|| + 2||vs|| + 3]|[sv|| = ||sv < f]|| + 5]|vs]|.
So the s-v distance estimate returned in this case is at most ||sy||+ (||svo f||+ 5||vs||) +
([|sve fl]|+2]|vs]|). Since ||sy|| < 4]|sv]|, this is at most 2||svo f||+11]||sv|| < 13||sve f||.

8. fewvxrand f € zy and f € ys. As seen in case 7, there is a v-x path in G — f of length
[|sv o f|| + 2||vs|| and there is an z-y path of length at most ||sv o f|| + 5||vs||. It also
follows from case 7 that there is a v-y path in G — f of length at most 3||sv||, thus there
is an s-y path in G — f of length at most ||sv o f|| + 3]||vs]].

So the s-v distance estimate returned in this case is at most 3||sv o f|| + 10||sv|| <
13||sv o f]|.

Thus the stretch of our approximate distance oracle is at most 13. We have already seen
that the query answering time is O(1). This finishes the proof of the lemma. |
Size of the oracle. We show below in Lemma 11 that the space taken up by the data

structures constructed in all the steps of our algorithm is O(n*/® + |S|n).

> Lemma 11. The space needed to store all the data structures constructed by our algorithm
is O(n*? +|S|n).
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Proof. The space taken up by the truncated shortest path trees 7’(u) for all uw € £y is
O(Y,cv lvto]). Observe that |vt,| < n'/3 (by Proposition 4). Thus O(3, |vt,|) = O(n?/3).
Similarly the space taken up by 7 (¢) for all t € Ty is O(n*/? log n+|S|n) since |Tz| = |La|+|S]
and |L5] is O(n'/3logn). The size of the ST-oracle (where T = T3) is also O(n*/3 + |S|n)
(by Theorem 5).

For each vertex v, we store t, and ¢, — these are the nearest vertices to v in T; and T,
respectively. For all edges f € vt,, we store ||[vt, ¢ f|| in the data structure Dist;. We have
|ut,| < n'/3 (by Proposition 4). Thus the space taken by the data structure Dist; to store
the distances Dist;[v,i] where v € V and 1 < i < n'/3 is at most n*/3.

For all edges f € ut],, where u € Ty, the data structure Disty stores ||ut], ¢ f||. For any
vertex u, we have |ut’,| < n?/3 (by Proposition 4). Thus the space taken by Disty to store the
distances Dista[u, ] where v € Ty and 1 < i < n?/3 is |Ty| - n?/3 = O((n?/?logn + |S|) - n?/3),
which is O(n*/?logn + |S|n?/3). Thus the entire space taken up by all the data structures is
O(n*/3 4+S|n). <

It is easy to see that our algorithm runs in expected polynomial time. As mentioned
at the end of Section 3, by blowing up the sizes of £; and L, by a factor of logn, their
construction can be made deterministic as stated in [9, Lemma 1]. Moreover, we can easily
ensure that Lo C Ly. Thus Theorem 2 follows. We restate it below for convenience.

» Theorem 2. Let G = (V, E) be an undirected graph on n vertices with positive edge weights.
For any S CV, a fault-tolerant sourcewise approxrimate distance oracle with multiplicative
stretch at most 13 and size O(|S|n 4+ n*/3) can be constructed in polynomial time such that
Qu(s,v, f) where (s,v) € SxV and f € E can be answered in constant time.

As mentioned in Remark 8, along with every distance in Dist; and Dists, we could also
store the corresponding replacement paths in 2-decomposable form. Thus along with the
approximate s-v distance, the query answering algorithm can also return the approximate
path between s and v as the union of 3 paths, each in 2-decomposable form.

5 Concluding Remarks

Fault-tolerant approximate distance oracles that maintain approximate distances for all pairs
of vertices have been well-studied. Fault-tolerant single source and multiple source ezact
distance oracles have also been studied. As mentioned in [9], given a subset S C V', for the
problem of storing ||sv ¢ f|| where (s,v) € S x V and f ¢ E is allowed? (this is interpreted
the same as if no edge has failed), using standard tools, it can be shown that there are
n-vertex graph families, for which any representation that allows for the return of all the
S x V post-failure distances must have size Q(n*/ 2\/@ ). This motivates the study of sparser
data structures that maintain approzimate distances for all pairs in S x V under the failure of

any f € E. Such a data structure is a fault-tolerant sourcewise approximate distance oracle.

We showed two such oracles: one of size O(|S|n + n*/2) and stretch 5 and another of size
5(|S|n + n*3) and stretch 13. The query time for both oracles is constant. Upon query
Qu(s,v, f) where f ¢ E, it turns out that both our query answering algorithms return the
original distance ||sv|| as if no edge has failed. There are several interesting open problems:

Are there approximate sourcewise distance oracles of size 5(|S |n +n'*1/F) and stretch

8k — 3 with O(1) query answering time for all integers k > 1?7 Our constructions showed

such oracles for k =1, 2.

3 We thank a reviewer for pointing out this subtlety to us.
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