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—— Abstract
Traditional approaches to modelling parallelism and algebraic structure in lambda calculi often rely
on monads — as in Moggi’s framework — or on rich categorical structures such as biproducts — as
used in certain models of linear logic. In this work, we propose a minimal alternative that captures
both parallelism and weighted parallelism (linear combinations) within the setting of intuitionistic
propositional logic, without resorting to monads or assuming the existence of biproducts.

We introduce two lambda calculi: a parallel lambda calculus and an algebraic lambda calculus,
both extending full propositional intuitionistic logic. Their semantics are given in two categories:
Magg,,, whose objects are magmas and arrows are functions in Set; and AMag‘SSet7 whose objects
are action magmas.

The key technical challenge addressed is the interpretation of disjunction in the presence of
parallel and algebraic operators. Since the usual coproduct structure is unavailable in our minimal
setting, we propose a novel set-theoretic interpretation based on the union of the disjoint union and
the Cartesian product. This allows for the construction of sound and adequate models for both
calculi.

Our results offer a unified and structurally lightweight framework for modelling parallelism
and algebraic effects in intuitionistic logic, opening the way to alternatives beyond the traditional
monadic or linear logic approaches.
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1 Introduction

Motivation. In his 1991 paper [18], Eugenio Moggi introduced a uniform framework to
handle effectful computations in the lambda calculus, using monads to encapsulate vari-
ous computational effects such as non-determinism, state, exceptions, and input/output.
This monadic approach has since been widely adopted in functional programming lan-
guages, providing a powerful abstraction for reasoning about side effects. In the context
of intuitionistic propositional logic — which corresponds categorically to cartesian closed
categories — non-determinism can be captured, for instance, in the category Set by the map
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X:Ax A— PA defined as (z,y) — {z,y}. This non-deterministic operator is sometimes
referred to as a parallel operator, as it can be seen as preserving all possible outputs in
parallel.

While this monadic framework is highly versatile, it does not extend seamlessly to
all logical systems. In particular, within Intuitionistic Linear Logic (ILL), the monadic
encoding of non-determinism becomes problematic: the map x is not linear. For instance,
X(z1 + 22,91 +y2) = {z1 + Y1, 22 + Y2}, whereas x(z1,y1) + X(22,y2) = {71, 91} + {72, 92},
which does not yield the same set under any reasonable definition of set addition.

An alternative approach, suitable for linear settings, was developed through a line of
work on relational models. In particular, in [4], building on previous work developed in
Manzonetto’s doctoral thesis [16] and in [3], and in the context of untyped A-calculus models,
the hom-sets of the category MRel, restricted to a reflexive object, were enriched with a
commutative semiring structure in order to model a parallel and non-deterministic A-calculus.
In the typed setting, this approach was pursued in weighted relational models of typed A-
calculi [14], where the effect is captured by the map x’: Ax A — A defined by (z,y) — = +y.
In [11], this idea was extended into a more general categorical characterisation, relying on
the presence of biproducts to define the sum.

The guiding question of the present work is the following: Can we construct an alternative
to Moggi’s monad, inspired by the use of biproducts, that works in the context of propositional
logic, where biproducts are not available? We show that the answer is affirmative by providing
a concrete model that captures this effect without requiring the full structure of a biproduct.

Our proposal is a structurally simple alternative capable of capturing both parallelism
and weighted parallelism (or linear combinations). We move from the category Set to a
richer setting based on magmas, where we define an ad hoc operation that mimics — to some
extent — the behaviour of a biproduct, though it is not a biproduct in the categorical sense.

More precisely, we introduce the category Magg.;, whose objects are magmas with no
required algebraic properties, and whose arrows are simply functions from the category Set.
In addition, we define the category AMag‘Sget, whose objects are action magmas — magmas
equipped with an external scalar action — and whose arrows are again functions from Set.
These constructions allow us to interpret the parallel lambda calculus and the algebraic
lambda calculus, respectively, in a way reminiscent of the interpretation of the parallel linear
lambda calculus in the category of vector spaces, but without requiring the existence of
biproducts.

A key difficulty in adapting these techniques to intuitionistic propositional logic lies in
the treatment of disjunction. In contrast to models of linear logic equipped with biproducts —
where additive conjunction and disjunction are both interpreted via this common structure
— the absence of a unified product-coproduct structure in propositional logic means that
disjunction cannot be handled in the same way as conjunction. This asymmetry poses
significant challenges in modelling the behaviour of parallel or algebraic combinations involving
disjunctive terms. In this work, we address this difficulty directly by proposing a concrete
interpretation of disjunction that preserves the intuition of additive structure, while remaining
compatible with the categorical limitations of the setting.

Antecedents. Several foundational works have explored extensions of the lambda calculus
to express superposition, linear combinations, and parallelism. The Lineal calculus [1] was
introduced to represent quantum programs by incorporating the principle that, since data
and programs are unified in the lambda calculus, the superposition of data implies the
superposition of programs. This idea was formalised through a linear structure supporting
algebraic combinations of terms.
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An independent development is the Algebraic Lambda Calculus [19], a simplification
of the Differential Lambda Calculus [13], which emphasises algebraic structure rather than
operational semantics. Later, Lineal and the Algebraic Lambda Calculus were shown to be
closely related [2].

Several semantic models have addressed non-determinism and parallelism. In [7], a
filter model was proposed for a concurrent lambda calculus, where terms are interpreted
as sets of possible outcomes. A relational model capturing non-deterministic and parallel
behaviour was introduced in [5], and a general framework using weighted relations, allowing
for deterministic, non-deterministic, and probabilistic computation, was proposed in [14].

More recently, the ®-connective was introduced in [8] and extended in [9] to express
quantum superpositions and measurements within a logical framework. These systems include
additive structure in proof terms, such as sums and scalar products, aiming to represent
quantum behaviour. A categorical interpretation for such calculi in a linear setting — using
biproducts in the category of vector spaces — was developed in [11].

Our perspective. While Moggi’s monadic approach provides a general and robust framework
for handling computational effects in intuitionistic settings, our goal is to explore whether
the structural techniques developed in the linear logic context — particularly those relying on
biproducts — can be adapted to intuitionistic propositional logic. Instead of using a monad to
encapsulate non-determinism or parallelism, we investigate how to reconstruct these effects
using categorical structures that simulate the role of biproducts, even in their absence. In
this way, we aim to propose a conceptually unified alternative for modelling such effects
across both linear and non-linear logical frameworks.

Plan of the paper and contributions. In this paper, we introduce two lambda calculi for

propositional logic — one modelling parallelism and the other algebraic combinations — based

on minimal categorical structure inspired by biproducts, and avoiding the use of monads.
In Section 2, we introduce the parallel lambda calculus A for the full intuitionistic
propositional logic. It is mostly based on the in-left-right-+-calculus (inlr-calculus for
short) [12], with a slight modification. In the inlr-calculus the parallel of inl(¢) and inr(u)
reduces to a new term inlr(¢,u). In our presentation we just keep inl(t) || inr(u), however,
the two calculi are equivalent. This calculus follows the approach of [6] for the structure
operator, where the parallel operator is neither idempotent, commutative, nor associative.
Section 2.1 gives the syntax, deduction, and reduction rules. Section 2.2 restate the
correctness properties of the calculus, proved in [12] and adapted to our setting in [10,
Appendix A]. Section 2.3 introduces the category Magg,,, which is the category whose
objects are magmas and whose arrows are functions from the Set category. We also
introduce the product ® and prove several necessary properties. Section 2.4 provides
the interpretation of A within the category Magg,, and prove its soundness and
adequacy results, that is, if one term reduces to another, they are interpreted by the
same arrow, and if two closed proof-terms are interpreted by the same arrows, then they
are computationally equivalent.
In Section 3, we introduce the algebraic lambda calculus /\fIg for the full intuitionistic
propositional logic. This calculus is an extension of the A calculus with scalars and
follows the approach of the Algebraic lambda calculus [19].
Section 3.1 gives the syntax, deduction, and reduction rules. Section 3.2 states the
correctness properties of the calculus as straightforward adaptations of those from Sec-
tion 2.2. Section 3.3 introduces the concept of action magmas and define the category
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Figure 1 The deduction rules of the ).

AMag‘SSet, whose objects are action magmas, and whose arrows are functions from the
Set category. We also extend the product @ into an action magma. Section 3.4 provides
the interpretation of the algebraic lambda calculus within the category AMag‘get, and
prove its soundness and adequacy.

In Section 4, we present some concluding remarks.

2 The calculus )\

2.1 Syntax, deduction, and reduction rules

The connectives in this logic are those found in standard intuitionistic propositional logic: T,
1, =, A, and V. The syntax of the proof-terms are also standard, with the addition of the
parallel construction as mentioned in the introduction.

t= x|ttt
| * [ or(t,1) (T)
[ 0L(t) (1)
| Azt|tt (=)
| (&) [ m(t) | ma() (N)
[inl(2) | inr(t) | oy (¢, 2., y.t) (V)

where x and y range over a countable set of variables.

The terms %, Az.t, (t,u), inl(t), and inr(¢) are called introductions. The terms d (¢, u),
01 (t), m1(t), ma(t), and oy (¢, z.u,y.v) are called eliminations. Variables and ¢ || u are neither
introductions nor eliminations, except for inl(¢) || inr(u) which can be considered as an
introduction. Free variables are defined as usual, and the substitution of x by u in ¢ is written
(u/x)t, with the usual renaming to avoid variable captures.

Our notation is inspired by logic. However, d1(¢,7) could also be written ¢;r to denote se-
quencing, ¢, (t) as error(t) to denote raising an exception, dv (¢, z.u,y.v) as case t of {inl(z) —
u;inr(y) — v} for pattern matching, and 71 (¢) and mo(t) as fst(¢) and snd(¢) for projections.
From this viewpoint, the calculus can be seen as a programming language.

The also standard deduction rules are given in Figure 1.
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The reduction relation is the contextual closure of the relation defined by the rules:

(5T(~k, t) — 1

(Az.t) u — (u/x)t E2; oy (inl(t), z.v, y.w) — (¢t/x)v (5)
(3)
(4)

oy (inr(u), z.v, yw) — (u/y)w (6)

mi(t,u) — t . i
oy (inl(t) || inr(u), z.v,y.w) — (t/x)v || (u/y)w  (7)

malt,u) — u

* || x — % (8)

Az.t) || Azw) — Az.(t || w) (9)
(t1,ur) || (t2,u2) — (10)
) (11)

) (12)

) (13)

inr(uy) || inr(uz) — inr(uy || us2) (14)
) (15)

) (16)

) (17)

) (18)

(t1 [ t2,ua || ug)
inl(¢1) || inl(t2) — inl(ty || t2)

inl(t1) || (inl(t2) || inr(uy)) — inl(ty || t2) || inr(uq)
inr(up) || inl(t1) — inl(t1) || inr(uq)

inr(uy) || (inl(t1) || inr(ug)) — inl(t1) || inr(uy || us2) 15
16
17
18

(
(inl(t1) || inr(uq)) || inl(t2) — inl(t1 || £2) || inr(uq)
(inl(t1) || inr(uy)) || inr(ug) — inl(t1) || inr(uy || us2)
(

(inl(t1) || inr(uq)) || (inl(t2

The first group of reduction rules is standard, except for the last rule, which allows
reducing inl and inr in parallel. The second group establishes the commutation of the parallel
construction with all the connectives. The parallel construction commutes with introductions,
as seen in the first three rules of the second group for the cases of T, =, and A. The case
of V is left to the next eight rules since multiple cases must be considered due to the fact
that there are two normal forms for disjunctions, and disjunction is neither commutative nor
associative in Natural Deduction.

)
)

| inr(ug)) — inl(ty || t2) || inr(uy || ue)

Instead of commuting the parallel construction with the introduction of disjunction, we
could have considered doing so with its elimination, using the rule oy (¢ || w,z.v,y.w) —
ov(t, z.u,yw) || oy(u,z.v,y.w), which can also be proven valid in our model (the proof
of soundness for this rule is given in [10, Appendix C]). However, we chose to consider
commutation with the introduction, as it leads to a better introduction property: a closed
irreducible proof of T is %, a closed irreducible proof of an implication is a lambda abstraction,
a closed irreducible proof of a conjunction is a pair, and a closed irreducible proof of a
disjunction is either inl, inr, or the parallel of both (see Theorem 2.4).

Along this paper if R is a relation, we write R* for its transitive-reflexive closure.

2.2 Correctness

The correctness properties of this section have been proven in a preprint for the inlr calcu-
lus [12], and the proofs are the same for the A calculus.

» Theorem 2.1 (Subject reduction [12, Appendix A.1]). IfT Ft: A and t — u, then
T'Fu:A.

» Theorem 2.2 (Strong normalisation [12, Appendix A.4]). If T ¢ : A then t is strongly
normalising.

» Theorem 2.3 (Confluence). The A calculus is confluent.

28:5
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Proof. The relation — from Section 2.1 is left linear and has no critical pairs. And,
as proved in [17, Theorem 6.8], higher-order left linear systems without critical pairs are
confluent. |

» Theorem 2.4 (Introduction property [12, Appendix A.3]). Let -t : A be irreducible. Then:
IfA=T,t=% Aisnot L. fA=B=C,t=Xeu. IfA=BANC,t= (uv). If
A=BVC, t=inl(u), t =inr(v), ort=inl(u) | inr(v).

2.3 The category Magg,,

» Definition 2.5 (The category Magg..). The category Magg,, is determined by the following
data: Objects are magmas (A, *,). Arrows are maps in Set.

» Remark 2.6. Note that Magg,; is not an algebraic category, in the sense that the natural
arrows for the algebraic structure (such as homomorphisms) are not considered. Instead,
the objects are plain magmas, without any algebraic property, and the arrows are simply
functions in Set, with composition and identities inherited from Set. The reasons for this
choice are discussed in detail in Section 4.

The next definitions give some objects and arrows used later.

» Definition 2.7. Let A and B be objects in Magg., we define the following objects.
(0 with the empty map as its operation.

{x} with the operation defined as % *,, x = *.
A x B with the operation defined as (a1,b1) *,, 5 (a2,b2) = (a1 *, az2,b1 *, ba).

[A — B] with the operation defined as (f *,_, 9)(a) = f(a) *; g(a).
» Theorem 2.8 (CCC). The category Magge, is Cartesian closed.

Proof. We need to prove that there is an adjunction A x 4 [A — ] in Magg. For all
A, B objects in Magg., we have Hommag,, (A, B) = Homset(A, B). Since, A x B and
[B — C7] are objects in Magg, by the adjunction in Set, we have Hommagg,, (A x B,C) =
Homget(A x B,C) ~ Homget (A, [B — C]) = HomMag,, (A, [B — C]). <

As usual, the disjoint union of two sets A and B is denoted by AW B and is defined
as AW B = (A x {0})U (B x {1}) where 0 and 1 are distinct elements that do not belong
to either to A or B. If we want AW B to be an object in Magg,,, we must define its
magma operation. For example, we can choose (a1,0) *, (az2,0) = (a1 *, az,0), and similarly
(b1,1) %, (b2, 1) = (b1 *, ba, 1). However, it is not clear how to define (a,0) *, (b,1). We could
choose to define it as either (a,0) or (b, 1), but this would break the symmetry. This is the
same problem encountered in inl(¢) || inr(u). Indeed, in the sequent t inl(t) || inr(u) : AV B,
we are given both a proof of A and a proof of B. However, to produce a proof of AV B,
we would typically need to discard one of them, whereas with the parallel operator, we can
retain both. This is why we need to define a new operation, which we call pokeball product
and denote by ®.

» Definition 2.9 (The pokeball product). We define A® B = (AW B)U (A x B).
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» Definition 2.10 (The operation x,). Let (4,%,), (B, *,) € Obj(Magge;). We define *,,.,
*
(x, for short) as (A® B) x (A® B) — A® B given by

(a1 *, as,0) if c1 = (a1,0) and ca = (az,0)
(a,b) if c1 = (a,0) and co = (b, 1)
(a1 *, as,b) if ¢1 = (a1,0) and ¢ = (az,b)
(a,b) if c1 = (b,1) and ¢z = (a,0)
(c1,62) = < (b1 %5 b, 1) if c1 = (b1,1) and co = (ba, 1)
(a, by *5 by) if c1 = (b1,1) and co = (a,bs)
(a1 *, as,b) if c1 = (a1,b) and c2 = (az,0)
(a, by *5 by) if c1 = (a,b1) and co = (ba, 1)
(a1 *, ag, by *, ba) if 1 = (a1,b1) and co = (ag,bs)

» Definition 2.11. Let A s A and B % B'. The arrow A® B 1% A ® B’ is defined as
follows.

(f(a),0)  ifc={(a,0)
c— < (g(b),1) if c=(b,1)
(f(a),g(b)) ifc=(ab)

The pokeball product entails a bifunctorial functor.

» Lemma 2.12 (Bifunctoriality). Let A ER A, A EiN A, B% B, and B 9 B’ Then A®_
is a functor, and it is bifunctorial, that is (f® g)o (f' ®g) = (fo f)®(gog).

Proof.
We prove that A® _ is a functor. That is, we need to prove the commutation of the
following diagrams.

A®B "% A@ B
U J{|d®h
% id 4 @id
AS B A®BUY yop

We prove the diagrams by giving their evaluations.

(a,0) "2, (q, (b,1) —22 (g(b), (a,b) —% (a, g(b))

% Ld@h M Ld@h % Iid@h
09)

(a, h(g(D)))

(a,0) £2228 (a,0) (b,1) 2258 (b, 1) (a,b) 228 (a,b)

The proof of _ ® B is also analogous.
To prove that it is bifunctorial it suffices to prove that the following diagram commutes [15,

Proposition 3.1].
ideg

ADB —— A® B

f@idJ{ J{f@id

A®B —— A®B
ideg

FSTTCS 2025
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We prove this diagram by giving its possible evaluations.

(a,0) —29 5 (a,0) (b,1) %5 (g(b), 1) (a,b) —2 s (a, g(b))
f@idJi Jif@id f@ide{ If@id f@idl Jv{f@id
((2),0) 5= (f(a),0) (0,1) = (9(0), 1) (F(a),6) == (F(a), (b))

<

While the pokeball product will not be a coproduct in Magg., (see Remark 2.17), we can
define some maps that will allow us to interpret the disjunction with the pokeball product
in a manner similar to a coproduct. First, we note that the usual injections ¢; and i are
magma homomorphisms.

» Lemma 2.13. The maps A 2 A®B and B2 A® B are homomorphisms.

Proof.
il(al)*oil(ag) = (al,O)*®(a2,O) = (a1 *A GQ,O) = il(al *A CLQ)
ZQ(bl)*D'LQ(bQ) = (bl, 1)*®(b2, 1) = (bl *p bg, 1) = iQ(bl *p bg) |

inc

We can define the inclusion A x B — A® B by (a,b) — (a,b). An interesting property
is that after two injections and the operation #* , we can recover the original element, as
stated by the following lemma.

» Lemma 2.14. x_ o (i1 X i3) = inc.

Proof. Let a € A and b € B. Then %, o (i1 X i2)(a,b) = (a,0)%,(b,1) = (a,b). <

» Definition 2.15. Let A s C and B % C be arrows in Magg... We define the arrow
A®B M C as follows.

f(a) if ¢ = (a,0)
c— < g(b) if c=(b,1)
f(a)*, g(b) ifc= (a7 b)

» Lemma 2.16 (Weak coproduct). Then map [f, g] makes the following diagram commute

A—" s A®B+—"2 B

\ l[f:g]/
C
Proof.

Left triangle: [f, g](i1(a)) = [f, g](a,0) = f(a).
Right triangle: [f, g](i2(b)) = [f, g](b,1) = g(b). <

» Remark 2.17 (Not a coproduct). Lemma 2.16 does not imply that A ® B is a coproduct in
Magg,, since the map [f, g] is clearly not unique.

However, in the category Mag of magmas, whose arrows are homomorphism (which is
not Cartesian closed, and so it is not a good candidate for us), the map [f, g] is indeed a
coproduct, since it is easy to prove that it is an homomorphism, and its unicity can be proven
using the homomorphism property as follows.

Let h : A® B — C € Arr(Mag) such that h(i1(a)) = h(a,0) = f(a) and h(iz(b)) =
h(b,1) = g(b). Then, h(a,b) = h((a,0)*,(b,1)) = h(a,0) *, h(b,1) = f(a) *, g(b). Therefore,
if arrows are homomorphisms, h = [f, g].
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» Definition 2.18. Let A and B be objects in Magge,, we define the following arrows.
AL {*x} defined by a — *.
A2 AxA defined by a — (a,a).
(A®B) x C % (Ax C)® (B x C) defined by
((CL, C)v O) ife= (a’70)
(e,c) — 1) if e=(b,1)
((a,c),(byc)) ife=(a,b)
Ax A5 A defined by (a1,a2) — ay *, as.
§=(idx o xid)o(idxA). Thatis, Ax Bx C 3 AxCxBxC.

2.4 Model of the )\ calculus
2.4.1 Interpretation

The interpretation of the propositions and contexts of the proof system is the following:

Interpretation of propositions Interpretation of contexts
[T] = {x} [0 = {«
[L1] 0 [x:AT] = [A]x[I]
[A=B] = [[A]— [B]]
[AANB] = [A] x[B]
[AvB] = [A]®[B]

The interpretation of the deduction rules is the following We refer to each deduction rule by
its last sequent, since the system is syntax directed.

[x: AT Fz:A] = [A] x [T] = [4]
[Ct]u: Al =[] [I] xﬂfﬂ%[{A]}x[{AﬂMﬂA]}
[CFx:T] =[] > {+} =[T]
[CF6v(tw) : C] = [T] = [T] x [I] 2% {«} x [C] =2 [C]
[CHo.():C)=[r] % 0% ]
[CF Aot : A= B] =[] 220 [[A] = [4] x [r]) 2% (141 = [B]]
[CFtw:B] =[] 2 [I] x [[] 2% [[4] — [B]] x [4] = [B]
[T+ (t,u): AAB] = [I] 2 [T] x [T] 2% [A] x [B]
[CFmi(t): A] = [T] 5 [A A B] = [4] x [B] = [4]
[CF mo(t) : A] = [T] % [A A B] = [A]  [B] =2 [B]
[T Hinl(t) : AV B] = [I] & [A] 2 [A] ® [B]
[T +inr(t) : AV B] = [I] % [B] 22 [A] ® [B]

txid

[T+ ov(t,zu,yv): C| =[] 2 [T] < [T — ([Al ® [B]) = [T
[u,v

< ([A] x [T]) ® (18] x [T]) = [c]

In some diagrams we may write A instead of [A], to simplify the notation.
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2.4.2 Soundness

The soundness of the model is proven in Theorem 2.20. As usual, we require the following
substitution lemma. Its proof is done by induction on ¢ and given in [10, Appendix B.1].

» Lemma 2.19 (Substitution). Ifz: AT Ft:B and ' Fwu: A, then [I'F (u/x)t: B] =
[THt:B]o([I'Fu:A] xid)o A.

» Theorem 2.20 (Soundness). Ift — r and Tt : A, then [[Ft: A] = [T Fr: A].

Proof. By induction on the relation —. The full proof is given in [10, Appendix B.2]. We
only show two interesting cases here, involving the parallel operator.
Rule 6y (inl(t) || inr(w), z.v,y.w) — (t/x)v || (u/y)w. The commuting diagram is

I'xT 2xid (I'xT)xT
Ty xS o T
S — -
. ITxT)x('xI)
§ /// iid><a><id
% /(DxT)x (I xT) (txw) xid
% (tXid)X(uXid):\ i(txid)x(uxid)
\ i (Ax B)x (I'xT)
W e g
S < Q—/’ RN
CxC e (AXT) X (BXT) ¢mmmmmmmeae s (Ax B) x T
*cl //’/ / i(z’lx@)xid
C o incl (A®B) x (A®B) xT’
[v,w]T k// \\\\ i*c Xid
(AxTD)® (B xT) y 2 (A® B) x T’

The top diagram commutes by the functoriality of x. The upper-left diagram commutes
by Lemma 2.19 and the functoriality of x. The upper-middle diagram commutes by
coherence, when precomposed with As. The upper-right-top diagram commutes by the
naturality of (id x o x id) o (id x A). The upper-right-bottom diagram is the definition of
the map 0. The bottom-left diagram commutes by definition of [v,w]. The bottom-right
diagram commutes by definition of * . The bottom-middle diagram commutes since § is
a restriction of d.

Rule inr(uy) || (inl(¢1) || inr(ug)) — inl(¢1) || inr(uq || ue). The commuting diagram is

[ x (0 xT) 20Xl pog gy 2052 4@ B) x (A® B) x (A® B))
,”) \\‘\“~‘\ H
t1><(u1><u2)l ////;;” 2‘2><\i1;;‘*\~\} J/Id)(*@

A x (B x B) (A® B) x (A® B)

inc
idx*Bl T T T T T e - J*@

Ax B~ (A®B) x (A® B) 3 ADB

*p

The upper-left diagram commutes by coherence. The upper-right diagram commutes by
the functoriality of x and Lemma 2.14. The bottom diagram commutes by Lemma 2.14.
The middle diagram commutes since *, o (i2 X inc)(b1, (a,b2)) = (b1, 1)%,(a, b2) = (a, by *,
bg). |
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» Remark 2.21.
The case of the rule dy (inl(t) || inr(u), z.v,y.w) — (t/z)v || (u/y)w uses the fact that §
is a restriction of d. Indeed, A ® B includes A x B, and thus, inl(¢) || inr(u) can be seen
as a pair of terms.
The case of the rule inr(uq) || (inl(t1) || inr(uz)) — inl(¢1) || inr(uy || u2) is solved by the
definition of x,. Indeed, we do not ask all the operations to be commutative or associative,
but we can still use an operation with these properties to solve the problem.

2.4.3 Adequacy

A proof of completeness would mean that if two closed proofs have the same interpretation,
they both reduce to the same irreducible proof. However, this is too much to ask for in a
calculus without n-reduction. Indeed, - Az.tz : A = B and F t : A = B have the same
interpretation, but they do not reduce to the same proof. We can only ask for the following
weaker property, which is usually called adequacy. That is, if two proof-terms have the
same interpretation, then they are computationally equivalent. The notion of computational
equivalence is that no other program can distinguish between them. That is, putting them in
any context will yield the same result. It is sufficient, however, to consider only elimination
contexts of some proposition large enough to distinguish between two programs, such as
T V T, the usual booleans.

Indeed, if K is one of these contexts, putting two terms t; and t5 inside K is sufficient,
and testing whether an introduction term such as (K, u) behaves the same when ¢; or ¢y are
put inside K does not add any additional information. Only K, the elimination context, is
sufficient to distinguish between the two terms.

The notion of an elimination context is given below. Without loss of generality, we
consider the elimination context to always produce proof-terms for smaller propositions.

» Definition 2.22 (Elimination context). An elimination context is a proof-term produced by
the following grammar, where [-] denotes a distinguished variable.

K =[] K t|m(K)|m(K) | o (K z.t,y.u)

where in the proof 6y (K, z.t,y.u), if []:CHK:AVB, thenx: AFt:D andy: BFu: D,
with |D| < |AV B|. As usual, we write K[t] for (t/[]) K.

We define the computational equivalence as follows.

» Definition 2.23 (Computational equivalence). Two proofs ¢t : A and b u : A are
computationally equivalent, written t ~ w, if for each elimination context []: A K :TVT,
there exists an irreducible proof = v : TV T such that K[t] —* v and K[u] —* v.

Finally, we can state and prove the adequacy of the model as follows.

» Theorem 2.24 (Adequacy). If[Ft: Al =[F u: A], then t ~ u.

Proof. By induction on the structure of A. The full details are given in [10, Appendix B.3].

We only show one interesting case here. If A = BV C, then, by Theorems 2.1, 2.2, and 2.4,
t —*inl(t), t —* inr(¢'), or t —* inl(¥’) || inr(¢"); and u —* inl(u’), u —* inr(u’),
uw —*inl(v') || inr(u”).

However, by Theorem 2.20, and the fact that [ ¢ : A] = [F u : A], we have that if ¢ —*
inl(t') then v —* inl(v'), if ¢ —* inr(¢’) then v —* inr(v'), and if ¢ —* inl(¢’) || inr(¢")
then v —* inl(v') || inr(uw”). We must consider these three cases. We show here only the
third case as example. We have
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t'xt
A - T i1 X4 *
{x} —2— {x} x {} AxB 22, (A®B)x (A®B) —— A®B
U Xu

Thus, [Ft': A] = [F«' : A] and [F ¢” : B] = [F «” : B], and so, by the induction hypothesis

t' ~u' and t” ~ v”. Hence, t ~ u. <

3 The calculus \S

alg
3.1 Syntax, deduction, and reduction rules

In this section, we consider the )\‘;g calculus as an extension with scalars of the | calculus.
This calculus is similar to the Algebraic lambda calculus [19], but considering all the logical
connectives, making it closer to the ®°-calculus [8]. The idea is to consider linear combinations
of terms, as in a-¢ || b wu, where we continue writing || for the operation instead of the more
common + from algebraic calculi, to emphasise its connection with the language defined in
the previous section.

In the Algebraic lambda calculus [19], the scalars belong to a semiring with zero and
unity (i.e. a rig) and it is claimed not to use a ring since there are some confluence problems
with negative scalars in its untyped setting. Indeed, a term Y; = (Az.zx || t)(Az.azx || t)
reducing to Y; || ¢ is the source of non-confluence when considering a - Y; | —a - Y, which
may reduce to t || -+ || ¢ for any amount of ¢ in parallel (even zero), since at any point a - Y;
may be cancelled with —a - Y; on these calculi. There are several solutions to this problem.
One is to consider only positive scalars, as done in the Algebraic lambda calculus. Another
one is to consider a call-by-value beta reduction together with a linearity rule, as done in [1]
(specifically, the solution involves restricting some rewriting rules to closed normal forms,
which forces a call-by-value strategy). However, the simpler solution to this lack of confluence
is to consider a typed setting ensuring strong normalisation, where the term Y; is not typable.
For an extensive discussion on the different design choices for algebraic calculi, see [2]. In our
case, we relax all the restrictions on scalars and just require them to belong to a bi-magma,
as defined next.

» Definition 3.1 (Bi-magma). A bi-magma is a set with two operations (S,+, ).

The syntax of the )\jg calculus extends the )| calculus introduced in Section 2.1 by
incorporating scalars from a fixed bi-magma S, as follows: The term x is replaced with *,
and a new term s e ¢ is added, where s € S and t is a term.

The deduction rules are also those given in Section 2.1, with the exception of rule T,
and the addition of new families of rules “T;(s)” and “prod(s)” as follows.

Ti(s) LA prod(s)

Thxs: T TrFset:A PP

As with the rule par, the rules prod(s) do not introduce new provable formulas. They can be
read as “If we have a proof of A, then we have a proof of A”.

The reduction relation is similar to that of the A| calculus given in Section 2.1, with
modifications to the elimination of T and the commutation of || with T;(s), since T; now
includes scalars:

5T(*57t) —s5et K5y || K5y 7 Ksitsp
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Additionally, a third group is added for the commutation rules of prod(s) with all the
connectives. Indeed, just as with the rule par, the rule prod(s) can appear between the
introduction and the elimination of a connective. As in the case of the par rule, we must
commute it with either the elimination or the introduction. Following the same convention,
we always commute the prod(s) rule with introductions:

51 @ kgy — kg, .5, seinl(t) — inl(s et)
(

se(t,v) — (set,5e0) s e (inl(t) || inr(v)) — inl(s o t) || inr(s @ v)

se)rt — Arset seinr(t) — inr(set)

3.2 Correctness

The correctness properties are straightforward adaptations of the proofs of Theorems 2.1, 2.2,
2.3, and 2.4, and are therefore omitted. The only significant difference is that the introduction
property now states that if ¢ : T is irreducible, then ¢ = x; for some s € S.

3.3 The category Al\/Iag‘get

» Definition 3.2 (Action magma). An action magma (A, *,,e,) over S consists of a magma

(A, *,) and a bi-magma (S, +,-), with a map S x A Ay A such that it distributes with respect
to *,, that isse, (a1 %, az) =5, a; *, 58, as.

» Definition 3.3 (The category AMagg.;). The category AMagg,, is determined by the
following data: Objects are action magmas over the fized bi-magma S. Arrows are maps
in Set.

» Theorem 3.4 (CCC). The category AMagg,, is Cartesian closed.
Proof. The argument is the same as the one given in Theorem 2.8. |
We now extend the pokeball to the Action Magmas by defining its action.

» Definition 3.5 (The operation ). Let (A, %,,e,), (B, *,,e,) € Obj(AMagg.,). We define

» "By B

o5 (8 for short) as S x (A® B) >, A®B given by

(se,a,0) if c=(a,0)
(s,¢) > ¢ (se,0,1) if c=(b,1)
(5 °,a,50, b) if c= (avb)

» Definition 3.6. Let A, B € Obj(AMags,,). The following are also objects in AMagg.,.
(A® B, x,,e ) with the action given in Definition 3.5.
(0,%,,e,) with the action defined as the empty map.
({x}, %, ®.,) with the action defined as s e,
A bi-magma (S, +,-) with the magma operation defined by + and the action defined by -.
(AX B,*, ,,e, ) with the action defined by se, ., (a,b) = (50, a,50,0D).
([A— B with the action defined by (se, . f)(a) =se, f(a).

* = *%.

’ *[AAB] ) YA B] )

» Definition 3.7. Let A be an object in AMagget, we define the following arrows.
{(x} 2 S is defined as * — s.
Sx A Ais defined as (s,a) — s o, a.
A Ais defined as AL {x} x A 2994 S x A4 4.
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3.4 Model of the A2 calculus

alg
3.4.1 Interpretation
The interpretation of propositions and contexts from Section 2.4.1 remains the same, except
that the interpretation of T is updated as [T] = S.

The interpretation of the deduction rules is also the same as that from Section 2.4.1,
except for the introduction and elimination of T, and the extra rules prod(s), which are the
following:

[Ch: T[=[] = {x} > S
[T+ ov(tw) : Al = [I] 2 [I] x [I] 2% S x [A] 25 [4]
[[Fset:Al=[I] % [A] 2 [A]

3.4.2 Soundness

The proof of soundness is updated from the proof of soundness from Section 2.4.2.
As before, we require the substitution lemma (proved in [10, Appendix D.1}).

» Lemma 3.8 (Substitution). If z: AT F¢:B and T F u: A, then [T+ (u/z)t: B] =
[THt:B]o([LFwu: A] xid)oA.

» Theorem 3.9 (Soundness). Ift — r andT'Ft: A, then [T +t: Al = [T Fr: A].

Proof. By induction on the relation —». The full proof can be found in [10, Appendix D.2].
We only give a few illustrative examples.
Rule 7 (%s,t) — s @ t. The commuting diagram is the following:

I 25 TxT 25 (kx4
t P~ sxid

A — A SxA

The commutation of the left diagram is trivial. The right diagram is the definition of 5. Rule
*g, || %55 — *s;+s,- The commuting diagram is the following:

T ! {*} 51152 S

|
i
A Al *s
|
Y

IxT Ix! {*}X{*} 51 X852 SxS§

The left diagram commutes by naturality of A. The right diagram commutes since the
magma operation of S is defined with respect to the bi-magma operation: *, = +. Rule
seinl(t) — inl(s e t). The commuting diagram is

F%ALA@B

AT>A@B

The diagram commutes since s o, (a,0) = (s e, a,0) by definition. <
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3.4.3 Adequacy

In this setting, the concept of computational equivalence is simpler than in the calculus A,
since the proposition T V T no longer represents the booleans but rather the action magma
S2. Thus, to distinguish two programs, it is sufficient to use the proposition T, as it contains
as many scalars as S (unless S = {), in which case the language becomes trivial, or S = {x},
in which case the language is analogous to A).

» Theorem 3.10 (Adequacy). If[Ft: A] =[Fu: A], then t ~ u.

Proof. By induction on the structure of A. See [10, Appendix D.3]. <

4  Conclusion

Summary. In this paper, we have proposed a categorical framework for modelling parallelism
and algebraic combinations within intuitionistic propositional logic, without relying on monads
or biproducts. Our approach is based on the minimal structure of magmas and action magmas,
with arrows taken from the category Set, which allows us to interpret two lambda calculi: a
parallel lambda calculus A and its algebraic extension )\f,g.

A central challenge addressed in this work is the interpretation of disjunction in the
presence of parallel and scalar operators. Unlike in certain models of linear logic — those
equipped with biproducts — where it is possible to identify disjunction and conjunction
via a common categorical structure, intuitionistic logic does not provide this feature. Our
solution, based on a set-theoretic construction combining the disjoint union and the Cartesian
product, allows us to model disjunction while preserving the intended behaviour of parallel
composition. This highlights the disjunction as the most delicate connective to handle in this
context, and its resolution was crucial to enabling a uniform interpretation of both calculi.

By showing that these effects can be captured without requiring monads or biproducts,
we provide an alternative and structurally simpler foundation for reasoning about parallelism
in logic. In particular, our work suggests that many of the insights from linear logic —
including the idea of interpreting computational effects through categorical structure — can
be translated to a broader logical setting, provided that we carefully reconsider the structural
assumptions.

Homomorphisms. Neither Magg,, nor AMag‘SSet are algebraic categories, in the sense that
the natural arrows for the given objects would be homomorphisms preserving the operations.
The reason for this differs for each calculus and deserves some discussion.

In the case of the A calculus, we could have opted for a category whose arrows preserve the
operations of the objects. However, in such a case, it would not have been sufficient to work
with magmas, since the arrow *, : (A®B) x (A®B) — A® B is not a homomorphism unless
it is associative and commutative, which is not the case unless *, and *, are. Indeed, if f = %,
then f((c1,c2) %, (c3,c1)) = flerk,c3,co% ca) = (e c3)%, (cox ca) # (cr,c2)%, (3%, 4) =
f(e1,e2)*, f(cs, ca). Moreover, the category of commutative magmas is not Cartesian closed,
and thus, we would not be able to interpret the A calculus in it.

The advantage of using the category Magg,. is that it allows us to interpret the parallel
operator in a more general setting, where the operator does not need to be associative or
commutative. It also gives us a closer connection to the algebraic lambda calculus, where
the interpretation cannot be done in a category with homomorphisms. Indeed, it is well
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known [2] that (Az.t)(a e u) and a e (Az.t)u do not yield the same result, unless the linearity
is enforced by the reduction strategy as is the case of Lineal [1]!. An easy counterexample,
taking S = N, is the following: (Az.%1)(201) — x1 # %2 +— 2 %] «— 2 @ (Ax.x)t.

The interpretation of disjunctions. As mentioned in the introduction, the fact that the
parallel of disjunctions can be seen as a pair is evident. For example, compare inl(t) || inr(u)
with (¢, u), where ¢t and u are terms of type A and B, respectively. This resemblance becomes
even more apparent when considering the Linear Logic additive disjunction and conjunction,
which are both interpreted as a biproduct.

The interpretation of disjunction that we gave for the non-linear case, namely A ® B =
(AU B) U (A x B), attempts to mimic this biproduct-like behaviour, but without making
disjunction and conjunction coincide. Instead, it establishes an inclusion. Indeed, when
linearity is not considered, we cannot simply add a zero to a conjunction to obtain a
disjunction. In a conjunction, both ¢ and u are present, whereas in a disjunction with parallel,
both ¢ and u can be present — but it is still possible to have only one of them. This provides
a more refined interpretation of disjunction.

We stress that our system does feature a proper disjunction: the only novelty is that,
due to the presence of the parallel operator, terms such as inl(v) || inr(w) may also be viewed
as conjunctive. This viewpoint is consistent with the recent preprint [12], where instead of a
parallel operator an additional introduction rule inlr(v,w) is considered, which is equivalent
to inl(v) || inr(w).

This perspective also highlights the added value of our model: the introduction of the
pokeball product provides a semantic account of this phenomenon, which had previously
been treated only at the syntactic level. In particular, it captures the situation where both
sides of a disjunction are present simultaneously. The pokeball product shows that this
behaviour can be modelled categorically in intuitionistic logic, without requiring biproducts,
thereby revealing a subtle logical feature of disjunction in the presence of parallelism.

Future directions. The calculi we presented are strongly normalising. As future work, we
plan to investigate the addition of fixpoint operators to extend their expressive power while
ensuring that desirable semantic properties are preserved.

More broadly, we believe that the approach developed here could be extended to capture
other computational effects beyond parallelism and algebraic combinations, in a spirit similar
to Moggi’s monadic framework. Identifying the appropriate categorical structures for such
effects remains an open and promising direction for future work.
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