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—— Abstract

Let S be an independent set of a simple undirected graph G. Suppose that each vertex of S has a
token placed on it. The tokens are allowed to be moved, one at a time, by sliding along the edges of
G while maintaining the property that after each move, the vertices having tokens always form an
independent set of G. We would like to determine whether the tokens can be eventually brought to
stay on the vertices of another independent set S’ of G in this manner. In other words, we would
like to decide if we can transform S into S’ through a sequence of steps, each of which involves
substituting a vertex in the current independent set with one of its neighbours to obtain another
independent set. This problem of determining if one independent set of a graph “is reachable” from
another independent set of it is known to be PSPACE-hard even for split graphs, planar graphs,
and graphs of bounded treewidth. Polynomial time algorithms have been obtained for certain graph
classes like trees, interval graphs, claw-free graphs, and bipartite permutation graphs. We present a
polynomial time algorithm for the problem on block graphs, which are the graphs in which every
maximal 2-connected subgraph is a clique. Our algorithm is the first generalization of the known
polynomial time algorithm for trees to a larger class of graphs.
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1 Introduction

A reconfiguration problem on a graph G looks at how two feasible solutions to a computational
problem on G relate to one another (all graphs considered in this paper are simple and
undirected unless otherwise mentioned). It involves determining, given a graph G and two
feasible solutions of some computational problem on G, whether there is a step-by-step
transformation from one solution to the other through a series of intermediate solutions
adhering to a set of rules. Note that each intermediate solution also has to be a feasible
solution to the same computational problem on G. Reconfiguration problems have been
studied for various computational problems like the independent set problem [18, 34, 6, 26],
dominating set problem [14, 9], vertex cover problem [28, 32, 26], matching problem [4, 26, 33],
and vertex colouring problem [18, 11].
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Token Sliding Independent Set Reconfiguration on Block Graphs

The “independent set reconfiguration” problem can be defined as follows. Suppose that
G is a graph and C,C’ are two independent sets of G. Imagine that each vertex in C' has
a token placed on it. We would like to determine if there is a sequence of transformation
steps that can be applied on the set of tokens so that the tokens eventually are on the
vertices of C’. Each transformation step must be in accordance with a predetermined set
of rules, and at the end of each move, the vertices having tokens on them have to again
form an independent set of G. Based on the set of rules governing the transformation steps,
mainly three types of independent set reconfiguration problems have been studied in the
literature — namely, the “token sliding” [5, 31], the “token jumping” [27, 31] and the “token
addition/removal” [31] independent set reconfiguration problems. (Note that these three
models have been studied also for reconfiguration problems other than the independent set
reconfiguration problem [29, 28, 17, 16].) It has been shown that the token jumping and the
token addition/removal models are equivalent for independent set reconfiguration [30]. In
the token sliding model introduced by Hearn and Demaine [18], which will be the focus of
our study, the only allowed transformation step is the movement of a token from the vertex
it is on to one of its neighbours (the token can be imagined to be “sliding” along the edge
between them).

Formally, in the token sliding model for the independent set reconfiguration problem,
given a graph G and two independent sets C, C” of G, it has to be determined if there exists
a sequence of independent sets C' = Cy,C1,...,Cr = C’, where k > 0, such that for each
1€{0,1,...,k—1}, Cix1 = (C; \ {u}) U {v}, for some u € C; and edge uv of G. Note that
if such a sequence exists then |Cy| = |Cy| = - - - = |C%|, and therefore the problem is trivial if
|C] # |C’| (in this case, C' cannot be transformed into C’). So it is customary to assume that
the two input independent sets are of the same cardinality. We call this decision problem
TS-IND-SET RECONFIG, which we define formally in Section 2.

The problem TS-IND-SET RECONFIG was first observed to be PSPACE-complete for
general graphs by Hearn and Demaine [18]. In fact, their result implies that the problem
is PSPACE-complete even for subcubic planar graphs (see [7, 30]). Later, the problem was
shown to be PSPACE-complete for perfect graphs by Kamiriski, Medvedev and Milanié¢ [30],
and this was further improved by Lokshtanov and Mouawad [31], who showed that the
problem remains PSPACE-hard even for bipartite graphs. It was shown that the problem is
PSPACE-hard also for another subclass of perfect graphs called split graphs by Belmonte et
al. [2]. Note that split graphs form a subclass of chordal graphs and even hole-free graphs,
and hence the problem is PSPACE-complete for chordal graphs and even-hole free graphs as
well. Wrochna [34] showed that the problem is PSPACE-complete when restricted to graphs
of bounded bandwidth, which implies that the problem is PSPACE-complete for graphs of
bounded treewidth, or in fact bounded pathwidth.

Demaine et al. [12] showed that TS-IND-SET RECONFIG is polynomial time solvable
for trees. Polynomial time algorithms for the problem were obtained for claw-free graphs
by Bonsma, Kaminski and Wrochna [8], for P,-free graphs by Kamiriski, Medvedev and
Milanié¢ [30], for interval graphs by Bonamy and Bousquet [3], and for bipartite permutation
graphs and bipartite distance-hereditary graphs by Fox-Epstein et al. [14].

Our contribution

A “block” of a graph G is defined to be a maximal connected subgraph H of G such that H
is a graph without any cut-vertices. (Note that it follows from this definition that if an edge
e of GG is not contained in any cycle of GG, then e together with its endpoints forms a block
of G.) A block graph is an undirected graph in which each block is a clique. A simple way to



M. C. Francis and V. Prabhakaran

visualize the structure of these graphs is through the following equivalent definition: every
complete graph is a block graph, and every graph that is obtained by taking the disjoint
union of a block graph G and a complete graph G’ and then identifying (i.e. merging) a
vertex in G with a vertex in G’ is also block graph. Please refer Figure 3(a) for an example
of a block graph and Section 2.2 for a formal definition of this graph class. Note that block
graphs form a subclass of chordal graphs and a superclass of trees.

We prove that T'S-IND-SET RECONFIG is polynomial-time solvable on block graphs. It is
worth noting that our algorithm is the first generalization of the polynomial time algorithm of
Demaine et al. for trees, since none of the other classes for which polynomial time algorithms
for the problem have been obtained contains the class of trees. It was claimed in [23] and [21]
that the problem can be solved in polynomial time on cactus graphs and block graphs
respectively, but the authors of both papers have later announced that the algorithms are
incorrect [20, 19] (also see [22, 24]), and that the complexity of the problem on both classes
of graphs remains unresolved.

In this paper, we present an algorithm that takes as input a block graph G having b
blocks, along with two independent sets C, Co of G, and determines in O(b*) time whether

the independent set C can be transformed into the independent set Cy using token sliding.

Note that b is at most |V (G)| and hence this algorithm runs in time O(|V (G)[*).

Our algorithm is a generalization of the polynomial-time algorithm for trees given in [12].

The algorithm for trees first determines which tokens are “rigid” in both input independent
sets. A token in an independent set is said to be rigid if it cannot be moved from its position
by any sequence of valid token movements. Determining which tokens in an independent set
are rigid is not very difficult for trees — a token on a vertex w is rigid if and only if every
neighbour v of u has a neighbour = other than u itself that has a token that is rigid for the
tree containing x in the forest T — {v}. This implies that it can be determined in linear time
whether a token in a given independent set is rigid. Clearly, two independent sets whose
set of vertices containing rigid tokens are unequal cannot be reconfigured with each other.
Even if the vertices having rigid tokens is the same for both independent sets, if the two
independent sets have an unequal number of tokens in any connected component that is
obtained by the removal of the vertices containing the rigid tokens and their neighbours, it
can be concluded that the independent sets are not reconfigurable with each other. It is
shown in [12] that these two necessary conditions are also sufficient, i.e. any two independent
sets that satisfy these two conditions can be reconfigured with each other. Thus it can be
determined in linear time whether two independent sets in a tree are reconfigurable with
each other. Further, their proof yields an algorithm that outputs a reconfiguration sequence
of length O(n?) between the two input independent sets. Note that the result above implies
that any two independent sets in a tree that have the same cardinality and contain no rigid
tokens are reconfigurable with each other.

Even though similar to trees at first sight, the problem on block graphs presents many
difficulties that hinder the construction of a polynomial-time algorithm similar to the one
in [12]. For example, unlike for trees, two independent sets in a block graph that have the
same cardinality and have no rigid tokens may not be reconfigurable with each other; see
Figure 12 of [12]. This hints that instead of rigidity of tokens, one should perhaps find out
which tokens are “trapped” within the blocks they are in (this is similar to the notion of
“confined” tokens in [23]). However, determining which tokens are trapped in their blocks
turns out to be not so straightforward.

A more important difference is perhaps the fact that in a block graph, there can be
situations in which to insert one additional token into a branch of the block graph, an
arbitrary number of tokens may first need to be taken out of that branch — a situation that
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Figure 1 Diagram showing tokens placed in a part of a block graph (tokens are the solid black
circles).

Figure 2 Token A can be moved out of its block.

never arises for a tree. An example of this phenomenon can be demonstrated as follows.
In Figure 1, a block graph with some tokens placed on the vertices of an independent set
is shown. In the figure, 2k of the tokens are shown as solid black circles. There might
be an arbitrary number of tokens in the set Z of vertices. For each ¢ € {1,2,...,k}, let
Ai ={y1, 92} UUjeqr 2, i {®5, uj, v, w; b It can be proved that in order to place a token
on Yo, we will have to go through an intermediate independent set in which there are at
most k tokens in Ay (which means that at least k tokens that were originally in Ay are
outside Ay at this point). This can be easily proved by induction on k. If k¥ = 1, then
clearly, before reaching an independent set with a token on ys, we will have to reach an
independent set with a token on vy, at which point there will be at most one token in A;.
Let us assume inductively that the statement is true for kK — 1. Suppose that through a
sequence of reconfiguration steps, we place a token on gs. Then we know by the inductive
hypothesis that there is some intermediate independent set in which there are at most k& — 1
tokens in Ag_;. Consider the first such independent set in the sequence of reconfiguration
steps. By the choice of this independent set, it is clear that there is a token on vy in this
independent set, which implies that there are no tokens on any other vertex of Ay \ Ap_1.
This means that there are at most k tokens in Ay in this independent set, and we are done.

Using the construction described above, one can create situations in which it does not
seem straightforward to determine whether a token is “trapped” within its block. For example,
in the situation shown in Figure 2, the token A can be moved out of the block in which it is
in, but determining that fact does not seem to be as easy as it is for the case of trees (the
reader is encouraged to try to find a sequence of token movements that can achieve this; one
such strategy is shown in Figure 6 at the end). It can be seen from a careful study of our
strategy, shown in Figure 6, that we are alternately “freeing up” more and more space on
the “left” and “right” sides of the graph by using the space that has already been freed up
on the other side. Each time, the newly created space allows us to place a token on one of
the four bottom-most vertices.

We hope that the strategy described above will serve as a motivational example for
understanding Algorithm 1, which is the major part of our polynomial time algorithm for
TS-IND-SET RECONFIG on block graphs. A sketch of the algorithm is as follows. Given a
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block graph G and a configuration of tokens occupying the vertices of an independent set [
of G, the algorithm determines for each branch of G how many additional tokens (relative
to the number of tokens in that branch in the starting configuration I') can be moved into
that branch by any sequence of token movements, assuming that any number of tokens can
actually be brought to enter the branch from other parts of the graph. Once these values are
obtained for each branch of G, we can use them to determine “rigid vertices” corresponding
to the independent set I, which are vertices on which a token can never be placed by any
sequence of token movements, starting from the configuration I (note that these are different
from the “rigid tokens” in [12]). We then show that similar to the algorithm of Demaine et
al. [12] for trees, two independent sets I; and I in a block graph are reconfigurable between
each other if and only if the set of rigid vertices for each of these independent sets is exactly
the same, and in the graph obtained by the removal of the rigid vertices, each connected
component contains an equal number of tokens in both Iy and I5.

Note that the above description of the algorithm is only intended to develop intuition;
we now give the formal definitions of the concepts that were alluded to above, which will
enable us to state our algorithm and prove its correctness rigorously.

Note. Due to space constraints, most of the intermediate lemmas required for proving
the correctness of the algorithm have been stated without proofs. Please refer to the full
version [15] of this paper for their proofs.

2 Notations and preliminaries

As usual, we let V(G) and E(G) denote the vertex set and edge set of a graph G. An
edge between vertices u,v € V(G) is denoted as uv. For S C V(G), we denote by G — S
the graph obtained by removing the vertices in S from Gj; i.e. V(G —S) =V(G)\ S and
E(G-5) = E(G)\{uv € E(G): u € S}. Similarly if F C E(G), then we denote by
G — F the graph obtained by removing the edges in F from G; ie. V(G — F) = V(G)
and E(G—F) = E(G)\ F. For S C V(G), we let G[S] = G — (V(G) \ S). The graph
G[S] is commonly known as the “subgraph that is induced in G by S”. A subgraph H of
G is said to be an induced subgraph of G if H = G|[S] for some S C V(G). For a graph G
and u € V(G), we denote by Ng(u) the neighbourhood of v in G. For S C V, we define
Ng(S) = Uyes Na(v) \ S. When H is a subgraph of G, we abbreviate Ng(V (H)) to just
Ng(H).

2.1 Reachability

Let G be a graph. We define a binary relation — on the set of independent sets of G which
has the property that for two independent sets I; and I of G, we have Iy — I if and
only if I; can be transformed into I using at most one token movement. Formally, for two
independent sets I, Is of G, we say that “I; — I5” if one of the following holds:

Il = IQ, or

31}1,1}2 S V(G) such that I; \12 = {’Ul}, I \ I = {UQ} and vivy € E(G)
Note that the relation — is symmetric and reflexive. For independent sets I, I’ of a graph
G, we say that I’ is reachable from I in G if there exist independent sets Ig, I1, ..., Iy of G,
where k > 0, such that I = Iy — I} — --- — I, = I’. Clearly, the relation “is reachable
from” is an equivalence relation on the set of independent sets of G. Also, since the relation
— preserves cardinality, i.e. since |I;| = |I| if I; — I5, we have that two independent sets
of G that are reachable from each other are of the same cardinality.
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The decision problem TS-IND-SET RECONFIG is defined as follows.

TS-IND-SET RECONFIG

Input: A graph G, independent sets C1, C2 of G

Output: “Yes”, if C} is reachable from Cs in G,
“No”, otherwise

The following observations, which are implicitly assumed in the literature about the
token sliding independent set reconfiguration problem, are easy to see (see for example
Observation 4.1 in [1]).

» Observation 1. Let G be any graph and Iy, Iy be independent sets of G. Then I is
reachable from Iy if and only if I NV (H) is reachable from Io NV (H) for every connected
component H of G.

» Observation 2. Let G be any graph, H a subgraph of G, and I, Is be independent sets
of H. If I is reachable from Iy in H, then Iy is reachable from Iy in G.

2.2 Block graphs

A cut-vertez of a graph G is a vertex u € V(G) such that G — {u} has more connected
components than G. A block in a graph G is a maximal subgraph of G which is isomorphic to
a connected graph without any cut-vertices. For the sake of brevity of notation, we consider
a block as just the set of vertices that make up the block. Thus, for us, a block of a graph
G is a maximal set S C V(G) such that G[S] is a connected graph that does not have any
cut-vertices. A block graph is a graph in which each block is a clique. The following folklore
observation can be easily seen to follow from the definition of a block graph.

» Observation 3. If G is a block graph, then every induced subgraph of G is also a block
graph.

By Observation 1, it is enough to solve the T'S-IND-SET RECONFIG problem on connected
graphs. Let G be a connected block graph. Note that every vertex of G is contained in some
block of G. The vertices of G that are contained in more than one block are exactly the
cut-vertices of G. Every pair of adjacent vertices in G belongs to a unique block of G. We
denote by V¢ (G) the set of cut-vertices of G and by B(G) the set of blocks of G. It is easy
to see that if u € V(G) \ Veue(G), then there is a unique block in B(G) that contains u. For
any u € V(G), we denote by B, (G) the set of all blocks in B(G) that contain u. For any
B € B(G), we define Kg(G) = BN Vo (G), i.e. Kp(G) is the set of cut-vertices of G that
also belong to B.

A block graph is commonly represented by its block-tree which is a tree having vertex
set Veur(G) U B(G) and edge set {uB: u € Vot (G), B € B,(G)} (see Figure 3). It is folklore
that this definition indeed gives a tree (see for example Section 3.1 of [13]).

For a connected block graph G, let T(G) denote its block-tree with each undirected edge
replaced with a pair of directed edges, one pointing in each direction. Thus E(7(G)) =
{(u, B), (B,u): u € Vout (G), B € B,(G)}. For ease of notation we let Pg = E(T(G)). For
each p € P, we now define an induced subgraph G[p] of G as follows.

For u € Vot (G) and B € B,(G), we define G[(u, B)] (respectively G[(B,u)]) as the
connected component containing  in the graph G — {uv € E(G): v € B} (resp. G — {uv €
E(G): v ¢ B}). Clearly, G[(u, B)] and G[(B,u)] are connected graphs. By Observation 3,
we have that G[(u, B)] and G[(B,u)] are both block graphs. Most of the time, we abbreviate
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(b) Block tree of G

Figure 3 A block graph G having four cut-vertices a, b, c,d and seven blocks Bi, Ba, ..., Bz,
its corresponding tree representation and 7(G). In (b) and (c), the black vertices represent the
cut-vertices of G and the white vertices the blocks of G.

\\ T2
CUTR 6 77 “
(a) G (b) G[B, u] (¢) Glu, B|

Figure 4 A schematic diagram of a block graph G, and its two subgraphs corresponding to a
cut-vertex u and a block B containing wu.

G|[(u, B)] and G[(B, u)] to just Glu, B] and G[B, u] respectively (see Figure 4 for a schematic

diagram of an example block graph G and two induced graphs G[u, B] and G[B,u] of it).

We also abbreviate B, (Glu, B]) and Kp(G[B,u]) to Bg(u, B) and kg (B, u) respectively. We
omit the subscript G when the graph being considered is clear from the context.
We shall sometimes write just P instead of Pg, when the graph G is clear from the

context. Let G be a connected block graph, u € V,:(G), B € B,(G) and p € {(u, B), (B,u)}.

We say that u “is the base of p”. Further, if p = (u, B), then we let p = (B, u) and if
p = (B,u), then we let p = (u, B).

For p € Pg, a set C C V(G]p]) that is an independent set of G is called a p-independent
set of G. Further, we define C = C'\ {u}, where u is the base of p. For an independent set
S of G, we let S[p] denote V(G[p]) N S. Notice that for an independent set S of G, the set
S[p] is a p-independent set of G. Depending on the context, we shall sometimes consider a
p-independent set of G to be an independent set of G as well. Given an independent set (or

p-independent set) C of G, we say that a vertex u is under attack in C if Ng(u) NC # 0.

Note that if u € C, then u is not under attack in C.

3 Some definitions

We first define, for a connected block graph G and for each p € P, a non-negative integer
de(p) which we shall call the “depth” of p in G.

» Definition 4. Let G be a connected block graph and p € Pg. If p = (B,u), for some
u € Veur(G) and B € B,(G), and G[B,u] is a complete graph (equivalently, kg(B,u) =0),
then we define dg(p) = dg(B,u) = 0. Otherwise, we define:

31:7

FSTTCS 2025



31:8

Token Sliding Independent Set Reconfiguration on Block Graphs

1+ max{dg(v,B): v € kg(B,u)} if p= (B, u) for some u € Vet (G) and
dor(p) = B € B,(G)
G\P 1+ max{dg(B’,u): B’ € Bg(u,B)} if p=(u,B) for some u € Vou:(G) and
B € B,(G)

Note that as before, we abbreviate dg(p) to just d(p) when the graph G is clear from the
context.

Similarly, for each p € Pg, we define a Boolean value uag(p) inductively as follows.
(Intuitively, if uag(p) = True, it roughly indicates that the base u of p is under attack in
any p-independent set of G in which the tokens cannot be moved away from u so as to create
space in G[p] — {u} for more tokens to enter via w.)

» Definition 5. Let G be a connected block graph and p € Pg.
If dg(p) = 0 then we define uag(p) = True.
If p = (B,u) for some u € Vot (G), B € By(G), and dg(p) > 0, we define:

uag(p) = vag(B,u) = = /\ uag(v, B) A (B = kg(B,u) U{u})
Yvekg(B,u)

On the other hand, if p = (u, B) for some u € Vo' (G), B € By(G), we define:

uac(p) = vag(u, B) = \/ uag(B',u)
VB’€fq(u,B)

As before, we drop the subscript G from uag(p) when the graph under consideration is
clear from the context.

Note. While evaluating an arithmetic expression that contains Boolean values, we replace
all True values with 1 and all False values with 0.

Suppose that C is a p-independent set of a connected block graph G for some p € Pg.
We define the “capacity of C”, denoted by cap(C), inductively as follows. (Intuitively, the
capacity of a p-independent set roughly corresponds to the number of new tokens that can
be inserted via the base u of p into G[p] — {u} while ensuring that no token in G[p] — {u}
moves towards u.)

» Definition 6. Let G be a connected block graph, p € Pg and C a p-independent set of G.
If p= (B, u) for some u € Veut(G), B € B,(G), then we define:

cap(C) = Z cap(Clv, B]) + uag(p) — |BNC].

vEKG(P)

If p = (u, B) for some u € Vot (G), B € By(G), we define:

0 if B’ € By[p]: cap(C[B’,u]) =0
and uag(B',u) = True
cap(C) = Z (cap(C[B',u]) — vac(B',u))
B'efelp] otherwise

+uag(p)
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C; and C] which are not reconfigurable with each and C% which are reconfigurable with each other.
other. Here, cap(C1[Bu1, z3]) = cap(C1[B2,z3]) = Here, cap(C2[Bi,x3]) = cap(C2[B2,z3]) = 0,
0 and uaq, (B1,23) = uag, (B2, x3) = True. uag,(B1,23) = True and uag, (B2,x3) = False.

Figure 5 Effect of the parameters cap(C[p]) and uac(p) on reachability.

Figure 5 depicts how the parameters cap(C[p]) and uag(p), for some p € Pg, affect the
possibility of moving a token to the base of p. Consider the graph (G; and the independent sets
C1, C} in Figure 5a. In this example, the values cap(Ci[Bs, z3]) = 0 and uag, (Bs, x3) = True,
together impose some properties (see Lemma 1(ii) of [15]) on C1[B2, z3] that prevent the
token on x4 from reaching x3, which makes C; and C] not reconfigurable with each other.
Now consider the graph G2 and the independent sets Co, C} in Figure 5b. In G, since
uag, (B2, x3) = False, C3[Ba, x3] exhibits a different property (see Lemma 3 of [15]) that
allows the token on x4 to reach z3, and in turn xg, making C’ reachable from Cs.

» Observation 7. Let G be a connected block graph, p € Pa, and C a p-independent set
of G. If dg(p) = 0, then cap(C) =1 —|C].

Proof. From Definition 4, we know that there exists u € V., (G) and B € B,(G) such
that p = (B, u) and G[p] is a complete graph. Note that this means that V(G[p]) = B. It
follows directly from Definition 5 that uag(p) = True. From Definition 6 and the fact that
ka(p) = 0, we then have that cap(C) = 1 —|BNC|. Since V(G[p]) = B, we have BNC = C.
Thus cap(C) =1 —|C]|. <

Let G be a connected block graph. Let u € V¢, (G) and A C B,(G). We say that an
independent set C’ of G is (A, u)-reachable from an independent set C of G if there exists
independent sets Cy, C1,...,Cy of G, where k > 0, suchthat C = Cy - C; — -+ = C = '
and for each B € B,(G) \ A, Cy[B,u] = C1[B,u] = --- = Ci[B,u]. Observe that the
relation “is (A, u)-reachable from” is also an equivalence relation defined on the independent
sets of G. We shall write “(B,u)-reachable” as a shorthand for ({B}, u)-reachable and
“(u, B)-reachable” as a shorthand for (B,(G) \ {B},u)-reachable. Notice that if p € Pg,
and C,C’ are independent sets of G such that C’ is p-reachable from C, then there exist
independent sets Cg,Cq,...,C), where k > 0, such that C =Cy - C; — -+ = Cp, = C’
and Cy[p] = C1[p] = - -- = Ci[p].

» Lemma 8. Let Cy,C4,...,Ck, where k > 0, be independent sets of G such that Cy —
Cy— = C, and u € Vot (G). If u ¢ CoUCL U ---UCY, then for each B € B,(G), we
have |Cy|B,u]| = |Cx[B,ul|.

4 Potentials: the global perspective

» Definition 9. For a connected block graph G, and p € Pg, we define the potential of p with

respect to an independent set C of G, denoted by potc(C,p) = max{cap(C'[p]) + |C'[p]| —

|C[p]|: C" is an independent set of G that is reachable from C'}.
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Algorithm 1 The algorithm for computing potentials.

1 Procedure COMPUTE-POTENTIALS (G, C)

Input :A block graph G and an independent set C' of G
Output:y[p] € N, Vp € Pg
2 for p € Ps do
s | | ylpl«0
4 end
5 updated < True
6 while updated do
7 updated + False
8 for p € Pg do
9 Yy < ylp]
10 if p = (B, u), for some u € Vo, (G) and B € B, (G) then
11 y > y[u', Bl + vag(B,u) — | BN C[B,ul|
Vu'€rg(B,u)
12 end
13 else if p = (u, B), for some u € Vot (G), B € By (G), and
3B’ B" € B,(G) such that y[B',u] = y[B",u] =0 and
uag(B',u) = uvag(B",u) = True then
14 Ve Y (ylB 4] - uac(B, u)) + uag(u, B)
VB'€Ba(u,B)
15 end
16 if y[p] <y’ then
17 ylpl <o/
18 updated < True
19 break
20 end
21 end
22 end
23 return y

When the graph G is clear from the context, we sometimes abbreviate potg(C,p) to just
pot(C,p). We claim that the procedure COMPUTE-POTENTIALS, listed as Algorithm 1, when
given a connected block graph G and an independent set C of it, computes the value of
pota(C,p) for each p € Pg.

For the rest of this section, we assume that G is a connected block graph and C is an
independent set of G. For p € P, let x[p] denote the final value of the variable y[p] that is
computed by the procedure COMPUTE-POTENTIALS(G, C'). Our aim in this section will be
to prove that for each p € P, x[p] = pot(C, p).

Let us analyze Algorithm 1 in detail. Suppose that the while loop starting on line 6 gets
executed ¢ times in total during the execution of Algorithm 1. For each i € {1,2,...,¢} and
p € P, we let 49 [p] denote the value of the variable y[p] just before the i-th iteration of the
while loop starts. Since it is clear that no variable y[p], for p € P, is updated during the
last iteration of the while loop, it follows from the definition of x[p] that for each p € P,
yV[p] = x[p].

It is easy to see that the algorithm never decreases the value of a variable y[p], for any
p € P, and that exactly one of the variables y[p], for p € P, gets updated during every
iteration of the while loop other than the last iteration. Thus we have the following two
observations.
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» Observation 10. Let p € P. For 1 < i < j < t, yWD[p] < yY[p], and therefore,
x[p] =y [p] = yM[p] = 0.

» Observation 11. For cveryi € {2,3,...,t}, there exists p' € P such that y[p'] > y=D[p/]
and yp] =y~ V[p] for every p € P\ {p'}.

Consider the last iteration of the while loop. Since this is the last iteration of the while
loop, line 18 is not executed during this iteration. This means that the break statement of
line 19 is never executed during this iteration, which further implies that the for loop of
line 8 gets executed for every p € P.

» Lemma 12. For any u € Vot (G) and B € B, (G),

x[B,u] = Z x[u', B] + ua(B,u) — |BNC|[B,ul|
Vu'€r(B,u)

» Lemma 13. For any u € Vo (G) and B € B, (G),
if 3B, B" € B, (G) such that x[B',u] = x[B",u] = 0 and ua(B',u) = ua(B",u) = True,
then

X[u,B] =0
and otherwise,

x[u, B] = Z (X[B’,u] - ua(B/,u)) + ua(u, B)
VB'€B(u,B)

4.1 Time complexity of the algorithm
» Lemma 14. For any p € P, x[p] < |B(G[p])|.

Proof. We prove this by induction on d(p). For the base case, observe that if d(p) = 0,
then p = (B, u) for some u € V,,;(G) and B € B,(G), ua(B,u) = True, and G[B,u] is a
complete graph. Then we have by Lemma 12 that x[p] = 1— |BNC[B,u]| < 1= |B(G[B,u])|.
This proves the base case. For the inductive step, let us assume that for all p’ € P
such that d(p’) < d(p), the statement of the lemma is true. Suppose that p = (B, u)
for some u € Vot (G) and B € B, (G). Then from Lemma 12, we have that x[B,u] =
x[u', B] + ua(B,u) — |[BN C[B,u]|. Since d(u, B) < d(B,u) for all v’ € k(B,u),
Vu'€k(B,u)
we can use the induction hypothesis to conclude that x[B,u] < > |B(G[W, B)| +
Vu'€k(B,u)

B(G[, B])|. We

ua(B,u) —|BNC[B,u]|. It is easy to see that |B(G[B,u])| =1+
Vu'€k(B,u)

thus have that x[B,u] < |B(G[B,u])| — 1+ ua(B,u) — |BNC[B,u]| < |B(G[B,u])|. Next,
suppose that p = (u, B) for some u € V,:(G) and B € B, (G). Then we have by Lemma 13

that either x[u, B] = 0 or x[u, B] = > (X[B’7 u]—ua(B’, u)) +ua(u, B). In the former
VB’€p(u,B)
case, we are done since |B(G[u, B])| > 0. So we assume that x[u, B] = > (x[B’, u] —
VB'€f(u,B)

ua(B’, u)) +ua(u, B). Since d(B’,u) < d(u, B) for all B’ € 5(u, B), we have by the induction

hypothesis that x[u, B] < > (|B(G[B’, ul)| — ua(B’,u)) + wa(u, B). It can be seen
VB'€B(u,B)
from Definition 5 that if ua(B’, ) = True for any B’ € (u, B), then ua(u, B) = True. Since
S |B(G[B',u))| = |B(G[u, B))|, it follows that 3 (\B(G[B’, u])|—ua(B', u)) n
VB’€pB(u,B) VB’€pB(u,B)
ua(u, B) < |B(G[u, B])|. Thus, we get x[u, B] < |B(G[u, B])|, and we are done. <
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» Lemma 15. The procedure COMPUTE-POTENTIALS(G, C) runs in time O(|B(G)[*).

Proof. Let n = |V..+(G)| and m = |B(G)|. Note that an adjacency list representation
of the block tree of T(G) can be computed in O(|V(G)| + |E(G)]|) time [25]. Recall that
P = E(T(G)). Thus the operations like determining 8(u, B) and k(B,u), for some u €
Veut(G) and B € B,(G), become just adjacency checking operations on 7(G). From
Observations 10 and 11, it follows that the while loop of Algorithm 1 gets executed at
most ). .pX[p] times, which by Lemma 14 is at most [P|m times. It is not difficult to
see that |P| = 2|E(T(G))| = 2(n +m — 1). Thus, we have that the while loop gets
executed at most 2m(n +m — 1) times. As the for loop gets executed at most |P| times
inside each iteration of the while loop, and it takes O(n + m) time for one iteration
of the for loop, we can conclude that each iteration of the while loop takes time at
most O(|P|(n + m)) = O((n + m)?). Thus the total running time of the algorithm is
O(m(n +m)?) = O(m*) (since |B(G)| =m > n = |V (G)]). <

4.2 Proof of correctness

» Lemma 16. Let p € P. There exists an independent set C' of G that is reachable from C

such that cap(C'[p]) > x[p] and |C'[p]| = |C[p]|.

» Lemma 17. For every p € P and every independent set C' of G that is reachable from C,

we have x[p] > cap(C’[p]) + [C"[p]| — |C[p]l-
» Corollary 18. For each p € P, x[p] = pot(C,p).

Proof. Clearly, for each independent set C’ of G that is reachable from C, we have from

Lemma 17 that cap(C'[p]) + |C’[p]| — |Cp]| < x[p]. It follows that pot(C,p) < x[p]. From
Lemma 16, we have that there exists an independent set C’ of G that is reachable from C such

that cap(C’[p]) > x[p] and |C"[p]| = |C[p]|. Then we have that cap(C”[p]) + |C"[p]| — |C[p]| =
cap(C'[p]) > x[p]. This implies that pot(C,p) > x[p]. This completes the proof. <

By the above corollary, we can reword Lemmas 12, 13, and 16 as follows.
» Corollary 19. Let G be any connected block graph and C be an independent set of G.
(i) For any u € Vot (G) and B € B,(G),
pota(C,(B,u)) = Y pota(C, (v, B)) + uag(B,u) — |B N C[B,u]|
Vu'€rg(B,u)
(ii) For any u € Veus(G) and B € By(G),
if AB', B"” € By (G) such that potg(C, (B’ u)) = pot(C, (B",u)) =0 and vag(B’,u) =
uag(B”,u) = True, then
pote(C, (u,B)) =0
and otherwise,
pota(C, (u, B)) = Z (potg(C, (B',u)) — uag(B’, u)) + uag(u, B)
VB'€fc(u,B)

(iii) For each p € Pg, there exists an independent set C' of G that is reachable from C such
that cap(C'[p]) > pot(C,p) and [C[p]| = |7

Also, Lemma 15 can now be reworded as:

» Theorem 20. Given a connected block graph G and an independent set C of it, the
procedure COMPUTE-POTENTIALS(G, C) runs in time O(|B(G)|*) and computes the value
pota(C,p) for each p € Pg.
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5 Rigid vertices

Let G be a connected block graph and C be any independent set of G.

» Definition 21. A vertex u € V:(G) is said to be rigid for C, if there exist B, B’ € B, (G)
such that pote(C, (B,u)) = potg(C, (B’ ,u)) =0 and uag(B,u) = uag(B’,u) = True.

» Lemma 22. If u € V,;(G) is rigid for an independent set C' of G, then there does not
exist any independent set C' of G that is reachable from C for which u € C”.

» Lemma 23. Let u € Vo (G) such that u is not rigid for C and let B € B,(G). If u is
under attack in Clu, B] (i.e. |Ng(u) N Clu, B]| > 1), then there is an independent set C' of
G that is (u, B)-reachable from C such that |Ng(u) N C'[u, B]| = 1.

» Lemma 24. Let Cy and Cy be two independent sets of G and let W1 and Ws be the set of
cut-vertices of G that are rigid for Cy and Cs respectively. If Cy is reachable from C1, then
Wy = Ws.

Proof. Suppose for the sake of contradiction that Cy is reachable from C; and Wy # Ws.
We can assume without loss of generality that there exists u € Wi \ Ws. Then we know
that there exists B € B,(G) such that wag(B,u) = True, poteg(Ci,(B,u)) = 0, and
potc(Ca, (B,u)) > 1. By Corollary 19(iii), we have that there is an independent set C%
that is reachable from Cy such that cap(C4[B,u]) > potg(Ca, (B,u)) > 1. Since Cs is
reachable from Cj, we have that C} is also reachable from Cj. Then by Definition 9,
we get that cap(C4[B,u]) — |C4[B,u]| + |C1[B,u]| < potg(Ci, (B,u)) = 0, which implies
that |C4[B,u]| — |C1[B,u]| > 1. Let Dy, D1,..., Dy be independent sets of G such that
C1=Dy— Dy — - — Dy, =Ch. As |CL[B,u]| # |C1[B,u]|, we have from Lemma 8 that
there exists some i € {0,1,...,k} such that v € D;. Then D; is an independent set of G
that is reachable from C7 and contains the vertex u that is rigid for Cy. This contradicts
Lemma 22. <

6 Restricting to subgraphs

In this section, we show that given a connected block graph G and an independent set C
of it, there are certain kinds of induced subgraphs H of G having the property that each
potential of H has the same value as it had in G.

For this section, we assume that G is a connected block graph and C' is an independent
set of G. Let a € Vot (G) and A € B,(G). Let H = G — V(GJa, A]). Tt is easy to see that H
is a connected block graph. Observe that B(H) = (B(G[A,a]) \ {A}) U (A\ {a}) if |4] > 2
and B(H) = B(G[A,a]) \ {4} if |A] = 2. Observe that Vey:(H) C Veur (G). We now define a

function fr,.q : B(H) — B(G). For each B € B(H), we define fy q(B) € B(G) as follows.

If |A| = 2, then we simply define fi,¢(B) = B for all B € B(H). Otherwise, there exists a
unique block A’ € B(H) such that A’ C A. Then we define fy ¢(B) as follows: we define
fa.c(A") = A, and for every B € B(H) \ {A’}, we define fy ¢(B) = B. It is easy to verify
that for all B € B(H), fu,c(B) is well defined and fg ¢(B) € B(G). For (u, B) € Py, we
abuse notation and define that fg ¢(u, B) = (u, fir,q(B)), and for (B,u) € Py, we similarly
define fu,¢(B,u) = (fu,c(B),u).

» Lemma 25. Ifa ¢ C, potg(C,(a,A)) =0 and vag(a, A) = True, then for each p € Py,
we have uag (p) = uac(fu,c(p)) and poty (C NV (H),p) = potc(C, fu,c(p))-
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7 Putting the pieces together

» Lemma 26. Let G be a connected block graph and C be an independent set of G. Let H
be a connected component of the graph obtained by removing all vertices of G that are rigid
for C. Then there are no vertices in H that are rigid for CNV(H).

» Lemma 27. Let G be a connected block graph and Cv,Cy be independent sets of G. If no
cut-vertex of G is rigid for C1 or Ca, and |C1| = |Cs|, then Cq is reachable from C;.

Proof. We prove this lemma using induction on |C;| = |C3] = r. As the base case, we
assume that » = 1. Let C1 = {u} and Cy = {v}. Suppose that P = wyws...wy is a path
from u to v in G such that w; = v and wy; = v. Since G is connected, P is guaranteed to
exist. Let D1 = Cy. Fori € {2,3,...,k}, we define D; = (D;_1 \ {w;—1}) U {w;}. Clearly,
Cy=D1— Dy — --- — D = Cs, and hence (5 is reachable from C;. This proves the base
case.

For the inductive step, we assume that if no cut-vertex of G is rigid for independent sets
C{ and C} of G, and |C1| = |C}%| < r, then C} is reachable from C7. Now, let us prove the
lemma for Cy and C3. We claim that there exists | € V.,:(G) such that there exists at most
one B € B;(G) having kg(B,!1) # (. Indeed, we can choose as [ an endpoint of a longest path
in G whose both endpoints are cut-vertices of G. Choose as L a block from B;(G) \ {B}.
Note that G[L,l] is a complete graph. Let h € L\ {l}. First, we define independent sets
S1,55 of G such that h € §1 NSy, Sy is reachable from C4, and S is reachable from Cs.

Let i € {1,2}.

If h € C;, then we simply define S; = C; and we are done. So we assume that h ¢ C;.
Since Ng(h) C L, we know that [Ng(h) NC;| < 1. Thus, if there exists v € Ng(h) N C;,
then S; = (C; \ {v}) U{h} is an independent set of G such that C; — S;, and we are done.
So we assume that ({h} U Ng(h)) N C; = 0, or in other words, every vertex in C; is at a
distance of at least 2 from A in GG. Choose a vertex v € C; for which the distance between v
and h in G is as small as possible. Let P = wyws ... wy be the shortest path from v to h in
G such that w; = v and wy, = h (thus the distance between v and h in G is k — 1). Note
that by our assumption, we have k > 3. Since G is a block graph, it can be easily seen that
{wa,ws, ..., wp—1} C Vot (G), and also that wi_q = . If for some j € {3,4,...,k}, there
exists a vertex & € Ng(w;) N C;, then zwjwj41 ... wy is a path in G between x and h having
length k£ — j + 1. Then z is a vertex in C; such that the distance between it and h in G is
smaller than the distance between v and h in G, which contradicts the choice of v. Therefore,
wj is not under attack in C;, or in other words N¢(w;) N C; =0, for any j € {3,4,...,k}.

Let X € B(G) such that X contains the edge wows. Notice that wy is under attack in
Ci[we, X] (as w1 € C;). By Lemma 23, there exists an independent set D that is (wg, X)-
reachable from C; such that |Ng(ws2) N D]ws, X|| = 1. Let Ng(ws) N Dws, X] = {y}.
Observe that yws ... wy is a path from y to h = w in G. As D[X, ws] = C;[ X, ws], we have
that Ng(w;)ND = 0 for each j € {3,4,...,k}. Let Dy = D and Dy = (D1 \ {y})U{ws}. For
Jj€{3,4,...,k}, we define D; = (D;_1 \ {wj—1}) U{w;}. It follows from the observations
above that each of Dy, Ds,..., Dy is an independent set of GG, and we also clearly have
D =Dy — Dy — ---— Di. We define S; = Di. Then S; is reachable from D, and hence
also from C;. We also have h = wy, € Dy, = S;.

Recall that | = wg_1. Thus | € Dy_4, and since Dp_1 — Dj = S;, we have that
Ng(l) n'S; = {h}. This implies that S;[l, B] = {h} (recall that B € B;(G) such that
ka(B,l) #0). Let H= G — V(G[l, B]). Clearly, H is a connected block graph. Note that
we can define a function fy g : Py — Pg as described in the beginning of Section 6. Since
each B’ € B4 (l, B) is a complete graph, we have by Observation 7 that uag(B’,1) = True,



M. C. Francis and V. Prabhakaran

and so in particular uag(L,l) = True. Since h € S;, this implies by Corollary 19(i) that
potc(S;, (L,1)) = 0. Moreover, since S;[l, B] = {h}, we have that for each B’ € (I, B)\{L},
|S;[B’,1] N B’| = 0, which implies by Corollary 19(i) that potg(S;, (B’,1)) = 1. Further,
we get by Definition 5 that uag(l, B) = True, which implies by Corollary 19(ii) that
pote(Si, (I, B)) = 0. Therefore, since [ ¢ S;, we get by Lemma 25 that for each p € P,
uay (p) = uac(fu,c(p)) and poty (S; NV (H),p) = potc(S;, fu,c(p))-

Since S; is reachable from C; and no vertex is rigid for C;, by Lemma 24 it is clear that
there does not exist a vertex that is rigid for S;. This implies that for each u € V,:(G),
there does not exist B, B € B, (G) such that potg(S;, (B’,u)) = pota(S;, (B”,u)) = 0 and
uag(B',u) = uag(B”,u) = True. From our previous observation that for each p € Py,
wan(p) = uag(fr.c(p)) and poty(Si N V(H), p) = pota(Si, fira(p)), we get that for each
u € Vet (H), there does not exist B’, B” € B, (H) such that poty(S; N V(H), (B’ u)) =
potp(S; NV (H),(B"”,u)) =0 and uag(B’,u) = vay(B"”,u) = True. This implies that in
the graph H, no cut-vertex is rigid for the independent set S; NV (H) of H.

We thus have that no cut-vertex of H is rigid for either of the independent sets S1 NV (H)
or SsNV (H) of H. Further, since |S1| = |C1| = |C2| = |S2| = r and S1[l, B] = S2[l, B] = {h},
we have |S1 NV (H)| = |Se NV (H)| = r — 1, which implies by the induction hypothesis that
in H, SoNV(H) is reachable from S; NV (H). This implies that there exist independent sets

Ry, Ry, ..., R, of H, where ¢ > 0, such that SNV (H) = Ry — Ry — --- = R, = SoNV (H).

For each j € {0,1,...,q}, since Ng(h) N V(H) = 0, it is clear that R} = R; U {h} is an
independent set of G. It is easy to see that for each j € {0,1,...,¢ — 1}, since R; — R,
we also have R; — R’ ;. Moreover, as Si[l, B] = S3[l, B] = {h}, we have R} = S; and
R;, = S3. Hence, we get S; = Ry — R} — --- — Rj = Sy, which shows that Sy is reachable
from S;. Since we have already showed that Sy is reachable from C; and S; is reachable

from Cs, we get that Csy is reachable from C;. Hence, we are done. <

» Theorem 28. Let G be a block graph and let Cy,Cy be independent sets of G. Let W1, Wy
be the set of vertices of G that are rigid for C1,Cy respectively. Then C4 is reachable from
Cy if and only if W1 = Wy, and for every connected component H of G — W1, we have
[CiNV(H)|=|ConV(H).

Proof. First, we prove the forward direction for which we consider the contrapositive
statement. Suppose either W7 # W5 or there exists a connected component H of G — W,
such that |C1 NV (H)| # |Co NV (H)|. If W1 # Wa, then by Lemma 24 we have that Cy is
not reachable from Cy and we are done in this case. Hence, we assume that W; = W5 and

that there exists a connected component H of G — W7 such that |C; NV (H)| # |Co NV (H).

Suppose for the sake of contradiction that C; is reachable from C5. Then, there exists

independent sets Dg, D1 ..., Dy, where k > 0, such that Cy = Dy — D1 — --- — Dy = (5.

Let j = min{i € {0,1,...,k}: |[D; N V(H)| # |C1 NV (H)|}. Then clearly, we have j > 0
and |D;_1 NV (H)| = |Ci NV (H)|. Since D;_1 — Dj, there exists uv € E(G) such that
(Dj—l \ D]) U (DJ \Dj—l) = {’LL,’U}. As |D] n V(H)‘ 7é |Dj_1 n V(H)|, it must be the case
that one of u,v is in V/(H) and the other is not in V(H). Without loss of generality, assume
that u € V(H) and v ¢ V(H). Since uv € E(G), it follows that v € Ng(H). Since H is a
connected component of G — W7, we now have that v € Wy, or in other words, v is rigid for
C1. This means that one of D;_1, D; is an independent set of G that is reachable from C;
that contains a vertex that is rigid for C;. This contradicts Lemma 22.

Next, we prove the reverse direction. Suppose that W; = W5 and for every connected
component H of G — Wi, we have |C;y NV (H)| = |Co NV (H)|. By Lemma 26, we have
that each connected component H of G — W; has no vertex that is rigid for Cy NV (H) or
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Cy NV (H). For each connected component H of G — Wy, since |C1 NV (H)| = |Co NV (H)|,
applying Lemma 27 to H and the independent sets C1 NV (H) and Co NV (H) of H, we can
conclude that C; NV (H) is reachable from Co NV (H) in H. Moreover, by Lemma 22, we
know that Wi N Cy = Wi N Cy = B, which implies that C1,Cy C V(G — W1). It now follows
from Observation 1 that C is reachable from C5 in G — W7, and then from Observation 2
that C is reachable from C5 in G. <

» Corollary 29. TS-IND-SET RECONFIG is polynomial time solvable on block graphs.

Proof. Counsider an input instance (G, Cy, Cy) of the TS-IND-SET RECONFIG problem, where
G is a block graph and C, Cy are independent sets of G. We can assume that the input
block graph G is connected, as otherwise, we can simply solve the problem on each connected
component of G (Observation 1). Note that this means that |V(G)| < |E(G)|. We first run
COMPUTE-POTENTIALS(G, C1) and COMPUTE-POTENTIALS(G, C3) to compute potg(Ch,p)
and pote(Cz,p) for all p € Pg. By Theorem 20, this can be done in O(|B(G)|*) time. It is
easy to see that once the potentials with respect to C; and Cs have been computed, the
set of vertices that are rigid for C; and the set of vertices that are rigid for Cy can both be
determined, and the equality of these sets checked, in O(|V(G)| + |E(G)|) = O(JE(G)|) time.
If the set of vertices that are rigid is not the same for both C; and C5, we can return “No”
since we know by Theorem 28 that C5 is not reachable from C;. Otherwise, we remove the
(common) set of rigid vertices for both C; and Cs to obtain a graph G’ — this can be done
in O(|[V(G)| + |E(G)|) = O(|E(G)|) time. Clearly, in O(|E(G)|) time, we can determine
the connected components of G’ and also determine if |C; NV (H)| = |C2 NV (H)| for each
connected component H of G’. We return “No” if there exists some connected component H
of G’ such that |C1NV(H)| # |CoNV (H)|, and otherwise we return “Yes”. From Theorem 28,
it follows that our algorithm returns “Yes” if and only if the independent set Cy of G is
reachable from C;. Clearly, this algorithm runs in time O(|B(G)|*). This completes the
proof. <

8 Conclusion

Although Corollary 29 tells us that there is a polynomial time algorithm that can determine
whether two independent sets in a block graph are reconfigurable with each other, that
algorithm does not produce a reconfiguration sequence between the two independent sets. In
fact, it is not even clear whether there is a reconfiguration sequence of polynomial length
between any two independent sets in a block graph that are reconfigurable with each other.
It was shown in Brianski et al. [10] that for any two independent sets that are reconfigurable
with each other in an interval graph, there is a reconfiguration sequence of length O(n?3)
between them (where n is the number of vertices in the graph). For trees, it is shown in
Demaine et al. [12] that any two independent sets that are reconfigurable with each other
have a reconfiguration sequence of length O(n?) between them.
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