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—— Abstract

The problem of computing distances of error-correcting codes is fundamental in both the classical
and quantum settings. While hardness for the classical version of these problems has been known
for some time (in both the exact and approximate settings), it was only recently that Kapshikar
and Kundu showed these problems are also hard in the quantum setting. As our first main result,
we reprove this using arguably simpler arguments based on hypergraph product codes. In particular,
we get a direct reduction to CSS codes, the most commonly used type of quantum code, from the
minimum distance problem for classical linear codes.

Our second set of results considers the distance of a graph state, which is a key parameter for
quantum codes obtained via the codeword stabilized formalism. We show that it is NP-hard to
compute/approximate the distance of a graph state when the adjacency matrix of the graph is
the input. In fact, we show this is true even if we only consider X-type errors of a graph state.
Our techniques moreover imply an interesting classical consequence: the hardness of computing or
approximating the distance of classical codes with rate equal to 1/2.

One of the main motivations of the present work is a question raised by Kapshikar and Kundu
concerning the NP-hardness of approximation when there is an additive error proportional to a
quantum code’s length. We show that no such hardness can hold for hypergraph product codes.
These observations suggest the possibility of a new kind of square root barrier.
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1 Introduction

1.1 Quantum and classical distance problems

Scalable, fault-tolerant quantum computation is expected to require families of quantum
error-correcting codes with larger and larger distance parameters, and CSS codes — introduced
in [9] and [25] — provide a powerful and well-studied framework for building such families.
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In both the classical and quantum settings, it is a problem of fundamental importance to
understand how best to compute distances of codes. Recently, Kapshikar and Kundu [19]
showed that it is NP-hard to compute the distance of CSS codes, both in the exact sense and
in various approximate senses (with various notions of polynomial-time reduction). Their
proof relies heavily on the codeword-stabilized (CWS) framework, where a quantum code on
n-qubits is defined using a graph G on n-vertices and a binary classical code C' of length
n. The goal of the present paper is to study the hardness of other related metrics for CWS
codes, namely the minimum graph state distance associated with the graph G. To do this, we
consider a problem in classical coding theory, which we refer to as the MINDISTDUALDIST
problem, and then prove its hardness. The latter problem seems to be of independent interest
as it also provides the hardness of computing the distance of classical codes with rate equal
to 1/2. Along with it, we provide simpler proofs of the results in [19] and try to shed light
on the hardness of approximating distances with an additive error that is proportional to
a code’s length. In particular, the constructions used in the reduction of [19] hint at the
possibility of a new kind of “square-root barrier” that we aim to better understand.

Before stating our results, let us first recall some of the basic notions of quantum and
classical codes (if only to set notation), as well as formulate the precise distance problems that
interest us. Despite being examples of quantum codes, CSS codes are defined using certain
pairs of classical codes, so we review classical codes first. (Perhaps the most important
insight of the early efforts on quantum error correction was that one can reduce the problem
of their construction to certain slightly unusual constructions with classical codes.)

A (classical, binary) code C of length n is any subset C' C FJ, where Fo = {0,1} is the
binary field and FZ the n-dimensional Fo-vector space consisting of all row vectors of length n.
If C < F% is a linear subspace, then we call C a linear code. All classical codes considered
in this paper will be linear, and so we will often not use the word “linear” when we should.
The two most important parameters of a classical code are its dimension k def dimp, C and
its distance

d = min{dg (z,y) | 2,y € C.x # y} = min{dy(2,0) |z € C,z # 0},

where dy(z,y) f {i € [n] | ; # yi}| is the Hamming distance between vectors in F§. A
classical linear code with such parameters is called an [n, k, d] code.

There are two standard ways to present a classical linear code: with a generator matriz G,
or with a parity-check matrix H. The former is any binary matrix whose row space equals
C, while the latter is any matrix whose kernel equals C' — or, more precisely (due to the
difference between row and column vectors),

C={zxecFy|Hz" =0}

For a given parity-check matrix H, we let C(H) denote the code corresponding to H.
Parity-check matrices can be converted to generator matrices, and vice versa, in polynomial
time. Moreover, when convenient, we may assume without loss of generality that the
parity check matrix H of a [n,k,d] code is a (n — k) x n matrix (in particular, has full
rank n — k). A natural way of specifying a parity-check matrix H is via the systematic
form where H = [I,, 1 : Pl—i)x k).t Given the parity-check matrix in systematic form,
G= [ng(nik) : Ij;] will be a generator matrix for C.

The problem of calculating the distance of a classical code from its parity-check matrix
has the following standard decision variant.

! For matrices A and B with equal number of rows, [A:B] refers to their augmented matrix
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Classical Minimum Distance Decision Problem (MINDIST)
]an—k)xn

Instance: A binary matrix H €
Output: YES if d <t. NO otherwise.

and a non-negative integer t.

There are also important approximation variants of MINDIST, either with a multiplicative
error or an additive error. The decision variants of these are most conveniently formulated
as promise problems with a gap. Let v > 1 and 7 > 0.

Classical Minimum Distance Decision Problem with Multiplicative Gap
(MuLTGAPDIST,)

Instance: A binary matrix H € ]F;’*kxn and a non-negative integer ¢.
Promise: Either d <t or d > ~t.

Output: YES if d <t. NO if d > ~t.

Classical Minimum Distance Decision Problem with Additive Gap ™
(ADDGAPDIST, )

Instance: A binary matrix H €
Promise: Either d <tord>t+ mn.
Output: YES if d <t¢. NO if d > t + n.

]F;—an and a non-negative integer t.

All three of these problems have been studied extensively, but the first two have received
the most attention. The question of the complexity of MINDIST was first raised in 1978 [2],

and Vardy eventually showed that MINDIST is NP-hard via deterministic Karp reduction [27].

Dumer, Miccancio, and Sudan later showed that MULTGAPDIST, and ADDGAPDIST, are
both NP-hard under RUR reduction for all v > 1 and some 7 > 0 [14]. In the meantime, there
have been various improvements [10, 1, 23, 4, 3], and it is now known that MULTGAPDIST,
is NP-hard under deterministic Karp reduction. Remark 15 of [3] indicates that there is now
a deterministic proof of the relatively near codeword problem in a specific parameter regime,
but this does not appear to give the necessary result to derandomize the RUR reduction of [14]
in the case of additive gaps (which goes through RNC). Nevertheless, Xuandi Ren kindly
explained to us that the methods of [3] are in fact sufficient to show that ADDGAPDIST; is
NP-hard under deterministic Karp reduction for some 7 > 0 [24].

We need one more notion from classical codes before we can properly introduce CSS
codes. Given a classical code C of length n, the dual code C*+ is another length n code
defined as follows:

oL def {d €eF3|{(c,c) =0, forall ce C}

where (¢/, ¢) is the usual Fy dot product. It is easy to see that a generator matrix for C' is a
parity-check matrix for C*. In particular, if H is any parity-check matrix of a code C' and
G is a generator matrix for C, then HGT = 0.

We are finally ready to briefly recall the description of quantum CSS codes.

To start, let us note that, in general, a quantum error correcting code of length n is any
C-linear subspace C of the Hilbert space of n qubits (C?)®".2 Similar to the classical setting,
the minimum distance dg of a quantum error-correcting code is defined to be the minimum

2 Thus, naively, every quantum error correcting code is “linear.” However, the more important distinction
in the quantum setting is between “additive” and “non-additive” codes. Additive quantum codes are
understood as the proper quantum analog of linear classical codes, and non-additive quantum codes
as the analogs of non-linear classical codes. We will not get into the details of this distinction here,
except to note that all Pauli stabilizer codes are additive, and CSS codes are an important special case
of Pauli stabilizer codes.
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number of qubits where non-trivial errors must occur in order to effect a non-trivial logical
error on the code-space. We call a quantum code of length n, with dim¢ C = K and distance
d a ((n, K,d)) quantum code. If K = 2¥ happens to be a power of 2, then we call k the
number of logical qubits in the code, and call the code a [[n, k, d]] quantum code.

The seminal works [9] and [25] showed how to build certain quantum error-correcting
codes — now called CSS codes — using any pair of classical binary linear codes (C1,C2)
with C3- < Cy. If Oy and Oy have parameters [n, k1, d;] and [n, k2, ds], then the CSS code
CSS(C1,Cy) has parameters [[n, k1 + k2 — n, dg]] where

do ¥ min{wty(a) 1 a € (C1\ CF)U(Cy\ CF)}

is the (quantum) distance of C'SS(Cy,Cs). If the parity check matrices of Cy and Cy are
Hy and Hs,, then the condition that C’; < (U is equivalent to to the condition H1H2T =0,
and we will write CSS(Hy, Hy) to mean CSS(C1,Cs), and may refer to H; and Hy as the
quantum parity-check matrices of the CSS code.

The quantum distance problems of primary interest in this work are the CSS analogs of
the classical problems MINDIST, MULTGAPDIST and ADDGAPDIST. Generalizing the first
two is completely straightforward. As before, let v > 1.

CSS Minimum Distance Decision Problem (CSSMINDIST)

Instance: Hx € Fy " *™ and Hy € Fy~**" with Hx HY = 0, and a non-negative
integer t.

Output: YES if dg <t. NO otherwise.

CSS Minimum Distance Decision Problem with Multiplicative Gap
(MuLTGAPCSSDIST,)

Instance: Hx € Fy " *" and Hy € Fy~**" with Hx HY = 0, and a non-negative
integer t.

Promise: Either dg <t or dg > ~7t.

Output: YES if dg <t. NO if dg > ~+t.

There is an important subtlety in generalizing ADDGAPDIST to the CSS setting. We need
two parameters for the problem: 7 > 0 as before and a new € > 0.

CSS Minimum Distance Decision Problem with Additive Gap mn®
(ADDGAPCSSDIST, ()

Instance: Hx € Fy " *™ and Hy € Fy~**" with Hx HS = 0, and a non-negative
integer t.

Promise: Either dg <t or dg >+ 7n°.

Output: YES if dg <t. NO if dg >t + m™n".

As far as we are aware, the work of Kapshikar and Kundu [19] is the first to study
these three problems explicitly, and they showed each is NP-hard. More precisely, they
showed that CSSMINDIST is NP-hard under Karp reduction, MuLTGAPCSSDIsT,, is NP-
hard under polynomial-time RUR reduction for every v > 1, and there exists a 7 > 0 such that
ADDGAPCSSDIST, . is NP-hard under polynomial time RUR reduction for every € < % In
fact, thanks to [10, 1, 3], their work is sufficient to establish that MuLTGAPCSSDIST, is NP-
hard under deterministic Karp reduction. Similarly, [3, 24] imply that ADDGAPCSSDIST, .
(for some 7 and all € < 1) is hard under deterministic Karp reduction. We summarize these
results:
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» Theorem 1 ([19]). Each of the following is NP-hard under Karp reduction:
CSSMINDIST
MuLTGAPCSSDIsT, for all v > 1
ADDGAPCSSDIST, , for each 0 < € < 3 and some 7 > 0 (depending on €)

Intriguingly, there are as yet no known hardness results for ADDGAPCSSDIST, . when
% < € < 1. We initiated the present work as a step towards attempting to resolve this
matter, and include extensive discussion in Section 5. The reader is particularly encouraged
to consider Proposition 22 in Subsection 5.1 after reading the next subsection.

1.2 Our results

Our first main result, presented in Section 3, is a new proof of Theorem 1. Where Kapshikar
and Kundu employ the codeword stabilized (CWS) formalism introduced in [12], we employ
the hypergraph product (HGP) construction of Tillich and Zémor [26]. We quote directly
from Kapshikar and Kundu in order to identify the basic difficulty that must be overcome in
order to reduce the classical MINDIST problem to the quantum CSSMINDIST problem:

Note that, due to the orthogonality condition on CSS codes, one can not use an
arbitrary pair C, Cs. If we want to reduce the classical minimum distance problem,
starting with C7, we need to find a code Cs, such that, Cs satisfies the orthogonality
condition and has minimum distance not less than C;. One way to get around this
is to use self-dual (or weakly self-dual) classical codes in the CSS construction. But
it is not clear whether the hardness result for classical codes still holds under the
restriction that the code is self-dual (or weakly self-dual) [19].

We now compare and contrast the two constructions.

On one hand, the great insight of [19] is that one can go around the above obstacle by
using the CWS formalism — rather than CSS codes — to build a (non-CSS) Pauli stabilizer
code CWS(C, @) on n qubits in a way that combines a classical linear code C' with a graph G,
with no restrictions on C' and G other than that the number of vertices in G equal the length
of C. With some additional deterministic polynomial time overhead, this Pauli stabilizer
code can then be converted to a CSS code with the same parameters [5]. The delicate part
when using this construction to reduce MINDIST to CSSMINDIST is then the choice of the
graph G. For the CWS code based on C' and G, the quantum distance dg is known to satisfy
the inequality dg < min{d, dg} where d is the classical distance of C' and d¢ is the minimum
graph state distance

dc def min{wty(z V 2) : Agz” = zT}

(here Ag is the adjacency matrix of G). The reduction from MINDIST to CSSMINDIST
in [19] ultimately succeeds by combining an input code C' to MINDIST with a graph G
from a very special family of Cy-free graphs introduced in [15] that appear to be close to
“optimal” [16]. With such a carefully chosen G, one gets that the quantum distance dg of
CWS(C,G) equals the classical distance d of C, which implies Theorem 1.

On the other hand, rather than combine a graph with a classical code, the hypergraph
product code construction can combine any two classical linear codes (of any lengths) in
a way that directly yields a CSS code [26]. Specifically, if H; and Hy are the parity-check
matrices for Cy and Cy, then the hypergraph product code HGP(Hy, Hy) is the CSS code
with quantum parity check matrices H| and H} defined as follows:

H Y Her 190, H<¥IeoH,:H o1
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It is straightforward to verify that Hj(H%)? = 0, and hence, this defines a valid CSS code.
Moreover, if H; and Hs have full rank and C; and Cy have parameters [ng, ki,d;] and
[na, k2, da], then [26] show that HGP(H;, Hy) is a code with parameters

[[nlng + (n1 — kl)(ng — kg), k1ks, min{dl, dg}”
Put succinctly, when given full rank classical parity-check matrices, we have
HGP([nl, kl,dﬂ, [TLQ, kQ, dg]) = [[nlng + (m — kl)(TLQ — ]fg), klkg,min{dl,dg}]] (1)

Our proof of Theorem 1 is then hardly delicate: given a classical code C; with parity check
matrix Hy, we choose Hs simply to be the parity-check matrix of a repetition code of an
appropriate length. The details are in Section 3. The basic idea is similar in spirit to the
tensor-based techniques of [1] used to establish a deterministic reduction for the classical
MurLTGAPDIST problem.

Before moving on to our other results, we note that the HGP construction is an important
technique, as it was the first to break the square root barrier of distance at a constant rate.
This construction was thus an important precursor to a long line of works that culminated
in the proof of existence of “good” quantum LDPC codes [6], [20] and [13], and so it is
desirable to have direct methods for exhibiting the intrinsic hardness of problems involving
HGP codes.

Our second main set of results are related to graph state distance itself, which, as we
already saw, is an important primitive in the CWS code construction. More generally, graph
states have applications in quantum secret-sharing, quantum metrology and even quantum
error-correction. They are extensively studied in [22], [18], [7], for example. While their
precise definition is not so important for the present work, we note here that a graph state is
a kind of Pauli stabilizer state, and thus can be understood as a quantum code that encodes 0
logical qubits (in other words, a single fault-tolerant quantum state). For interested readers,
we include some details in Section 2.

A trivial upper bound on the minimum distance of the graph state corresponding to a

graph G = (V, E) is d¢ def mi‘r/l deg(v) + 1. However, it can happen that dg < d¢. Indeed,
ve

consider the graph G = (V, E) one gets by removing a single edge — say, {v1,v,} — from the
complete graph K, on n vertices. Then é¢ =n — 1, but dg = 2.

With these observations in hand, it is natural to consider the following distance problems
for graph states.

Graph State Minimum Distance Decision Problem (GRAPHMINDIST)
Instance: The adjacency matrix Ag of a simple graph and a non-negative integer t.
Output: YES if dg < t. NO otherwise.

Graph State Minimum Distance Decision Problem with Multiplicative Gap ~
(MULTGAPGRAPHDIST,)

Instance: The adjacency matrix Ag of a simple graph and a non-negative integer t.
Promise: Either dg <t or dg > ~t.

Output: YES if dg <t and NO if dg > ~t.

Graph State Minimum Distance Decision Problem with Additive Gap 7n¢
(ADDGAPGRAPHDIST;, )

Instance: The adjacency matrix Ag of a simple graph and a non-negative integer t.
Promise: Either dg <t or dg >t + ™n€.

Output: YES if dg <t and NO if dg >t + m™n°.
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» Theorem 2. FEach of the following is NP-hard under Karp reduction:
GRAPHMINDIST
MuLTGAPGRAPHDIST, for all v > 1
ADDGAPGRAPHDIST, ( for each 0 < € < % and some T > 0 (depending on €)

Interestingly, even computing the promise version of GRAPHMINDIST where z = 0 is
NP-hard. More precisely, define the graph state X-distance dx g by

dx.a def min{wty(x) : x € F3, AgzT = Opx1}-

We can then define decision problems GRAPHMINDISTY, MULTGAPGRAPHDIST? and
ADDG‘APGRAPHDISTif6 exactly as before, but with dg replaced by dx .

» Theorem 3. FEach of the following is NP-hard under Karp reduction:
GRAPHMINDIST®
MULTGAPGRAPHDIST] for all v > 1
ADDGAPGRAPHDIST?.{€ for each 0 < e < % and some T > 0 (depending on €)

Unlike our proof of Theorem 1, our proofs of Theorems 2 and 3 do not use the hypergraph
product construction. Instead, we use the tensor product of codes, together with the fact
that simultaneously minimizing the distance of a (classical) code and its dual — a problem
we call MINDISTDUALDIST and define formally below — is hard. To prove this latter fact,
we use an interesting recent construction of codes whose distance and dual distance are
both “large” [21]. See Lemmas 17 and 18 for details. The hardness of MINDISTDUALDIST
furthermore implies another result in classical coding theory: the problem of bounding the
distance of binary codes with rate equal to 1/2 is NP-Complete. To the best of our knowledge
this does not appear in any earlier literature.

1.3 Organization

Section 2 briefly reviews the the Pauli stabilizer formalism and more carefully defines graph

states. This section is not really needed for our proofs, but is included for interested readers.

We prove Theorem 1 in Section 3. Theorems 2 and 3 are proved in Subsections 4.1 and
4.2, respectively. The final Section 5 includes extensive discussion, especially concerning the
matter of hardness for ADDGAPCSSDIST,,. when € > 1.

2 Preliminaries

As we have already discussed the formalism for classical error-correcting codes in the
introduction, we directly discuss the formalism for quantum error-correcting codes along
with stabilizer formalism for quantum codes introduced in [17] and [8].

The state space of a single qubit is the two-dimensional Hilbert space, C? and the n-qubit
state space is the n-fold tensor product (C?)®". As the state space of a single qubit is a
2-dimensional Hilbert space, hence any state |i) of a single qubit can be denoted by:

) = a0} + A1), where [af2 + B[ = 1 and [0) = B] and 1) = m |

As the state space of n-qubits is the n-fold tensor product of C? i.e. (C?)®™. Hence, a
state |¢) of n—qubits can be represented by:

) = 5" Aela),

z€Fy

such that > (A2 = 1.

z€Fy
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» Definition 4. The Pauli Group on n-qubits is defined as:

Pp={ M1 @My ® ..M, :\ec{0,1,2,3}, M; € {I,X,Y,Z} for alli € [n]},

10 0 1 0 —1i 1 0
I = X = Y = Z — .
where [0 1] , L O} , L 0} and [O _J
AsY =iXZ, hence, for every g € P, there exist a,b € Fy such that g = i* ®?:1 Xeizbi A
compact way to write this is g = i* X (a)Z(b).
» Definition 5. A stabilizer subgroup, S, of Py, is an abelian subgroup not containing —1I.

» Definition 6. For a stabilizer subgroup S of the Pauli group Py, the stabilizer code C(S)
associated with it is the joint +1-eigenspace of the operators in S:

C(S) =A{l): gly) =) for all g € S}.
Moreover, a stabilizer code S is said to encode k-logical qubits if dim(C(S)) = 2*

» Fact 7. For a stabilizer group of order 2, the corresponding stabilizer code has dimension
2n=k,

» Fact 8. For any operator A € M, x,(C) acting on n—qubits, we have:

A= Z A(/L,bAX'(a’)Z(b)v

a,beFy
where Aqp € C. Furthermore, the above representation of A as a sum of X (a)Z(b) is unique.

» Definition 9. The weight of an operator, E € M(C,,«y), with representation:

E= > XupX(a)Z(b),

a,beFy

is defined as:
wit(E) = max{wtmg(aVb): Agp # 0}.
We can now define the distance of a quantum code.

» Definition 10. For a quantum code on n qubits, it is said to have a distance d, if it can
correct all errors E of weight < | 452 ].

We now define the graph state, which we touched on in the introduction.

» Definition 11. For a graph G on n-vertices, specified by an adjacency matrix Ag, the
graph state is defined as the stabilizer code corresponding to the stabilizer group:

(X(e;)Z(u;) : 1 € [n]).
where e; is the i standard basis vector and u; is the it row of Ag.
We now define the graph state, which we touched on in the introduction.

» Definition 12. For a graph G on n-vertices, specified by an adjacency matrixz Ag, the
graph state is defined as the stabilizer code corresponding to the stabilizer group:

(X(e))Z(u;) : 1 € [n]).

where e; is the i™ standard basis vector and u; is the i row of Ag.
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3 Proof of Theorem 1

Theorem 1 says that each of the three different problems CSSMINDIST, MULTGAPCSSDIST
and ADDGAPCSSDIST is NP-hard, and so we must provide three reductions. Each will start
from the classical analogs MINDI1ST, MULTGAPDIST and ADDGAPDIST, respectively.

To see that CSSMINDIST is NP-hard, consider an input instance (Hq,t) of the MINDIST
problem, where H; is the parity-check matrix of a classical [n, k, d] code C. We may assume
H; is full rank (if it is not, then we may, in polynomial time, replace it with a new, smaller
parity-check matrix that is). Now let Hy be the (full rank) parity-check matrix for the classical
repetition code of length n, which has parameters [n,1,n]. We reduce to the hypergraph
product code HGP(H;, H3). By Equation 1, this hypergraph product code has parameters
[[n? + (n — k)(n — 1), k,d]]. This implies the hardness of CSSMINDIST.

The reduction just shown builds a quantum code whose minimum distance equals the
distance of the original classical code. Hence, even finding a constant multiplicative approx-
imation to CSSMINDIST is NP-hard. That is, MULTGAPCSSDIsT is NP-hard.

Finally, to prove the hardness of ADDGAPCSSDIST, ¢, we reduce from ADDGAPDIST,,
which was shown to be NP-hard under RUR reduction for some 7 by [14], although this
argument can now be derandomized [3, 24].

To make things clearer, we define a variant of the classical ADDGAPDIST, problem with
an € parameter.

Classical Minimum Distance Decision Problem with Additive Gap m™n*¢
(ADDGAPDIST, ()

Instance : Binary matrix H €
Promise: Either d <t ord > t+ m™°".
Output: YES if d <t and NO if d > t + mn¢

F7=F*" and a positive integer t

» Lemma 13. For every ¢ € (0,1], there exists T € (0,1) for which ADDGAPDIST, . is
NP-hard.

Proof. To prove the lemma we will be using tensor codes, which are defined as follows:

» Definition 14. The tensor product of two matrices

ai; a2 . . . A1m b11 612 .. blq
a1 ag9 .. . Q2m b21 b22 Ce qu
Ansm = and Bpyxq =
_CLnl an2 . . . anm_ _bpl bpg ce bpq_

is defined as:

_allB alzB P almB

a21B QQQB e anB
A® B :=

_anlB aneB . . . ant_

FSTTCS 2025
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» Definition 15. For classical codes Cy, Cy with parameters [ny, k1,d1] and [na, ke, ds] and
generator matrices Gy, Go respectively, the tensor product code, C7 ® Cs, is defined as the
code corresponding to the generator matriz G; @ Gs.

We will use the following fact about tensor product codes:

» Fact 16. The tensor product of classical codes, C1 and Cy with parameters [ny, ki, d;]
and [ng, ka, da] (respectively) is a classical code with parameters [n1ng, kika,dids]. Moreover,
(C1 ® Cy)t = Cf @ Fy? +F3' @ Cy and has parameters [nyna, ning — kiko, min{ds, do}]
(See also Lemma 8.8 in [11]).

We reduce from ADDGAPDIST,. Consider an instance (H,¢) for the ADDGAPDIST,
problem, where 7 is as defined in [14] (Theorem 32) such that ADDGAPDIST, is NP-hard.
Let C be the code of length n corresponding to the parity-check matrix H and let d be its

minimum distance. Now, consider the tensor code C' = C' ® ]anl/éil]. By Fact 16, it follows
that the distance of C" is d and its length is N = n- [n}/¢~1]. We claim that min{d, N} = d.
Since min{d, N¢} < d, it suffices to show that min{d, N¢} > d, which follows from:

min{d, N} =min{d, (n- [n'/<"])}
> min{d, (n - nl/“l)e}
= min{d,n}
=d.

By definition N = n - [n'/¢~1]. Note that as [n!/¢] < 2n'/¢, we have n'/¢ < N < 2nl/c.
If (H,t) is a YES instance for ADDGAPDIST,, then d < ¢, and as above it follows that
min{d, N} < t. If (H,t) is a NO instance for ADDGAPDIST,, then min{d, N°} = d >
t+mn >t+ T,Ne, where 7/ = 7/2¢. This establishes the lemma. <

We now reduce the ADDGAPDIST, ¢ problem to the ADDGAPCSSDIST, . problem, hence
showing the hardness of the latter problem. For a given a € (0, 1], consider the repetition
code of length n®. Let (H,t) be the input instance for ADDGAPDIST, . and let C' be
the code corresponding to parity-check matrix H having length n and distance d. The
hypergraph product code obtained from the code C' and the repetition code will be of length
n-n®+(n—k)-(n®—1)=n" and distance d = min{d, n®}.

We claim that the above conversion of a classical code C to a hypergraph product code
is a deterministic reduction from the ADDGAPDIST, . problem to the ADDGAPCSSDIST, .
problem.

If (H,t) is a YES instance of ADDGAPDIST, ., then min{d,n®} = d’ < t. This implies
that the corresponding hypergraph product code has distance d' < t. If (H,t) is a NO
instance, then d’ > t + mn® > t 4 7/(n/) =, where 7/ = 7/27=a. This follows from the
observation n'T® < n/ < 2n'te. Clearly, the gap between the YES instances and NO
instances of ADDGAPCSSDIST, . is maximized for a = 1, which is the case when the NO
instance is d’ > t + tnt/2. <

4 Hardness for distances of graph states

4.1 Proof of Theorem 2

We now prove the hardness of computing the minimum graph state distance. We reduce
MINDIST to GRAPHDIST via intermediate variants of MINDISTDUALDIST. Similarly, to
prove hardness for the gap version of GRAPHMINDIST we will need the corresponding gap
versions MULTGAPMINDISTDUALDIST and ADDGAPDISTDUALDIST as defined next.
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Minimum Distance Dual Distance (MINDISTDUALDIST)

Instance: Binary matrix H € F;’*kxn and positive integer t.

Output: If min{d(C), d(C*+)} <t then YES else NO.

Minimum Distance Dual Distance with Multiplicative Gap ~

(MuLTGAPMINDISTDUALDISTS)
]F;L—k Xmn

Instance: Binary matrix H € and positive integer ¢.
Output: If min{d(C), d(C+)} <t then YES and NO if > ~t.

Minimum Distance Dual Distance with Additive Gap 7n
(ADDGAPMINDISTDUALDIST)

Instance: Binary matrix H € Fj3~"*™ and positive integer t.

Output: If min{d(C), d(C+)} < t then YES and NO if min{d(C), d(C+)} >
t+nl/3.

» Lemma 17. MINDiSTDUALDIST is NP-hard. Furthermore, for every constant v > 1,
computing a MULTGAPDISTDUALDIST approzimation is NP-hard while there exists a T €
(0,1) such that finding an additive approzimation with error /3 s NP-hard.

Proof. For a given parity-check matrix H, let C' be the associated code to it with length n
and minimum distance denoted by d(C). Now, consider a code C’, that comes from a family
of codes {Cy} where Cy is a binary code of length N such that min{d(C"), d(C")} > v/N.
~ ’ ~ L
We consider the tensor code C':= C+ ® C" and its dual C+ :=C@FY +Fi @ C
One such family of codes was introduced in [21] (Theorem 2.9, Theorem 2.15).

» Lemma 18 ([21]). Let m > 5 be an odd integer with m = 5 mod 6. For every such

2L 4> 2% 1),

m, there exists binary classical code C,, with parameters [2™ — 1,
+4].

3

m—1

Moreover, C’nﬁ has parameters [2™ — 1, 2m3_2,dl > 272

While [21] does not provide any analysis of the time required to build their codes’ parity-
check matrices, one can check that this can be done efficiently. (To do so, one must use
the fact that the finite field Fom of order 2™ with m = O(logn) can be constructed in time
O(poly(n)).) We also use the observation that for every integer n > 5 there exists m = 5
mod 6 for which 2 < n < 2™*+6_ The aforementioned observation along with the following
fact allows us to increase the length of the code while preserving the distance.

» Fact 19. For a linear code C of parameters [n,k,d] and parity-check matriz H, the code
corresponding to the parity-check matrix

H . o =Hel, , = Hinryxn - Otn—iyxn’=my |
(n7 )><TL O(n/_n)xn I(n'—n)x(n'—n)

has parameters [n,, k,d).
Using Fact 16 about the tensor-product of codes, we have:
min{d(C),d(C)} = min{d(CH)d(C"), d(C),d(C")} < d(C).

Given that the length of code C is n, and d(C"), d(C'") are both greater than or equal
to VN , we get

min{d(C),d(C*)} > min{d(Ct) - n,d(C),n} > d(C),
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for N > n?. Hence, min{d(C),d(C+)} = d(C). For the error in additive approximation,
as we are embedding code of length n in a space of length n3, hence we get the additive
approximation term with cubic error. |

We now reduce this intermediate problem to GRAPHDIST.

Proof of Theorem 2. For an input instance (H,t) of MINDISTDUALDIST consider the
systematic form representation of H i.e., H = [I : P]. Now, consider the following symmetric
matrix Ap corresponding to H, i.e.:

On—kxn—k P

Ap = .
F pPT Okxn—k

It can be verified that as Ap is a symmetric matrix hence it can be treated as the
adjacency matrix of a graph (infact a simple graph as the diagonal entries are all zero.)

As mentioned in the definition of minimum graph-state distance, the minimum graph
state distance of Ap is obtained by finding = := (ay, ..., an|b1, ..., b,) # 0 with minimum
wtpr(a V b) such that

[I:AplzT =0 (2)

Now, the system of equations given in the above equation can be broken down into the
following system of equations.

ay
az

|:I . P:| Ap—k = On—kxl (3)
bn7k+1

bn_
[PT:I} a_kil = Okx1 (4)

Qn

Let Sy, S2 be the set of variables that correspond to the above two system of equations
respectively. As the sets S; and Ss are disjoint, the minimum graph state distance for Ap,
is obtained by assigning one set of variables the value 0, and for the remaining equation,
we can find the non-zero solution with the least Hamming weight. This implies that the
minimum graph-state distance corresponding to the graph whose adjacency matrix is Ap is:

de = min{d(C),d(CH)},

and completes the proof of the hardness of GRAPHMINDIST. Moreover, the above reduction
also shows hardness for MULTGAPGRAPHDIST and ADDGAPGRAPHDIST. <
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As a corollary to Lemma 17, we obtain that computing the distance of classical linear
codes having rate 1/2 is NP-complete.

» Corollary 20. It is NP-hard under Karp reductions to compute the distance of constant
rate linear codes with rate € (0,1/2). Furthermore, it is NP-hard under Karp reduction to
compute both constant factor approzimations and n'/3 additive approzimations to the distance
of constant rate linear codes with rate € (0,1/2).

Proof. Consider a code C with parameters [n, k, d] and parity-check matrix [I,—j : Pp—kxk]-

Now consider the matrix:

[ 1, Okxn—t  Op—kxk Pnkxk]
On—txt In—k + Pl 1 Okxn—k]

The above matrix can be treated as a parity-check matrix corresponding to a rate 1/2 code.

Computing the distance of the above code is computing a non-zero vector (z,y) € Fy @ Fy
of least Hamming weight for which:

{ Iy, Okxn—t + Opn—kxk Pn—kxk] [JJT}O X
On—txt In-k = PL. 4 Okxn—i] y7 e

As in the proof of Theorem 2, one sees the distance of this code is min{d(C),d(C+)}. To
prove the hardness of codes with having rate € (0,1/2), we take a code of rate equal to 1/2
and pad it with appropriate number of zeros. By Fact 19, this preserves the distance but
decreases the rate. |

4.2 Proof of Theorem 3

Having showed that GRAPHMINDIST is NP-hard, one might wonder whether it is at least
possible to compute in polynomial time the minimum number of X-errors that can be
detected by the graph state. We show that this problem and its gap versions are also NP-hard
under Karp reduction.

Proof of Theorem 3. We reduce the problem of MINDIST to X-GRAPHMINDIST. In our
reduction, we construct a self-orthogonal code C’ from the given input code C' while ensuring
that d(C") is proportional to d(C'). We explain this conversion of an arbitrary code C to a
self-orthogonal C” in the following claim.

> Claim 21. Let C be a [n, k,d] be a binary linear code. Consider the map 7 : F§ — (F%)?
defined as:

m(a) = (a,a).
Then the image of C, defined as:
m(C) ={m(c) : c€ C},
is a self-orthogonal linear code with parameters [2n, k, 2d].

Proof. We first prove that the map 7(C) is a linear code of length 2n. For any two vectors
7(c),m(c') € n(C) and A p € Fy we have that:

Mr(e) 4+ pm(c) = Me, e) + ple ¢ ) = (Ae+ pc , e+ pc).
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As C is a linear subspace hence Ac + uc € C, hence (Ac + puc, Ae + puc') € 7(C).

We now prove that dim(w(C)) = dim(C) = k. This follows from the observation that the
map 7 is an injective map. Indeed, 7(c) = (0,0) implies (¢, ¢) = (0,0), i.e. ¢ = 0.

The distance of the linear code 7(C) is calculated by observing that

min wt c)) = min c
w(c)en(C):m(c)#(0,0) H(ﬂ—( >) c€C:c7éO7T( )
B, 2wtn(c) = 2 tgin, win(e) = 2du(C)

Now, to prove that 7(C) is self-orthogonal we need to show that any pair of codewords
7(c), 7(c') € m(C) is orthogonal to each other.
Consider the inner-product:

’ / ’

<7T(C),7T(C )> = <(Cv C)? (C € )> = <C7 C/> + <C7 Cl> =0,

where the last equality is due to the fact that we are in the field, Fo which has characteristic 2.
This proves the self-orthogonality of w(C). <

Now we describe our reduction from MINDIST to X-MINDIST.

Let (H,t) be the instance for MINDIST and let C' be the corresponding linear code
with parameters [n, k,d]. By claim 21,7(C) € (F%)? is a self-orthogonal linear code with
parameters [2n, k, 2d]. The systematic form of the parity-check matrix for =(C):

on—kx2n—k * Pon—kxk]:
along with its generator matrix:
T .
[PkXZ'rL—k: . Ik]’

can be obtained in polynomial time from H.
Now, consider the matrix:

A — Iy, Pryon—k
P = T
P2n7k><k IQ"—k

The matrix Ap is symmetric and hence can be as a graph (though not a simple graph). Now,
consider vectors (z, z) € F3" @ F3" with z = 0 such that

[I: Apl(z,2)" = 025x1
or equivalently,
ApzT = 0,51.
Solving the above equation is equivalent to solving the following system of equations:
Lk : Pon—ixr]z” = 02nx1
and,

[P ekt D)ot = 021
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Thus, we are finding those vectors & € F3" for which both HaT = 0g,,_rx1 and Gz = Ogx;.
In other words, we are finding vectors x € F3" for which x € 7(C) N7 (C)*. Since 7(C) is
self-orthogonal, it follows that z € = (C).

This implies that we want to find a non-zero vector z € Fy with the least Hamming
weight with « € 7(C). This is precisely the minimum Hamming distance of the classical
code m(C) which is 2dy(C). This proves the hardness of X-GRAPHMINDIST as well as
X-MuLTGAPGRAPHDIST.,, under Karp reduction for v > 1. Further, as the length of 7(C)
is 2n, X-ADDGAPGRAPHDIST, is NP-hard for some 7 € (0, 1). <

5 Discussion and outlook

5.1 Controlling € in AddGapHGPDist,

Let ADDGAPHGPDIST,  denote the version of the problem ADDGAPCSSDIST,  where
the input CSS code is a hypergraph product code.

» Proposition 22. For any fized € € (1/2,1] and 7 > 0, there does not exist a Karp reduction
from MINDIST to ADDGAPHGPDIST, . unless P = NP.

Proof. Suppose otherwise. Then there is a deterministic polynomial-time algorithm that takes
an input instance (H,t) of MINDIST (where H is a binary parity-check matrix and ¢ is a non-
negative integer) to an instance (Hy, Ho,t') of ADDGAPHGPDIST in a way that preserves the
respective decision problems’ output. Say, H; and Hs are full-rank and corresponding code
parameters are [ng, k1, d;] and [ng, ko, ds]. Recall that the hypergraph product codes corres-
ponding to parity-check matrices H; and Hs with full rank and corresponding code parameters

[n1,k1,dp] and [ng, ko, do] have parameters [[nins + (n1 — k1)(ng — k2), k1ke, min{d;, da}]].

Due to the symmetry of the construction, we can assume that d; = min{d;, ds}.

We reiterate a subtle point: n; and ng are functions of n and hence really should be
expressed as ni(n) and ny(n), but we will suppress this dependency in order to avoid
overloading our notation. Now consider the following cases:

1. For all (Hy, Ha,t'), min{ny,no} = O(1): If we assume that ny = min{n;,na} = O(1)
then one can just perform an efficient brute-force search to decide if there is a non-
zero vector x with the properties needed. While if ny < nq, then using the fact that
min{d;,dz} < min{ni,n2} = O(1), one can check if there is a non-zero vector x with
|z| < ng = O(1) such that Hyz? = 0. This would show that MINDIST admits a poly-time
algorithm, which contradicts P # N P.

2. ny,ny = w(1l): Consider a NO instance (H,t) of MINDIST. By the definition of Karp
reduction, it follows (Hj, Hg,t,) is a NO instance of ADDGAPHGPDIST, . under the
assumption d; = min{d; ds},this gives the following set of inequalities:

d1 > t/ —+ ’T(nlng + (n1 - kl)(ng — kg))e Z tl —+ T(nlng)e.

Assume n; < ng and d; = min{d;, d2}. The other case can be treated similarly. Then
dy >t +7n1%¢ and so dy/ny > t'/ng + n%e_l. Since d; < ny, one obtains a contradiction
for large enough n;. |

There are a number of very intriguing questions that Proposition 22 stimulates. Do there
exist an 1/2 < ¢ < 1and a0 <7 <1 for which ADDGAPHGPDIST, , is in coNP? Or P?
Or maybe BQP? We discuss the most intriguing question in the next subsection.
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5.2 A new square-root barrier?

On one hand, our technique for proving the hardness of ADDGAPCSSDIST used hypergraph
product codes, and resulted in an additive approximation with a square-root error term.
Moreover, Proposition 22 shows that there is, in some sense, no way to improve on this
square-root term using hypergraph product codes. On the other hand, the proof of [19] was
based on rather different methods that exploited graphs with certain extremal properties,
and yet arrived at the same kind of square-root error term. While there is no analog of
Proposition 22 found in [19], it appears that the graphs they use in their reduction are
essentially optimal [16]. It is interesting that the same square-root term in the approximation
appears in both reductions, and one inevitably wonders if there is a new kind of square-root
barrier at play.

5.3 Can we get a linear approximation for minimum graph state
distance and linear codes with rate 1/27

Recall that we were able to prove hardness for approximating the minimum graph state
distance and the hardness of approximating the distance of linear codes with rate equal to
1/2 with a cube root additive term. Can we improve it? Following our proof strategy, a
natural way to get past the cube root barrier and get an improvement, say a square root
approximation, would be to find an infinite family of efficiently computable codes {C,,}
for which min{d(C,,), d(C:5)} = Q(n,,), where n,, is the length of C,,. Whether such an
infinite family of codes exists is a possible open direction. The possibility of achieving the
hardness results without the need of such a family of codes is also a direction to pursue.

5.4 Quantum “nearest codeword problem”

In the classical setting, the nearest codeword problem (NCP) has played a useful role in
understanding the complexity of distances of codes. This is because NCP is essentially a
non-homogeneous version of the minimum distance problem. So it is natural to wonder about
quantum analogs of the question. One subtlety is that the codewords of a quantum code are,
strictly speaking, not vectors over Fy, but rather vectors in some subspace of the Hilbert
space (C?)®". (We have avoided discussing this point much in this paper, but see Section 2.)
From this perspective, the quantum nearest codeword problem should be a question about
computing the orthogonal projections of states onto the codespace. There are other, discrete
variants one can imagine that happen inside the symplectic Fo vector space that contains the
stabilizers of a code. These questions would not be about codewords per se, but about Pauli
error operators, e.g. given a Pauli error, what is the closest logical error (either in Hamming
weight or symplectic weight)?
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