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Abstract
A king in a directed graph is a vertex v such that every other vertex is reachable from v via a path
of length at most 2. It is well known that every tournament (a complete graph where each edge has
a direction) has at least one king. Our contributions in this work are:

We show that the query complexity of determining existence of a king in arbitrary n-vertex
digraphs is Θ(n2). This is in stark contrast to the case where the input is a tournament, where
Shen, Sheng, and Wu [SICOMP’03] showed that a king can be found in O(n3/2) queries.
In an attempt to increase the “fairness” in the definition of tournament winners, Ho and Chang
[IPL’03] defined a strong king to be a king k such that, for every v that dominates k, the number
of length-2 paths from k to v is strictly larger than the number of length-2 paths from v to k.
We show that the query complexity of finding a strong king in a tournament is Θ(n2). This
answers a question of Biswas, Jayapaul, Raman, and Satti [DAM’22] in the negative.

A key component in our proofs is the design of specific tournaments where every vertex is a king,
and analyzing certain properties of these tournaments. We feel these constructions and properties
are independently interesting and may lead to more interesting results about tournament solutions.
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1 Introduction

A tournament is a complete directed graph. Motivated to find a reasonable notion of a
“most-dominant chicken” in a flock of chickens (where the “pecking order” is represented as
a tournament), Landau [10] introduced the notion of a king in a tournament. A king in a
tournament is a vertex k such that for every other vertex v, either there is an edge from k to
v, or there exists a u such that there are edges from k to u and from u to v. That is, a king
is a vertex such that every other vertex is reachable from it via a path of length at most 2.
The notion of a king is a natural generalisation of that of a source: a vertex is a source if
every other vertex is reachable from it via a path of length 1. While it is easy to see that
a tournament need not have a source, it is also not hard to show that every tournament
has at least one king [10, 13]. Soon after Maurer’s popular science article about kings in
tournaments [13], Reid [16] showed the existence of tournaments in which every vertex is a
king. Tournament solutions/winners are also a natural object of study in social choice theory.
See, for instance, [5] and the references therein. The monograph by Moon [14] sparked a line
of research on tournaments, their solutions, and their structural properties.

A natural computational model to study the complexity of finding tournament solutions
and related problems is that of query complexity. In this setting, an algorithm has access
to the input in the form of queries: in one step an algorithm may query the direction of
the edge between a pair of vertices of its choosing (in case of an undirected graph problem,
the algorithm may query the presence/absence of an edge between a pair of vertices of its
choosing). The algorithm’s goal is to minimize the number of queries made in the worst case,
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and all other operations are treated as free. There is a rich literature on the study of graph
problems in the setting of query complexity, see, for example, [18, 17, 21, 7, 3, 5, 12] and the
references therein.

The focus of this paper is on finding a king in a digraph. Given that every tournament
has a king as mentioned earlier, it is natural to ask: how efficiently can a king in an n-vertex
tournament be found? Note that this is equivalent to determining whether a digraph has
a radius1 of at most 2. The study of this question was initiated by Shen, Sheng, and
Wu [19], who exhibited an algorithm with query complexity O(n3/2), and they also showed
a non-matching lower bound of Ω(n4/3). To date, these are the best-known bounds on the
complexity of finding a king in a tournament, and closing the gap remains an intriguing
open problem. There have been some very recent works showing better query bounds for
variants of the task of finding a king, or studying the complexity of finding kings in models
other than deterministic query complexity [2, 9, 12, 11, 1]. Our first main contribution in
this paper to show that if we allow for non-tournament inputs, then the query complexity of
even determining the existence of a king shoots up.

▶ Theorem 1. The randomized query complexity of determining the existence of a king in
an n-vertex digraph is Θ(n2).

Relevant to our work is the notion of a strong king in a tournament. This notion was
defined by Ho and Chang [8] in an attempt to increase the “fairness” of the notion of a
winner in a tournament. Let δ(u, v) denote the number of length-2 paths from u to v. A
king k is said to be strong if for all w with w → k, we have δ(k, w) > δ(w, k). To see
why this notion increases the fairness of the definition of a winner, consider the following
scenario: say we have a tournament in which a vertex k has a single out-neighbour u, and
all other vertices are in-neighbours of k. Further suppose every vertex other than k and u

is an out-neighbour of u. The vertex k is a king in this tournament, but not necessarily a
“fair” one, since it “defeats” only one vertex. However, it is not hard to see that k is not a
strong king. The study of strong kings in tournaments has also gained some attention [4, 15].
Biswas et al. [2, Section 7] asked if one could devise an algorithm to find a strong king in
an n-vertex tournament with cost o(n2). Our second main contribution in this paper is to
answer this in the negative.

▶ Theorem 2. The randomized query complexity of finding a strong king in an n-vertex
tournament is Θ(n2).

1.1 Organization of the Paper

In Section 2, we review basic preliminaries and formalize the computational questions and
models of interest. In Section 3, we recall two known constructions of tournaments where
every vertex is a king. In Section 4, we show certain properties of these constructions and use
these properties to conclude our main results, Theorem 1 and Theorem 2 (restated formally
as Theorem 14 and Theorem 18, respectively). Section 4 contains the main technical novelty
of this paper. Finally, in Section 5, we recall our main results and discuss potential directions
for future work.

1 The radius of a directed graph is the minimum eccentricity of any vertex, where the eccentricity of a
vertex is defined to be the greatest distance from it to any other vertex.
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2 Preliminaries

2.1 Basic Concepts and Notation
For a positive integer n, let [n] = {1, 2, . . . , n} and define [n]0 = {0} ∪ [n − 1]. We use Sn

to denote the set of permutations on the elements in [n]0. For non-negative integers n and
i ∈ [n]0, let σi ∈ Sn denote the permutation defined by σi(j) = (j + i) (mod n) for all
j ∈ [n]0. Let G be an n-vertex graph with vertex set [n]0, and let i ∈ [n]0. Define σ(G, i) to
be the graph obtained by relabelling each vertex v of G by σi(v).

▶ Definition 3 (Tournament, Subgraph, Subtournament). A tournament T = (V, E) is a
complete directed graph where V is the set of vertices, E is the set of directed edges, and
for every edge (u, v) ∈ E, (v, u) /∈ E. A subgraph induced by G = (V, E) on V ′ ⊆ V is a
graph G[V ′] = (V ′, E′) such that E′ = E ∩ {(u, v) : u ∈ V ′ and v ∈ V ′}. A subtournament
is analogously defined with respect to tournaments.

We denote V (G) and E(G) as the vertex and edge sets of G, respectively. We often use
the notation (u, v) and u → v interchangeably. For an edge e = (u, v), we say that u is the
source of e and v is the target of e. A vertex v ∈ V is an out-neighbor of u ∈ V if (u, v) ∈ E,
and v is an in-neighbor of u if (v, u) ∈ E. We say that a vertex v dominates u when v → u.
The set of all out-neighbors of a vertex v is denoted by Γ+(v), and the set of all in-neighbors
of v is denoted by Γ−(v). Define d+(v) = |Γ+(v)| and d−(v) = |Γ−(v)|. A (directed) path of
length n is an ordered sequence of edges e1, e2, . . . , en such that the target of ei is the source
of ei+1 for all 1 ≤ i < n.

▶ Definition 4 (King). A king in a directed graph is a vertex v such that, for all other
vertices u ̸= v, at least one of the following holds:

v → u is an edge in the graph, or
there exists a vertex w such that v → w and w → u are edges in the graph.

In other words, a king is a vertex that can reach every other vertex by a path of at
most two edges. It is well known [10] that every tournament has at least one king, and the
maximum-out-degree vertex is always a king. A king that dominates all other vertices is
called a source.

▶ Lemma 5 ([13, Theorem 7]). Let T = (V, E) be an arbitrary tournament. T contains
exactly one king if and only if that king is a source.

Define δ(u, v) as the number of length-2 paths from vertex u to vertex v. A king k is said
to be strong if, for each vertex v such that v → k, we have δ(k, v) > δ(v, k). That is, a king
k is said to be strong if, for any vertex v that directly dominates it, there are strictly more
length-2 paths from k to v than there are from v to k. Ho and Chang [8, Lemma 1] observed
that every tournament has at least one strong king. We include a proof for completeness.

▶ Lemma 6 ([8, Lemma 1]). Let T = (V, E) be an arbitrary tournament, and let u ∈ V be a
maximum-out-degree vertex in T . Then, u is a strong king.

Proof. Towards a contradiction, suppose u is not a strong king. Then, there must exist some
vertex v such that v → u and δ(v, u) ≥ δ(u, v).

Define W = {w ∈ V \ {u, v} : u → w and v → w}. Note that d+(u) = δ(u, v) + |W | and
d+(v) = δ(v, u) + |W | + 1 > d+(u), which is a contradiction since we assumed u to be a
maximum-out-degree vertex. ◀

FSTTCS 2025
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A set of vertices S ⊆ V is a dominating set in T = (V, E) if, for every v ∈ V , either v ∈ S

or there exists w ∈ S such that w → v. A dominating pair is a dominating set of exactly
two vertices.

2.2 Formal Definitions of Computational Tasks
We represent an n-vertex graph G = (V = [n]0, E) as a binary string in {0, 1}αn , where
αn =

(
n
2
)

if G is a tournament, or αn = n2 otherwise. An element of [n]0 corresponds
to the label of a vertex, and there is one variable ({i, j}) per edge (between vertex i and
vertex j) that defines its direction. In a tournament, we assume αn =

(
n
2
)

because for
each pair of vertices, there is exactly one directed edge between them. Define the relation
KINGn ⊆ {0, 1}αn × [n]0 by

(G, v) ∈ KINGn if ∀u ∈ [n]0 \ {v} , either v → u or ∃w, v → w → u,

and define Kn ⊆ {0, 1}αn as the language of all n-vertex graphs G such that ∃v ∈ V , (G, v) ∈
KINGn. In other words, K is the language of all n-vertex graphs containing at least one king.
Let EXIST-KINGn ⊆ {0, 1}αn × {0, 1} be the relation such that (G, 1) ∈ EXIST-KINGn if and
only if G ∈ Kn.2 Finally, for v ∈ V , define the relation STRONG-KINGn ⊆ {0, 1}αn × [n]0 by

(G, v) ∈ STRONG-KINGn if ∀u ∈ [n]0 such that u → v, δ(v, u) > δ(u, v).

2.3 Deterministic Query Complexity
A deterministic decision tree T on m variables is a binary tree where the internal nodes are
labelled by variables, and leaves are labelled with elements of a set R. Each internal node
has a left child, corresponding to an edge labelled 0, and a right child, corresponding to an
edge labelled 1. On an input x ∈ {0, 1}m, T ’s computation traverses a path from root to
leaf as follows: At an internal node, the variable associated with that node is queried: if the
value obtained is 0, the computation moves to the left child, otherwise it moves to the right
child. The output of T on input x, denoted by T (x), is the label of leaf node reached.

We say that a decision tree T computes the relation f ⊆ {0, 1}m × R if (x, T (x)) ∈ f for
all x ∈ {0, 1}m. The deterministic query complexity of f , is

D(f) := min
T :T computes f

depth(T ).

That is, D(f) represents the minimum depth of any deterministic decision tree that com-
putes f .

2.4 Randomized Query Complexity
A randomized decision tree A is a distribution DA over deterministic decision trees. On
input x ∈ {0, 1}m, the computation of A proceeds by first sampling a deterministic decision
tree T according to DA, and outputting the label of the leaf reached by T on x. We say A
computes f to error ε if for every input x, Pr[(x, A(x)) ∈ f ] ≥ 1 − ε. The randomized query
complexity of f ⊆ {0, 1}m × R is defined as follows:

Rε(f) = min
A computing f
with error ≤ ε

max
T :DA(T )>0

depth(T ).

2 Note that we could also define EXIST-KINGn as a function from {0, 1}αn → {0, 1} where
EXIST-KINGn(G) = 1 iff G contains a king, but we choose to define it as a relation for the sake
of consistency with other definitions.
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When we drop the subscript ε, we assume ε = 1/3. We use Yao’s minimax principle [20],
stated below in a form convenient for us.

▶ Lemma 7 (Yao’s Minimax Principle). For a relation f ⊆ {0, 1}m × R, we have Rε(f) ≥ k if
and only if there exists a distribution µ : {0, 1}m → [0, 1] such that Dµ(f) ≥ k. Here, Dµ(f)
is the minimum depth of a deterministic decision tree that computes f to error at most ε

when inputs are drawn from the distribution µ.

3 Balanced Tournaments

A balanced tournament is one in which every vertex is a king. Maurer [13] showed that a
balanced tournament exists for every positive integer n, except when n = 2 or n = 4; this
result naturally guarantees the existence of a balanced tournament for every odd n.

In this section, we present two distinct constructions of balanced tournaments. In
subsequent sections, we analyze key properties of these constructions that help us prove our
bounds. We clarify here that both of these constructions have appeared in prior works, but
the properties that we require of them have not been analyzed earlier, to the best of our
knowledge.

▶ Construction 8 ([13, Lemma 7]). Let n be an odd positive integer. Define ∆n as a
tournament on n vertices, labelled by elements of [n]0, recursively constructed as follows:

If n = 1, ∆n consists of a single vertex labelled 0.
If n > 1, build ∆n−2 as a subtournament induced by [n − 2]0. Then direct the edges such
that:

1. for each vertex v in [n − 2]0, (n − 1) → v and v → (n − 2), and
2. (n − 2) → (n − 1).

n − 2

∆n−2

n − 1

Figure 1 Illustration of Construction 8.

Figure 1 illustrates the construction:3 vertex n − 1 is dominated by vertex n − 2 and
dominates all vertices in ∆n−2, and vertex n − 2 dominates vertex n − 1 and is dominated by
all vertices in ∆n−2. For the rest of this paper, we use ∆n to denote the n-vertex tournament
as defined in Construction 8. While the following was already shown by Maurer [13, Lemma 7],
we include a proof for completeness.

▶ Lemma 9. Let n be an odd positive integer. The tournament ∆n is balanced.

3 The shape of the figure may clarify the choice of “∆”.

FSTTCS 2025
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Proof. Let us proceed by induction on the number of vertices n.
When n = 1, ∆n is clearly a balanced tournament, as its single vertex trivially satisfies

the condition of being a king. Indeed, since there are no other vertices, it vacuously reaches
all other vertices by a path of length 1 or 2.

Now, suppose the lemma holds for some n, we show that augmenting the tournament by
two vertices following the instructions of Construction 8 does not violate the invariant; that
is, ∆n+2 still remains balanced. By the induction hypothesis, every vertex in [n]0 reaches all
other vertices within that set via a path of length 1 or 2. When two new vertices, n + 1 and
n, are added:

vertex n + 1 dominates all vertices in [n]0;
all vertices in [n]0 dominate n; and
vertex n dominates n + 1.

Clearly, none of the vertices in [n]0 loses its status as a king, as each vertex in [n]0 reaches n

directly and reaches n + 1 via n. Furthermore, the newly added vertices also satisfy the king
condition:

vertex n + 1 reaches n via one of the vertices in [n]0, and n reaches n + 1 directly; and
both n + 1 and n reach all vertices in [n]0 (either directly or via n).

Thus, the property is preserved and ∆n+2 remains balanced. ◀

The following construction has appeared in the literature as an example of a rotational
tournament [6, Section 2].

▶ Construction 10. Let n be an odd positive integer. Define Un as a tournament on n

vertices, labelled by elements of [n]0. For each pair of vertices i, j with i < j, direct the edge
as follows:

If i + j is odd, direct the edge from i to j (i → j).
Otherwise, direct the edge from j to i (j → i).

0

1

2

34

σ(U5,3)−−−−−→ 3

4

0

12

Figure 2 The tournament U5 and the tournament σ(U5, 3) ∈ Aut(U5) obtained by rotating the
labels cyclically clockwise by 3 positions.

An example is depicted in Figure 2 when n = 5. While this implicitly follows from the
work of [6], we now show from first principles that Un is balanced for any odd positive
integer n. Again, for the rest of this paper, we use Un to denote the n-vertex tournament as
defined in Construction 10.

▶ Lemma 11. Let n be an odd positive integer. The tournament Un is balanced.

One way to prove Lemma 11 is to show that each vertex in Un (for an odd positive n)
dominates exactly n−1

2 vertices. Thus, given that a maximum-out-degree vertex in a
tournament is a king [10], it follows that all vertices are kings. For completeness, we include
a proof from first principles below.
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Proof of Lemma 11. Observe that each vertex i dominates all lesser vertices of similar parity
and all greater vertices of opposite parity. Define the parity function p(x) = x (mod 2);
formally, we have Γ+(i) = {j ∈ [n] : j < i and p(j) = p(i)}∪{j ∈ [n] : j > i and p(i) ̸= p(j)}.

Consider any vertex i < n − 1. Since p(i + 1) ̸= p(i), vertex i dominates i + 1. Thus, i + 1
in turn dominates all vertices less than i of opposite parity and all greater vertices of the
same parity; formally, Γ−(i) = Γ+(i + 1). Hence, i reaches all vertices by a path of at most
two edges either through direct domination, or via vertex i + 1.

For i = n − 1, note that n − 1 is even, so it dominates all even vertices, including vertex 0.
Since vertex 0 dominates all odd vertices, and n − 1 dominates 0, it follows that n − 1 is also
a king. Therefore, every vertex in Un is a king, and the tournament is balanced. ◀

An interesting property of Un is its symmetry. Indeed, observe that rotating the tour-
nament (i.e., shifting its labels) clockwise or anti-clockwise results in the same labelled
tournament. This is useful as it allows a property of one vertex to be extended to all vertices
in Un.

▶ Lemma 12 ([6]). Let n be an odd positive integer. For i ∈ Z, we have σ(Un, i) ∈ Aut(Un).

4 Lower Bounds

In this section, we prove our two main results: determining the existence of a king in
an arbitrary n-vertex digraph (Subsection 4.1) and finding a strong king in a tournament
(Subsection 4.2) both admit a (randomized) query complexity of Θ(n2). To do so, we make
use of the constructions from Section 3.

4.1 Kings in Directed Graphs
Below is a property we require of Construction 8. Recall that a 2-element-set of vertices
{v, w} is said to be a dominating pair in T = (V, E) if, for every u ∈ V \ {v, w}, there exists
x ∈ {v, w} such that x → u.

▶ Lemma 13. Let n > 3 be an odd positive integer, and let i, j ∈ [n]0 with i < j. The set of
vertices {i, j} is a dominating pair in ∆n if and only if j = n − 1.

Proof. We show both directions below.
Let us first show the implication (⇒): that is, any pair {i, j} where j = n−1 is dominating.
According to Construction 8, and as depicted in Figure 1, vertex n − 1 dominates all
vertices except n − 2. However, it is easy to see that all other vertices are either n − 2 or
dominate n−2. Therefore, pairing n−1 with any of those vertices produces a dominating
pair.
To show the implication in the other direction (⇐), assume, for the sake of contradiction,
that j ̸= n − 1 and {i, j} is a dominating pair. Then, i ∈ [n − 2]0 and either j ∈ [n − 2]0,
or j = n − 2 (recall that i < j).

If j ∈ [n − 2]0, then {i, j} does not dominate n − 1, a contradiction.
If j = n − 2, then i ∈ [n − 2]0 must dominate all other vertices in [n − 2]0, and thus
must be a source in ∆n[[n − 2]0]. However, since all (of the at least 3) vertices in
∆n[[n − 2]0] are kings by Lemma 9, this contradicts Lemma 5. Thus, the pair {i, j} is
not a dominating pair.

This concludes the proof. ◀

FSTTCS 2025
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Simply, the only dominating pairs in ∆n are {0, n − 1} , {1, n − 1} , . . . , {n − 2, n − 1}.
Using the above property, we show below that the deterministic and randomized query
complexity of finding a king in an arbitrary n-vertex digraph is Θ(n2).

▶ Theorem 14. For all positive integers n, R(EXIST-KINGn) = Θ(n2) for general digraphs.

Proof. The upper bound is trivial. Assume that n is odd. If n is even, an argument similar to
that given in the last paragraph of the proof of Theorem 18 can be used. Let A = ([n]0, EA)
be an arbitrary balanced tournament on n vertices. Consider the n-vertex tournament ∆n

from Construction 8 and relabel all vertex labels by adding n to them. Let the resultant
graph be called A′. Construct a tournament C on 2n vertices labelled in [2n]0 as follows:
1. Consider the disjoint union of A and A′, and
2. add edges from every vertex in A to vertex (2n − 1) in A′.

A′

C

2n − 1

A

n vertices

Figure 3 Construction of C from the proof of Theorem 14. C[A] is a balanced tournament, and
C[A′] is a relabelling of ∆n from Construction 8.

Figure 3 illustrates the construction of C. Clearly, C does not have a king: indeed, no
vertex in A′ reaches any vertex in A, and every vertex in A dominates (2n − 1), which does
not dominate (2n − 2) (by construction, see Construction 8).

For i ∈ [n]0 and j ∈ [n − 1]0, define Ci,j as the tournament obtained by adding the edge
i → (n + j) in C. Observe that i is a king in Ci,j , since:

i 2-step dominates all vertices in A (as Ci,j [A] is a balanced tournament), and
i dominates (2n − 1) and n + j, which form a dominating pair in Ci,j [A′] by Lemma 13.

Define the distribution µ on 2n-vertex tournaments as follows:

µ(T ) =
{

1/2 T = C,
1

2n(n−1) T = Ci,j , for all i ∈ [n]0, j ∈ [n − 1]0.

Equivalently, µ can be defined by the following sampling procedure: Start with the tournament
C; then, with probability 1/2, do nothing, or, with probability 1/2, add a uniformly random
(over i ∈ [n]0 and j ∈ [n − 1]0) edge i → n + j. Towards a contradiction using Lemma 7, let
A be a deterministic algorithm with cost less than n2/100 that decides whether a king exists
in digraphs w.r.t. µ of error ≤ 1/3.

Consider the computation path taken by A that answers all edges consistent with
C, and answers 0 (i.e., “no edge present”) to all queries of the form i → j for i ∈ [n],
j ∈ {n, n + 1, . . . , 2n − 1}. We consider two cases.
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1. Suppose the output at this leaf of A is 1 (i.e., “a king exists”). The algorithm errs on the
input C, which has a µ-mass of 1/2. This is not possible since we assumed A to make an
error of at most 1/3 w.r.t. µ.

2. Suppose the output at this leaf of A is 0 (i.e., “no king exists”). Since the number of
queries on this path was assumed to be at most n2/100, there must be at least 99n2/100−n

edges of the form i → (n + j) that have not been queried, where i ∈ [n]0 and j ∈ [n − 1]0.
For each such i, j, the graph Ci,j also follows this computation path. However, the vertex
i is a king in Ci,j . Hence A errs on Ci,j . Thus, the total error made by A is at least
( 99n2

100 − n) · 1
2n(n−1) > 1/3 for sufficiently large n. This again contradicts our assumption

that A made error at most 1/3 w.r.t. µ, and hence the theorem follows.
This concludes the proof. ◀

As an easy corollary, we obtain the same deterministic lower bound for determining the
existence of a king in a digraph.

▶ Corollary 15. For all positive integers n, D(EXIST-KINGn) = Θ(n2) for general digraphs.

4.2 Strong Kings in Tournaments
Recall that δ(v, u) denotes the number of length-2 paths from v to u in an underlying
digraph/tournament. Recall that a strong king in a tournament is a king v such that, for
every vertex u that dominates v (i.e., u → v), we have δ(v, u) > δ(u, v). Below, we show that
in the construction Un from Construction 10, for every vertex v ∈ V (Un) and an in-neighbor
u of it, we have δ(v, u) − δ(u, v) = 1. In other words, there is exactly one more length-2 path
from v to u than from u to v. This observation is crucial to argue that flipping the direction
of a single edge used by v to reach u via a length-2 path will result in v no longer being a
strong king.

▶ Lemma 16. Let n be an odd positive integer. For each j → i in Un, we have δ(i, j)−
δ(j, i) = 1.

Proof. Define the parity function p(x) = x (mod 2). From the proof of Lemma 11, each
vertex i in Un dominates all lesser vertices of the same parity as i, and all greater vertices of
opposite parity.

Assume that j > i. Since j → i, Construction 10 implies p(j) = p(i). The vertex j

dominates all vertices v < j with p(v) = p(i) and all vertices w > j with p(w) ̸= p(i).
To count length-2 paths from i to j, we first show that if i → v → j, then i < v < j.

If v < i, then p(v) = p(i) (since i → v), but also p(v) ̸= p(j) (since v → j and v < j),
contradicting p(i) = p(j).
If v > j, then p(v) ̸= p(i) (since i → v), but also p(v) = p(j) (since v → j and v > j);
again, a contradiction.

Thus, v must satisfy i < v < j, and since i → v, it follows that p(v) ̸= p(i). This means
δ(i, j) = |{v : i < v < j and p(v) ̸= p(i)}| = j−i

2 .
Using nearly the same argument, one can show that δ(j, i) = |{v : i < v < j and p(v) =
p(i)}| = j−i

2 − 1.
The case where j < i follows from the case where j > i by symmetry (Lemma 12). Indeed,
let i′ and j′ be the new labels of i and j in σ(Un, n − i), respectively. Then, i′ = 0 < j′,
and given that σ(Un, n − i) ∈ Aut(Un), the lemma follows.

Therefore, we have δ(i, j) − δ(j, i) = j−i
2 − ( j−i

2 − 1) = 1. ◀
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For the tournament Un and a vertex v of it, define D(v) be the set of edges such that, if
the direction of exactly one edge in D(v) were flipped, v would no longer be a strong king.

Now, we show that |D(v)| = Θ(n2).

▶ Lemma 17. Let n be an odd positive integer. For the tournament Un and D(·) as defined
above, we have |D(v)| = (n2 − 1)/4 for all v ∈ [n].

Proof. We show below that |D(0)| = (n2 −1)/4. The result for general v immediately follows
by symmetry (Lemma 12), as |D(0)| = |D(1)| = · · · = |D(n − 1)|.

We first consider the effect of flipping an edge connected to 0.
Let j ∈ [n]0 be odd. The construction of Un ensures the direction of the edge between 0
and j to be 0 → j. Flipping (0, j) decreases δ(0, n − 1) by 1 as the path 0 → j → n − 1 is
gone, and does not affect δ(n − 1, 0).
Let k ∈ [n]0 \ {0} be even. The construction of Un ensures the direction of the edge
between 0 and k to be k → 0. Flipping the (k, 0) edge cannot increase δ(j, 0) for any j,
and cannot decrease δ(0, j′) for any j′. Since 0 was a strong king in Un, this means 0 is a
strong king in the new tournament with (k, 0) flipped as well.

The first case above contributes (n − 1)/2 elements to D(0). Next, we consider the effect of
flipping an edge between j and k where j ̸= 0 and k ̸= 0.

If j and k are both odd, then neither of them is an in-neighbor of 0, and hence 0 remains
a strong king.
If j and k are both even and j → k is flipped, the construction of Un ensures that j > k,
and both j, k are in-neighbors of 0. We have δ(k, 0) increase by 1 due to the new path
k → j → 0, and δ(0, k) is unchanged as j → 0. By Lemma 16, the new tournament now
has δ(k, 0) = δ(0, k), and hence 0 is no longer a strong king.
If j is even and k > j is odd, the direction of the edge between j and k is j → k. The
vertex j is an in-neighbor of 0, and k is not. Flipping the edge increases δ(0, j) by 1 due
to the new path 0 → k → j, and δ(j, 0) is unaffected. No other values of δ(0, ·) or δ(·, 0)
are affected for in-neighbors of 0. Thus, 0 remains a strong king in this case.
The final case is when j is odd and k > j is even. Recall that k is an in-neighbor of 0.
We have δ(0, k) reduce by 1 due to the removal of the path 0 → j → k (as the j → k edge
is now flipped), and δ(k, 0) is unaffected. By Lemma 16, we have δ(0, k) = δ(k, 0) in the
new tournament, and hence 0 is no longer a strong king.

The number of edges from the second case above equals the number of ways of choosing
two even numbers, none of which is 0: this is

((n−1)/2
2

)
. The number of edges from the

fourth case is the number of choices of an odd vertex and a higher even vertex, which equals
(n − 1)/2 + (n − 3)/2 + · · · + 1 = (n2 − 1)/8. Combining the above, we have

|D(0)| = n − 1
2 + (n − 1)(n − 3)

8 + n2 − 1
8 = n − 1

2

[
1 + n − 3

4 + n + 1
4

]
=

(
n − 1

2

) (
n + 1

2

)
= n2 − 1

4 .

This concludes the proof. ◀

We now analyze the randomized query complexity of STRONG-KINGn.

▶ Theorem 18. For all positive integers n, R(STRONG-KINGn) = Θ(n2) for tournaments.

Proof. The upper bound is trivial. Assume that n is odd. For i, j ∈ [n]0, let U i,j
n denote the

tournament that is obtained from Un by flipping the direction of the edge between i and j.
Consider µ to be the following distribution on n-vertex tournaments:
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µ(T ) =

1/2 T = Un,
1

(n
2) T = U i,j

n , for all i, j ∈ [n]0.

Towards a contradiction using Lemma 7, let A be a deterministic algorithm with cost less
than c · n(n − 1) (for some constant c ∈ (0, 1) to be fixed later in the proof, it will turn out
that any c < 1/12 works) computing STRONG-KINGn to error less than 1/3 when inputs are
drawn from the distribution µ. Consider the computation path of A that outputs the answers
of all queries consistently with the input Un. Say the output at this leaf of A is vertex v. The
algorithm errs on all inputs of the form U i,j

n where (i, j) ∈ D(v) (recall that D(v) consists of
precisely those edges that, on being flipped in Un, cause v to no longer be a strong king). There
are at least |D(v)| − cn(n − 1) such edges (i, j) which are unqueried (and thus U i,j

n reaches
this leaf). The error probability of A is at least its error probability on this leaf, which by
Lemma 17 is at least 1

(n
2)

(
n2−1

4 − cn(n − 1)
)

> 2
n(n−1)

(
n(n−1)

4 − cn(n − 1)
)

= 1−4c
2 > 1/3

for c < 1/12. Lemma 7 yields the required lower bound.
The proof can be easily made to work for the case where n is even by assuming that one

vertex is a sink, and applying the argument above on the subtournament induced on the
remaining vertices (this sink vertex does not affect the proof above in any way). ◀

A deterministic lower bound follows as an immediate corollary.

▶ Corollary 19. For all positive integers n, D(STRONG-KINGn) = Θ(n2) for tournaments.

5 Conclusion

In this paper, we have shown the deterministic and randomized query complexities of deciding
whether a king exists in an arbitrary n-vertex digraph to be Θ(n2). We also showed that
deterministic and randomized query complexities of finding a strong king in a tournament is
Θ(n2), answering a question of Biswas et al. [2] in the negative. Our proofs relied on showing
some key properties of known constructions of balanced tournaments (tournaments where
every vertex is a king). The most interesting question that remains open is to determine the
deterministic query complexity of finding a king in an n-vertex tournament. The best-known
upper and lower bounds are O(n3/2) and Ω(n4/3), respectively, and are from over 20 years
ago [19]. Perhaps our analysis of special balanced tournaments in this paper can provide
insight towards approaching this general problem.
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