Fairness and Efficiency in Two-Sided Matching
Markets

Pallavi Jain &
Indian Institute of Technology Jodhpur, India

Palash Jha &
Indian Institute of Technology Jodhpur, India

Shubham Solanki &
Indian Institute of Technology Jodhpur, India

—— Abstract

We propose a new fairness notion, motivated by the practical challenge of allocating teaching

assistants (TAs) to courses in a department. Each course requires a certain number of TAs and
each TA has preferences over the courses they want to assist. Similarly, each course instructor has
preferences over the TAs who applied for their course. We demand fairness and efficiency for both
sides separately, giving rise to the following criteria: (i) every course gets the required number of
TAs and the average utility of the assigned TAs meets a threshold; (ii) the allocation of courses to
TAs is envy-free, where a TA envies another TA if the former prefers the latter’s course and has
a higher or equal grade in that course. Note that the definition of envy-freeness here differs from
the one in the literature, and we call it merit-based envy-freeness. We show that the problem of
finding a merit-based envy-free and efficient matching is NP-hard even for very restricted settings,
such as two courses and uniform valuations; constant degree, constant capacity of TAs for every
course, valuations in the range {0, 1,2, 3}, identical valuations from TAs, and even more. To find
tractable results, we consider some restricted instances, such as, strict valuation of TAs for courses,
the difference between the number of positively valued TAs for a course and the capacity, the number
of positively valued TAs/courses, types of valuation functions, and obtained some polynomial-time
solvable cases, showing the contrast with intractable results. We further studied the problem in the
paradigm of parameterized algorithms and designed some exact and approximation algorithms.

2012 ACM Subject Classification Theory of computation — Algorithmic game theory and mechanism
design

Keywords and phrases Fair Matching, Envy-Freeness, Efficiency
Digital Object Identifier 10.4230/LIPIcs.FSTTCS.2025.38

Related Version Full Version: https://arxiv.org/abs/2504.10232 [24]

1 Introduction

Assigning teaching assistants (TAs) to courses is a practical challenge faced by many academic
departments. The allocation should be fair for both instructors and TAs, taking into account
their preferences and qualifications. For example, if a TA is willing to assist in a systems
course, it is not desirable to assign them a theory course. On the contrary, it may also
happen that a TA might like to assist in a course (maybe because their friends are assisting
in that course or course is less loaded), however he does not have enough knowledge in
that course. Considering some of these critical requirements of instructors and TAs, our
department follows the following protocol: we ask TAs to submit their preferences over the
courses they would like to assist with and their grades in those courses, and then instructors
are asked to submit their preferences over the TAs who are interested in their courses. We
try to ensure that every course gets the required number of TAs (at least some of the choice
of instructor) and prioritise the choice of the TAs with higher grades. However, finding a
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satisfactory allocation that meets the requirements of both sides is not trivial. In this paper,
we address this problem from a theoretical perspective, using tools from algorithms and
computational social choice theory.

1.1 Mathematical Formulation

We have a set of courses X = {x1,...,2,} and a set of TAs T = {t1,...,tm}. Every TA has
a utility for every course, i.e., for every i € [m], we have a utility function u;: X — Z>o.
Furthermore, every TA t; has a grade function g;: X — Q5. For simplicity, we assumed
that every TA has done all the courses (grade can be considered 0 if a TA has not credited a
course). Every course x; € X has a capacity ¢; (that captures the required number of TAs),
and a utility function v;: T — Z>¢. If a TA ¢ has utility 0 for the course z;, then v;(t) = 0,
otherwise v;(t) > 0. This is a valid assumption, as we would like to respect the choices of a
TA. A matching p: T — X U {0} is feasible if for every course x; € X, |u~1(x;)| = ¢;, ie., ¢;
TAs are assigned to the course x;, and no TA is assigned to a zero-valued course. We call
that a matching p: T'— X U {0} is fair if it is feasible and for a given k € Q>o, it satisfies
the following two conditions.

Zte;ﬁl(mi) vi(®)

Ci

Satisfaction of Courses.! For every course z; € X, AvgUtil(z;) = is at
least k.

Merit-based envy-freeness between TAs. A TA t; envies another TA ¢; on merit
basis if g;(u(t;)) > g;(u(t;)) and u;(p(t;)) > wi(pn(t;)), ie., grade of ¢; in the course
allocated to ¢; is at least the grade of ¢; in that course and ¢; values the course allocated
to t; more than their own allocated course. In the matching p, there should not be any

pair of merit-based envious TAs.

We call this fair matching as merit-based envy-free egalitarian (MEFE) matching, and
the problem of finding such a matching as MEFE-MATCHING.

Highest grade vs highest utility in a course. It seems desirable to assume that the highest
grader in a course will have the highest utility. However, this need not be the case. There
might be other responsible factors for course utilities. For example, if a TA applicant has
previously done a relevant course or project under the course instructor who trusts the TA’s
expertise in the area and soft skills, the instructor would probably assign a higher utility for
that TA. A TA applicant with prior experience at TAship or a recommendation from other
instructors might also be assigned higher utility due to their experience. While TAs might
have done the course previously, they may have done it in different universities. In such a
case, it is hard to gauge a TA accurately just based on their grades. Thus, we demand utility
functions from the courses separately.

1.2 Significance of our Fairness Notions

The deferred-acceptance algorithm (commonly-used algorithm in two-sided markets) is biased
towards one side of the agents [14], which is not desirable for our application. Thus, we move
our attention to some of the well-studied fairness criterion used in the field of fair allocation.

On the course side, we considered criteria similar to egalitarian welfare, but we take the
average for the following reason: suppose that there is a course = with capacity 10 and a
course y with capacity 1. Now, if we require a threshold for satisfaction, say 10, then the

L This is efficiency criteria. But, we include it in the definition of fair matching for brevity.
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course y gets a very good TA; however, course £ may get TAs each with utility 1. To avoid
such a predicament, we considered average. Since we require good TAs in all the courses,
we think egalitarian type criteria is a better choice over other welfare functions such as
utilitarian or Nash. We believe that envy-freeness (the most popular fairness criteria in fair
allocation) is not suitable here for the following reason: what if everybody gets a bad set of
TAs? Nobody may envy anybody, but this is a disastrous situation for everyone. We also
believe that instructors care more about their TAs instead of comparing them with the TAs
of other courses.

On the TAs side, we considered envy-freeness type fairness. As discussed earlier, it is
important to consider grades as well. Indeed if a matching is envy-free, then it is also merit-
based envy-free. However, it is possible that there exists a merit-based envy-free matching
even if envy-free matching does not exist. Consider a classical example of non-existence of
envy-free solution, when there is only one course z with capacity 1, and two TAs t,t’, both
value x positively. This does not have envy-free solution (irrespective of actual valuations).
But, if « values t (say > k) more than ¢’ and the grade of ¢ is more than ', then we match ¢
with x, and it is a merit-based envy-free solution. As discussed earlier, conceptually also, it
is crucial to consider grades.

Since grades need to be considered, egalitarian criteria is not interesting for TAs.

Interestingly, MEFE matching is also a weakly stable matching when course satisfaction
is not under consideration or utility of course x for TA ¢ is same as the grade of ¢ in the
course x, however the converse need not be true. For contradiction, we assume that the
MEFE-MATCHING solution is not weakly stable. Let the blocking pair be (x;,t;). Then ¢;
prefers x; over pu(t;) and has a higher grade in x; than p~!(z;). Hence t; envies p=1(z;),
a contradiction. The converse may not be true. For example, consider an instance with 1
course and 2 TAs both having the same grade in the course, with the course having capacity 1.
Any assignment will be weakly stable as the course is indifferent between the two TAs but
the unassigned TA will always envy the assigned TA. Additionally, if the course values both
TAs less than &, no assignment would lead to satisfaction of the course.

It can be seen that merit-based envy-freeness exactly aligns with justified envy-freeness
(as, for instance, characterized by Yokoi in [39]) when course utility for a TA equals the
grade of the TA in that course, with k equalling 0, all TAs assign distinct utilities to courses,
and no two TAs have the same grade in a course. Therefore, MEFE-MATCHING serves as a
generalization of the justified envy-freeness model.

Indeed, there are several notions of fairness in the fair allocation literature, which will be
interesting to consider, and some are already considered (see Related Work).

1.3 Broader applications of MEFE-Matching

We discuss two other practical applications of MEFE-MATCHING. The MEFE-MATCHING
model might be applied in a job market with a mediator company. Job applicants (analogous
to TAs in our model) hold utilities over the firms (analogous to courses in our model) that
the mediator company has ties with. Each of these firms might hold tests (grades in a course)
specific to them, conducted by the mediator company. However, the firms assign utilities to
applicants based on resume shortlisting, HR rounds, and test scores. Here, applicants might
envy each other based on their preferences (utilities assigned by TAs) and test scores for
companies. And firms would want to ensure that they are satisfied with the applicants that
are allocated to them.

We could also use MEFE-MATCHING in Medical Residency Matching. Residency ap-
plicants (TAs) hold utilities over residencies (courses). Additionally, applicants might have
grades in related areas to the residencies they are applying to. Residencies hold utility over
applicants based on performance in relevant areas, clinical experience, and interviews.
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Table 1 Summary of results where color denotes the ties in TA’s preference list. means
ties are allowed and red means ties are not allowed. Text written in blue denotes the condition that
in a course no two TAs should have the same grade. The number of courses and TAs are denoted by
n and m, respectively. “-” means the values can be arbitrary. In the approximation result (last
row), max. is a function of n.

# courses | Capacity Degree Types of valuations Result Theorem
2 - of TA =2 by TA =1 NP-hard 1]
- 1 of TA / course < 3 by course = 1 NP-hard [2]
- 1 - - polynomial 7
- 2 of TA <3, course < 6 | by course = 3,by TA =1 NP-hard [4]
- c of course < ¢+ 1 - polynomial [5]
- - of TA=1 - polynomial 18]
- - - by course = 2 polynomial [11]

constant | constant - - polynomial [10]
- constant - by course = constant FPT(n) [13]
- - - - FPT(m) [12]
- constant - - (1 — €)- approximation in FPT(n,€) [14]

1.4 Qur Contribution

Our model considers a fairness criterion for TAs and an efficiency criterion for courses. This
is motivated by the fact that the requirements of both sides in matching under two-sided
preferences need not be the same. This is our first conceptual contribution.

Next, we move to our technical contribution. Table 1 summarises our complexity results.
Some of the technical highlights of our work are discussed below. Throughout the paper, by
degree of a course, we mean the number of TAs positively valued by the course. Similarly, we
define the degree of a TA, as the number of courses positively valued by a TA.

Hardness Results

Unsurprisingly, similar to many problems in Fair Allocation, the problem is NP-complete for
two courses (Theorem 1), due to a reduction from the EQUAL-CARDINALITY PARTITION
problem. In this reduction, the degree of courses is “large”, however the degree of TAs is two.
Furthermore both the courses have same valuation functions and all the TAs equally value all
the courses, in fact, their grade is also same in all the courses. We next ask the question: does
the large degree of courses lead to intractability? Surprisingly, the problem is NP-complete
even when the degree of courses is three (Theorem 2). In the same reduction, the degree
of TAs is also constant, in particular, three. In fact, the capacity of all the courses is one
and each course values all positively valued TAs equally (refer to the theorem statement for
more restrictions). In light of Theorem 2, we next ask: do the different valuations of TAs
lead to intractability? Theorem 4 answers this question negatively. The next set of results,
highlights more about the inherent nature of instance that leads to intractability.

Polynomial Time Algorithms

We observe that the large degree of courses is not responsible for the intractability; rather,
the difference between degree and capacity is one of the responsible factors. In Theorem 2,
the difference between degree and capacity is two. In Theorem 5, we show that the problem
is polynomial-time solvable when this difference is at most one (the actual value of degree
and capacity does not matter). This result also resolves the complexity when the degree
of courses is two (Corollary 6), contrasting Theorem 2. We further observed that when
the capacity of each course is one, then the same valuations of a TA for multiple courses
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lead to intractability, which is easy to avoid, but if all TAs value positively valued courses
differently, then it leads to tractability (Theorem 7). Due to Theorem 1, we have hardness
when the number of courses is two and the degree of TAs is two. When we relax one of these
constraints, i.e., the degree of TAs is one or there is only one course, it leads to tractability
(Theorem 8 and Corollary 9). In all our hardness results, either the capacity of courses
is constant, or the number of courses is constant. When both are constant, then it leads to a
tractability result (Theorem 10). Contrasting Theorem 4, Theorem 11 shows that the
problem is polynomial-time solvable when every course has at most two distinct positive
valuations for all TAs, but, here we require that for a course no two TAs have the same grade
(which is not a very strict restriction if we consider actual marks).

Parameterized (Approximation) Algorithms

MEFE-MATCHING has some natural parameters to consider: the number of TAs (m),
then number of courses (n), the maximum degree of courses/TAs (dcourse, dTa), Mmaximum
capacity of a course (cap), the number of distinct valuation/grade functions (typeyal, typegrade ),
maximum value that a valuation/grade functions can take (maxyay, MaXgrade). Theorem 12
shows positive results with respect to m. Due to Theorem 2, we have paraNP-hardness with
respect to deourse +dTA +typeval +typegrade - MaXyal +MaXgrade +-cap. Thus, we cannot hope for a
fized-parameter tractable(FPT) algorithm with respect to the combination of these parameters.
We design an FPT algorithm with respect to n when type,, and cap are constant for courses,
no TA values two courses equally and no course has same grade for two TAs (Theorem 13).
When we relax the constraint of constant typey, (i-e., it is no longer constant) and max,, is a
function of n, then we obtain a (1 —e€)-approximation algorithm that approximates satisfaction
of every course and runs in FPT(n,e) (Theorem 14). Note that due to Theorem 1, we
cannot hope for an FPT algorithm with respect to n 4 degreeta + typeyal + typegrade-

Existence of Solution

In Section 7, we identify two yes-instances and some no-instances of the problem.

1.5 Related Work

The literature on matching under two-sided preferences is vast. It originated from the
seminal work of [14] on the stable matching problem. The unfairness of the deferred-
acceptance algorithm, together with the immense practical applicability of stable matchings,
has generated considerable interest in developing algorithms for finding fair stable matchings.
Several fairness concepts have been studied in conjunction with stability, including strong and
super stability [21], minimum regret (28], egalitarian [33, 22],2 median [38, 37], sex-equal [19],
balanced [11, 18], leximin [35], and Nash [25].

For the related work on matching on one-sided preferences (a field of Fair Allocation), we
refer the reader to recent surveys [1, 31, 34]. For two-sided preferences, we refer the reader
to the following literature [6, 2, 32].

Freeman et al. [13] consider envy-freeness up to one good and maximin share guarantee
under two sided-preferences. But, in their model, the fairness criteria are the same on both
sides. However, this is the first work (to the best of our knowledge) that borrows fairness

2 In the stable matching literature, the term egalitarian matching has been used for matchings that
maximize the total satisfaction of the agents by minimizing the sum of ranks of the matched partners [33,
22]. This objective is different from egalitarian welfare, which maximizes the utility of the least-happy
agent, which we considered.
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notions from the fair division literature to the two-sided preferences, conceptually closer to
our work. Bu et al. [5] extended this work and considered the fairness criterion envy-freeness
up to c-good and proportionality up to c-good. They also considered the same fairness criteria
on both the sides. Patro et al. [36] considered envy-freeness up to one individual on one side
and maximin share on the other side. Gollapudi et al. [16] also considered envy-freeness up to
one individual on both the sides along with the maximum weight of the matching in case of
repeated matchings. Igarashi et al. [20] considered stability condition along with envy-free up
to one individual for one side of the agents. Recently, Sung-Ho Cho [7] studied the problem
from a mechanism design perspective and considered envy-freeness up to k-peers. There are
several other papers that study fairness in two-sided preferences (not directly related to our
work) [27, 10, 26, 3, 17, 29]. Indeed the list is not exhaustive.

Bredereck et al. [4] also studied local envy-freeness in house allocation problems where
each agent receives only one item. Our model generalizes local envy-freeness as follows. We
create a directed graph for each course, where TA ¢ has an arc to TA ¢’ if ¢ has a grade at
least as high as ¢’ in that course. We seek an envy-free allocation from the TAs’ perspective
that meets this condition: if course z is assigned to ¢, let Z be the set of courses t values
more than x. We then check the local envy-free condition for ¢ in all graphs corresponding
to the courses in Z.

2 Preliminaries

Throughout the paper, (X, T, {v;}iex, {ui}ier, {9i}ieT, {¢i}icx, k) denotes an instance of
MEFE-MATCHING, where X = {z1,...,2,} and T = {t1,...,t}. In general, we assume
that m > n, since each course has capacity at least 1. If m < n, we will have a trivial no-
instance. When referring to an element ¢t € T', without a subscript, we may use grade function
gt + X — Q>0, and utility function u; : X — Z>(, both with subscript ¢. Similarly, when
referring to a course x € X, without a subscript, we may use utility function v, : T' — Zx.
By degree of a course, we mean the number of TAs positively valued by the course. Similarly,
we define the degree of a TA, as the number of courses positively valued by the TA. We
denote the degree of course/TA z by d(z). For a course x € X, N(z) is the set of all TAs
positively valued by z. Similarly, for a TA ¢t € T, N(¢) is the set of all courses positively
valued by ¢. We define a similar notion for Z C X (or Z C T) as follows: N(Z) = U,ezN(2).

By types of valuations of a course/TA z, we mean the number of distinct positive values
assigned by z to TAs/courses. The functions f: P — R and g: P — R are identical, if for
all z € P, f(z) = g(2). A function whose range is {0, 1} is called binary. For 2 € X W T, we
also use the notation u, for the utility or grade function of z.

Let u be a matching. If a course (TA) is not matched to a TA (course) in T (X), then
we call it unassigned or unsaturated with respect to u; otherwise it is called assigned or
saturated.

For an instance Z of MEFE-MATCHING, let G = (X, T) be a bipartite graph such
that B(G?) = {(z,t): us(z) # 0}. Note that GT can be a disconnected graph. We skip the
subscript Z, if the instance is clear from the context.

In parameterized algorithms, given an instance I of the problem II, and an integer k
(called a parameter), the goal is to design an algorithm that runs in f(k) - [I|®™) time, where
f is an arbitrary computable function depending on the parameter k. Such algorithms are
known as FPT algorithms. If there exists an FPT algorithm with respect to the parameter k
for the problem II, we say that “II can be solved in FPT(k)".

All omitted proofs are in the full version of the paper [24]. For more details on the subject
in general, we refer to the textbooks [8, 12, 9].
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3 Hardness Results

In this section, we prove the intractability of the problem even for very restricted cases.
Given a matching p, checking whether the feasibility constraint is satisfied can be done
in polynomial time. Verifying the satisfaction constraint for a course ¢; takes O(¢;) time.
Finally, to check the merit-based envy-freeness condition for a TA ¢;, we compare the grades
of all TAs matched to courses preferred by t; over its assignment, which can be done in
polynomial time. Thus, the problem is in NP.

Our first intractability result is for two courses with identical valuations, where degree of
TAs is two, contrasting Theorem 8 and Corollary 9.

The result is due to the polynomial-time reduction from the EQUAL-CARDINALITY
PARTITION problem, in which given a multiset S of positive integers, the goal is to partition
S into two subsets of the same size that have the same sum. This problem is known to be
NP-complete [15].

» Theorem 1 (&%).> MEFE-MATCHING is NP-complete even when there are two courses
with identical valuation functions; grades and valuations from TA side are 1.

Note that if we constraint the types of valuation by the courses to be a constant, r (order
O(1)), in addition to the constraints in Theorem 1, the problem becomes polytime. Indeed,
since each course can assign TAs according to only one of r valuation types, with grades
and valuations from TA side being 1, we can simply enumerate all possible combinations of
assignments of TAs to the 2 courses in time given by O(m"). We can then check whether
any of these assignments leads to a MEFE matching in polynomial time.

Next, we show that the problem is NP-complete even when the degree of courses and TAs
is three, and capacity of each course is one. The result is due to a polynomial-time reduction
from (3-3)-coM sMTI, which is known to be NP-complete [23, Theorem 5].

» Theorem 2. MEFE-MATCHING is NP-complete even when v;(t) = gi(x;) for all t €
T,z; € X, i.e., utility function is derived from grades and the capacity of each course is one;
each TA has degree at most three, valuations and grades are in {0,1,2,3}, and no TA has
same grade for any two courses. It is also NP-hard when each course has binary valuation
function, with all other constraints remaining the same.

Proof. We give a polynomial-time reduction from the (3-3)-com SMTI problem. In (3-3)-
COM SMTI, we have sets M, W of men and women. For x € M & W, let pref, denote the
preference list of x. We assume that x € M without loss of generality (i.e., the following
constraints hold for the preference lists of each woman in (3-3)-CcoM SMTI as well). The list
pref,, is an ordered sequence of disjoint subsets of women which represents a partial order
over the women, where women in earlier subsets are preferred over women in later subsets,
and women in the same subsets are tied. We define |pref | as the total number of women
appearing in pref,, and (3-3)-COM SMTI requires that |pref,| < 3. Women which do not
appear in pref, are considered unacceptable by z. In (3-3)-coMm sMTI, the goal is to find a
weakly stable matching of men and women, given the above constraints.

Let J be an instance of (3-3)-coM SMTI such that the ties are only on the women’s side.
We construct an instance Z of MEFE-MATCHING as follows. Let X = M and T =W, i.e.,
for each man m € M, we have a course m, and for each woman w, we have a TA w. For
every course m € X, v, (w) = 4 — 4, if man m ranks woman w at position i; otherwise 0.
We next define a set of valuation functions of TAs. It is according to the preference list of

3 Proof of all the theorems,/lemmas/claims marked with & can be found in the full version of the paper [24].
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1

mi w1 0<3—O t1
2 1

mao Wwa Cco O—2>O to

1 2

(a) An instance of (3-3)-COM SMTI. (b) An instance of MEFE-MATCHING
where grades are in the middle of the edges
in blue color.

Figure 1 An instance of MEFE-MATCHING is presented in 1b corresponding to an instance of
(3-3)-coM SMTI presented in la.

women. If woman w ranks man m at position 4, then the utility of TA w for the course m is
Uy (m) = 4 — 4, if m is not in the preference list of woman w, then u,,(m) = 0. Next, we define
a grade function for every course based the preference list of men, which is strict. If man m
ranks woman w at position 4, then the grade of TA w for the course m is g, (m) = 4 — i, if
m is not in the preference list of woman w, then g,,(m) = 0. The capacity of each course is
one and k = 1. Next, we prove the correctness. In particular, we prove the following.

» Lemma 3. 7 is a yes-instance of (3-3)-com sMTI if and only if T is a yes-instance of
MEFE-MATCHING.

Proof. In the forward direction, let n be a solution to J. We claim that y = 7 is also
a solution to Z. Clearly, p is a feasible matching as every course is matched to one TA.
Furthermore, for every course m € X, AvgUtil(m) > 1 as v, (w) > 1 for all w who are
in preference list of m and if a woman w is matched to a man m then w must be in the
preference list of m. Next, we argue that u is merit-based envy-free. Note that u is a perfect
matching. Thus, every TA is matched to a course. Furthermore, every TA is matched to
a course with non-zero utility due to the construction and the fact that n is a solution to
(3-3)-coM sMTI. Suppose that TA ¢ envies TA ¢/, then we have g;(u(¢')) > gu(u(t')). Due to
construction and the fact that ties belong to only women side, equality is not possible. Hence,
ge(u(t")) > gp(u(t')). Also, ug(u(t')) > ue(p(t)) which means t =,y t' and n(t') =, n(t),
which contradicts the fact that 7 is a stable matching.

In the reverse direction, let p be a solution to Z. We claim that n = p is a solution to J.
Recall that the capacity of every course is one in J. Thus, n saturates all men. Since, the
number of courses and TAs is same and every course is matched to only one TA, every TA is
matched to a course in u. Thus, 5 is a perfect matching. Moreover, for every course w € X,
AvgUtil(w) > 1 as we have vy, (w) > 1 for matched pair (m,w). Each man is matched with a
woman who is in his preference list and hence, each woman also is matched with a man in
her preference list due to construction. Next, we claim that p is weakly stable. Towards the
contradiction, suppose that there is a pair (m,w) such that w >, n(m) and

m =y N(w). Thus, due to the construction of the instance Z, g,(m) > gy(m)(m), and
Uy (M) > uy(p(w)). Thus, TA w envies TA w’, which contradicts that p is a solution
to 7. <

The transformation can be carried out in polynomial time since, for each pair (m,w) €
M x W, the values v, (w), uy,(m), and g,,(m) can be computed by scanning the preference
lists of m and w, each of which has length at most O(n). Thus, the total time required to
construct the instance is O(n?). This completes the NP-hardness proof when course utilities
are derived from grades. The binary case is similar. Here, the course valuation would be
defined as follows: for every course m € X, v,,(w) = 1 if woman w is in the preference list of
man m, otherwise 0. The proof remains same for binary valuation function. <
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Our next intractability result is when TAs have binary valuations and grades in the
range {0, 1,2}, other than the constraints on degrees and capacities. The result is due to a
polynomial-time reduction from the 3-DIMENSIONAL PERFECT MATCHING problem.

» Theorem 4 (&). MEFE-MATCHING is NP-complete even when each course has capacity
two, degree siz, and valuations in {0,1,2,3}; each TA has binary valuation function, and
grades in {0,1,2}.

4 Polynomial Time Tractable Cases

In this section, we identify some instances that can be solved in polynomial time. We first
consider the case when the difference of the degree and capacity of each course is at most
one.

» Theorem 5. MEFE-MATCHING can be solved in O(m?n?) when the difference between
the degree and capacity of each course is at most one.

Proof. We visualize an instance Z of MEFE-MATCHING as a bipartite graph G = (X, T') and
note that G can be a disconnected graph. However, it is sufficient to solve each component
separately, as we do not assign 0-valued TAs to a course. Let G opny be a maximal connected
subgraph of G. For the ease of notation, we reuse X, T as the bipartiton of Gy, as well,
where X, T is the set of courses and TAs, respectively, in Geonn. Let X = {x1,...,2,}
and T' = {t1,...,tm}. We find an MEFE matching, if it exists, for Geonn. We design the
algorithm based on the structure of the graph. We first consider the case the graph has a
course with degree equalling capacity. If not, then we further consider other cases: whether
it is acyclic, or contains one cycle, or contains at least two cycles. In the case of two cycles,
we argue that it is no-instance. In the other cases, for a yes-instance, the intuitive idea is
that there exists a TA /course whose assignment or decision that it is unassigned dictates the
whole matching. Note that such a TA/course should be chosen carefully as every choice does
not fix the matching.

Case 1: There exists a course x; such that d(xz;) — c; = 0. Let X' = {z1,...,2¢} be
the set of courses in X such that d(z;) = ¢;, where i € [¢]. We construct a matching u
as follows: for each i € [¢], p='(z;) = N(z;). If p='(x;) and p~'(x;) are not disjoint, for
any 4,7 € [f], then we return NO. Otherwise, we call Extended Matching(Geonn, i, 1) =
N(X'), X, = X')(Algorithm 1) and find a matching p. The intuition is that we consider
a course x € X whom we did not assign TAs yet, such that one of the positively valued
TAs it has an edge with has already been assigned to a course. Thus, all the remaining TAs
positively valued by this course must be assigned to it (we will argue in the correctness proof
that for a yes-instance, only one of its TA is assigned to another course). If 1 is a solution to
7, we return it; otherwise, we return NO.

Case 2: For all the courses z; € X, d(x;) — ¢; = 1.
Case 2.1: Gconn is acyclic, i.e., a tree. In this case, |E(Geonn)| = |X| + |T| — 1. Further-
more, since Geonyn 18 & bipartite graph, E(Geonn) = Zie[n] d(x;). Thus,
> d(wi) = |X|+|T| -1
i€[n]
This implies that }, ., (d(z;) — 1) = |T| — 1 Since ¢; = d(z;) — 1, we have that

> =T -1

i1€[n]
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Algorithm 1 Extended Matching.

Input: a connected graph Geonn = (X, T), a matching u, a set of TAs T),, a set of courses
Xy
Output: a matching p
1: while 3z € N(T,) such that z ¢ X, do
2 for all TA t' € T'\ T,, such that 2t € E(Gconn) do
3: u(t) ==z
4: T, —T,U{t'}
5

X, = X, U{z}
return p

Hence, there is only one TA that is unassigned in any feasible solution to Z. We guess this
TA, say t. Now, we need to assign all TAs in 77 =T\ {¢} to the courses in X. The intuitive
idea is that since t is unassigned, for all the courses that have positive valuations to ¢, we
only have capacity many choices. Thus, the allocation of all these courses is fixed. Since
the graph is connected, this eventually fixes the allocation of all the courses. Algorithm 2
describes the algorithm formally.

Algorithm 2 Unit difference between degree and capacity: Acyclic Case.

Input: a connected graph Geonn = (X, T)
Output: either a matching u, or NO.
1: for t € T do
2: Ty =1, Xpu, =0, ue(z) =0, for all z € T
3: pt= Extended Matching(Geonn, tit, Tp,r Xp,)

4: if p; is a solution to Z then return u,
return NO

Case 2.2: Gonn contains only one cycle. Let C = (x1,t1,...,x¢,t¢) be the cycle in
Geonn- Clearly, there exists an edge in C' whose deletion makes the graph G o, acyclic.
Thus, in this case, |E(Geonn)| = |X|+ |T'|. Furthermore, |E(Geonn)| = _;e, d(2:). Thus,
by equating the above two expressions just as we did in Case 2.1, we get |T| = Zie[n] Ci.
Therefore, all TAs need to be assigned in a feasible matching for this case. Let X¢,T¢o
denote the set of courses and TAs, respectively, in C. We guess whether ¢; or ¢, is assigned
to 21 (one of them has to be assigned as d(x1) — ¢; = 1). After this guess, an allocation for
all the courses gets “fixed”, i.e., there is a unique choice of allocation. Algorithm 3 describes
the algorithm formally.

Case 2.3: G.onn contains more than one cycle. The algorithm returns NO in this case.
The detailed proof of correctness and running time analysis can be found in the full
version [24]. <

Due to Theorem 5, we have the following result, which is in contrast to Theorem 2 when
considering the degree of courses.

» Corollary 6. MEFE-MATCHING can be solved in polynomial time when the degree of
courses s at most two.

Our next tractability result is in contrast to Theorem 2, as it reduces the problem to
WEIGHTED STRONGLY STABLE MATCHING WITH TIES AND INCOMPLETE LisTs (WSSMTTI)
in polynomial time, which can be solved in polynomial time [30].
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Algorithm 3 Unit difference between degree and capacity: Unique cycle case.

Input: a connected graph Geonn = (X, T)
Output: either a matching u, or NO.

let C = (z1,t1,...,%0,t0)

let p=(z1) = N(21) \ {t}

Xy =Aar}, Ty = N(2a) \ {te},

p=Extended Matching(Gconn, i, Ty, Xp)

if p is a solution to Z then return p

i (w1) = N(z1) \ {t:}

[~ '=Extended Matching(Geonn, i ", Ty, X,1)

if i~! is a solution to Z then return /'
return NO

» Theorem 7 (&). MEFE-MATCHING can be solved in O(nm?) when the capacity of each
course is one, and each TA has distinct valuations for positively valued courses.

Our next result is in contrast to Theorem 1. The result is due to the observation that
a TA with high grade needs to be prioritised over low grade TAs in a solution. Thus, we
sort the TAs based on their grades and match the top capacity many TAs to the course.
We also observe that an instance can be partitioned into distinct sub-instances, where each
sub-instance has only one course.

» Theorem 8 (&). MEFE-MATCHING can be solved in O(mlogm) when the degree for each
TA is one.

» Corollary 9. MEFE-MATCHING can be solved in polynomial time when the number of
COUTSES 1S one.

Proof. The degree of every TA is 1 when the number of courses is one. Hence Theorem 8 is
applicable. <

Another restricted instance we analyze is one in which the capacities of all courses are
constant, and the number of courses is also constant. In this case, the total number of
possible solutions are polynomial which can be enumerated in polynomial time. Hence, we
have the following result.

» Theorem 10 (&). MEFE-MATCHING can be solved in O(m®M) when the number of
courses and capacity of each course is constant.

Next, we consider the case when every course has only two positive distinct values for
TAs, and obtain the tractability, with some restrictions on valuations and grades of TAs.

» Theorem 11. MEFE-MATCHING can be solved in O(max(nmlog(m), m?)) when every
course has only two distinct positive valuations, and for a course no two TAs have the same
grade. Furthermore, each TA has distinct valuations for positively valued courses.

Proof. Let 7 = (X, T, {Ui}iEX7{Ui}iET7{gi}iET; {Ci}iEX7k} be an instance of MEFE-
MATCHING such that v;: T — {0,q¢;,q.}, where ¢;,q} are positive integers, and for any
pair of TAs t;,t; € T, gi(z) # g;(z), for any course z. Without loss of generality, let
¢i > q}. Next, we find the number of ¢; and ¢} valued items assigned to z; in a solution. Let
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a;, a; be the number of ¢; and ¢} valued items assigned to x;, respectively. If ¢; = ¢}, then
a; = ¢;,a), = 0. Otherwise, we find the following equations for each course independently.
Due to our feasibility and satisfaction constraints for courses, we know that for each i € [n],

a;gi + a;q; > ke (1)
a; + aé = C; (2)

If the set of the above two equations does not have a solution, then clearly, 7 is a

no-instance of MEFE-MATCHING. Suppose that there is a solution of the set of Equ%tion 1
Ciq(iq iq; :
. Note that if a} is negative, then a; > ¢;, which violates the feasibility of a
matching. Thus if qi < k, it is a no-instance. So next we assume that ¢; > k. We choose
a; = max{0, (Cq(qqu]} and a; = ¢; — a;. We next give a polynomial time reduction from
MEFE-MATCHING to the STABLE MATCHING problem for bipartite graphs, in which given
a set of men, say M, and women, say W, a preference list of women over men, a preference
list of men over woman, (preference lists might be incomplete); the goal is to decide whether

there exists a matching such there is no pair of man and woman (m,w) such that (i) m is

and 2 for every course. If we solve these two equations, we obtain that a; < and

. _ ’
a; > 72@ 9.)

unmatched or prefers w over his matched partner, and (ii) w is unmatched or prefers m over
her matched partner. Such a pair of (m,w) is called a blocking pair, and a matching without
blocking pairs is called a stable matching.

We create an instance of the STABLE MATCHING problem J as follows. The set of men is
M =T, i.e., corresponding to every TA in 7', we have a man in M. Corresponding to every
course z; € X, we have ¢; women, say w},...,wi". If a; >0, let W; = {w}, ..., w}}, and
if a; >0, let W/ = {w?”‘l, ..., wi'}. Next, we define the preference list of every woman w,
say P,,, as follows. For every w € W;, man t is in P,, if and only if the valuation of course x;
for the TA t is ¢;. For every woman w € W/, man ¢t is in the preference list of w if and only
if the valuation of course x; for TA ¢ is positive. Recall that in an instance of the STABLE
MATCHING PROBLEM a man m is on the preference list of a woman w if and only if w is
in the preference list of m. Next, we define the ordering of men in the preference list of
every woman, which is based on the grades. Since no two TAs have the same grade for a
course, for men ¢,¢ in P,, woman w prefers ¢ more than ¢’ if and only if g;(w) > gv (w).
Next, we define the ordering of women in the preference list of every man. Let P; be the set
of women in the preference list of the man ¢. Consider a man t. If w;(x;) > w;(x;), where
z;,x; € X, then man ¢ prefers women in w € W; U W/ more than woman o € W; U W,
where w, W € P,,. Furthermore, if w € P,, "W, and @ € P,, N W/, then m prefers w more
than @. If w,w € P, N W;, then m order them arbitrarily; similarly women in P, N W/ are
ordered arbitrarily. This completes the construction of J.

Proof of correctness and running time analysis can be found in the full version [24]. <

5 Parameterized (Approximation) Algorithms

In this section, we consider the problem in the realm of parameterized algorithms to cope with
the intractability. We first consider the parameter m (the number of TAs.). The following
result is due to trying all possible partitions of TAs.

» Theorem 12 (&). MEFE-MATCHING can be be solved in FPT(m), where m is the number
of TAs.

Next, we move our attention to the parameter n, the number of course. The next
algorithm is similar to the one in Theorem 11. But, here we have constant number of distinct
positive valuations for each course, rather than just two. So, we guess the number of TAs of
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each value assigned to a course in a solution. Note that we also consider constant capacity
for each course. The rest of the algorithm is similar. In the algorithm in Theorem 11, we
know the upper bound for a;, but here, we know the exact values, and hence add the edges
accordingly in the STABLE MATCHING instance.

» Theorem 13. MEFE-MATCHING can be solved in FPT(n) when every course has constant
number of distinct positive valuations and capacity, and for a course no two TAs have the
same grade. Furthermore, each TA has distinct valuations for positively valued courses.

Proof. Let Z be an instance of MEFE-MATCHING that satisfies the constraints in the
theorem statement. Let v;: T — {qu;,...,¢r;:}, where r; is a constant. Let aj; be the
number of TAs of value gj; assigned to the course z; in a solution, where i € [n],j € [r;]. We
guess the values of a;;, for all ¢ € [n], j € [r;], that satisfies the following two constraints.

T
Zainji > ke (3)
j=1
T
daji=c (4)
j=1
Note that we have (¢; +1)™ choices for vector (ays,...,ar,;) for every course z;. A vector

is called walid, if it satisfies Equation 3 and 4. Since the capacity of each course and r; is
constant, we have constant choices for every course. Hence, we have ¢" total choices, where
c is a constant.

For each combination of n valid vectors (one for each course) (ai1,...@Gr 1, .., Q1n,
...Qp,n), We create an instance of the STABLE MATCHING problem J as follows. The set of
men is M =T, i.e., corresponding to every TA in T, we have a man in M. Corresponding
to every course z; € X, we have a set of women Wj; that contains a;; many women. If any
of these sets are empty we ignore those sets. Let W; be set of all women corresponding to
course x;. Due to the validity of the vector, corresponding to every course x;, we have ¢;
women. Next, we define the preference list of every woman w, say P,, as follows. For every
w € Wj;, man ¢ is in P, if the valuation of course z; for the TA ¢ is g;;. Recall that in an
instance the STABLE MATCHING PROBLEM a man m is in the preference list of a woman w if
and only if w is in the preference list of m. Thus, woman w is in P,,, the preference list of m,
if and only if m is in P,,. Next, we define the ordering of men in the preference list of every

woman, which is based on the grades. Let w be a women corresponding to the course z;.

Since no two TAs have the same grade for a course, for men ¢,t' in P,,, w prefers ¢ more than
t" if and only if g;(x;) > g (x;). Next, we define the ordering of women in the preference list
of every man. Consider a man t. If u;(x;) > ui(x;), where x;,x; € X, then man ¢ prefers
women in w € W; more than woman in @ € W;, where w, @ € P,. If w,w’ € P, N W;, then

we first note that there exists unique j € [r;] such that w,w’ € Wj;, due to the construction.

In this case, man ¢ orders them arbitrarily. This completes the construction of J. If any of
the constructed instance of STABLE MATCHING returns a women-saturating stable matching,
then we return “yes”, otherwise “no”.

The proof of correctness can be found in the full version [24]. |

Next, we design a parameterized approximation scheme with respect to the parameter
n, €, and log v, where v is maximum value assigned to a TA by a course. Our basic idea is
that for appropriately chosen €', we guess the number of TAs assigned to course x; that have
valuations in the range [(1 + €/)771, (1 + €’)?), for every course x; € X. Then, we create the
number of copies of a course accordingly and reduce to the STABLE MATCHING problem as
in Theorem 13.
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» Theorem 14 (&). MEFE-MATCHING admits an algorithm that given a yes-instance

outputs a matching in which for every course x, AvgUtil(z) > (1 — €)k, where 0 < e < 1,

when the capacity of each course is constant, no two TAs have the same grade for a course,
n log max, 4

and each TA assigns distinct utilities to each course, and runs in O(cap o=+ (n +m)°M),

where cap is the maximum capacity of a course and maxy, s the maximum valuation of a

course for a TA, ¢ = = — 1.
—€

6 Relevance and Tractability of Results

In this section, we discuss the relevance of our results with respect to the constraints they
require and their computational efficiency. We first contrast the results with a brute-force
approach.

The brute-force algorithm is to try all possible allocations of TAs to faculty. Thus, the
running time is O((n + 1)™) (41 for the case that a TA might not be assigned to any
course). Theorem 12 is this brute-force algorithm that leads to FPT(m) as n < m for a
yes-instance because every course has capacity at least one. Theorem 13 establishes a running
time bound of O(c™), where ¢ is a constant. The number of TAs is usually larger than the
number of courses; thus, this algorithm is faster than the brute-force algorithm. Note that
the constraints in Theorem 13 do not change the running time of the brute-force algorithm.
Similarly, the FPT-AS algorithm of Theorem 14 achieves a running time that improves upon
the brute-force approach. We also believe that the constraints in Theorem 13 and 14 are
natural. E.g., using TAs’ course marks, which are likely distinct and can serve as grades. We
can also ask TAs to submit distinct utilities for distinct courses. It is realistic to assume that
a course’s TA requirement remains constant (required in Theorems 13, 14) and that courses
consistently split TAs into a constant number of utility brackets (e.g., good, average, bad)
(required in Theorem 13).

We now move on to other results with practical constraints and polynomial running
times. Theorem 11 considers bi-valued functions from the side of courses, capturing scenarios
where instructors rank TAs as “like” or “dislike”, a generalization of the binary case. For
computationally hard problems, binary or bi-valued valuations are well-studied in Fair
Allocation. Theorem 7, meanwhile, relies on the assumption that each course requires only
one TA, which models contexts where only a few students opt for advanced electives and
simplifies the assignment process.

7 Existence Results

In this section, we identify some yes and no instances of the problem.

7.1 Yes-instances of MEFE-Matching.

We begin by identifying instances where the solution is guaranteed to exist. Before presenting
our first result, we define some notation.

Let r;: T — [m] be a rank function such that ¢ has r;(¢)th lowest grade in the course z;,
for each i € [n]. Here, m denotes the size of the set T. Let ¢ = ¢1 + ...+ ¢,. We denote
ki = gi(z;) where t = 77 '(c). Note that if the number of TAs, m, is smaller than ¢, then
r; ! (c) will be undefined. However, we can easily identify such a case as a trivial non-instance
since no feasible matching exists that meets each course’s capacity constraint c;.

Now, we are ready to present our first existential result.
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» Theorem 15 (&). Let Z be an instance of MEFE-MATCHING such that
(i) every TA t; € T has the following valuation function for courses, given by u;: X —
{0,a}, for each i € [m];
(ii) for every course x € X and TA t € T, v, (t) = g(x), i.e., the utility of course x for TA
t is the same as her grade in course x;

(iii) for every subset X' C X, |IN(X")| > >, cx/ Ca-

(iv) for every course x, there should not be two distinct TAs t,t' such that us(x) = uy (x) = a
but gi(x) = g (x), i.e., no two TAs positively valuing a course should have the same
grade for that course.

Then, for k = min{k; | z; € X}, a MEFE matching always exists.

Our next positive existence result is because MEFE-MATCHING instance satisfying
constraints in Theorem 16 can be reduced to HOSPITALS RESIDENTS PROBLEM (HR).

» Theorem 16 (&). Let 7 be an instance of MEFE-MATCHING such that all TAs and
courses positively value each other and each TA must assign distinct valuation to courses and
all the TAs have distinct grades/marks in a course. Then, MEFE always exist for k = 1.

7.2 No-instances of MEFE-Matching.

FEach yes-instance discussed in the previous section has multiple constraints. In this section,
we discuss that none of the constraints mentioned for positive existence results are by
themselves sufficient for the existence of a MEFE matching. If course utilities are grades, i.e.,
v;(t) = gi(z;) for all z; € X, ¢t € T, with no other constraints, the answer to the existence
question is NO. For example, in an instance with a single course having capacity 1 and 2
TAs having the same grade, the unassigned TA will always envy the other, so no MEFE
matching exists. If £ = 1, with no other conditions, the answer is again NO, as the above
example is a NO instance for this case. If all TAs and courses positively value each other,
without further restrictions, the answer remains NO. For example, we take an instance with
a single course having capacity 1 and 2 TAs, where both TAs positively value the course and

the course positively values both TAs, and courses assign utilities less than & to both TAs.

For this instance, no MEFE matching exists, since the course satisfaction criteria cannot be
met. If TAs assign valuation functions having the range 0, a to courses given that a feasible
matching exists, the answer to the existence question remains NO as the previous example is
a NO instance.

8 Conclusion

In this paper, we considered many-to-one matching problem under two-sided preferences, and
inspired from the TA allocation problem to the courses, we used welfare function on one side
and envy-freeness type fairness criteria on the other side. Indeed, the application of problem

is not limited to the TA allocation problem. We next list some of our specific open questions.

Most of our algorithms require that “in a course, no two TAs have the same grade”. Is this
essential to derive those polynomial-time algorithms? In our FPT(n) algorithm, we require
capacity and types of valuations of a course to be constant. What is the complexity with
respect to n, when only one of them is constant?
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