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—— Abstract

The pathwidth of a graph is a measure of how path-like the graph is. The PATHWIDTH ONE VERTEX
DELETION (POVD) problem asks whether, given an undirected graph G and an integer k, one can
delete at most k vertices from G so that the remaining graph has pathwidth at most one. This is a
natural variation of the classical FEEDBACK VERTEX SET (FVS) problem, where the deletion of at
most k vertices results in a graph of treewidth at most one. In this work, we investigate POVD
in the realm of approximation algorithms. We first design a 3-approximation algorithm for POVD
running in polynomial time. Then, using this constant factor approximation algorithm, we obtain
a randomized parameterized approximation algorithm for POVD running in time O*((hg)*), that
improves the fastest existing running times for approximation ratios in the range (1.76147,3). Here
the constant hg depends on the approximation factor 8 alone and has value PAC >, which lies in the
range (1,2.3596), when § € (1.76147, 3).

Taking inspiration from two extensively studied problems, namely CONNECTED FVS and
INDEPENDENT FVS, we investigate two variations of the POVD problem from the perspective of
parameterized algorithms. These variations are the connected variant, called CONNECTED PATHWIDTH
ONE VERTEX DELETION (CPOVD) and the independent variant, called INDEPENDENT PATHWIDTH
ONE VERTEX DELETION (IPOVD). While in CPOVD the subgraph G[S] induced by the vertices to
be deleted needs to be connected, in IPOVD it needs to be independent. Specifically, we show the
following results.

CPOVD can be solved in O*(14%) time and admits no polynomial kernel unless NP C co-NP /poly.

IPOVD can be solved in O*(7%) time, and admits a kernel of size O(k®).
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Improved Approximation for POVD and Parameterized Complexity of Its Variants

1 Introduction

Treewidth is a fundamental graph parameter that measures how “tree-like” the graph is.
The notion of treewidth was introduced by Robertson and Seymour in their seminal Graph
Minors series [27]. Formally, it is defined via tree decompositions, where the goal is to
map a graph into a tree-like structure of subsets of vertices of the graph, called bags, in a
way that minimizes the size of the largest bag minus one. Treewidth plays a central role
in the field of parameterized complexity and has been extensively studied due to its wide
applicability in algorithm design, particularly for fixed-parameter tractable (FPT) algorithms.
Many computationally hard problems become efficiently solvable when restricted to graphs
of bounded treewidth.

A closely related parameter is pathwidth, which is a notion closely related to treewidth,
and was also introduced by Robertson and Seymour in the Graph Minors series [26]. Here the
underlying decomposition structure is restricted to paths instead of trees. While treewidth
measures the tree-likeness of a graph, pathwidth measures how “path-like” the graph is.

The FEEDBACK VERTEX SET (FVS) problem is a classic graph modification problem
where given a graph G and an integer k, the objective is to delete at most k vertices to
obtain an acyclic graph (i.e., a forest). This problem can be viewed through the lens of
treewidth, as forests are exactly the graphs with treewidth at most one. Due to this we
can refer FVS problem as TREEWIDTH ONE VERTEX DELETION. FVS has been intensively
studied in the FPT framework [12, 13, 16], leading to numerous algorithmic breakthroughs.
Several variants of FVS have also been investigated. Two notable examples are: CONNECTED
FEEDBACK VERTEX SET (CFVS) [1, 6, 22] and INDEPENDENT FEEDBACK VERTEX SET
(IFVS)[2, 17, 21, 28], where in CFVS the subgraph of G induced by solution vertices S
needs to be connected, and in IF'VS it needs to be independent. Currently, the most efficient
algorithm known for IFVS is provided by Li and Pilipczuk, which runs in O*(3.619%) time [17].
Regarding CFVS, Cygan et al.[7] gave the fastest known randomized algorithm for CFVS,
achieving a runtime of O*(4F).

Many classical graph problems such as VERTEX COVER, FEEDBACK VERTEX SET (FVS),
ODpD CYCLE TRANSVERSAL (OCT), and DOMINATING SET (DOM) have been extensively
studied in the fields of parameterized complexity and graph algorithms. These problems
are central to both theoretical research and practical applications, and their algorithmic
properties — especially in the fixed-parameter tractability (FPT) setting. In recent years,
increasing attention has been devoted to connected and independent variants of these
problems, which often impose additional structural constraints and lead to new algorithmic
challenges. Problems such as CONNECTED VERTEX COVER [14, 23], CONNECTED DOM [11],
CoNNECTED OCT [7] have emerged as natural extensions, where solutions are required to
induce connected subgraphs. Similarly, INDEPENDENT DOMINATING SET [18], INDEPENDENT
OCT [20], INDEPENDENT s-t SEPARATOR [20], INDEPENDENT MULTICUT [19], INDEPENDENT
DIrRECTED FVS [19], INDEPENDENT CUTSET [25] introduce independence constraints.

1.1 Pathwidth One Vertex Deletion

Analogous to FVS or TREEWIDTH ONE VERTEX DELETION, Philip et al.[24] introduced
the PATHWIDTH-ONE VERTEX DELETION (POVD) problem. In problem POVD, given a
graph G and an integer k, the goal is to delete at most k vertices such that the remaining
graph has pathwidth at most one. We define the problem formally as follows.
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PATHWIDTH ONE VERTEX DELETION (POVD)

Input: A graph G = (V, E), a positive integer k.

Question: Does there exist S C V(G) such that |S| < k and pathwidth of G — S is
at most one?

It is known that a graph has pathwidth at most one if and only if it is a disjoint union of
caterpillars [29]. A caterpillar is a special kind of tree where all vertices are within distance
one of a central path called the spine [24, 29]. Hence, graphs of pathwidth at most one form
a subclass of forests, exhibiting even simpler structure.

It follows from a general NP-hardness result of Lewis and Yannakakis [15] that this
problem is NP-complete. Therefore, the POVD problem has attracted some attention in
the parameterized complexity community and several FPT algorithms have been developed
for this problem. Philip et al. [24] gave an algorithm for POVD with O*(7*) running time!
and a kernel with O(k*) vertices. Cygan et al. [8] improved these results by giving an
algorithm with O*(4.646%) running time and a kernel with O(k?) edges. The current fastest
FPT algorithm for POVD has a running time of O*(3.888%)[29]. Very recently, Esmer and
Kulik [10] gave a parameterized approximation algorithm for POVD with a running time of
0*((3.888 — ¢)*) for some ¢ > 0, achieving approximation factors lying in the range (1,7).

1.2 Qur Contributions

Following the line of research on FVS variants such as CFVS and IFVS, in this paper, we
initiate the study of two natural extensions of POVD, one capturing independence, and
the other emphasizing connectivity. Our research looks into these variants, revealing their
intricacies with the following theme.

Connectivity vs Independence

Formally, we study the following connected and independent variants of POVD.

CONNECTED PATHWIDTH ONE VERTEX DELETION (CPOVD)

Input: A graph G, a positive integer k.

Question: Is there a vertex subset S C V(G) of size at most k such that G[S] is
connected and pathwidth of G — S is at most one?

INDEPENDENT PATHWIDTH ONE VERTEX DELETION (IPOVD)

Input: A graph G, a positive integer k.

Question: Is there a vertex subset S C V(G) of size at most k such that G[9] is
independent and pathwidth of G — S is at most one?

We obtain the following results for CPOVD and IPOVD.
IPOVD admits a kernel of size O(k®) and can be solvable in time O*(7%).
CPOVD does not admit a polynomial kernel but can be solvable in time O*(14%).

In Section 4, we develop a kernel of size O(k?®) for IPOVD. Our approach builds on the
framework of established kernelization algorithms for POVD [8, 24] and IFVS [21]. However,
due to the inherited generality of our problem, we need to introduce substantial modifications
to the reduction rules and perform a more detailed analysis. The size of our kernel matches,
up to a constant factor, the best-known kernel size for IFVS. In contrast to IPOVD, in

1 We use O* notation to hide factors polynomial in the input size.
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Section 5, we prove that CPOVD does not admit a polynomial kernel parameterized by the
solution size unless NP C co-NP/poly. This negative result follows via a straightforward
reduction from the CONNECTED VERTEX COVER problem, which is also known not to have
a polynomial kernel under the same assumption.

On the algorithmic side, in Section 6, we give an FPT algorithm for CPOVD running
in time O*(14*%). The core idea is to first eliminate certain obstructive structures from the
graph through branching, simplifying the instance. Taking advantage of this simplified graph,
we then invoke an FPT algorithm for GROUP STEINER TREE in a black-box fashion with
carefully constructed input, allowing us to test whether any minimal POVD solution can
be extended to a connected set that meets the size constraint. Beyond the O(k®) kernel
for IPOVD, in Section 7 we also present an FPT algorithm for IPOVD running in time
75 kO 4 nO0) | This algorithm is conceptually similar to the earlier FPT approach for
CPOVD: we first branch to remove some of the obstructive structures, and then, again with
the help of the simplified structure of the residual graph, check whether any minimal POVD
solution of size at most k is independent.

Interestingly, despite the active study of approximation algorithms for other vertex
deletion problems, no polynomial-time approximation algorithm better than the trivial
T-approximation was previously known for POVD. We provide a 3-approximation algorithm
for POVD running in polynomial time. This algorithm is based on two key observations that
any pathwidth-one vertex deletion set also forms a feedback vertex set and, POVD can be
solved in polynomial time when the input graph is acyclic.

Furthermore, we investigate POVD in the realm of parameterized approximation. Recently,
Esmer and Kulik [10], presented a parameterized approximation algorithm for POVD that
achieve an approximation guarantee with factors in the range (1,7) in randomized FPT
running time, that improves over the best known parameterized algorithm for POVD. In
Section 3.3, with the help of the 3-approximation algorithm, we obtain another parameterized
approximation algorithm that improves upon the existing randomized FPT running times of
algorithms given by [10] for approximation ratios in the range (1.76147,3). Due to space
constraints, some proofs have been moved to Appendix (Appendix A).

2 Preliminaries

All the graphs we consider are simple, undirected and unweighted graphs. For a graph G,
we denote the set of vertices of the graph by V(G) and the set of edges of the graph by
E(G). We denote |V (G)| by n, where the graph is clear from the context. An edge with
endpoint u and v is denoted by wv. For a set S C V(G), the subgraph of G induced by S
is denoted by G[S] and it is defined as the subgraph of G with vertex set S and edge set
{uv € E(G) : u,v € S}. We denote the subgraph G[V(G) \ S] as G — S. For any graph
G = (V,E)and v € V, a vertex u € V is said to be a neighbour of v if vu € E(G). The open
neighbourhood of v is denoted by N(v) and it is defined as N(v) = {u € V : vu € E(G)}.
We denote degree of a vertex v by d(v) where deg(v) = |N(v)]. The closed neighbourhood of
a vertex v is N[v] = N(v) U {v}. By A(G), we denote the maximum degree of a vertex in G.
We denote a polynomial function of n as poly(n). A set S C V is a pathwidth-one vertex
deletion set (povd) if G — S has pathwidth at most one. If G[S] is an independent set, then
S is an independent povd (ipovd). If G[S] is connected, then S is a connected povd (cpovd).

Parameterized Complexity. We refer to [5] for an introduction to the area. A parameterized
problem (z, k) where x is a string over ¥ and a parameter k € N is fixed-parameter tractable
(or FPT) if it can be solved in f(k) - |z|°®) time for some computable function f. A
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kernelization algorithm, or in short, kernelization, for a parameterized problem II C I'™* x N
is an algorithm that, given (X, k) € I'* x N, outputs in time polynomial in | X| + k, a pair
(X', k') e T* x N such that (a) (X, k) € IT if and only if (X', k') € IT and (b) |2/|, |k] < g(k),
where g is some computable function depending only on k. The output of kernelization
(X', k") is referred to as the kernel and the function g is referred to as the size of the kernel.
If g(k) € k) then we say that IT admits a polynomial kernel.

Branching Algorithm. We need to define the notion of a branching tree for the analysis
of our algorithms. An algorithm or a procedure A on an instance I of a problem is called
a branching algorithm if A can potentially recursively call itself on instances I, Is, ..., I}
for t > 2 such that output of A depends on the output of the recursive calls. A run of the
algorithm on an instance I is said to have executed a branching step, if it recursively calls
itself on at least two instances. A branching tree associated with an algorithm A and an
input instance [ is a tree where the root node of the tree is associated with the instance I.
If on an instance I, branching step is executed and recursive call is made on the instances
I, 15, ..., I, then the node associated with I in the branching tree would have ¢ children,
each associated with one of the instances on which the recursive call was made. If there is
no branching step executed on any of the instances associated with a node in the branching
tree, then that node would be a leaf node in the branching tree.
Now, we state some useful known results on graphs with pathwidth at most one.

» Fact 1 ([29, Lemma 1]). Let G be a graph. The following assertions are equivalent.
The pathwidth of G is at most 1.
G is a caterpillar forest.
G is acyclic and does not contain a subgraph isomorphic to Ty (see Figure 1).

» Fact 2 ([24, Lemma 3]). Let S = {1z, K35, Cy4}, where Cy is a cycle of length 4. If G is a
graph that does not contain any element of S as a subgraph, then each connected component
of G is either a tree or a cycle with zero or more pendant vertices (“hairs”) attached to it.

3 Approximation for POVD

In this section, we describe the approximation algorithms for PATHWIDTH ONE VERTEX
DELETION. We first obtain a 3-approximation algorithm for POVD that runs in polynomial
time. Then using this polynomial time approximation and results of [10], we obtain para-
meterized S-approximation for every 3 € [1, 3], the running time for which scales between
the running times of the best known FPT algorithm for POVD (f = 1) and the polynomial
time 3-approximation algorithm designed in Section 3.2 (5 = 3). Before introducing these
approximation techniques, we begin by proving a helpful result: POVD can be solved in
polynomial time on acyclic graphs.

Figure 1 Forbidden subgraphs in graphs of pathwidth at most one. C; denotes a cycle of size £.
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3.1 Polynomial Time Algorithm Solving POVD on Acyclic Graphs

We first solve POVD on trees using a simple greedy approach. By Fact 1, the obstructions
are cycles and the graph T5. Since the input is a tree, the only possible obstruction is 75,
which has seven vertices, see Figure 1.

Given a tree H, we first root it at an arbitrary vertex r € V(H) using BFS. We then
process the tree in a bottom-up manner to detect occurrences of 7. Whenever a copy of T5
is encountered for the first time in this traversal, we select a vertex v in the highest layer
(closest to the root) of that copy. We include v in the solution set and remove v together
with the entire subtree rooted at v from H. The process is then repeated: we again scan the
tree bottom-up, locate the next copy of T5, pick a highest-layered vertex v, and remove its
subtree.

The algorithm terminates once the tree contains no copy of T5. At that point, the set of
selected vertices is returned as the solution.

We now argue the correctness of this approach.

> Claim 1. The above algorithm returns a minimum pathwidth-one vertex deletion set
when the input graph is a tree.

Proof. Let H be a tree and let A be a copy of Ty in H such that our algorithm identifies A
during its first execution and selects one of the topmost vertices v from A into the solution.
To prove correctness, it suffices to show that for any other 75, say B in H intersecting A, the
vertex v lies in V(A) N V(B). If this holds, then choosing v is always as good as choosing
any other vertex from A.

Assume for contradiction that v ¢ V(B), while V(A) N V(B) # 0. Then there must exist
a vertex u € V(A) N V(B) with u # v. Since v is chosen as one of the topmost vertices of A,
the vertex uw must occur at the same level or lower than v in the rooted tree. This would
imply that there exist two distinct root-to-u paths in H: one passing through v and another
through B that avoids v. Consequently, this would create a cycle in H, contradicting the
assumption that H is a tree. Hence, v must belong to every Ts intersecting A, establishing
the claim. <

Since BF'S runs in polynomial time and each scan for 75 also takes polynomial time, the
overall running time of the greedy algorithm is polynomial. Thus, POVD can be solved in
polynomial time on trees. Moreover, since every connected component of an acyclic graph is
itself a tree, we can apply the same approach independently on each component of an acyclic
graph. This yields the following theorem.

» Theorem 2. POVD can be solved in polynomial time on acyclic graphs.

3.2 Polynomial Time 3-approximation for POVD
In this section, we prove the following result.
» Theorem 3. There exists a polynomial time 3-approximation algorithm for POVD.

The approach for our approximation algorithm is based on two key observations that
any pathwidth-one vertex deletion set also forms a feedback vertex set and, as shown in
the previous subsection, POVD can be solved in polynomial time when the input graph is
acyclic. Our approximation algorithm proceeds as follows.

Given a graph G, we first compute a 2-approximate feedback vertex set Si, using known

2-approximation algorithms for the FEEDBACK VERTEX SET problem [3, 4]. Removing

S1 from G yields a graph G — 57 that is acyclic.
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Next, we compute the minimum pathwidth-one vertex deletion set for G — S; using the
polynomial-time algorithm described in Section 3.1. Let this set be S5. Finally, we return
the set S = 57 U Ss.

Since Ss is a pathwidth-one vertex deletion for G — S1, S = S U S5 must be a pathwidth-
one vertex deletion for G. Also, the above-described algorithm runs in polynomial time,
as S7 can be found in polynomial time using one of the 2-approximation algorithms for
FEEDBACK VERTEX SET, and for S, we again need polynomial time only because of the
result in Section 3.1. We next argue for the size bound of S = S; U .S, in the following claim.

> Claim 4. For any given graph G, the size of S, returned by the algorithm described above,
can be at most three times the size of an optimal pathwidth-one vertex deletion set of G.

Proof. Let S’ be an optimal pathwidth-one vertex deletion for the graph G. We want to
prove that |S| < 3|S’|. We know that G — S’ is a caterpillar forest. Also, let F' be an
optimal fvs for G. Since G — S’ is also acyclic, we must have |F| < |S’|. Again, since S is a
2-approximate fvs solution, we get |S1| < 2|F| < 2|5’|. On the other side, Ss is an optimal
pathwidth-one vertex deletion for G — Sy, which implies |S3| < |S’|. Combining these, we
get, |S] = [S1] +[S2| < 25"+ |S'] < 3|9 <

3.3 Parameterized Approximation for POVD

In this subsection, we improve the running time of the parameterized approximation algorithm
for POVD introduced by Esmer and Kulik [10], for approximation factors between 1.76147
and 3. Recall that in [10], the authors provided running time for all approximation factors
in the range from 1 to 7. However, due to our 3-approximation described in the previous
subsection, it is no longer necessary to consider approximation factors greater than 3 in the
parameterized setting for POVD. By combining our 3-approximation with the “Sampling
with a black box” technique given in [10], we obtain faster S-approximation algorithms for
all 8 such that 8 € (1.76147, 3].

Esmer and Kulik [10] showed that a S-approximation for a vertex deletion minimization
problem 7 can be obtained in time O*((convert(a, 3, ¢, q))*) time, where the precondition
is an a-approximation algorithm for the problem 7 that runs in time O*(c*) with ¢ <

exp (ﬁ -D (% ||q)), and that 7 has a sampling step where success probability of each step is

at least q. Here D(:||-) denotes Kullback-Leibler divergence?. The formula of convert(c, 3, ¢, q)
is as follows.

5imt D(Sf - nq> ~In(e)
C - exXp 5*lr;ilia ! (6 - Of) if 6:ight (Of,C, q) 2 /B 2 Q5
rig
convert(a, 8, ¢, q) := 5, ‘D(ﬁ”q) —In(e) (1)
C - exp 51*6(:;,0( ' (/B - Of) if 5l*eft (aa ¢, q) < ﬁ < o
exp (ﬁ -D (%Hq)) otherwise.

2 Kullback-Leibler Divergence: given two numbers a,b € [0, 1], the Kullback-Leibler divergence of a and b
is defined to be

ORI =
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Here, 0jp (o, c,q) € (1,a] and 0y, (a,¢,q) € [a, %] are defined to be the unique

numbers which satisfy

Note that for POVD, it was previously known that an a-approximation with a = 1
(which is same as an exact algorithm) can be obtained in time 0*(3.888%) [29], and there is
also a sampling step for POVD that succeeds with probability ¢ = % [10]. Building on this
precondition, a S-approximation has been developed in [10], which runs in time O* ((dﬁ)k)
for every 1 < g <7, where

3.888-(0.519)71  if1<B<18;

exp(ﬁﬂ(%”% ) if1.8<p<7. (3)

1
dg = convert(1, 3, 3.888, ?) =

71 Crosso‘ver point ——ds |
B =1.7615 —m— hg
—h— 23

Value
' ot
T
I

w
T
I

| T

1 1.5 2 2.5 3

Figure 2 Comparison between the bases of the running times: dg corresponding to the (-
approximation from [10], and zg corresponding to the S-approximation presented in Theorem 5.

Now, because of our new a-approximation with o = 3 that runs in time O*(c*) with ¢ = 1
(since it is a polynomial time 3-approximation), from Equation (1), we can obtain another
parameterized S-approximation for every 8 € [1, 3], running in time O* ((hg)k)7 where

1
hg = convert (3,ﬂ, 1, 7) .

Now, we compute convert (3, 6,1, %) Note that, to evaluate convert (3, 5,1, %) for g < 3,

we need the value of 67, (3,1,3). Let z = &}ty (3,1, %), then from Equation (2), we have

p(5i11) -2 (517) - .

This implies,

11(x)+21 2 Lo (7Y 420 (1
—-In(~= - In|l———=—)=z-In{( = —-Inl— .
3 3/ "3 3x—-1)) 3 3) "3 18

Further simplifying, we get

7 (x—1)? 7 % 1
3:# — x:i , 88 T = g (3717?)6(1’3]'

4z



S. Jana, S. Mandal, A. Rai, and S. Saurabh

Now, using i, (3,1,4) = 7 in Equation (1), we get

— 2 (B-3)| fLTBE<B<3;

1 exp
hg = convert (3, 58,1, 7> =

exp (87 (514)) othorwise
This gives
hg = convert <3,5, 1, 1) _ 209 if 1.75 < B < 3; "
7 exp (/3 -D (%H%)) otherwise.

Thus, we now have two different parameterized g-approximation algorithms for POVD,
running in time O*((dg)*) and O*((hg)*), respectively. By comparing dg and hg, we observe
that dg < hg when 1 < 8 < 1.76147, while hg < dg when 1.76147 < 8 < 3.

Combining these observations, we obtain the following theorem.

» Theorem 5. For each 1 < 5 < 3, POVD has a B-approximation algorithm running in
time O*((2p)¥), where

3.888 - (0.519)(F=D  4f1 < B < 1.76147;
R =
77 26 if 176147 < B < 3.

4 Kernelization for Independent POVD

In this section, we present a polynomial kernel of size O(k?) for IPOVD. Given an instance
(G, k), our kernelization procedure first reduces it to an equivalent instance of a more general
problem called EXT-IPOVD. In EXT-IPOVD, the input is a triple (G, R, k), and the goal
is to determine whether there exists an independent pathwidth-one vertex deletion set in
G that is disjoint from the set R. For any instance (G, k) of IPOVD, we can create an
equivalent instance of EXT-IPOVD by simply setting R = (). Note that when k < 3, we can
solve an input instance (G, k) of IPOVD in polynomial time by enumerating all possible
subsets of size at most k. Thus, for a given instance (G, k), we assume that k > 3.

Table 1 Values of dg (from [10]), hg (from Equation (4)) and zg (from Theorem 5) for
ranging from 1.0 to 3.0 in increments of 0.1. Highlighted row shows the point where zs starts
outperforming dg.

B dg hgs z || B dg hgs zg
1.0 3.888  7.0000 3.888 || 2.0 2.0417 2.0000 2.0000
1.1 3.6412 50846 3.6412 || 2.1 1.9391 1.8660 1.8660
1.2 34100 4.2041 3.4100 || 2.2 1.8498 1.7411 1.7411
1.3 31936  3.6324 3.1936 || 2.3 1.7713 1.6245 1.6245
14 29908 3.2220 2.9908 || 2.4 1.7018 1.5157 1.5157
1.5 28010 29102 2.8010 || 2.5 1.6399 1.4142 1.4142
1.6 26232 2.6642 26232 || 2.6 1.5844 1.3195 1.3195
L7 24567 24647 24567 || 2.7 15346 1.2311 1.2311
1.7615  2.3596  2.3596 2.3596 || 2.8 1.4896 1.1486 1.1486
1.8 2.3007 22973 2.2973 || 2.9 1.4487 1.0717 1.0717
19 21604 21435 2.1435 || 3.0 1.4115 1.0000 1.0000
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We then design a kernel of size O(k?) for EXT-IPOVD. Once we obtain that we then
convert it back into an equivalent instance of IPOVD of size O(k?). The following lemma
formalizes this transformation.

» Lemma 6. Given an instance (G, R, k) of size O(k3) for EXT-IPOVD, we can construct
an equivalent instance (H,k + 1) for IPOVD of size O(k?).

Proof. Let (G, R, k) be an instance of EXT-IPOVD with size O(k%). From (G, R, k), we
create an equivalent instance (H, k+1) of IPOVD as follows. We define the vertex set V(H)
by extending V(G) with 2k + 5 additional vertices {u} U {z1,..., 2542} U{y1, ..., Yrt2}.
The edge set E(H) is formed the following way. We extend the edge set F(H) by adding the
the following edges. For each i € [k + 2], we add the edges {x;y;, uz;, uy;}, and then add an
edge ur for every r € R.

Observe that any ipovd solution @ for H of size at most k 4+ 1 must include the vertex w.
Otherwise, @ would need to include at least one vertex from each of the k + 2 disjoint pairs
{z,y;}, contradicting the size bound of k£ 4+ 1. Since @ is an independent set that includes
u, it cannot contain any vertex from R. Therefore, @ \ {u} forms an independent set in G
of size at most k, disjoint from R. Furthermore, as G is an induced subgraph of H \ {u},
Q \ {u} is also a valid povd solution for G. Conversely, let Q' be an ipovd solution of size at
most k for the instance (G, R, k). Since Q' avoids all vertices in R, the set Q' U {u} forms a
valid ipovd solution for H of size at most k + 1. Finally, since the size of G is bounded by
O(k?) and we only introduce O(k) new vertices and O(k?®) additional edges, the total size of
H remains bounded by O(k?). <

So now we turn our attention to kernelization for EXT-IPOVD. We develop several
reduction rules for this purpose and apply them exhaustively to any given instance (G, R, k)
of EXT-TPOVD. When multiple reduction rules are applicable simultaneously, we always
choose the one with the smallest index. Once no further reduction rules apply, we show that
the size of the resulting instance is bounded by O(k?).

Note that certain reduction rules can produce trivial Yes instances (the instance (G =
Ky, R =0,k = 0)) or trivial No instances (the instance (G = K3, R = 0,k = 0)) for EXT-
TPOVD. Some of our rules are slight adaptations of known reductions, while others are
specifically tailored to this problem. Below, we present these rules and provide proofs of
correctness for all non-trivial rules. We begin by describing three simple reduction rules.

» Reduction Rule 1. Ifk <0 and G has pathwidth at least two, return a trivial No instance.
» Reduction Rule 2. Ifk > 0 and G has pathwidth at most one, return a trivial Yes instance.

» Reduction Rule 3. If G has a connected component C such that C is caterpillar, remove
C from the graph. Return the instance (G —V(C), R\ V(C),k).

The proof of the correctness of the above three reduction rules is straightforward. Below
we present few other rules (Reduction Rules 4-8), correctness for each reduction rule, are
provided in the Appendix (Section A.1).

» Reduction Rule 4. Given an instance (G, R, k), if a vertez v € V(G) has more than k + 1
pendant neighbors, retain any k + 1 of them, ensuring that at least one is from R if v has
any pendant neighbor in R. Let D, be the set of deleted pendant neighbors, G' the resulting
graph, and update R’ = R\ D,,. Return the instance (G', R, k).

Now, we will state two known reduction rules given in [24] with slight modification.
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» Reduction Rule 5. Let u be a vertex in G such that there exists a matching M of size k+3
in the graph G —u, where each edge in M has at least one endpoint in the neighborhood N (u).
If u € R, then return trivial No instance. Otherwise, remove u from the graph, add all vertices
in N(u) to the set R, and decrease k by one. Return the instance (G —u, RUN (u), k —1).

» Reduction Rule 6. Let vg,v1,v2,...,vp11 be a path in G such that, for every vertex v;
with 1 < i < p, all its neighbors other than v;—1 and v;11 are pendant vertices. If p > 7,
contract the edge (v3,vy) in G, and assign the resulting vertez v§ in R if both vz and vy are
in R. Denote the resulting graph by G'. The new instance is (G’, R, k), where

R — (R\{U3,v4})u{vél}a if’UéER,
R\ {v3,v4}, otherwise.

Towards proving the correctness of Reduction Rule 6, we use the following observation.

» Observation 7 ([24, Observation 2]).

1. Let G be a graph that contains at least one cycle. Any graph G’ obtained from G by
contracting an edge of G also contains at least one cycle (possibly with parallel edges).

2. Let G be a graph that contains a Ty as a subgraph. If G’ is a graph obtained from G by
contracting an edge uv where either u or v (or both) is not part of any Ty in G, then G’
also contains a T as a subgraph.

Let v be a vertex in a graph G, and let ¢ € N. An {-flower passing through v is a set of ¢
distinct cycles in G such that each cycle contains v and no two cycles share any vertex other
than v. The vertex v is said to be at the center of the flower.

» Reduction Rule 7. Let u be a vertex of the graph G such that u is the center of a
(k+ 1)-flower. If u € R, then return trivial No instance. Otherwise, remove u from the
graph, add all vertices in N(u) to the set R, and decrease k by one. Return the instance

(GIV(G)\ {u}], RUN(u), k—1).

» Lemma 8. Let a = max{5,k +2}. Consider an EXT-IPOVD instance (G, R, k). Assume
that there is a verter v € V(G) of degree at least (4k + 7) + a(k + 2) and Reduction Rules
1-7 cannot be applied. Then one can, in polynomial time, find disjoint sets of vertices

/
XY CV(GQ)\ {u} and a function ¢ : X' — ( }; ) satisfying the following properties:

1. every vertex in Y’ is connected by a single edge to u,

2. Y’ is an independent set in G,

3. NY') = X'U{u}, and each vertex from Y’ has a neighbor in X',

4. the sets ¢(x) C N(x) are disjoint for any two different x € X' (as before we denote the
elements of ¢(x) by y¥,vy5,...,y% in' Y’ and call them the private neighbors of x ).

The above mentioned lemma is similar to Lemma 7 in [8]. The only difference lies in the
bound on deg(u). Since our graph is simple, the maximum number of non-pendant neighbors
of u can be at most k + 1, whereas in their case it is 2k + 1. The proof of our Lemma 8
follows directly from the proof of Lemma 7 in [8].

» Reduction Rule 8. Let u be a vertex of degree at least (4k + 7) + a(k + 2), and assume
that none of the earlier reduction rules are applicable. Let X' and Y’ be the nonempty sets
obtained by applying Lemma 8. Construct the graph G’ by deleting all but two edges between
u and the vertices yF, for each x € X'. Then, put all vertices in Y’ to R. Return the instance
(G’, RUY, k)
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If the kernelization algorithm for EXT-IPOVD returns a trivial Yes or trivial No instance,
it is straightforward to observe that the size of such instances is constant. Therefore, we
now focus on the case where the kernelization produces a non-trivial instance (G', R', k').
Assuming the original input instance (G, R, k) is a Yes-instance, we will argue that the size
of G’ is bounded by O(k?). By correctness of the reduction rules, we have that (G, R, k)
is a Yes-instance if and only if (G’, R',k’) is a Yes-instance. Assume that (G', R, k') is a
Yes-instance and let S be a solution of size at most &’. Since no reduction rule increases the
value of k, it follows that k' < k. We now partition the set V* = V(G’)\ S into the following
subsets.

= {UGV*:degG,(v)zl,N(v)ﬂS;é(Z)}; Vo = {UGV* :degG,(v):LN(v)ﬂS:@};

Vi — {1} €V* :deger_s(v) = 1, N(v)NS £ @}; Vi— {v €V* i dego_o(v) > 2, N(v)NS # @};
Vs = {v €V* i dege_s(v) > 2, N(0) NS =0,3ue N(v) :u e V3};
Ve = {v €V* i deger_s(v) > 2,0 ¢ VaU v5}; Vi — {1} €V*:deger_s(v) = 2, N(v) NS £ @};
Vi = {v €V* :dege_g(v) =2, N(v) NS = @}.

» Lemma 9. If the input instance of EXT-IPOVD is Yes instance, then |V (G')| < 61k3 +
319k2 + 414k + 42, and |E(G")| < 62k3 + 327.5k% + 423.5k + 42.

Proof. We assume that none of the reduction rules are applicable to the instance (G', R, k’).
We now proceed to bound the size of each V; individually.

Vertices in V; have exactly one neighbor, which must lie in S. Since |S| < k and, by
Reduction Rule 4, each vertex in S can have at most k£ + 1 such pendant neighbors, the size
of Vi is bounded by k(k + 1) = k? + k.

Next, observe that if v € V7 or v € Vy, then v must lie on the spine of a caterpillar in
the subgraph G’ — S. Suppose there are ¢ vertices from V7 in a caterpillar. Then, in the
subgraph induced by these 7 vertices and their neighbors, there exists a matching of size
at least |£]. Now consider a vertex u € S that is adjacent to more than 3k + 9 vertices of
V7. In the graph induced by these neighbors and their adjacent vertices, we can obtain a
matching of size at least k + 3, where each matching edge has at least one endpoint adjacent
to u. This would trigger Reduction Rule 5, contradicting our assumption. Therefore, each
vertex in S can be adjacent to at most 3k + 9 vertices of V7. By the same reasoning, each
vertex in S can also be adjacent to at most 3k + 9 vertices of V. Hence, when Reduction
Rule 5 is not applicable, the total number of vertices in each of V7 and V} is bounded by
k(3k +9) = 3k* + 9k.

Notice that, for every v € Vs, there is a private vertex u € V3 such that uwv is an edge.
Thus, if there are  such vertices u € V3 adjacent to vertices in Vs, then |V5| = x. Moreover,
in the subgraph of G’ induced by these u and their neighbors in V(G’) \ S, there exists a
matching of size z. Consequently, if there is a vertex w € S adjacent to k + 3 such vertices
u € V3 with neighbors in V5, then Reduction Rule 5 would be applicable. Therefore, for each
vertex in S, there can be at most k + 2 such vertices u, implying that |Vs| < k(k + 2).

Observe that the vertices of Vg and Vg lie on the spine of a caterpillar in G’ — S, such
that neither they nor their pendant neighbors are adjacent to S. Since Reduction Rule 6
is no longer applicable, in any spine of a caterpillar in G’ — S, there cannot be more than
nine consecutive vertices from Vg U Vg. Additionally, because Reduction Rule 6 is no longer
applicable, there must be at least one vertex from Vj, Vs, or V7 after any sequence of at most
nine consecutive vertices from Vg U Vg in such a spine. Therefore, |Vg U Vg| < 9(7k? + 20k).
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Note that the neighbors of any vertex in V5 belong to some V; with ¢ > 3. Let v € V5 be
adjacent to some u € V3. As before, there can be at most k + 2 such vertices u (otherwise
Reduction Rule 5 would be applicable). For any vertex in V; with ¢ > 4, there can be at
most k + 1 adjacent vertices in V5 by Reduction Rule 4. Therefore, in total, the size of V5 is
bounded by [Va| < (k+2)+ (k+1)(|Va] +|Vs| + [Vs| + [Vz] +|Va]) = T0k3 +270k% + 201k + 2.

Furthermore, if none of the reduction rules are applicable, then for any u € V(G’),
we have: deg(u) < (4k + 7) + a(k + 2), where a = max{5,k + 2}. Therefore, the total
number of vertices adjacent to S is bounded by (4k% + 7k) + a(k? + 2k). Hence, |V3] <
(4k? + 7k) + a(k? + 2k) = k* + 8k% 4+ 11k (note that according to our initial assumption,
a=k+2).

Hence, finally we get

8
V(G| =S|+ D Vil < 7T1K® + 349k + 254k + 2.
i=1

Similarly, the number of edges with one endpoint in S and the other in V(G') \ S
is at most (4k* + 7k) + a(k? + 2k) = (4k? + 7k) + (k + 2)(k® + 2k). Since G’ — S is a
caterpillar forest, the total number of edges in G’ — S is at most |V (G’) \ S| — 1. Finally,
the number of edges in G’[S] is bounded by @ Therefore, the total number of edges in

G’ is at most (|V(G’) \ S| — 1) + [number of edges between S and V(G') \ S| + @ =
(T1E3 + 349k + 253k + 1) + (k® + 8k% + 11k) + 21 — 7953 4 357.5%% 4 263.5k + 1. <

Now we are ready to give our final reduction rule, the correctness of which follows from
the above lemma.

» Reduction Rule 9. Let (G, R', k") be the reduced instance after applying Reduction Rule 1-8
ezhaustively. If |V (G')| > 71k + 349k? + 254k + 2, or |E(G")| > 72k3 4 357.5k? + 263.5k + 1,

then return trivial No instance.

It is easy to verify that every reduction rule can be executed within polynomial time.
Therefore, we have a kernelization algorithm for EXT-IPOVD, that either correctly returns
a trivial Yes instance or a trivial No instance, or produces an equivalent instance (G', R, k')
of size O(k?). On the reduced EXT-IPOVD instance, we apply Lemma 6 to construct an
equivalent IPOVD instance (H, k' + 1) whose size is also bounded by O(k?).

Now, we can conclude the kernelization algorithm with the following theorem.

» Theorem 10. IPOVD admits a kernel of size O(k3).

5 Kernel Lower Bound for CPOVD

In this section, we show that CPOVD does not admit a polynomial kernel when parameterized
by the solution size k, unless NP C co-NP/poly. We establish this by providing a parameter-
preserving reduction from the CONNECTED VERTEX COVER problem to CPOVD.

» Theorem 11. CPOVD does not admit polynomial kernel unless NP C co-NP/poly.

Proof. We give a straightforward parameter-preserving reduction from CONNECTED VERTEX
COVER to CPOVD. In CONNECTED VERTEX COVER, we are given an undirected graph G
along with an integer k and our goal is to check whether there is a subset X C V(G) of size
at most k such that G[S] is connected and X contains at least one end-point of each edge. It
is kwown that CONNECTED VERTEX COVER does not admit a polynomial kernel unless NP
C co-NP/poly [9].
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For an instance (G = (V,E), k) of CONNECTED VERTEX COVER, we construct an
instance (G’ = (V', E’), k") of CPOVD as follows: V' = V(G) U {zyy : wv € E(G)}, and
E' = E(G) U {e", = uzu, €4, = vzyy : wv € E(G)}, and we set k' = k. We claim that G
has a connected vertex cover of size at most & if and only if G’ has a connected pathwidth-one

v
uv

vertex deletion set of size at most k.

In the forward direction, let S is a solution to CONNECTED VERTEX COVER. Now
consider the graph G’ — S. As S is vertex cover, in G’ — S, the degree of every vertex zy,
is at most one, because at least one of u or v belongs to S. Now as S is a vertex cover of
G, the graph G’ — S is a disjoint union of stars. Clearly, G’[S] is connected since G[S] is
connected. Hence S is a connected pathwidth-one vertex deletion set of size at most k in G.

In the backward direction, let G’ has a connected pathwidth-one vertex deletion set S’ of
size at most k. We show that the vertex set S = 5"\ {zyy | uv € E(G)} is a connected vertex
cover of G of size at most k. By the construction of G’, there is a cycle Cy,,, = {u, 24y, v} for
every edge uv € E(G). Therefore, by Fact 1, every POVD solution must include at least one
vertex from each C\,,. In other words, S’ contains at least one vertex from C,,,, for every edge
wv € E(G). Suppose S’ contains z,, for some edge uv € E(G). Since G'[S’] is connected
and z, is adjacent only to u and v in G/, S’ must also include at least one of v or v. On
the other hand, if S” does not contain z,, for some edge uv, then it must contain at least
one of u or v to cover the cycle. Thus, in all cases, S’ contains at least one endpoint of every
edge in G, implying that S = S\ {z4, | uv € E(G)} is a vertex cover of G of size at most k.
Finally, removing the z,, vertices from S’ does not disconnect the induced subgraph in G’ or
in G, since each z,, is either a leaf or part of a cycle in G'[S’]. Therefore, S is a connected
vertex cover of G of size at most k. This completes the proof. <

6 FPT Algorithm for CPOVD

In this section, we obtain the following result for CPOVD.

» Theorem 12. CPOVD can be solved in 145 - n®Q) time.

Overview. By Fact 2, if a graph G does not contain Ty, K3, or C4 as a subgraph, then each
connected component of G is either a tree or a cycle with zero or more hairs. To compute a
set of vertices whose removal makes the graph free of Ts, K3, and Cy as subgraphs, we can
simply identify such a structure in the graph by brute-force search (in n” time) and branch
on it. This results in at most 7-way branching, leading to at most 7% different possible paths
from the root to the leaves in the branching tree. Also, notice that any solution to POVD as
well as CPOVD must contain all the vertices of one such path as a subset. In this algorithm,
we first branch on the forbidden structures (75, K3, and Cy), and then we call the algorithm
of GROUP STEINER TREE at most 7% times (once for each branching path).

Before going into the details of the algorithm, let us see GROUP STEINER TREE problem.

GROUP STEINER TREE
Input: An undirected graph G, vertex-disjoint subsets S1,...,S5; C V,and p € N.
Question: Does G contain a tree on at most p vertices that intersects each S;, i € [¢]?

The following result is known for the GROUP STEINER TREE problem.
» Theorem 13. [22, Lemma 3] GROUP STEINER TREE can be solved in 2° - n®®) time.

Now we describe our algorithm for CPOVD in detail. For a given instance (G, k) of CPOVD,
we first check whether G contains a Ty, K3, or Cy as a subgraph (by exhaustive search) and
branch on such a structure if it exists. In each branching step, the parameter k is decreased
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by one. And update the graph to G’ = G —v and parameter to k' = k—1. We stop branching
on an instance (G', k') when either ¥’ < 0 or G’ contains none of T, K3, or Cy as a subgraph.
Since Ty contains 7 vertices, each branching step generate at most 7 sub-instances, leading
to a 7-way branching. As k decreases by one at each step, the height of the branching tree is
at most k + 1, and the total number of root-to-leaf paths is bounded by 7*.

Let P denote the collection of vertex sets corresponding to each branching path, where
each set P; € P consists of at most k vertices removed along that path. That is, if P; € P,
then there exists a root-to-leaf path in the branching tree such that P; is the set of deleted
vertices, and |P;| < k. Clearly, |P| < 7%, and for each P; € P, every connected component of
G — P, is either a tree or a cycle with zero or more hairs. Now for each P; € P, we check
whether there is a connected povd solution of size at most k containing the vertex set P;.
Let V(P;) = {vi,,viy, - -, Vi, }. Also Let C{,C3,...,C}, be the vertex sets corresponding
to the cycle components in G — P;. If |P;| + p; > k then we immediately conclude that no
such solution exists that contains the vertex set P;. Else, i.e., when |P;| + p; < k, we invoke
the GROUP STEINER TREE problem on the input graph G with the vertex-disjoint subsets
Viys Vigs -+ Vip, |5 Ci,Ci, ..., C’;i with the budget parameter k. If GROUP STEINER TREE
calls returns Yes, we return Yes for the input instance (G, k) of CPOVD; else if it returns
No, then we immediately conclude that no such solution that contains the vertex set P;. Now
at the end, if for each P; € P, we have that no such solution exists that contains the vertex
set P; we return No for the input instance (G, k) of CPOVD. We provide the correctness of
the above-described algorithm for an input instance (G, k) of CPOVD in the Section A.2.

Proof of Theorem 12. We show that our algorithm for CPOVD runs in O*(14%) time.
Recall that the branching step is at most a 7-way branching, producing O*(7*) nodes in the
branching tree. At each node of the branching tree, we spend only polynomial time, since
detecting a K3, C4, or Ty subgraph, or reporting their absence, can be done in polynomial
time. Therefore, the total time spent in branching is O* (7). Since there are O*(7*) leaves in
the branching tree, the number of distinct root-to-leaf paths is also bounded by O*(7%), and
thus |P| = O*(7%). Consequently, we make at most O*(7%) calls to GROUP STEINER TREE.
For any P; € P, we call GROUP STEINER TREE only if |P;| + p < k. By Theorem 13, each
such GROUP STEINER TREE instance can be solved in O*(2/7i/P) that is, in O*(2¥) time.
Therefore, solving all GROUP STEINER TREE instances requires at most O*(7%-2k) = O*(14%)
time. Combining the branching and the GROUP STEINER TREE solving phases, the total
running time is bounded by O*(7%) + O*(14%) = 0*(14F). Hence, the proof. <

7 FPT Algorithm for IPOVD

In this section, we present an FPT algorithm for IPOVD with a running time of 7% . k®() 4
n®M) . This algorithm also begins by branching on occurrences of Ty, K3, and Cy subgraphs.
Once this branching process finishes, we have at most 7* root-to-leaf paths in the branching
tree, and every minimal independent povd solution must fully include one of these paths.
For each such path P;, we check whether it can be extended to a solution to IPOVD, where
a povd S is said to be a solution to IPOVD if |S| < k and S is an independent set in G.
This verification for each fixed P; can be done in polynomial time.

Algorithm. We now describe the algorithm in more detail. Given an instance (G, k) of
IPOVD, we iteratively remove occurrences of T, K3, and C4 by branching. Whenever such
a structure exists in GG, we branch over its vertices, reducing k by one at each branching step.
Branching stops when we reach to an instance (G’, k') where either ¥’ < 0 or G’ no longer
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contains any of these subgraphs. Once the branching tree is constructed, we process each
root-to-leaf path P; as follows: we check whether P; forms an independent set, and whether
every cycle in G — P; has at least one vertex with no neighbors in P;. If this is true, we select
exactly one such vertex from each cycle and collect them into a set S;. If |S; UV (P;)| < k,
we return S; U V(F;) as a valid IPOVD solution. If no such path extends to such a solution,
we return that (G, k) is a No instance of IPOVD.

Correctness. As established earlier, there are at most 7% different root-to-leaf paths in the
branching tree. Let P be the collection of these paths. Every minimal IPOVD solution
must completely contain one of the paths in P. Therefore, for each P; € P, we test whether
it can be extended to a solution of size at most k. Observe that this requires P; to be
an independent set. Since G — P; contains no T3, K3, or Cy, by Fact 2 each connected
component of G — P; is either a tree or a cycle (possibly with pendant vertices). Let ¢; be
the number of cycles in G — P;. Any solution must pick at least one vertex from each such
cycle. Therefore, constructing S; by selecting one vertex per cycle with no neighbors in P;
suffices. Since the cycles are disjoint, we do not need to worry about independence among
vertices in S;. This establishes the correctness of the algorithm.

Running Time. Constructing the branching tree takes time O*(7%). For each of the 7%
paths P;, checking whether it extends to a valid solution requires only polynomial time.
Thus, the total time is O*(7%). Additionally, since a polynomial kernel of size O(k®) exists
for IPOVD, we first run kernelization on the input instance (G, k). If kernelization returns
a trivial Yes or No instance, we return the corresponding answer Yes or No, respectively, to
IPOVD. Otherwise, it produces an equivalent instance (G, k') with O(k?) vertices, to which
we apply the algorithm above. This results in a total running time of 7% - k€1 4 pOM),
Hence, we obtain the following theorem.

» Theorem 14. IPOVD admits an FPT algorithm with running time 7% - k1) 4 pO1)

8 Conclusion

We studied two variants of the POVD problem: the connected version (CPOVD) and the
independent version (IPOVD). We showed that CPOVD is solvable in O*(14F) time but
admits no polynomial kernel unless NP C co-NP/poly. In contrast, IPOVD can be solved
in O*(7%) time with a polynomial kernel of size O(k%). Improving these running times,
reducing the kernel size for IPOVD, improving the polynomial-time approximation factor,
or establishing lower bounds are interesting avenues for future research.
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A  Appendix

A.1 Correctness of Reduction Rules 4-8

» Lemma 15. Reduction Rule 4 is correct.

Proof. Let P, denote the set of all pendant neighbors of v in G, and let D, C P, be the
set of pendant neighbors of v that are deleted from G to obtain G’. Since G’ is a subgraph
of G and R’ C R, if (G, R, k) is a Yes instance, then (G', R', k) is also a Yes instance. For
the reverse direction, assume that (G', R', k) is a Yes instance. Then there exists a solution
S for G’ such that |S| < k and SN R = (. We claim that S is also a solution for G and
satisfies SN R = (.

Suppose, for the sake of contradiction, that S is not a solution for G. Then there exists a
structure T» (say, Q) in G such that SN Q = (. Since S is a solution for G, it follows that
@ must contain some vertex u € Q@ N D,. Because |S| < k and |P, \ D,| = k + 1, there exists
a vertex v’ € P, \ D, such that v’ ¢ S. Let Q' = (Q \ {u}) U{v'}. Then @’ is also a T in
G’ satisfying Q' NS = (), which contradicts the assumption that S is a solution for G'.
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Finally, since SND, =0, R=R UD,, and SN R =, we have SN R = (). Therefore,
S is a solution for G of size at most k and disjoint from R, implying that (G, R, k) is a Yes
instance. This completes the proof. |

» Lemma 16. Reduction Rule 5 is correct.

Proof. Notice that, in this case, if there is a solution of size at most k, then that solution
must include u. Otherwise, to eliminate all the 75 in G[V (M) U {u}], we would need to
delete strictly more than k vertices. Thus, if u € R, there cannot be a k size solution disjoint
from R. On the other hand, if u ¢ R, then deleting u, decreasing k by one, and adding N (u)
to R is safe, since u necessarily belongs to any valid solution. <

» Lemma 17. Reduction Rule 6 is correct.

Proof. First, we assume that (G, R, k) is a Yes instance. We want to show that (G', R', k)
is also a Yes instance. Let S be an ipovd of size at most k disjoint from R. There are
two cases to consider: either S N {vs,v4} = 0 or exactly one of v3 and vy belongs to S. If
SN {vs,vs} = 0, then the same set S is an ipovd for G’ of size at most k disjoint from R,
since the contraction does not create any new cycles or new 7. Next, suppose exactly one
of vz or vy belongs to S. Then the contracted vertex v ¢ R’ in G’. Notice that vz and
vy cannot be part of any T, and if they belong to any cycle, then vy, vs, vy4, and vs5 all
participate in that cycle. Therefore, if either vy or vs is in S, then the set S\ {vs,v4} is an
ipovd for G of size at most k disjoint from R. Otherwise, the set S" = (S'\ {vs,va}) U {v3}
is an ipovd for G’ of size at most k disjoint from R’'.

In converse direction, assume that (G’, R’, k) is a Yes instance, and let S’ be a solution
for (G, R', k) of size at most k. If v§ ¢ S, then by Observation 7, the set S = S’ is a solution
for (G, R, k) of size at most k. Otherwise, if v3 € S’, then at least one of vz or vy was not in
R in G. Let that vertex be v;, where i is either 3 or 4. Then again by Observation 7, the set
S = (9"\ {v3}) U {v;} is a solution for (G, R, k) of size at most k. <

» Lemma 18. Reduction Rule 7 is correct.

Proof. The correctness of Reduction Rule 7 is quite similar to the correctness of Reduction
Rule 5, since any POVD solution must cover all cycles, and thus any k size POVD solution

must include v in this case. Therefore, if u € R, there cannot be a k size POVD solution.

Otherwise, if u ¢ R, then deleting u, decreasing k by one, and adding N (u) to R is safe, as
u necessarily belongs to any valid solution. |

» Lemma 19. Reduction Rule 8 is correct.

Proof. First, we will show that if S is a minimal ipovd of size k for G disjoint from R, then
S is also a ipovd of size k for G’ and remains disjoint from R’. To establish this, it suffices
to show that SNY’ = .

For contradiction, suppose that y* € S for some y¥ € Y’. Since S is an independent
set, both u and z are not in S. Also observe that in G[V '\ (S\ ¢(x))], there are k + 2
vertex-disjoint paths between v and x, each passing through a different vertex of ¢(x). This
implies that at least k + 1 vertices of ¢(x) must be included in S, which contradicts the
assumption that |S| < k. Therefore, we have SNY’ = .

For the converse direction, let S” be an ipovd of size k for the graph G’, disjoint from
R’. We need to show that S’ is an ipovd for G as well. Note that by the way Reduction
Rule 8 has been applied, for each x € X', there exist indices 7 and j such that the cycle
(u,yf,w,y7,u) is present in G'. To hit this cycle, at least one of the vertices u or x must
belong to S’. Since S’ NY’ = (, the set S’ is independent and remains disjoint from R.
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Now, suppose for contradiction that S’ is not a ipovd in G. Then there must be some
cycle or Ty in G[V'\ S’]. Since there was no such cycle or Ty in G'[V'\ S’], any such structure
in G must include an edge of the form uy; for some i. However, for each z, there are exactly
two such edges in G’, and their presence would imply a cycle or T5 in G’, contradicting our
assumption. Hence, S’ is indeed a ipovd of size k for G disjoint from R. |

A.2 Missing proof details for Theorem 12

Correctness. We will argue the correctness of the above-described algorithm for an input
instance (G, k) of CPOVD in the following two claims.

> Claim 20. The algorithm returns Yes if and only if (G, k) is a Yes instance.

Proof. If the algorithm returns Yes, then at least one call to GROUP STEINER TREE must
have returned Yes, corresponding to some P; € P. If S is a solution to the GROUP STEINER
TREE instance for this call, then by the way the instance was constructed, we have P; C S,
and S also contains at least one vertex from each cycle in G — P;. Thus, G — S is acyclic and
Ty-free (since G — P; is K3, C4, and T>-free). Moreover, by the properties of the GRoOUP
STEINER TREE solution corresponding to P;, G[S] is connected and |S| < k. Hence, S is a
valid solution for CPOVD.

If the algorithm returns No because for each P; € P either |P;| + p; > k or the algorithm
return No when it call to corresponding GROUP STEINER TREE. In the first case, if
|P;| + p; > k, then there cannot be a size-k pathwidth-one vertex deletion set, since any such
set must include all vertices of some P; together with at least one vertex from each of the p
cycles in G — P;, exceeding the budget k. If second case, the algorithm must made a call
to GROUP STEINER TREE and returned No, Towards contradiction, suppose there exists
a solution S to CPOVD for (G, k). Then there must be some P; € P such that P; C S.
Moreover, S must contain at least one vertex from each cycle in G — P;. Since S is a solution
to CPOVD, we have that G[S] is connected and |S| < k. This implies that S would be
a solution to the GROUP STEINER TREE instance corresponding to P;, contradicting the
assumption that every call to GROUP STEINER TREE returned No. <
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