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—— Abstract
We present a faster algorithm for finding a minimum dijoin, a smallest set of edges whose contraction
makes a directed graph strongly connected. This problem has been studied since the 1960s [Seshu
and Reed 1961] and is dual to finding a maximum sized family of disjoint dicuts [Lucchesi and
Younger 1978].

Given a directed graph G with n vertices and m edges whose minimum dijoin has size d, our
algorithm outputs both a minimum dijoin and a maximum sized family of disjoint dicuts in O(TC-d)
time, where TC = min(mn,n®) is the time to compute the transitive closure. This improves
upon the state of the art of [Gabow 1993], which requires O(TC - min(m'/?,n?/®)) time when
d = o(min(m'/?,n?/?)). Our result extends to finding a minimum weighted dijoin. We achieve
this by observing that Frank’s algorithm [Frank 1981] can be sped up when warm-started with a
2-approximation solution, which we observed can be computed in near-linear time.
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1 Introduction

The primary goal of this work is to give an algorithm with an improved running time for the
minimum (weighted) dijoin problem. We define the problem formally.

1.1 Problem definition

In a directed graph G = (V, E) with n vertices and m edges, a dijoin is a subset of edges
B C FE whose contraction makes the graph strongly connected. The minimum dijoin problem
seeks a dijoin of minimum possible size.

The dual of the minimum dijoin problem is to find a mazimum disjoint dicut family,
defined as follows. For any vertex sets S, T C V, let E(S,T) denote the set of edges (u,v) € E
where u € S and v € T. A directed cut, or simply dicut, is a subset of edges D C FE such that
there exists a set S C V for which E(S,V \ S) =0 and E(V \ S,S) = D. In the maximum
disjoint dicut family problem, we want to find a maximum collection of dicuts with pairwise
disjoint edge sets.

The weighted variants of these problems involve an edge weight function w : E ~— Z7T.
The minimum weighted dijoin requires finding a dijoin that minimizes the total weight of its
edges. Its dual deals with finding a maximum-sized w-independent dicut family, a family of
dicuts such that each edge e appears in at most w(e) dicuts within the family.

1.2 Previous work and technical challenges

Enhancing connectivity in directed graphs under minimal edge additions/contractions is
a fundamental theme in graph theory. A central problem in this domain is the minimum
dijoin problem, first posed by John Runyon (as cited in [23]). Younger [25] and Robertson
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(unpublished) independently conjectured that the minimum size of a dijoin equals the
maximum size of a disjoint dicut family. This fascinating min-max statement was first proved
for bipartite graphs by [21] and then proved for general graphs by Lucchesi and Younger
in their seminal work [20]. This theorem is a canonical example of problems captured by
the submodular flow framework [2], a vast generalization of both minimum-cost flow and
matroid intersection. It has played a central role in the development of submodular flow
algorithms [26, 22, 5, 8, 9, 10, 14, 3, 7, 18].

Below, we discuss the algorithmic aspect of these problems. All prior results extend
naturally to weighted variants. Lucchesi and Younger [19], Karzanov [17], and Frank [4]
independently gave the first polynomial-time algorithms for the minimum dijoin problem.
Among them, the algorithm by Frank [4] runs in O(mn3) time. Frank’s algorithm maintains
a feasible dijoin and a disjoint dicut family and iteratively improves both until their sizes
become equal, at which point both are optimal by the min-max theorem. He provided an
O(mn?)-time subroutine for improving the solution pair, and showed that the number of
iterations is at most the size of the initial feasible dijoin. This quantity is bounded by n — 1,
as edges of any spanning tree form a feasible dijoin, leading to the O(mn?) time claimed
above.

Let TC = O(min(mn,n*)) denote the time to compute the transitive closure of a directed
graph with n vertices and m edges, where w is the matrix multiplication exponent. Gabow
[13, 12] improved the running time of the iterative sub-routine to TC. He [14] further reduced
the number of iterations to O(min(m'/2,n2/3)) leading to the state-of-the-art running time
of O(TC - min(m'/2,n?/3)). The algorithm by Gabow [12] for the iterative sub-routine is
applicable to a class of more general problems. Subsequent work by [24, 16] gave simpler
O(mn)-time algorithms for the iterative sub-routine specifically tailored to the dijoin problem.

All of these approaches rely on computing minimal tight sets to improve the pair of
solutions. Shepherd and Vetta [24] gave a reduction showing that the minimal tight set
computation is as hard as computing the transitive closure. Hence, TC effectively becomes
the best time bound one can hope for within this framework. This leads us to the following
question.

Can we compute a minimum dijoin and a maximum disjoint dicut family in O(TC) time?

Although the dijoin problem is a special case of submodular flow, recent developments in
submodular flow algorithms have not yielded improved bounds. In particular, the algorithm
by Lee, Sidford and Wang [18] applies only when the input submodular function is defined
over a complete set family F = 2V, whereas the dijoin problem requires a function defined
on a more general crossing family where, in particular, F C 2"

1.3 Our Contributions

Improved algorithm for unweighted dijoin. We give an algorithm with running time
O(TC-d) for solving the minimum dijoin problem, where d is the size of the minimum dijoin
and maximum disjoint dicut family. Formally,

» Theorem 1. There exists an algorithm that, given an unweighted directed graph G = (V, E),
computes a minimum dijoin and a mazimum disjoint dicut family in O(d - min(mn,n*))
time.

Within the algorithmic framework that relies on computing minimal tight sets, our
algorithm achieves the optimal O(TC) time when d = O(1). When d = o(min(m'/2,n?/3)),
our algorithm outperforms the fastest algorithm by Gabow [14].
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We also extend this result to the weighted case, giving an algorithm to find a minimum
weighted dijoin. Formally,

» Corollary 2. There exists an algorithm that, given a weighted directed graph G = (V, E,w)
where w : E — Z1, computes a minimum weighted dijoin in O(dy, - min(mn,n®)) time,
where dy,, represents the minimum cardinality of all feasible dijoins.

1.4 Organization

Section 2 presents the two key ingredients needed to obtain an algorithm for the minimum
weighted dijoin problem, and then Section 3 combines them, proving Theorem 1 and Corol-
lary 2. We conclude this section by introducing the notation used throughout the rest of the

paper.

1.5 Preliminaries

For a directed edge (u,v), we refer to u as the tail and v as the head. For any two subsets of
vertices S, T C V, let E(S,T) denote the set of directed edges whose head is in 7" and tail is
in S. We write d;(S) to denote the set of incoming edges to S, i.e., E(V'\ S, S), and 63 (S)
for the outgoing edges from S, i.e., E(S,V \ S) in the graph G. We omit the subscripts if it
is clear from the context. We refer to a set S C V with §*(S) = 0 and §=(S) # 0 as the
kernel of the dicut §~(5).

We begin with some simple structural observations about the dijoin problem. Without
loss of generality, we may assume the input graph is weakly connected, i.e., the underlying
undirected graph obtained by ignoring edge directions is connected, since disconnected graphs
have no feasible dijoin.

We may also assume that G is acyclic. If G contains a directed cycle C, then any vertex
reachable to/from a vertex in C' can reach or be reached from all vertices in C. Therefore,
contracting C' preserves reachability and does not affect the minimum dijoin. Repeating this
process, we reduce G to a DAG without changing the dijoin size.

This also ensures that G does not contain both an edge and its reverse, as they form a
directed cycle of length two.

A directed graph is strongly connected if and only if it contains no dicut. Since contracting
an edge in a dicut removes it, a dijoin can be equivalently defined as a subset of edges
intersecting every dicut in the graph.

We use G to denote the graph obtained by reversing all arcs of G. For a weighted graph
G = (V,E,w), G® = (V, EE w?) where E¥ is the set of reverse arcs of E and w® : Ef s ZF
is defined by w’*(a) = w(a®). The following proposition formalizes the symmetry of the
dijoin problem under graph reversal.

» Proposition 3. Let G = (V, E,w) be a weighted directed graph, and let G = (V, ER wT)
be its reverse. Then a subset B C E is a feasible dijoin in G if and only if BE C Ef is a
feasible dijoin in G®, and the total weights of the two solutions are equal.

Proof. Since contraction and reversal commute, we have (Gf/Bf)® = G/B for any edge set
B C E. Moreover, strong connectivity is preserved under reversal: G is strongly connected if
and only if G is. Thus, B is a dijoin in G if and only if B is a dijoin in G®. The weight
equality follows from the definition of w?. <

We formally define the min-cost s-arborescence problem for future reference.
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» Definition 4 (s-arborescence). Given a graph G = (V,E,w) and a vertex s € V, an
s-arborescence s a spanning tree of G rooted at s, with no incoming edges into s, where
every vertex v # s has exactly one incoming edge. The cost of the arborescence is defined as
the total weight of all edges of the arborescence.

» Problem 5 (Min-cost s-arborescence). Given a directed graph G = (V,E,w) and s € V,
find an s-arborescence of minimum cost, if one exists.

2 Technical overview

In this section, we state the two key ingredients needed for proving Theorem 1: Frank’s primal-
dual algorithm from [4, 12] for computing the optimal weighted dijoin, and a 2-approximation
algorithm for the same problem from [6, 1].

First ingredient

We begin by recalling Frank’s primal-dual framework for the minimum weighted dijoin
problem, where the primal corresponds to the dijoin problem and the dual to the w-
independent dicut family. The algorithm maintains a potential function p : V + Z7T
as a proxy for the dual solution. (The construction of the corresponding dicut family is
deferred.) Frank gives sufficient conditions on a dijoin-potential pair (B, p) that ensure the
optimality of both solutions:

Optimality criteria:

Ve = (u,v) € B, p(u) — p(v) = w(uwv) (1)
Ve = (u,v) € E\ B, p(u) — p(v) < w(uv (2)
Yu € Tg(v), p(u) < p(v) 3)

Here, Ts(v) denotes the intersection of all kernels containing v whose corresponding
dicuts intersect B in exactly one edge. These are referred to as minimal tight sets in Frank’s
work.

Let By be any spanning tree and py the zero function. Frank starts with (Bg,po) as
the initial primal-dual pair. Note that (By,pg) already satisfies Equations (2) and (3) and
violates only Equation (1). He then describes a subroutine that updates the given (B, p) to
a new pair (B’,p’) that still satisfies Equations (2) and (3) and a strictly smaller number
of edges violate Equation (1). We define it below. Let violate(B, p) denote the set of edges
that violate Equation (1) with respect to the solution pair (B, p).

» Lemma 6 (Algorithm 4.1 from [4]). There exists a subroutine, IMPROVEPAIR, which takes
a directed graph G = (V, E,w), a primal-dual pair (B,p) satisfying Equations (2) and (3),
along with an edge e € B that currently violates Equation (1). It returns a new pair (B',p’)
such that:

Equations (2) and (3) still hold for the pair (B’,p’),

violate(B’, p’) C violate(B,p) \ {e}
The subroutine runs in O(n? + f(n)) time, where f(n) denotes the time required to compute
Tg(v) for allv e V.

The proof of correctness for this lemma is given in Section 4 of [4], and the running-time
analysis in Section 5. To compute Tz(v) for all vertices in Lemma 6, Gabow [12] showed
that this can be done in O(TC) time.
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» Lemma 7 (Theorem 12.1 from [12]). Given G = (V, E) and a dijoin B, the sets Tg(v) for
all v €V can be computed in O(min(mn,n*)) time.

As discussed in the introduction, transitive closure can be reduced to computing minimal
tight sets. Hence, this lemma achieves the best possible running time for this task.

Second ingredient

As noted in Lemma 6, the number of initially violated edges determines the number of
IMPROVEPAIR iterations and hence the overall running time.

While [4, 14] use a spanning tree as the trivial starting solution, we observe that a better
dijoin can be obtained in linear time whose size is at most twice that of the optimum. This
yields Theorem 1 and Corollary 2.

Bang-Jensen et al. [1] give a 2-approximation algorithm for a generalization of the
minimum dijoin problem. We note that their algorithm for the dijoin problem can be
implemented in near-linear time and outline the details below.

For this purpose, we define the rooted variant of the dijoin problem as follows.

» Problem 8 (Minimum s-Dijoin). Given a directed graph G = (V, E,w) and a vertex s € V,
an s-dijoin B C E is a set of edges such that, after contracting them, s can reach all vertices.
The minimum s-dijoin problem is to find an s-dijoin with minimum total weight.

Frank [6] observes that a minimum s-dijoin can be computed in near-linear time by redu-
cing to the min-cost arborescence problem. Note that adding a reverse edge is equivalent to
contracting an edge in terms of preserving reachability. Hence an s-dijoin can be equivalently
seen as the set of reverse edges which need to be added so that every vertex is reachable
from s. Given these observations, the reduction is simple and proceeds as follows.

Given a graph G = (V, E,w), construct the graph G’ = G® U G®, where G° is the same
graph as G with edge weights set to zero; refer Section 1.5 for the definition of G®. Compute
a min-weight s-out-arborescence T'. Observe that the set of reverse edges in T' corresponds
to an s-dijoin (with respect to the equivalent definition of adding reverse edges) in G and is
the minimum-weight set with that property. As the minimum-weight s-arborescence can be
found in O(m + nlogn), we have the following theorem.

» Theorem 9. There exists an algorithm that takes a weighted directed graph G = (V, E, w)
and a vertex s € V as input and finds a minimum s-dijoin in O(m + nlogn) time.

It is worthwhile to note that even for the s-dijoin problem, computing minimal tight sets
is known to require at least transitive-closure time [24], presenting a fundamental bottleneck
for any approach that relies on such computations. Theorem 9 circumvents this barrier
by avoiding the computation of minimal tight sets entirely. An intriguing open question
is whether a similar approach can be developed for the general minimum dijoin problem,
potentially breaking the O(TC)-time barrier.

We observe that the dual of the s-dijoin — similarly defined as a maximum w-independent
s-dicut family — can also be solved in O(m + nlogn) time. This is discussed in detail in
Appendix A, as it is not directly relevant to the current work.

Given Theorem 9, the key insight in [1] is that combining a minimum s-dijoin in G
with the reverse of a minimum s-dijoin in G results in a 2-approximate dijoin of G. The
algorithm is shown below. Let sD1JOIN denote the algorithm mentioned in Theorem 9.
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Algorithm 1 APPROXDIJOIN.
Input :Graph G = (V,E,w)
Output : 2-approximate dijoin
Construct G = (V, EF, wF);
Let s be any vertex in V;

B; = sDIJOIN(G, s);

By = sD1IOIN(GE, 5);

return B; U BzR;

[ S N N

» Theorem 10 ([1]). There exists an algorithm that, given a weighted directed graph G =
(V, E,w), outputs a 2-approxzimate dijoin in O(m + nlogn) time.

We now state an immediate corollary of Theorem 10, needed in the next section.

» Corollary 11. For any unweighted directed graph, a feasible dijoin of size at most 2d (where
d is the size of an optimal dijoin) can be found in O(m + nlogn) time.

3 O(mnd)-Algorithm for Minimum Dijoin

This section combines the two ingredients from the technical overview to derive our algorithm
and prove Theorem 1 and Corollary 2. Lemma 12 shows how IMPROVEPAIR yields a primal-
dual pair (B*, p*) satisfying the optimality conditions, and Lemma 13 shows how to construct
the corresponding optimal disjoint dicut family. Together, these results establish Theorem 1,
which is followed by the proof of Corollary 2.

We will now prove Lemma 12.

» Lemma 12. There exists an algorithm that, given an unweighted directed graph G = (V, E),
computes a primal-dual pair (B*,p*) satisfying Equations (1)~(3) in O(d min(mn,n®)) time.

Proof. Let By be a dijoin of size at most 2d computed using Corollary 11, and let pg =0
be the initial potential function. The pair (By, pg) satisfies Equations (2) and (3), but may
violate Equation (1) for up to |By| many edges.

Each invocation of IMPROVEPAIR fixes at least one violation without introducing new
ones, so at most |By| < 2d invocations are needed to output a pair, (B*, p*), that satisfies
the optimality criteria. By Lemma 6 and Lemma 7, each invocation is executed in O(n? +
min(mn,n®)) time. Thus, the total time is

O(m + nlogn) + O(n* + min(mn,n®)) - 2d = O(d min(mn,n*)). <

We now describe how to construct a disjoint dicut family from the optimal solution pair
(B*,p*) in the following lemma.

» Lemma 13. There exists an algorithm that, given an unweighted directed graph G =
(V, E) and an optimal solution pair (B*,p*), computes a mazimum disjoint dicut family in
O(n%d + min(mn,n®)) time, where d is the number of dicuts in the optimal family.

This lemma provides the second part of our promised output: a maximum disjoint
dicut family. We present a modification to the algorithm by Frank (specifically, the version
described at the end of Section 5 in [4]), altering the representation of the dicut family it
outputs. This modification is necessary because Frank’s original algorithm requires O(n*)
time to construct the optimal dicut family from an optimal potential function, whereas we
aim to compute the optimal dual solution within O(d - min(mn, n*)) time.
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If D denotes the edge set of a dicut in the family, we output the complement of the
corresponding kernel. For any graph G, let CC(G) denote the weakly connected component
partition of the vertex set of graph G. The algorithm is as follows:

Algorithm 2 DisjoINTDICUTFAMILY from [4].

Input :Graph G = (V, E), optimal solution pair (B, p)

Output : Maximum disjoint dicut family

Compute Tg(v) for all v € V;

Let p1,--- ,p; be the distinct potential values in ascending order;
For i € [l], let P, = {u | p(u) = pi };

Initialize F = 0;

fori< 1tol—1do

6 Define V; = O Pj;

j=1

7 Define G; = (V;, E;) where E; = {(z,y) | z,y € Vi,y € Tr(z)};
8 Let C = CC(G;);

9 for C € C do

10 L F = FUCC(G[V \ C]) where G[S] denotes the induced subgraph on S C V;

[S N VN

11 return F;

We will now prove Lemma 13.

Proof of Lemma 13. Given the unweighted directed graph G = (V, E) and the pair of
optimal primal dual solutions (B*,p*) as inputs to Algorithm 2. It outputs a disjoint dicut
family in which each edge occurs in at most one dicut which follows from the optimality
condition Equation (1) as explained in [4]. The optimality of this family follows as the size
of the family is equal to the cost of the optimal dijoin, as proved in [4].

We now analyze the running time of the algorithm when the graph is unweighted. It takes
O(min(mn,n*)) time to compute Tp(v) for all v € V in line 1 using Lemma 7. Lines 2 and
3 take O(nlogn) to sort and compute the partitions P;. Defining G; in line 7 and computing
CC(G;) take at most O(n?) as there can be O(n?) edges in the worst case. Note that each
iteration of the outer loop adds at least one dicut to F. As the size of the optimal disjoint
dicut family is d, [ < d + 1. Hence, it takes O(n?d) time overall for line 7 over the course of
the algorithm.

For any set S C V, G[V \ S] contains at most m edges. Thus, it takes O(m) time to
compute CC(G[V \ C]) for each component C of G;. Since each induced subgraph has
at least one component, it adds at least one dicut to F. As there can be at most d such
computations in total, it takes O(md) time in total during the algorithm for line 10.

Thus, the overall running time is O(min(mn,n*) + nlogn + n?d + md) = O(n?d +
min(mn, n®)). <

We now present the proof of the main result.

Proof of Theorem 1. Given an unweighted directed graph G = (V, E), we first compute the
pair of optimal primal-dual solutions (B*, p*) using the algorithm from Lemma 12, where
B* is the optimal dijoin. Then, we apply the algorithm from Lemma 13 with inputs G and

(B*,p*) to obtain the optimal disjoint dicut family.
Computing the optimal primal-dual pair takes O(d - min(mn,n*)) time, and constructing
the dicut family takes O(n?d+min(mn,n*)) time. The total time remains O(d-min(mn, n*)).
|
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We will now prove Corollary 2 using Theorem 1.

Proof of Corollary 2. Given a weighted graph G = (V, E,w) with w : E — Z%, consider
the underlying unweighted graph G,,, and let d,d,, be the cardinalities of the optimal
weighted dijoin and the optimal unweighted dijoin, respectively. We know that d,,, < d as
any weighted dijoin ignoring weights is a feasible dijoin with the same cardinality.

Let By, be the feasible dijoin obtained by giving G, as input to Corollary 11 and it
guarantees that |By,| < 2dy.-

Hence, starting with the solution pair (B, p) where p = 0 as the potential function,
at most 2d edges violate Equation (1). From the guarantees of Lemma 6, together with
Lemma 7, we know that each iteration takes O(min(mn,n®“)) time and reduces one violated
edge, so the final pair (B*,p*) after at most |By.,| < 2dy., iterations, satisfies the optimality
criteria which implies optimality; in particular, B* is an optimal weighted dijoin. The total
time taken is at most O(dy,, - min(mn,n*)). <
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A Optimal dual of s-dijoin

In this section, we show how to solve the dual problem of s-dijoin. We begin with some
definitions.

» Definition 14 (s-dicut). A dicut D of the graph G is an s-dicut for some vertex s € V' if
the kernel corresponding to the dicut contains s.

The dual problem follows.

» Problem 15 (Maximum w-independent s-dicut family). Given a directed graph G = (V, E, w)
and a vertex s € V, find a family of s-dicuts with mazimum possible size such that, each edge
e € E appears in at most w(e) s-dicuts within the family.

We give an algorithm that solves this problem in O(m + nlogn) time.

» Theorem 16 (Informal). There exists an algorithm that computes optimal w-independent
s-dicut family in O(m + nlogn) time.

There is a slight catch in the informal theorem above. The total size of the optimal
s-dicut family can be as large as 2(n?) and since we only have O(m + nlogn) time, we have
to be focusing on how we represent the output.
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Finding Small Dijoins in Transitive Closure Time

To represent a dicut, we can either list its edges or describe the vertex set defining the
cut. In this case, we use the vertex-set representation. One can show that the complement of
the kernels corresponding to the optimal family of s-dicuts forms a laminar family. A family
of vertex sets is laminar if any two sets in the family are either disjoint or one contains the
other. So, we can represent them using a tree and we output this tree representation of an
optimal w-independent s-dicut family in O(m + nlogn) time.

To achieve this we follow a similar strategy as before reducing Problem 15 to the dual of
the min-cost s-arborescence problem. The key technical claim is that the algorithm for the
dual of the min-cost s-arborescence problem, when run on the graph G° U G, produces a
w-independent s-dicut family.

We begin by introducing the necessary terminology and then present the dual of the
minimum cost s-arborescence.

A cut in a directed graph is defined as the set of edges C for which there exists a set S C V
such that 67(S) = C. An s-cut is a cut where the corresponding vertex set S contains s.
Note that the definitions of s-cut and s-dicut do not correlate in the directionality.

The dual of the min-cost s-arborescence is stated as follows:

» Problem 17 (Maximum w-independent s-cut family). Given a directed graph G = (V, E, w)
and a vertex s €'V, find a family of s-cuts of maximum possible size such that each edge is
contained in alt most w(e) many s-cuts in the family.

The minimax result relating Problem 5 and Problem 17 is due to Fulkerson, who also
provided the first algorithm for constructing an optimal dual solution to the minimum-cost
arborescence problem.

» Theorem 18 (Fulkerson branching theorem [11]). The wvalue of the minimum-cost s-
arborescence equals the mazimum possible size of a w-independent s-cut family.

We refer to the lecture notes by Gupta [15], who presents an exposition showing how the
algorithm for the minimum-cost arborescence implicitly solves the dual problem. He also
provides a procedure to recover the dual solution by constructing the corresponding tree
representation, thereby effectively proving the following theorem.

» Theorem 19. There exists an algorithm that, given a directed graph G = (V, E,w) and
s € V, computes a tree representation, Tr, of the mazimum-sized w-independent s-dicut
family F in O(m + nlogn) time.

We use Theorem 19 to find maximum w-independent s-dicut family and prove the
following theorem.

» Theorem 20. There exists an algorithm that takes a directed graph G = (V,E,w), s € V
and outputs the tree representation Tr of the optimal w-independent s-dicut family F in
O(m +nlogn) time.

Proof. Given a directed graph G = (V, E,w), construct the graph G’ = GOUGF = (V, A’ w’)
which has O(m) edges and n vertices. Give G’ and s € V as inputs to the algorithm from
Theorem 19 which outputs a tree representation Tx of the optimal w’-independent s-cut
family F in O(m + nlogn) time.

We prove that F is also an optimal w-independent s-dicut family by first proving that
every s-cut S € F in G’ is a s-dicut in the original graph G, proving feasibility, and that the
size of F equals the cost of an optimal s-dijoin, proving optimality.
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Consider any S € F. Since S is an s-cut in G’, the set 67, (S) cannot contain zero-weight
edges e (from G°) because these edges have weight w(e) = 0 and hence cannot appear in any
cut of the w’-independent family. Thus, all edges in the s-cut belong to G, so

68 (8) = 6Lr(S) =65(9).

Similarly, dz, (S) cannot contain any edges of G because that would force 62, (9) to include
a zero-weight edge, which is impossible. Hence,

58(8) =65r(5) =0.

Therefore, S is a s-dicut in G. As each edge e in the s-cut is from G and occurs at most
w(e®) times, the corresponding edge e in G occurs in at most w(ef)
F a w-independent s-dicut family.

many s-dicuts making

From Theorem 18, the size of the maximum w-independent s-cut family equals the
cost of the minimum cost s-arborescence on G’. The former quantity equals the size of a
w-independent s-dicut family as shown above and the latter equals the cost of an optimal
s-dijoin by Theorem 9 proving optimality. |
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