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—— Abstract

We consider parameterized verification problems for networks of timed automata (TAs) based on

different communication primitives. To this end, we first consider disjunctive timed networks (DTNs),
i.e., networks of TAs that communicate via location guards that enable a transition only if there is
another process in a certain location. We solve for the first time the case with unrestricted clock
invariants, and establish that the parameterized model checking problem (PMCP) over finite local
traces can be reduced to the corresponding model checking problem on a single TA. Moreover, we
prove that the PMCP for networks that communicate via lossy broadcast can be reduced to the
PMCP for DTNs. Finally, we show that for networks with k-wise synchronization, and therefore
also for timed Petri nets, location reachability can be reduced to location reachability in DTNs. As
a consequence we can answer positively the open problem from Abdulla et al. (2018) whether the
universal safety problem for timed Petri nets with multiple clocks is decidable.
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1 Introduction

Formally reasoning about concurrent systems is difficult, in particular if correctness guarantees
should hold regardless of the number of interacting processes — a problem also known as
parameterized verification [3, 7], since the number of processes is considered a parameter
of the system. Parameterized verification is undecidable in general [14] and even in very
restricted settings, e.g., for safety properties of finite-state processes with rather weak
communication primitives, such as token-passing or transition guards [32, 23]. A long line of
research has identified classes of systems and properties for which parameterized verification
is decidable [23, 28, 24, 25, 22, 18, 9, 26], usually with finite-state processes.

Timed automata (TAs) [8] provide a computational model that combines real-time
constraints with concurrency, and are therefore an expressive and widely used formalism
to model real-time systems. However, TAs are usually used to model a constant and fized
number of system components. When the number n of components is very large or unknown,
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considering their static combination becomes highly impractical, or even impossible if n is
unbounded. However, there are several lines of research studying networks with a parametric
number of timed components (see e.g., [6, 17, 4, 11, 1, 10]).

One of these lines considers different variants of timed Petri nets (we here consider the
version defined in [2]), and networks of timed automata with k-wise synchronization [6, 5], a
closely related model. Due to the expressiveness of the synchronization primitive, results
for these models are often negative or limited to severely restricted cases. For example,
in networks of timed automata with a controller process and multiple clocks per process,
location reachability is undecidable (even in the absence of clock invariants that could force a
process to leave a location) [5]. The problem is decidable with a single clock per process and
without clock invariants [6]. Decidability remains open for location reachability in networks
without a controller process and with multiple clocks (with or without clock invariants),
which is equivalent to the universal safety problem for timed Petri nets that is mentioned as
an open problem in [2].

Another model that has received attention recently and is very important for the work we
present is that of Disjunctive Timed Networks (DTNs) [31, 12]. It combines the expressive
formalism of TAs with the relatively weak communication primitive of disjunctive guards [23]:
transitions can be guarded with a location (called “guard location”), and such a transition
can only be taken by a TA in the network if another process is in that location upon
firing. Consider the example in Figure 1 which illustrates a process’s behavior within an
asynchronous communication system, where tasks can be dynamically posted and data
is read through shared input channels. The transition from init to reading is guarded by
location post: for a process to take this transition, at least one other process must be in post.
Parameterized model checking of DTNs was first studied in [31], who considered local trace

>1
c<1 c<2

Figure 1 Asynchronous data read example

properties in the temporal logic MITL, and showed that the problem can be solved with a
cutoff, i.e., a number of processes that is sufficient to determine satisfaction in networks of
any size. However, their result is restricted to the case when guard locations do not have
clock invariants. This restriction is crucial to their proof, and they furthermore showed that
statically computable cutoffs do not exist for the case when TAs can have clock invariants
on all locations.

However, the non-existence of cutoffs does not imply that the problem is undecidable.
In [12], the authors improved the aforementioned results by avoiding the construction of
a cutoff system and instead using a modified zone graph algorithm. Moreover, they gave
sufficient conditions on the TAs to make the problem decidable even in the presence of clock
invariants on guard locations. However, these conditions are semantic, and it is not obvious
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how to build models that satisfy them; for instance, our motivating example in Figure 1 does
not satisfy them. The decidability of the case without restrictions on clock invariants thus
remained open.

In this paper, we show that properties of finite local traces (and therefore also location
reachability) are decidable for DTNs without restrictions on clock invariants. Moreover, we
show that checking local trace properties of systems with lossy broadcast communication [22,

11] or with k-wise synchronization can be reduced to checking local trace properties of DTNs.

Note that our simulation of these systems by DTNs crucially relies on the power of clock
invariants, and would not be possible in the previous restricted variants of DTNs.

To see why checking local trace properties of DTNs with invariants is technically difficult,
consider first the easy case from [31], where guard locations cannot have invariants. In this
case, it is enough to determine for every guard location ¢ the minimal time ¢ at which it
can be reached: since a process cannot be forced to leave, ¢ can be occupied at any time in
[0,00), and transitions guarded by ¢ can be assumed to be enabled at any time later than ¢.
This is already the underlying insight of [31], and in [12] it is embedded into a technique that
replaces location guards with clock guards ¢ > §, where ¢ is a clock denoting the time elapsed
since the beginning. In contrast, if guard locations can have invariants, a process in ¢ can be
forced to leave after some time. Therefore, the set of global times where ¢ can be occupied is
an arbitrary set of timepoints, and it is not obvious how it can be finitely represented.

Detailed Example. We introduce an example that motivates the importance of clock
invariants in modeling concurrent timed systems, and will be used as a running example.
It is inspired by the verification of asynchronous programs [27]. In this setting, processes
can be “posted” at runtime to solve a task, and will terminate upon completing the task.
Our example in Figure 1 features one clock ¢ per process; symbols o; and e, are transition
labels. An unbounded number of processes start in the initial location init. In the inner loop,
a process can move to location listen in order to see whether an input channel carries data.
Once it determines that this is the case, it moves to post, thereby giving the command to
post a process that reads the data, and then can return to init. In the outer loop, if another
process gives the command to read data, i.e., is in post, then another process can accept
that command and move to reading. After some time, the process will either determine that
all the data has been read and move to done, or it will timeout and move to post to ask
another process to carry on reading. However, this scheme may run into an error if there
are processes in done and reading at the same time, modeled by a transition from reading to
error that can only be taken if done is occupied.

While this example is relatively simple, checking reachability of location error (in a
network with arbitrarily many processes) is not supported by any existing technique. This
is because clock invariants on guard locations are not supported at all by [31], and are
supported only in special cases (that do not include this example) by [12]. Also other results
that could simulate DTNs do not support clock invariants at all [6, 4].

Moreover, note that clock invariants may be essential for correctness of such systems:
in a system A2, consisting of three copies of the automaton in Figure 1, location error is
reachable; a computation that reaches error is given in Figure 2. However, if we add a clock
invariant ¢ < 0 to location post (forcing processes that enter post to immediately leave it
again), it becomes unreachable®.

1 To see this, consider the intervals of global time in which the different locations can be occupied: first
observe that post in the inner loop can now only be occupied in intervals [4k,4k] (for k € N), and
therefore processes can only move into reading at these times. From there, they might move into post
after two time units, so overall post can be occupied in intervals [2k, 2k] for k£ > 2, and reading in any
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Figure 2 Example of a computation in A® for A as depicted by Figure 1.

Contributions. We present new decidability results for parameterized verification problems
with respect to three different system models as outlined below.

DTNs (Section 3). For DTNs, we show that, surprisingly, and despite the absence of
cutoffs [31], the parameterized model checking problem for finite local traces is decidable
in the general case, without any restriction on clock invariants. Our technique circumvents
the non-existence of cutoffs by constructing a modified region automaton, a well-known
data structure in timed automata literature, such that communication via disjunctive
guards is directly taken into account. In particular, we focus on analyzing the traces of a
single (or a finite number of) process(es) in a network of arbitrary size.

While our algorithm uses some techniques from [12], there are fundamental differences: in
particular, we introduce a novel abstraction of global time into a finite number of “slots”,
which are elementary intervals with integer bounds, designed to capture the information
necessary for disjunctive guard communication. When a transition with a location guard
is to be taken at a given slot, we check whether the given guard location appears in the
same slot. It turns out that such an abstract treatment of the global time is sound: we
prove that in this case, one can find a computation that enables the location guard at
any real time instant inside the given slot. Thus, the infinite set of points at which a
location guard is enabled is a computable union of intervals; and we rely on this property
to build a finite-state abstraction to solve our problem.

Lossy Broadcast Timed Networks (Section 4). We investigate the relation between
communication with disjunctive guards and with lossy broadcast [22, 11]. For finite-
state processes, it is known that lossy broadcast can simulate disjunctive guards wrt.
reachability [15], but the other direction is unknown.? As our second contribution, we
establish the decidability of the parameterized model checking problem for local trace
properties in timed lossy broadcast networks. This result is obtained by proving that
communication by lossy broadcast is equivalent to communication by disjunctive guards
for networks of timed automata with clock invariants for local trace properties.

Synchronizing Timed Networks and Timed Petri Nets (Section 5). Finally, we
show that the location reachability problem for controllerless multi-clock timed networks
with k-wise synchronization can be reduced to the location reachability problem for DTNs
with clock invariants.

interval [2k,2(k + 1)]. Since clock ¢ is always reset upon entering reading, done can only be occupied
in intervals [2k + 1,2k + 1] for k > 2, whereas for a process in reading the clock constraint on the
transition to error can only be satisfied in intervals [2k, 2k + 1). Therefore, error is not reachable with
the additional clock invariant on post.

[15] considers IO nets which are equivalent to systems with disjunctive guards. It gives a negative result
for a specific simulation relation, but does not prove that simulation is impossible in general.
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As a consequence, it follows that the universal safety problem for timed Petri nets with
multiple clocks, stated as an open problem in [2], is also decidable.

The proofs of the last two points above involve constructions that require clock invariants
on guard locations. This is why clock invariants are crucial in our formalism, which is a
nontrivial extension of [12]. Note that in both cases we get decidability even for variants of
the respective system models with clock invariants, not considered in [2, 11].

For all of the above systems, location reachability can be decided in EXPSPACE.

Due to space constraints, some details of the definitions and full proofs of some of our
results are deferred to the appendix of the extended version [13].

2 Preliminaries

Let C be a set of clock variables, also called clocks. A clock valuation is a mapping v : C — R>o.
For a valuation v and a clock ¢, we denote the fractional and integral parts of v(c) by frac(v(c))
and |v(c)] respectively. We denote by 0 the clock valuation that assigns 0 to every clock,
and by v+ 6 for § € Rx( the valuation s.t. (v+6)(c) = v(c) + 6 for all ¢ € C. Given a subset
C, C C of clocks and a valuation v, v[C, < 0] denotes the valuation v’ such that v'(¢) = 0 if
¢ € C, and v'(¢) = v(c) otherwise. We call clock constraints U(C) the terms of the following
grammar: Y :==T | YA |c~d|c~d +dwithdeN, ¢, € Cand ~ € {<,<,=,>,>}.

A clock valuation v satisfies a clock constraint 1), denoted by v |= 1, if ¢ evaluates to T
after replacing every c € C with its value v(c).

» Definition 1. A timed automaton (TA) A is a tuple (Q, §,C, X, T, Inv) where Q is a
finite set of locations with initial location ¢, C is a finite set of clocks, 3 is a finite alphabet
that contains a subset X~ of special symbols, including a distinguished symbol € € X,
T CQx¥(C) x2° x X xQ is a transition relation, and Inv: Q — V(C) assigns to every
location q a clock invariant Inv(q).

TAs were introduced in [8] and clock invariants, also simply called invariants, in [29]. We
assume w.l.o.g. that invariants only contain upper bounds on clocks (as lower bounds can be
moved into the guards of incoming transitions). ¥~ will be used to label silent transitions
and unless explicitly specified otherwise (in Sections 4 and 5), we assume that ¥~ = {e}.

» Example 2. If we ignore the location guards post (from init to reading) and done
(from reading to error), then the automaton in Figure 1 is a classical TA with one clock ¢. For
example, the invariant of done is ¢ < 1 and the transition from init to reading resets clock c.

A configuration of a TA A is a pair (q,v), where ¢ € @ and v : C — R is a clock

valuation. A delay transition is of the form (q,v) LN (¢,v+0) for some delay § € Rxq
such that v + 0 = Inv(q). A discrete transition is of the form (¢,v) = (¢’,v’), where
7=1(¢,9,Cr,0,q¢) €T, v g, v =v[C + 0] and v = Inv(q'). A transition (¢,v) = (¢’,v")
is called an e-transition. We write (¢, v) 29, (¢’,v") if there is a delay transition (g, v) KN
(q,v + 6) followed by a discrete transition (¢,v + ) = (¢',v").

80,00 01—1,01—1

(@, v0)-
For a timed path p = (qo,v0) (q, ), let 6(p) = D <;; 0i be the total
time delay of p. The length of p is 2]. A configuration (g, v) has a timelock if there is b € R>¢
s.t. 6(p) < b for every timed path p starting in (g, v). We write (qgo,vo) —* (qi, v;) if there is

80,00 01—1,01—1

A timed path of A is a finite sequence of transitions p = (go, vo)
80,00 01—1,01-1

a timed path p = (go,vo) (qi,m); p is a computation if go = § and vy = 0.
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The trace of the timed path p is the sequence of pairs of delays and labels obtained by
removing transitions with a label from ¥~ and adding the delays of these to the following
transition. The language of A, denoted L(A), is the set of traces of all of its computations.

We now recall guarded timed automata as an extension of timed automata with location
guards, that will allow, in a network, to test whether some other process is in a given location
in order to pass the guard.

» Definition 3 (Guarded Timed Automaton (GTA)). A GTA A is a tuple (Q,4,C, %, T, Inv),
where @ is a finite set of locations with initial location ¢, C is a finite set of clocks, ¥ is a
finite alphabet that contains a subset X~ of special symbols, including a distinguished symbol
€ecYT, TCOQxYC)x2°xE x (QU{T}) xQ is a transition relation, and Inv : Q — ¥(C)
assigns to every location q an invariant Inv(q).

Intuitively, a transition 7 = (q, 9,Cr, 0,7,¢") € T takes the automaton from location ¢
to ¢'; 7 can only be taken if clock guard g and location guard v are both satisfied, and it
resets all clocks in C,.. Note that satisfaction of location guards is only meaningful in a
network of TAs (defined below). Intuitively, a location guard  is satisfied if it is T or if
another automaton in the network currently occupies location v. We say that « is trivial if
v = T. We say location ¢ has no invariant if Inv(q) = T.

» Example 4. In the GTA in Figure 1, the transition from init to reading is guarded by
location guard post. The transition from init to listen has a trivial location guard (trivial
location guards are not depicted in our figures). Location init has no invariant.

» Definition 5 (Unguarded Timed Automaton). Given a GTA A, we denote by UG(A) the
unguarded wversion of A, which is the TA obtained from A by removing location guards, and
adding a fresh clock t, called the global clock, that does not appear in the guards or resets.
Formally, UG(A) = (Q,q,CU{t}, T’, Inv) with T' = {(q,9,Cr,0,4¢") | (¢,9.Cr,0.7.¢') € T}.

For a GTA A, let A™ denote a network of guarded timed automata (NGTA), consisting of
n copies of A. Each copy of A in A™ is called a process.

A configuration ¢ of an NGTA A™ is a tuple ((q1,v1),- .-, (¢n,vn)), where every (g;,v;) is a
configuration of A. The semantics of A™ can be defined as a timed transition system (&,¢,T),
where € denotes the set of all configurations of A™, ¢ is the unique initial configuration (¢, 0)",
and the transition relation 7" is the union of the following delay and discrete transitions:

delay transition ((q1,v1), ..., (qn,vn)) LN ((q1,v140), ..., (qn,vn +6)) if Vi€ {1,...,n}:
v;+0 = Inv(g;), i-e., we can delay 6 € R>q units of time if all clock invariants are satisfied
at the end of the delay.

(i,0)

/

discrete transition ((q1,v1), ..., (qn,vn)) ((¢5,v0),...,(q},v,)) for some i €

{1,...,n}if

1) (gi,vi) = (q},v}) is a discrete transition of A with 7 = (¢;,9,Cr,0,7,.),

2) v=T or ¢; = for some j € {1,...,n}\ {i}, and

3) ¢j =qj and vj; =v; for all j € {1,...,n}\ {i}.

That is, location guards v are interpreted as disjunctive guards: unless v = T, at least
one other process needs to occupy location  in order for process i to pass this guard.

0,(i,0 . . .y 0
We write ¢ 222 ¢ for a delay transition ¢ % ¢ followed by a discrete transition ¢ o),

0,(%0,00) 01-1,(i1—1,01-1)

¢””. Then, a timed path of A™ is a finite sequence ™ = ¢q
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d0,(%0,00) d1—1,(i1-1,01-1)

For a timed path m = ¢ ¢, let 0(m) = > ;- 0; be the total
time delay of . The definition of timelocks extends naturally to configurations of NGTAs.
A timed path 7 of A™ is a computation if ¢y = ¢. Its length is equal to 2I.

We write ¢ € ¢ if ¢ = ((Q1,v1),...7(qn7vn)) and ¢ = ¢; for some i € {1,...,n}, and
similarly (g,v) € ¢. We say that a location g is reachable in A™ if there exists a reachable
configuration ¢ s.t. g € ¢.

» Example 6. Consider the NGTA A3 where A is the GTA shown in Figure 1. A com-
putation 7 of this network is depicted in Figure 2, in which a process reaches error with

§(m) = 5. The computation is ((init,c = 0), (init,c = 0), (init,c = 0)) L), ((listen, ¢ =
1), (init,c = 1), (init,c = 1)) Sy, ((post,c = 0), (init,c = 4), (init,c = 4)) RGN
((post, ¢ = 0), (reading, ¢ = 0), (init, c = 4)) RGN ((post, ¢ = 1), (done, ¢ = 1), (init, c = 5))

((post,c = 1), (done,c = 1), (reading,c = 0)) 08,0, ((post,c = 1), (done,c =

1), (error,c = 0)). Therefore, error is reachable in A®.

0,(3,03)
=

The trace of the timed path 7 is a sequence trace(w) = (87, (2, 00)) - - - (6;_1, (1]_1,07_1))
obtained by removing all discrete transitions (j, o;) of 7 with o; € ¥~, and adding all delays
of these transitions to the following discrete transition, yielding the 6;». The language of A™,
denoted L£(A™), is the set of traces of all of its computations.

» Example 7. For the computation 7 in Example 6, trace(mw) =
(]-7 (]-7 00))7 (37 (17 01))7 (07 (27 03))7 (17 (27 05))7 (03 (37 03))7 (07 (37 Uerr)) .

We will also use projections of these global objects onto subsets of the processes. That
is, if ¢ = ((ql,vl),...,(qn,vn)) and Z = {iy,...,ix} € {1,...,n}, then c]; is the tuple
((qi1 JViy )y - ey (i vik)), and we extend this notation to computations 7}, by keeping only
the discrete transitions of Z and by adding the delays of the removed discrete transitions to
the delay of the following discrete transition of Z.

We introduce a special notation for projecting to a single process and define, for any natural
number 1 < a < n, 7}, a computation of UG(A), obtained from 7 {a} by discarding the index

", . (810 +T0) (8hepy 1T k)
a from all transitions; that is, ), has the form (qo, vo) . (@m+1, Vmt1)-

We also extend this to traces; that is, trace(m){, = (0}, 0%,) - - - (0}, , 0%, ), which is a trace
of UG(A). For a set of traces L, and set Z of processes, we write L], = {tt}; | tt € L}.

Note that the projection of a computation is not necessarily a computation itself, since
location guards may not be satisfied.

» Example 8. For the computation 7 in Example 6, 7} = (init,c = 0) LON (reading,c =
0) (000, (error,c = 0) and trace(m)ls = (5,03), (0, Terr)-
%0,(i0,00)  d1-1,(i-1,01-1) J0,(40,00)

A prefix of a computation m = ¢
61/7(il’70l’)
S

¢, is a sequence (¢ ———

oy with I/’ <1 —1. If  is a timed path and d € R>q, then 7=¢ denotes the
maximal prefix of 7 with §(7=%) < d , and similarly for timed paths p<¢ of a single GTA.
For timed paths m of A™ and me of A™2 with §(m1) = d(m2), we denote by 7y || w2 their
composition into a timed path of A™%"2 whose projection to the first nq processes is 71, and
whose projection to the last ng processes is ms.

» Definition 9 (Disjunctive Timed Network). A given GTA A induces a disjunctive timed
network (DTN) A, defined as the following family of NGTAs: A = {A™ | n € Nyo} (we
follow the terminology and use abbreviations of [31]). We define L(A>) = |J L(A™)
and consider L(A*)}; = U, en., LA™

neNso

8:7

FSTTCS 2025



8:8

Parameterized Verification of Timed Networks with Clock Invariants

2.1 The Parameterized Model Checking Problem

We formalize properties of DTNs as sets of traces that describe the intended behavior of a
fixed number of processes running in a system with arbitrarily many processes. That is, a local
property @ of k processes, also called a k-indexed property, is a subset of (R>q x ([1, k] x £))*.
For k = 1, for simplicity, we consider it as a subset of (R>q x £)*. We say that A™ satisfies
a k-indexed local property ¢, denoted A" = ¢, if L(A")]; ) C ¢. Note that, due to the
symmetry of the system, it does not matter which k processes we project L(A™) onto, so we
always project onto the first k.

Parameterized model checking problem (PMCP):
InPUT: a GTA A and a k-indexed local property ¢
PROBLEM: Decide whether A™ (= ¢ holds Vn > k.

Local trace properties allow to specify for instance any local safety property of a single
process (with I = [1,1]), as well as mutual exclusion properties (with I = [1,2]) and variants
of such properties for larger I.

PMCP can be solved by checking whether L£(A>){;; ;) C ». Our solution consists in
building a TA that recognizes E(A‘X’)i[l’k]. Note that language inclusion is undecidable on
TAs [8], but many interesting problems are decidable. These include MITL model checking [21]
and simpler problems such as reachability: given symbol g € ¥, the reachability PMCP is
the PMCP where ¢ is the set of traces that contain an occurrence of og. Reachability of a
location of A can be solved by PMCP by choosing appropriate transition labels.

» Example 10. In the example of Figure 1, a natural local property we are interested in is
the reachability of the label oe,. Formally, the local property for process 1 can be written as
a l-indexed property: (R>ox([1,1]xX))* - {(d, (1,0enr)) | d € R>0} - (R>0x([1,1]xX))*.

3 Model Checking DTNs

3.1 Definitions

We recall here the standard notions of regions and region automata, and introduce the slots
of regions which refer to the intervals of possible valuations of a global clock.

Regions. Given A, for all ¢ € C, let M(c) denote the maximal bound that ¢ is compared
to: M(¢c) =max{d € Z| “c~d", “c—c ~d", “d —c~ d” appears in a guard or invariant
of A}(we set M(c) = 0 if this set is empty). M is called the mazimal bound function for
A. Define My.x = max{M(c) | ¢ € C}. We say that two valuations v and v’ are equivalent
w.r.t. M, denoted by v ~,s v/, if the following conditions hold for any clocks ¢, ¢’ [19, 20]:
1. either |v(e)| = [v'(c)] or v(c) > M (c) and v'(c) > M (c);

if v(c),v’'(¢) < M(c) then frac(v(c)) = 0 <= frac(v'(c)) = 0;

if v(e) < M(c),v(c") < M(c') then frac(v(c)) < frac(v(c)) <= frac(v/(c)) < frac(v'(¢));
for any interval [ among (—oo,—M(c)),[-M(c),—M()],(—M(),—M() +
1),...,[M(c), M(c)], (M(c), ), we have v(c) —v(c) € I < v'(c) —v'(¢') € I.

ol

An M -region is an equivalence class of valuations induced by ~,;. We denote by [v]a
the region to which v belongs. We omit M when it is clear from context.

For an M-region r, if a valuation v € r satisfies a clock guard g, then every valuation in
r satisfies g. We write r = g to mean that every valuation in r satisfies g.
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Given an M-region r and a clock ¢, let ], denote the projection of the valuations of r to ¢,
ie., rl, ={v(c) | v er}. Givena valuation v and a clock ¢ € C, let v|__ denote the projection
of v to the clocks other than c, ie., vl_.: C\ {c} = R>¢ is defined by v} _.(¢') = v(c’) for all
¢ € C\ {c}. By extension, given a region r and a clock ¢, let r|__,={v]_.|ver}

Region Automaton. The region automaton of a TA A is a finite automaton with alphabet
¥ U {delay}, denoted by Rps(A), defined as follows.
The region states are pairs (¢,r) where ¢ € Q) and r is an M-region. The initial region

state is (§,7) where § is the initial location of A and 7 is the singleton region containing 0.
delay

There is a transition (¢,r7) — (¢,7’) in Rps(A) iff there is a transition (g, v) 2 (¢g,v")
in A for some § € R>p,v € r and v’ € r'. We say that 7’ is a time successor of r. Note
that we can have ' = r. Furthermore, (g,7’) is the immediate time successor of (q,r) if

(q,7) 22 (¢,7"), 1’ # r, and whenever (q,7) < (g,7"), we have (g,7') <2 (q,").
There is a transition (g, 7) = (¢/,7’) in Raz(A) iff there is a transition (¢,v) % (¢/,v') with

label o in A for some v € r and v € . We write (¢,7) — (¢/,7’) if either (g, r) delay, (¢',7")

or (q,r) = (¢',r") for some o € X.

delay

A path in Rp;(A) is a finite sequence of transitions p, = (go,70) =% ... == (gn, ) for
some n > 0 where o; € ¥ U {delay}. A path of Rys(A) is a computation if it starts from the
initial region state.

It is known that Rps(A) captures the untimed traces of A, i.e., the projection of the
traces of A to X [8].

Slots. Now, we can introduce slots. We will show later that slots are a sufficiently precise
abstraction of time for DTNs. In this paragraph, we assume that TAs have a distinguished
global clock t which is never reset and does not appear in clock guards. We will thus consider
a clock set C U {t} (making ¢ appear explicitly for clarity).

Let N4 denote the number of pairs (¢,r) where ¢ € @ and r is an M-region (thus a
region on the clock set C without ¢). Recall that N, is exponential in |C| [8, 20]. Let us
consider a bound function M~ : CU{t} — N for A such that for ¢ € C\ {t}, M7 (c) = M(c),
and M~ (t) = 2Na*+L Throughout the paper, the bound functions will be denoted by M~"(-)
whenever the clock set contains the distinguished global clock ¢, and M (-) otherwise. The
former will be referred to as M”-regions, and the latter as M-regions.

We define the slot of an M~ -region r as slot(r) = r],. It is known that for any region r
(with any bound function) and clock ¢, 7], is an interval [30]. Moreover, if v(c) for every
v € r is below the maximal constant M~"(c), then r|, is either a singleton interval of the
form [k, k], or an open interval of the form (k, k + 1) for some k € N.

For a slot s, let us define next(s) as follows.

if s = (k,k+ 1) for some k € N, then next(s) = [k + 1,k + 1];
if s =[k,k] and k < M~ (t), then next(s) = (k, k + 1);
if s =[M7(t), M7 (t)], then next(s) = (M~ (t), 00).

if s = (M7(t),o0) then next(s) = s.

ol L

We define the slot of a valuation v on CU{t} as slot(r) where r is the (unique) M~ -region
s.t. v € r. Slots, seen as intervals, can be bounded or unbounded.

» Example 11. Consider the clock set {z,y,t} and the region r defined by |z] = |y] =1,
|t] = 2, 0 < frac(x) < frac(y) < frac(t) < 1 (with M~"(-) = 4 for all clocks). Then,
slot(r) = (2, 3).
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As a second example, assume M7 (z) = 2, M7 (y) = 3 and M7 (¢t) is, say, 2048. Consider
the region 7’ defined by z > 2 A |y] =1 A0 < frac(y) < 1 A |t] = 2048 A frac(t) = 0. Then,
slot(r) = [2048, 2048]. In addition, next(slot(r)) = (2048, o).

We now introduce the shifting operation which consists of increasing the global clock
value, without changing the values of other clocks.

» Lemma 12. Given any M~ -region r and k € Z such that sup(slot(r)) + k < M~ (t), and
inf (slot(r)) + k > 0, there exists a M~ -region r' which satisfies slot(r’) = slot(r) + k and
r'l_,=rl_,, and ' can be computed in polynomial time in the number of clocks.

The region 7’ in Lemma 12 will be denoted by rgotsr. We say that it is obtained by
shifting the slot by k in r. We extend this notation to sets of regions and sets of region states,
that is, Waot+x = {(¢, Tsiot+x) | (q,7) € W} where W is a set of region states. For a set of
region states W, we define W|_, = {(¢q,7}_,) | (g,7) € W}.

» Example 13. Consider the clock set {z,y,t} and the region r defined in Example 11
satisfying |z] = |y| = 1, |t] = 2, 0 < frac(x) < frac(y) < frac(t) < 1 (with M7, = 4).
Then, slot(r) = (2,3), and reot+1 is defined by the same constraints as above except that
[t] = 3, and slot(rsot+1) = (3,4).

» Remark 14. Recall that given a bound function, the number of regions is O(|C|!2/¢I M4,/
since regions determine an order of the fractional values of clocks, the subsets of clocks that
have integer values, and an integral value for each clock [19]. The number of M~ "-regions is
O (|c|12/€1(aM~(£))!€1), which is doubly exponential in |C| since M~ (t) is.

Crucial to our paper, however, is that the set of projections r|_, of the set of M"-regions r
has size exponential only. This can be seen as follows: our definition of regions from [19] uses a
distinct maximum bound function for each clock. Thus, when constraints on ¢ are eliminated,
there only remain constraints on clocks ¢ € C\ {t}, with maximal constants M (c) as in the
original GTA A. We thus fall back to the set of regions of A of size O(|C|!2/€| Myyay 1.

3.2 Layer-based Algorithm for the DTN Region Automaton

We describe here an algorithm to compute a TA S(A) that recognizes the language £(A>)],.
We explain at the end of the section how to generalize the algorithm to compute £(A*){;
for an interval I = [1,a] for a > 1.

» Assumption 1. We assume that the given GTA A is timelock-free, regardless of location
guards. Formally, let A’ be obtained from A by removing all transitions with non-trivial
location guards. We require that no configuration of A’ has a timelock.

Figure 3 A GTA with timelock due to location guards.

Note that this assumption guarantees that A™ will be timelock-free for all n. Assuming
timelock-freeness is not restrictive since a protocol cannot possibly block the physical time:
time will elapse regardless of the restrictions of the design. A network with a timelock is
thus a design artifact, and just means the model is incomplete. An incomplete model can
be completed by adding a sink location to which processes that would cause a timelock can
move, and regarding reachability the resulting model is equivalent to the original one.
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L(AT), = L(5(4))

— location guards e Region automaton > e ] Algorithm 1 ] {j
UG(4 Rum~(UG(A D(A S(A
i} + global clock \#1 m- (UG(4)) \L‘ )

Figure 4 An overview of data structures in the paper.

» Example 15. The GTA in Figure 3 does not satisfy Assumption 1, since A’ (where we
remove transitions with non-trivial location guards) has a timelock at (¢q1,¢ = 1).

The following assumption simplifies the proofs:
» Assumption 2. FEach transition of GTA A is labeled by a unique label different from e.

Consider a GTA A. Our algorithm builds a TA capturing the language £(A*)]},. The
construction is based on M~ -region states of UG(A); however, not all transitions of the
region automaton of UG(A) are to be added since location guards mean that some transitions
are not enabled at a given region. Unless otherwise stated, by region states we mean M-
region states. The steps of the construction are illustrated in Figure 4. From A, we first
obtain UG(A), and build the region automaton for UG(A), denoted by Rps-(UG(A)). Then
Algorithm 1 builds the so-called DTN region automaton D(A) which is a finite automaton.
Finally we construct S(A) which we refer to as the summary timed automaton, a timed
automaton derived from D(A) by adding clocks and clock guards to D(A). Our main result
is that S(A) recognizes the language £(A*)l,.

Intuitively, Algorithm 1 computes region states reachable by a single process within the
context of a network of arbitrary size. These region states are partitioned according to their
slots. More precisely, Algorithm 1 computes (lines 3-4) the sequence (W;, E;);>0, where W;
is a set of M -region states of UG(A) having the same slot (written slot(W;)), and F; is a
set of transitions from region states of W; to either W; or W;, ;1. These transitions include
e-transitions which correspond to delay transitions: if the slot does not change during the
delay transition, then the transition goes to a region-state which is also in W;; otherwise, it
leaves to the next slot and the successor is in W;,1. During discrete transitions from W;,
the slot does not change, so the successor region-states are always inside W;. In order to
check if a discrete transition with location guard v must be considered, the algorithm checks
if some region-state (v, r,) was previously added to the same layer W;. This means that
some (other) process can be at v somewhere at a global time that belongs to slot(W;). This
is the nontrivial part of the algorithm: the proof will establish that if a process can be at
location v at some time in a given slot s, then it can also be at v at any time within s.

For two sets W;, W, of region states of UG(A), let us define W; =~ W, iff W, can be
obtained from W; by shifting the slot, that is, if there exists k € Z such that (W;)siot+1 = Wj.
Recall that (W;)sot+x = W; means that both sets contain the same regions when projected
to the local clocks C \ {t}. This definition is of course symmetric.

Algorithm 1 stops (line 5) when W;, = W, for some iy < lp with both layers having
singleton slots (this requirement could be relaxed but this simplifies the proofs and only
increases the number of iterations by a factor of 2).

The algorithm returns the DTN region automaton D(A) = (W, (4, ), %, E), where W is
the set of explored region states, and FE is the set of transitions that were added; except
that transitions leaving W;,_; are redirected back to W;, (lines 7-9). Redirecting such
transitions means that whenever Ry~ (UG(A)) has a delay transition from (g,7) to (g,7’)
with slot(r) = slot(W;,—1) and slot(r') = slot(W,,), then we actually add a transition from
(g,7) to (g,r"), where r" is obtained from r’ by shifting the slot to that of slot(W,); this
means that '} _, = 7"} _,, so these define the same clock valuations except with a shifted
slot. The property W;, = W), ensures that (¢,r") € W, .
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Algorithm 1 Algorithm to compute DTN region automaton of GTA A.

input :GTA A=(Q,q,C, %, T, Inv) and Ra~(UG(4))
output : The DTN region automaton of A

1 Initialize s < [0,0], Wo « {(g,7)}, Fo < 0,1+ —1

2 repeat

3 l+—1l+1;

4 Compute (W, E;) by applying the following rules until a fixed point is reached:

Rule 1: For any (g,7) € W, let (g,7) delay, (g,7") s.t. slot(r') = s, do

W, « W, U {(q, r’)}, and E; + E; U {((q, ), €, (q,r'))}

Rule 2: For any (q,7) € W; and 7 = (¢q,9,Cr,0,7,q') s.t. (g,7) LN (),
if v =T, or if there exists (y,7y) € W,

then do W; «+— W, U {(q',r')}, and E; + E U {((q7 r), o, (q',r'))}

s < next(s);
delay

Wit {(q,r') | (g,7) € Wi, (q,7) — (g,7") and slot(r’) = s};

elay

B e BU{ (@6 @) | @r) € W, @) 2 (g,r') Aslot(r) = s}

5 until Jig < 1: W; = W,,, and slot(W;,) is a singleton;
6 lo l;
7 Eiy1 4+ Eig 1N (Wipo1 xEx Wi, 1)U

{((q’ T)7 ) (q7 T/))‘ (Q7 7'/) € Wio: EIT//7 dk € N7 ((Q7 T), €, (q7 T”)) €
Elofl n (Wlofl XEXWIO)’T;OH—I@ — 1””}

8 W < Uo<i<ig—1 Wi, B < Uo<i<ig—1E;
9 return (W, (4,7),%, E)

We write (q,7) = (¢/,r') iff ((q,r),m (q',T’)) € E. Paths and computations are defined
for the DTN region automaton analogously to region automata.

We now show how to construct the summary timed automaton S(A) (the step from
D(A) to S(A) in Figure 4). We define S(A) by extending D(A) with the clocks of A.
Moreover, each transition ((g,r),€,(q,r")) has the guard r’|_, and no reset; and each
transition ((g,7),0, (¢',7’)) with o # € has the guard r)_,, and resets the clocks that are
equal to 0 in /. The intuition is that S(A) ensures by construction that any valuation
that is to take a discrete transition (o # €) at location (g, ) belongs to r. Notice that we
omit invariants here. Because transitions are derived from those of Ry~ (UG(A)), the only
additional behavior we can have in S(A4) due to the absence of invariants is a computation
delaying in a location (g, ) and reaching outside of r (without taking an e-transition), while
no discrete transitions can be taken afterwards. Because traces end with a discrete transition,
this does not add any trace not possible in £, (A4%).

3.2.1 Properties of Algorithm 1

We explain the overview of the correctness argument for Algorithm 1 and some of its
consequences.

Let us first prove the termination of the algorithm, which also yields a bound on the
number of iterations of the main loop (thus on Iy and ig). Recall that for a given A, N4
denotes the number of pairs (g, r) where ¢ € Q and r is an M-region (see Section 3.1).
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» Lemma 16. Let D(A) be a DTN region automaton returned by Algorithm 1. Then the
slots of all region states in D(A) are bounded. Consequently, the number of iterations of
Algorithm 1 is bounded by 2N4+1.

The region automaton is of exponential size. FEach iteration of Algorithm 1 takes
exponential time since one might have to go through all region states in the worst case. By
Lemma 16, the number of iterations is bounded by 2¥4, which is doubly exponential in |C|.
Theorem 21 will show how to decide the reachability PMCP in exponential space.

We now prove the correctness of the algorithm in the following sense.

» Theorem 17. Let A be a GTA, D(A) = (W, (§,7),%, E) its DTN region automaton, S(A)
be the summary timed automaton. Then we have L(A®)], = L(S(A)).

To prove this, we need the following lemma that states a nontrivial property on which
we rely: if a process can reach a given location g at global time ¢’, then it can also reach ¢
at any global time within the slot of #'. It follows that the set of global times at which a
location can be occupied by at least one process is a union of intervals. Intuitively, this is
why partitioning the region states by slots is a good enough abstraction in our setting.

» Lemma 18. Consider a GTA A with bound function M. Let p, = (qo,70) <% ... S
(qi,7m1) such that (qo,r0) = (4,7) be a computation in Rar-(UG(A)) such that slot(r;) is
bounded. For allt' € slot(r;), there exists a timed computation (qo,vo) — ... = (q,v1) in
UG(A) such that v; € r; for 0 <i <1, and vi(t) =1t

The following lemma proves one direction of Theorem 17.

» Lemma 19. Consider a trace tt = (8o, 00) ... (01—1,01—1) € L(S(A)). Let I be the unique

interval of the form [k, k] or (k,k+ 1) with k € N that contains do + ...+ §_1.

1. For allt’ € I, there exists n € N, and a computation m of A™ such that trace(m)), =
(00,00) .. (6]_1,01-1) for some 8] >0, and 6(wl,) =1t

2. tt € L(A®)],.

The following lemma establishes the inclusion in the other direction. Given a computation
7 in A™, we build a timed computation in S(A) on the same trace. Because the total time
delay of 7 can be larger than the bound 24, we need to carefully calculate the slot in which
they will end when projected to S(A).

» Lemma 20. For any computation © of A™ with n € N, trace(n)},; € L(S(A)).

Deciding the Reachability PMCP. It follows from Algorithm 1 that the reachability case
can be decided in exponential space. This basically consists of running the main loop of
Algorithm 1 without storing the whole list of all W;, but only the last one. The loop needs
to be repeated up to 2V4F! times (or until the target label oq is found).

» Theorem 21. The reachability PMCP for DTNs is decidable in EXPSPACE.

Local Properties Involving Several Processes. The algorithm described above can be
extended to compute L(A%)] .. We define the product of k timed automata A;, written
®1<i<kAi, as the standard product of timed automata (see e.g., [16]) applied to A; after
replacing each label ¢ appearing in A4; by (i, 0).

» Lemma 22. Given GTA A, and interval I = [1,a], let S(A) be the summary automaton
computed as above. Then L(A®)]; = L(R1<i<aS(A4)).
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Figure 5 An example of GTA for which liveness is not preserved by our abstraction.

Limitations. Liveness properties (e.g., checking whether a transition can be taken an infinite
number of times) are not preserved by our abstraction; since an infinite loop in the DTN
region automaton may not correspond to a concrete computation in any A™. In fact, consider
the GTA in Figure 5. While there is an infinite loop on ¢ in the DTN region automaton, no
concrete execution takes the loop on ¢ indefinitely, as each firing of this loop needs one more
process to visit ¢, and then to leave it forever, due to the invariant ¢ < 0.

4 Timed Lossy Broadcast Networks

Systems with lossy broadcast (a.k.a. “reconfigurable broadcast networks”, where the underly-
ing network topology might change arbitrarily at runtime) have received attention in the
parameterized verification literature [22]. In the setting with finite-state processes, lossy
broadcast is known to be at least as powerful as disjunctive guards, but it is unknown if it is
strictly more powerful [15, Section 6]. We show that in our timed setting the two models are
equally powerful, i.e., they simulate each other.

Lossy Broadcast Networks. Let ¥ be a set of labels. A lossy broadcast timed automaton
(LBTA) B is a tuple (@, §,C, X, A, T, Inv) where Q, §,C, Inv are as for TAs, and a transition
is of the form (q,g,C.,0, A\, ¢’), where X € {a!!,a?? | a € A}. The synchronization label X is
used for defining global transitions. A transition with A = a!! is called a sending transition,
and a transition with A = a?? is called a receiving transition.

We also make Assumption 1 and Assumption 2 for LTBAs. The former means that the
LBTA is timelock-free when all receiving transitions are removed. The semantics of a network
of LBTAs is a timed transition system defined similarly as for NGTAs, except for discrete
transitions which now induce a sequence of local transitions separated by 0 delays, as follows.
Given n > 0, configurations of B™ are defined as for DTNs. Let ¢ = ((Q17 v1)y- vy (Gn, vn))
be a configuration of B". Consider indices 1 < i <mn and J C {1,...,n} \ {i}, and labels
0,05 € X for j € J, such that

i) (qi,v) e, (¢, v}) is a sending transition of B, and

77,05 . . "
i) for all j € J: (gj,v;) RALLLEN (g, v}) is a receiving transition of B.

Then the timed transition system of B™ contains the transition sequence ¢ ((z—a))>

0,(j1,0; 0,(j2, 0,(Jm m
¢ ©.G103,)) ¢t ©2:032)), - 0Gm i) ', for all possible sequences ji, ..., j, where

J={j1,...,jm}. Non-zero delays only occur out51de of these chains of 0-delay transitions.
For a given LBTA B, the family of systems B is called a lossy broadcast timed network
(LBTN).

Simulating LBTN by DTN (and vice versa). The following theorem states that LBTAs
and GTAs are inter-reducible.

» Theorem 23. For all GTA A, there exists an LBTA B s.t. Vk>1, L(A®)l; ) =
L(B*)py - For all LBTA B, there exists a GTA A s.t. Vk>1, L(A)yy ) = L(B® )1 4



E. André, S. Jacobs, S.L. Karra, and O. Sankur

Sketch. Simulation of disjunctive guards by lossy broadcast is simple: a transition from ¢
to ¢’ with location guard « is simulated in lossy broadcast by the sender taking a self-loop
transition on 7y, and the receiver having a synchronizing transition from ¢ to ¢’.

The other direction is where we need the power of clock invariants: to simulate a lossy
broadcast where the sender moves from ¢ to ¢’ and a receiver moves from ¢, to g, in the
DTN we first let the sender move to an auxiliary location ¢, (from which it can later move
on to ¢'), and have a transition from ¢, to ¢, that is guarded with g,. To ensure that no
time passes between the steps of sender and receiver, we add an auxiliary clock cg,q that is
reset when moving into ¢,, and g, has clock invariant cghq = 0.

In both directions, auxiliary transitions that are only needed for the simulation are labeled
with fresh symbols in 3~ such that they do not appear in the language of the system. <

Because the reduction to DTNs is in linear-time, we get the following.

» Corollary 24. The reachability PMCP for LBTN is decidable in EXPSPACE.

5 Synchronizing Timed Networks and Timed Petri Nets

We first introduce synchronizing timed networks. Our definitions follow [6, 5], except that
their model considers systems with a controller process, whereas we assume (like in our
previous models) that all processes execute the same automaton.

Synchronizing Timed Network. A synchronizing timed automaton (STA) S is a tuple
(@, 4,C, Inv, R) where Q, g, C, Inv are as for TAs, and R is a finite set of rules, where each

gr,lvcr,lvar,l / gr‘mvcr,mwanm

rule r € R is of the form <qr,1 — 1 G q;7m> for some m € N
and with (g, gr.i,Criy 0riy @) € Q X U(C) x 2° x U x Q for 1 < i < m.

The semantics of a network of STAs (NSTA) is defined as for NGTAs, except for discrete
transitions, which now synchronize a subset of all processes in the following way: Let r € R

be a rule (of the form described above) and ¢ = ((q1,v1), ..., (¢n,vn)) a configuration of S™.
Assume
i) there exists an injection / : {1,...,m} — {1...n} such that for each 1 <i <m, gy =

9r,i Cr i Or i

Qi Qh(i) ——— q;( ;) is an element of r, vy, = g, and U;L(i) = Up(i)[Cr,i < 0], and
ii) j & range(h), ¢; = ¢; and v} = v;.

0,(h(1),0r,
Then the timed transition system of 8™ contains the transition sequence ¢ M

1 ©(@er2), - Oh(m),orm)) . That is, m distinct processes take individual trans-
itions accordmg to the rule Wlthout delay, and the configurations of the non-participating
processes remain unchanged.

Again, we also make Assumptions 1 and 2 for STAs. The former means here that S is
timelock-free when all transitions of rules with m > 1 are removed. All other notions follow
in the natural way. Given an STA S, the family of systems S is called a synchronizing

timed network (STN).

» Theorem 25. For all GTA A with set of locations Q, there exists an STA S with set of
locations @ such that for every q € Q: q is reachable in A iff q is reachable in S. For all
STA S with set of locations Qs, there exists a GTA A with set of locations Q4 2 Qs such
that for every q € Qs: q is reachable in A iff q is reachable in S.

Sketch. Simulation of disjunctive guards by STAs is simple: a transition from ¢ to ¢’ with
location guard v is simulated by a pairwise synchronization, where one process takes a
self-loop on ~, and the other moves from ¢ to ¢'.
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Table 1 Existing and new decidability results for location reachability (Reach) and local trace
properties (Trace) for DTN, LBTN, and STN with a single (|C| = 1) or multiple clocks (|C| >1), and
with (/nv) or without invariants (/+70). Entries with v'* need to satisfy Assumption 1.

DTN LBTN STN
lcl=1 | jc1>1 | jel>1 [l =1]1e1>1 | je1>1 [l =1] 1e1>1 | |e]>1

Reach| v[31] | v[31] | v |v[6,11]] v v el | v v
Trace | v[31] | v[31] | ¢~ v v v* ? ? ?

Conversely, to simulate a rule r of the STA with m participating processes, we add
auxiliary locations p,;, for 1 <4 < m, each with a clock invariant (on an additional clock
only used for the simulation) that ensures that no time passes during simulation. For each

r,i,Cr,i,0ri

element ¢, ;
A transition to p,; is guarded with p, ;_1 (except when ¢ = 1), and with the clock constraint
gr.i» and all transitions to g ; are guarded with p;. ,,. This ensures that any g,.; is reachable
through this construction if and only if the global configuration at the beginning would allow
the STA to execute rule . To avoid introducing timelocks, each of the p,; has an additional
transition with a trivial location guard and no clock guard to a new sink location ¢, that
does not have an invariant. I.e., if simulation of a rule is started but cannot be completed
(because there are processes in some but not all of the locations ¢, ;), then processes can
(and have to) move to ¢ . <

q,.; of r, we have a transition from ¢, ; to p,;, and from there to ¢, ;.

» Corollary 26. The reachability PMCP for STN is decidable in EXPSPACE.

Note that the construction in our proof is in general not suitable for language equivalence,
Le., L(A%)}p 5 might contain traces that are not in £(S%)|p -

Abdulla et al. [2] considered the universal safety problem of timed Petri nets — that is,
whether a given transition can eventually be fired for any number of tokens in the initial
place — and solved it for the case where each token has a single clock. The question whether
the problem is decidable for tokens with multiple clocks remained open. This problem, in
the multi-clock setting, can be reduced to the PCMP of STNs. The reduction is conceptually
straightforward and computable in polynomial time in the size of the input.

» Corollary 27. The universal safety problem for timed Petri nets with an arbitrary number
of clocks is decidable in EXPSPACE.

6 Conclusion

In this paper, we solved positively the parameterized model checking problem (PMCP) for
finite local trace properties of disjunctive timed networks (DTNs) with invariants. We also
proved that the PMCP for networks that communicate via lossy broadcast can be reduced to
the PMCP for DTNSs, and is therefore decidable. Additional results also allowed us to solve
positively the open problem from [2] whether the universal safety problem for timed Petri
nets with multiple clocks is decidable. Table 1 gives an overview of our results, compared to
existing results for the classes of systems we consider.

In addition to the results presented here, we believe that our proof techniques can be
extended to support timed networks with more powerful communication primitives, and in
some cases to networks with controllers.
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Future work will include tightening the complexity bounds for the problems considered

here, as well as the development of zone-based algorithms that can be more efficient in
practice than a direct implementation of the algorithms presented here.
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