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——— Abstract

A strategy profile in a multi-player game is a Nash equilibrium if no player can unilaterally deviate
to achieve a strictly better payoff. A profile is an e-Nash equilibrium if no player can gain more than
€ by unilaterally deviating from their strategy. In this work, we use e-Nash equilibria to approximate
the computation of Nash equilibria. Specifically, we focus on turn-based, multiplayer stochastic
games played on graphs, where players are restricted to stationary strategies — strategies that use
randomness but not memory.

The problem of deciding the constrained existence of stationary Nash equilibria — where each
player’s payoff must lie within a given interval — is known to be dR-complete in such a setting
(Hansen and Sglvsten, 2020). We extend this line of work to stationary e-Nash equilibria and present
an algorithm that solves the following promise problem: given a game with a Nash equilibrium
satisfying the constraints, compute an e-Nash equilibrium that e-satisfies those same constraints —
satisfies the constraints up to an ¢ additive error. Our algorithm runs in FNPVP time.

To achieve this, we first show that if a constrained Nash equilibrium exists, then one exists where
the non-zero probabilities are at least an inverse of a double-exponential in the input. We further
prove that such a strategy can be encoded using floating-point representations, as in the work of
Frederiksen and Miltersen (2013), which finally gives us our FN PNP algorithm.

We further show that the decision version of the promise problem is NP-hard. Finally, we
show a partial tightness result by proving a lower bound for such techniques: if a constrained
Nash equilibrium exists, then there must be one where the probabilities in the strategies are
double-exponentially small.
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1 Introduction

Modelling decentralised systems involving multiple agents requires understanding the in-
teractions between different players, each with their own objectives. Stochastic games —
graphs in which some nodes are controlled by agents and others are controlled by a random
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environment — provide a modelling framework for a wide range of domains, including epi-
demic processes [17], formal verification [13], learning theory [1], cyber-physical systems [20],
distributed and probabilistic programs [10], and probabilistic planning [22].

These stochastic multi-player turn-based games are a specific class of models that capture
interactions between multiple agents on such graph arenas. These games have been extensively
studied, with several results characterizing their computational complexity [8, 24] and others
studying restrictions and different payoff functions that yield tractable fragments [24, 7].
While it is known that Nash equilibria (NEs) always exist in these settings, the equilibria
that arise in proofs are often adversarial in nature, offering poor outcomes for all players [8,
23]. A more compelling question is whether one can decide, and compute if possible, a
Nash Equilibrium that satisfies certain payoff constraints. However, this problem becomes
undecidable when players are allowed unbounded memory. Indeed, it is already known that
even checking whether a player can achieve a payoff within a given interval is undecidable
with just 10 agents [24, Theorem 4.9]. Restricting players to deterministic (pure) strategies
does not help, as the problem remains undecidable. Thus, for any hope of tractability, we
must restrict each player to use bounded memory. In practice, this is also desirable: strategies
requiring large memory lead to complex controllers and are harder to implement. Fortunately,
finite-memory strategies can be encoded directly in the state space of the game, and in many
cases, it suffices to consider stationary strategies, which require no memory at all.

In this work, we only focus on Nash equilibria where each player is restricted to stationary
strategies. Indeed, henceforth, whenever we mention strategies, we only mean stationary
strategies, unless specified otherwise. However, it is known that the constrained existence
problem even when restricted to such stationary strategies is IR-complete [16]. Moreover,
for the functional version of the problem, the probabilities used to indicate the distribution
of these stationary strategies can have irrational values [24, Theorem 4.6] even for games
with just four players. Indeed, such strategies cannot be executed in real-world scenarios
since it is hard to simulate choosing an edge with such irrational probabilities.

The standard definition of Nash equilibrium requires that no player can improve their
payoff by any non-zero amount by unilaterally deviating from their strategy even if the
improvement is arbitrarily small [19]. This strict notion of optimality contributes significantly
to the computational complexity of deciding whether a constrained Nash equilibrium exists.
From a practical perspective, however, it is reasonable to assume that players are unlikely to
deviate from their current strategies for only negligible gains.

Our setting. Motivated by this discussion, we consider the relaxed variant of the equilibrium
concept that is also well-studied [18, 9]. Specifically, we study the problem of computing
e-approximate Nash equilibria — in which the expected utility of each player is required to
be within € of the optimum response to the other players’ strategies — while still satisfying
given constraints on the players’ payoffs. Formally, we focus on multi-player turn-based
games with terminal rewards and for a (stationary) strategy profile that is an e-NE that also
approximately satisfies the constraints (the constraints are also satisfied up to an e-additive
factor), assuming there is an exact stationary NE.

The decision version of this problem is defined as follows: given such a game, determine
whether either (i) there exists an exact NE that satisfies the constraints, or (ii) no e-
approximate NE satisfies the constraints e-approximately. Instances that fall outside these
two cases — that is, where an e-approximate equilibrium exists but no exact one does —
are considered indeterminate, and the output may be arbitrary in those cases. Note that
whenever there is an exact NE, by definition, there exists an e-NE.
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Our results. We show that this approximate variant is computationally more tractable
than the general problem of deciding the existence of a stationary constrained equilibrium.
In particular, we present an algorithm that solves the problem within the class FNP with
access to an NP oracle. We also show that the probabilities required for the exact version of
the problem can be double-exponentially small, proving some evidence of hardness of the
problem. Finally, we show that the decision version of the problem is NP-hard.

Technical overview

Upper bound. Recall our result that the problem lies in FN PP Our approach relies on
showing that if a stationary equilibrium exists, then there is one in which the probability
values used in the strategies are not too small — specifically, they are lower-bounded by
the inverse of a doubly exponential function of the input size. This structural property
is established using techniques from the work of Hansen, Koucky, and Miltersen on zero-
sum concurrent reachability games [15]. However, this bound alone is insufficient, because
representing such tiny probabilities explicitly requires at least exponentially many bits to
represent using fixed-point presentation.

To represent the probabilities used in strategies more succinctly than with fixed-point
representation, we use floating-point values, a standard tool in numerical analysis. While
floating-point representations cannot express the exact probabilities required in an exact
Nash equilibrium, they are sufficient for representing approximate equilibria. We prove (see
Lemma 9) that if an exact Nash equilibrium exists, then there is also an e-NE that can be
encoded using floating-point numbers.

The proof relies on two ideas from the work of Frederickson and Milterson [14]. First, any
probability distribution can be approximated by one using floating-point values, such that
the difference between them is small in a precise sense. Second, when all the probabilities
in a Markov chain are approximated in this way, the expected value of the chain changes
by at most a polynomial function of the approximation error. To formalise this notion of
approximation, a distance metric introduced by Solan [21] is used to show how values of
Markov chains behave under small perturbations.

Using these results, we design an algorithm for the problem. The algorithm first guesses a
stationary approximate equilibrium that satisfies the payoff constraints up to the given error.
Our earlier results ensure that such a guess can be represented using floating-point numbers
with only polynomially many bits. The algorithm then verifies that this strategy profile is
indeed an approximate equilibrium by checking, for each player, whether any alternative
strategy would improve their payoff by more than the allowed margin of error. This check
reduces to solving a Markov decision process for each player, where the strategies of the
other players are fixed. We show that solving this single-player game can be done with a
single call to an NP oracle for each player (see Lemma 13). Therefore, the search problem

lies in the class FN PNP, and the corresponding decision problem is in NPNP.

Small probabilities. We first consider the limits of the above approach. Prior work by
Deligkas, Fearnley, Melissourgos, and Spirakis [11] observed that the class e-3R, which
captures the complexity of deciding whether approximate solutions exist to systems of
real-valued constraints, is polynomial time reducible to the class IR itself. This equivalence
in the complexity of R and its approximation version hinges on the fact that solutions
to such existential theory of the reals (ETR) problems can involve values that are double-
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exponentially large. To address this, they identified a restricted fragment of ETR for which
e-approximate solutions can be computed using a quasi-polynomial time approximation
scheme (QPTAS).

In our setting, we use a key structural result (see Lemma 16) showing that stationary
Nash equilibria, when they exist, can involve probabilities that are double-exponentially
small, but not smaller. One might suspect that such small probabilities are merely theoretical
and not actually be needed to represent probabilities occurring in such equilibria. However,
in Section 4, we present a concrete example with just five players where double-exponentially
small probabilities are indeed necessary for an exact equilibrium to exist. We note that
previous results establishing JR-completeness for related problems required seven players,
underscoring the tightness of our example.

Hardness results. Finally, in Section 5, we also show that even the decision version of the
promise problem is NP-hard, via a reduction from the classical 3SAT problem. While it was
already known that the constrained existence of stationary Nash equilibria is NP-hard [24,
Theorem 4.4] and later shown to be even IR-complete, we prove that even the relaxed version
of the problem — deciding whether an approximate (i.e., e-close) stationary Nash equilibrium
exists that satisfies the given constraints — is also NP-hard.

pNP upper bound
have appeared in various forms in the literature, particularly in the context of approximating

Related work. The approximation techniques we use to establish our FN

values in concurrent games. For example, Frederiksen and Miltersen [14] introduced similar
floating-point approximation methods to compute values of concurrent reachability games
up to arbitrary precision. Their work placed the problem in the complexity class TFN pNP.
However, for this class of games, no corresponding hardness results — such as the NP-hardness
we establish for our setting — were previously known.

These techniques have also been extended to other objectives in the same setting of
concurrent games. In particular, Asadi, Chatterjee, Saona, and Svoboda [3] applied related
methods to show TFNPNP upper bounds for games with stateful-discounted objectives and
parity objectives.

More recently, Bose, Ibsen-Jensen, and Totzke [6] studied e-approximate Nash equilibria
in concurrent and partial-observation settings, also using approximation-based techniques.
However, their work differs from ours in two key ways. First, they do not address the
constrained existence problem for e-Nash equilibria. We note that the unconstrained variant of
the problem, which they consider, is significantly easier in terms of computational complexity.
Second, they assume the number of players is fixed, whereas in our setting, the number of
players is part of the input. To our knowledge, our work is the first to analyse constrained
e-Nash equilibria in multi-player games where the number of players is not fixed.

2 Preliminaries

We assume that the reader is familiar with the basics of probability and graph theory.
However, we define some concepts for establishing notation.

Probabilities. Given a (finite or infinite) set of outcomes  and a probability measure P
over , let X be a random variable over (), i.e., a mapping X : Q2 — R. We write EF[X], or
simply E[X], for the expected value of X, when defined. Given a finite set S, a probability
distribution over S is a mapping d : S — [0, 1] that satisfies the equality >, _od(z) = 1.

zeS
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Size of numbers. Integers are always implicitly assumed to be represented with their binary
encoding. For a given integer n € N, we therefore write bit(n) = [logy(n + 1)] for the number
of bits required to write n. Similarly, unless stated otherwise, a rational number %, where
p and q are co-prime, is represented by the pair of the encodings of p and ¢, and we write

bit (g) — bit(p) + bit(q) + 1.

Graphs and games. A directed graph (V) E) consists of a set V' of vertices and a set E of
ordered pairs of vertices, called edges. For simplicity, we often write uv for an edge (u,v) € E.
A path in the directed graph (V| E) is a (finite or infinite) ordered sequence of vertices from
V such that every pair of two consecutive elements is an edge. A cycle is a path with distinct
vertices such that the last element of the sequence and the first one also forms an edge.

Throughout this paper, we use the word game for multiplayer simple quantitative turn-
based games played on graphs.

» Definition 1 (Game). A game is a tuple G that consists of:
a directed graph (V, E), called the underlying graph of G;
a finite set I1 of players;
a partition (V;)ieriugzy of the set V., where V; denotes the set of vertices controlled by
player i, and the vertices in Vo are called stochastic vertices;
a probability function p : E(V7) — [0,1], such that for each stochastic vertex s, the
restriction of p to E(s) is a probability distribution;
a mapping p: T — [0,1]" called payoff function, where T is the set of terminal vertices,
that is, vertices of the graph (V, E) that have no outgoing edges. We also write p;, for
each player i, for the function that maps a terminal vertex t to the i coordinate of the
tuple p(t).
a vertex vg € V', which is the initial vertex of the game.

When referring to a game G, we will often use the notations V for vertices, E for edges, II
for players, and so on without necessarily recalling them.

» Definition 2 (Markov decision process, Markov chain). A Markov decision process is a game
with one player. A Markov chain is a game with zero players.

Plays. We call play a path in the underlying graph that is infinite, or whose last vertex
is a terminal vertex. The payoff functions p and pu;, defined only for terminal vertices, are
extended naturally to plays as follows: for a play of the form At, with ¢t € T, we define
w(ht) = p(t), and for an infinite play 7, we define u(m) = (0);err (all players receive the
payoff 0 in an infinite path where no terminal vertex is reached).

Strategies, and strategy profiles. In this paper, by strategy, we mean a stationary strategy,
that is, a strategy that only depends on the current vertex.

Thus, in a game G, a strategy for player i is a mapping o; that maps each vertex v € V; to
a probability distribution over the neighbours of v. A strategy profile for a subset P < Il is a
tuple (0;)iep, that we usually write & if P =1II, and ¢_; if P = II\{4} for some player i. We
then write (0_;,0}) to denote the strategy profile 7 defined by 7, = o} and 7; = o, for j # i.

A strategy profile & for all players in the game G defines a probability measure Pz over
plays — which turns the payoff functions u; into random variables. We then write E(o) for the
expectation operator EF7. If the game is a Markov chain, then we just write E to represent
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this value. We say the maximum payoff of an MDP is the maximum of all expectations over
all stationary strategies and write val = max, E(d) to denote it.

Equilibria. In such games, we study equilibria, that is, strategy profiles that offer some
stability guarantees. The most famous notion of equilibrium is the Nash equilibrium [19].

» Definition 3 (Nash equilibrium). A Nash equilibrium, or NE for short, in the game G is a
strategy profile & such that for each player i and every strategy o}, we have

E(0 s, 0[] < E(@)[pa]-

A classical quantitative relaxation of Nash equilibria is that of e-approximate Nash
equilibria, or just e-Nash equilibria.

» Definition 4 (e-Nash equilibrium). Let ¢ > 0. An e-Nash equilibrium, or e-NE for short,
in the game G is a strategy profile ¢ such that for each player i and every strategy o}, we
have E(0—;, 07)[wi] — € < E(0)[pi]-

Problem. A classical decision problem about Nash equilibria is the following one.

» Problem 1 (Constrained existence problem of Nash equilibria). Given a game G and two
vectors T,y € QU, called threshold vectors, does there exist an NE & in G that satisfies the
inequality T < E(o)[p] < g?

Problem 1 is known to be undecidable if the players are allowed to use memory [24], which
is excluded by our formalism here. Where players are restricted to stationary strategy — as
in our definition — this problem is known to be IR-complete [16], where IR is the complexity
class of problems that can be reduced to the satisfiability of a formula in the existential theory
of the reals. In order to obtain a more tractable problem, we consider here an approximated
version defined using the notion of e-NEs: we wish to obtain, for sure, the answer yes when
an NE satisfying the constraint exists, and to obtain, for sure, the answer no when we are
far from having such an NE because there is not even an e-NF that satisfies the constraint
up to € — but on the limit case, we can accept any answer. Formally, we want an algorithm
that solves the following problem.

» Problem 2 (Approximate constrained existence problem of Nash equilibria). Given a game G,
two vectors T,y € Q, and a rational number € > 0 input using fized point representation,
such that either:

1. there is an NE ¢ in G with x; < E(0) [p;] < y; for each player i; or

2. there is no e-NE in G satisfying x; — e <E(7) [p;i] < yi + € for each player i;

holds, then are we in case 17

We call functional approximate constrained NE problem the functional version of this
problem, in which the answer yes is replaced by a succinct representation of an e-NE that
satisfies the constraint up to €. In the sequel, we show a FNPNP upper bound on this

functional problem, which implies an NPNP upper bound on the non-functional one; and an
NP lower bound on the non-functional approximated problem, which implies an FNP lower

bound on the functional one.
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3 Finding e-Nash equilibria

pNP upper bound for the functional approximate constrained

In this section, we present the FN
NE problem. We always use n to represent the number of vertices in the game and m to
represent the number of edges in the game, and 7 which corresponds to the bit size used to
represent the probabilities.

Throughout this section, we assume that we are given an instance (G, Z,y,¢) of the
functional approximate constrained problem. We call (e-)constrained NE an (e-)NE in G
such that each player i’s payoff lies in the interval [z;,y;] (resp. [z; —€,y; + €]). The rest of

this section is dedicated to the proof of the following theorem.

» Theorem 5. There exists an FNPNY procedure to solve the functional approximated
constrained problem of NEs.

We begin by defining the existential theory of the reals and showing how the problem of
computing stationary Nash equilibria can be encoded using sentences in it.

By applying a result of Basu, Pollack, and Roy [5] (restated in Lemma 8), it can be shown
that any solution to the resulting system of polynomial inequalities lies within a ball of at
most double-exponential radius. This implies that, in the worst case, the smallest non-zero
probabilities in a stationary equilibrium may be as small as inverse double-exponential in
the size of the input.

To represent such small probabilities succinctly, we introduce a floating-point representa-
tion that allows encoding of some double-exponentially small values using only polynomially
many bits. Next, using a result of Solan [21] (see Lemma 11), we observe that small perturb-
ations in transition probabilities lead to only small changes in the value of the associated
Markov chain. This continuity result ensures that approximate equilibria obtained where
probabilities are slightly perturbed still yield approximately correct values. This shows that
it is enough to represent the probabilities using floating-point numbers with polynomial
precision.

Finally, we provide a coNP procedure (see Lemma 13) to decide whether the maximum
payoff in a Markov Decision Process (MDP), where probabilities are given in floating-point
representation, lies above or below a given threshold up to an additive €.

Together, these components give us our desired FN phP procedure: we guess a stationary
strategy profile that approximately satisfies the constraints and verify it using the above
results, and use the fact that such strategies admit succinct polynomial-size representations.

Existential theory of the reals. A sentence in the existential theory of the reals is of the
form

¢ = Jxydxg -+ Jzg Flag, ..., x5),

where F(x1,...,2k) is a quantifier-free formula in the language of ordered fields over the
reals R. More concretely, atomic sub-formulas are

Pt o) =0 o pla,...,ap) <0,

where p € R[x1, ..., 2] is a polynomial over R, and arbitrary formulas are built by Boolean
connectives.
» Lemma 6. If there exists a constrained Nash equilibrium &, then there exists a constrained

Nash equilibrium such that the non-zero probabilities are at least g-r200mil
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Proof. This statement is similar to a result in the work of Hansen, Koucky, and Miltersen [15,
Thm. 4]. We write the ETR sentence for solving constrained stationary Nash equilibrium in
the following proposition.

» Proposition 7. There exists an ETR sentence for computing constrained stationary Nash
equilibrium with O(m|I1|) variables, where all polynomials are of degree at most 2.

Proof. The following part is similar to the ETR sentence for constrained stationary Nash
equilibria found in the work of Ummels and Wojtczak [24, Theorem 4.5]. However, we require
the explicit bounds on the number of variables, the degree polynomials, and the length
of the sentence. Thus, we rewrite the explicit ETR sentence. First, by the assumption,
there exists a strategy profile that is a stationary Nash equilibrium &. Let S be the set of
all non-zero edges in the strategy profile . Furthermore, we define the set of vertices Vg
from which terminals can be reached with non-zero probability. Second, we have a formula
that states that the variables p,,, indeed describe a strategy. We enforce that the non-zero
variables belong to the set S. We further ensure that for stochastic vertices, the variable p,,.,
encodes exactly the value dictated by the probability function p by the stochastic vertex.
This involves satisfying the following constraints:

Pow > 0; for each vw € S

Pow < 1; for each vw € S

Pow = 0; for each vw ¢ S

Diwe E(v) Pow = 1; for each non-stochastic vertex v

LA B\

Dow = p(vw); for all stochastic vertices v.

The variables 7! correspond to the payoff player i receives by starting from the vertex v.
The payoffs r are equal to 0 for all vertices in Vg because no terminal is reachable from
such vertices. The payoffs for other vertices satisfy the following constraints.

6. ri=p,t), forteT;

7. ri =0, for v ¢ Vs;

8. ri= 2iweE(v) Pow ri, for v e Vs\T;

We now check that there is no unilateral deviation for the players by adding the following
constraints. This following check is enough because, when fixing the strategies of all players
except player ¢, the resulting structure is an MDP. For MDPs, Bellman equations characterise
the value of each state and the equation below enforces that the value at a state v is at
least as large as the maximum value of any successor, thereby ensuring consistency with the
Bellman equations of the induced MDP [4, Theorem 10.109].

9. vl >ri forveV,,we E(v);

Finally, we add the auxiliary variables g,,, to keep track of the size of p,,,, which satisfy the
following constraint:

10. gyw pow = 1, for each vw € S,

Thus, our ETR statement is: 3p 3r 3g that satisfies constraints 1-10, completing the proof.
<

The following result from the work of Basu, Pollack, and Roy [5] guarantees that if a system
of polynomial inequalities is satisfiable, then there is a valuation satisfiable within a ball with
radius double-exponentially large with respect to the input size. Before we state the result,
we recall that a partition of semi-algebraic subsets of R* generated by a set of polynomials P
is the collection of all nonempty sets of the form {x € R¥ | sign(p(x)) = o(p) for all p € P},
where o : P — {—1,0, 1} ranges over all possible sign assignments. Intuitively, the partition
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is obtained by slicing R¥ according to which side of each polynomial in P a point lies on
(positive, zero, or negative).

» Lemma 8 ([5, Theorem 1.3.5]). Given a set P of polynomials of degree d in k variables
with coefficients in Z of bit-sizes T, then there exists a ball of radius 274" that intersects
every part of the partition of semi-algebraic subsets of R* generated by P (cells of P).

Note that each of the constraints in the ETR sentence is a polynomial of degree at most 2.
The total number of variables is O(m|II|). Note that we had introduced auxiliary variables
Juw and required that g, pyw = 1, for each vw € S. Since this is also a polynomial in P, using
20 (m]1I)) — 90 (mTl)
. Consequently, we have p,,, = 2 ,

which completes the proof. |

Lemma 8, for all vw € S, we have gy, < 27

We recall some results used in the work of Frederiksen and Milterson [14] where they
adapted arguments that are standard in the context of numerical analysis to provide better
algorithms for approximating the values of concurrent reachability games.

Floating-point number representation. We define the set of floating-point numbers with
precision / as

F):={m-2¢° | me{0,---,2°-1}, eeZ}.

The floating-point representation of an element = m - 2 € F({) uses bit(m) + bit(|e|) bits.
We define the relative distance of two positive real numbers x, 2 as

rel(z,T) = max{f,x} —1.
T

Intuitively, rel(z,Z) describes the multiplicative distance. Observe that if the values are
closer to 0, but e apart for some small ¢, their relative distance is larger than if these values
are much larger and only & apart. We say z is (¢, i)-close to & if rel(z, %) < (1 —2'7%)7* — 1,
where £ is a positive integer and ¢ is a non-negative integer. (¢,%)-closeness measures how far
two numbers can differ after i steps of rounding in an ¢-bit floating-point system. Here, £
controls precision (smaller gaps between representable numbers), and ¢ allows for cumulative
rounding error. So x is (£,4)-close to & if their relative difference is within about 7 - 2'=¢, that
is, within 4 units of machine precision.

Arithmetic operations. We define @/, ¢, ®‘, @' as finite precision arithmetic operations
+, —, %,/ respectively by truncating the result of the exact arithmetic operation to ¢ bits.
We drop the superscript ¢ if context is clear.

Floating-point probability distribution representation. We denote by D(¢) the set of all
floating-point probability distributions with precision £. A probability distribution p € A([t])
belongs to D(¢) if there exists wy, wa, -+, wy € F(¢) such that

For all 7 € [t], we have u(i) = o 7“[”] e and

Zje[t] w; and 1 are (¢,t)-close.

We define the relative distance rel for probability distributions as rel(u, &)
max{rel(uu(3), fi(i)) : i € [t]}. We say p is (¢,4)-close to i if rel(u, i) < (1 — 2176~ — 1,
where ¢ is a positive integer and 7 is a non-negative integer.

9:9
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» Lemma 9. If there exists a constrained stationary Nash equilibrium &, then there exists an
(32n227)-constrained stationary Nash equilibrium &' such that for all players i and vertices
v € Vi, we have ¢'(v) € D({), where £ = 1000n2.

Proof. We first recall the result in the work of Frederiksen and Milterson [14] related to
approximation of probability distributions by floating-point distributions.

» Lemma 10 ([14, Lemma 5]). Consider x1,--- ,x¢ € F(¢). Let pu(i) = z; @ ((—Dt :rj).

=1
Then, there exists [i € D(€) such that for all i, we have [i(i) = u(i)/ (25:1 ,u(j)), and p and
o are (£,2t)-close.

A stationary strategy comprises of probability distributions over actions for each state. We
can truncate a strategy by truncating each of these probability distributions. Let the strategy
profile ¢’ be the truncation of the strategy profile & defined in the above result. Therefore, for
all players ¢ and vertices v € V;, we have that (v) and ¢’(v) are (¢,2n)-close. Consequently,
for all vertices v,w eV,

5 _ 1
rel(@(v) (), 7' (0)(w)) < gy 1
1
< .. .
1— (2n)21-¢ 1 (Bernoulli inequality)
(2n)2t=*
Tl (2n)21-¢ (rearrange)
< n2¢ (¢ > 1000n?) (1)

We then recall the result in the work of Solan [21]. This result provides an upper bound on
the difference between the reachability values of two Markov chains based on the relative
distance of their transition functions.

» Lemma 11 ([21, Thm. 6]). Consider two MCs M and M with identical vertex sets
and a target set T. Let u be a reward function, where p(v) = 1 for all vertices v € T and

w(v) =0 for all vertices v e V\T. We denote by val and val the expected payoff of M and
M respectively. Fiz e = max, yey rel(p(vw), p(vw)). Then, we have

|val — \//;I| < 4dne.

By Equation (1) and Lemma 11, we bound the the difference of payoffs for & and ¢’. For
all players i, we have |E(7)[u;] — E(6')[1s]| < 16n227¢. Since the strategy profile & is
a constrained Nash equilibrium, &’ is a (32n%27%)-constrained Nash equilibrium, which
completes the proof. <

In the above result, we show that it is sufficient to consider floating-point representable
strategies to solve the problem. We now present the NPNP procedure. We first recall the
result in the work of Frederiksen and Milterson [14] related to computing the approximate
value of MCs with floating-point distributions.

» Lemma 12 ([14, Thm. 4]). Consider an MC M and a target set T. Let u be a reward
function, where u(v) = 1 for all vertices v € T and pu(v) = 0 for all vertices v e V\T. For all
vertices v € V, we have p(v,.) € D({) where £ = 1000n2. Then, there exists a polynomial-time
algorithm that for all vertices v € V', computes an approzimation v € F(£) for E[u] such that

|r — E[u]] < 80n*27¢,

where valp(v) is the reachability value for the vertex v.
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» Lemma 13. The problem of deciding if the payoff for MDPs is below a threshold up to
an additive error is in coNP where the input is a MDP P, a reward function u, a vertez v,
a threshold 0 < « < 1, an additive error € = 27" and a positive integer £ such that, for all
stochastic vertices w € V, we have

p(w,.) e D(¥), £=1000n + k.

Define val := sup, E(0)[u]. Note that the numbers o and e are represented in fixed-point
binary and the NP procedure is such that
If o < val — g, then it outputs no; and

If a = val + ¢, then it outputs yes.

Proof. We first present the coNP procedure and then prove its soundness and completeness.

Procedure. The procedure guesses a pure stationary strategy o for the player. Note that
the size of the representation of a pure stationary strategy is polynomial with respect to the
size of the representation of P. By fixing o, we obtain an MC M. We denote by val, the
value E(o)[u]. By Lemma 12, there exists a polynomial time algorithm that computes an
g-approximation \75|J of val,. Our procedure outputs no if a < \7a\lg. If there exists no such
pure stationary strategy, the procedure outputs yes.

Completeness. If o < val — ¢, then, by [12], there exists a pure stationary strategy o such
that val = val,. The procedure non-deterministically guesses 0. By Lemma 12, we have
val, + ¢ = val,. Therefore, we have o < val,, and the procedure outputs no.

Soundness. If a > val + ¢, then for all pure stationary strategies o, we have o > val, + €.
By Lemma 12, we have val, —e < val,. Therefore, a > val, which implies that the procedure
outputs yes and yields the result. <

Proof of Theorem 5. We first present the procedure and then prove its soundness and
completeness.

Procedure. Let ¢ be sufficiently large. The procedure guesses a strategy profile and verifies
that it is an e/8-constrained stationary Nash equilibrium ¢. By Lemma 6 and Lemma 9,
the size of the representation of & is polynomial with respect to the size of game and bit(e).
By fixing the strategy profile &, we obtain an MC M. We denote by val; the payoff of M
where the reward function is p;. By Lemma 11, the procedure computes the ¢/8-approximate
payoff \7a\li in polynomial time. For each player i, by fixing the strategy profile ¢_;, we obtain
an MDP P;. We denote by 1;;11» the value of P; where the reward function is y;. Then, the
procedure checks if there exists an e-unilateral deviation for player ¢ by deciding if \;\a\]i for is
at most \7a\|i(v) + 3/4e up to additive error £/8. The procedure finally checks if the payoff
constraints are satisfied.

Soundness. We assume that & is not an e-constrained Nash equilibrium, i.e., there exists a
player i such that e-unilateral deviation is possible. Equivalently, we have val; < val; — €.
Therefore, we have

\7a\|i + 3/4e < val; + 7/8¢ (\7a\|i is an e/8-approximation of vali)
<val; —¢/8. (e-unilateral deviation)

However, for this case, the coNP procedure defined in Lemma 13, successfully outputs no.
Therefore, our procedure does not output ¢ as e-constrained stationary Nash equilibrium,
which yields the soundness of our procedure.
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Completeness. By Lemma 6 and Lemma 9, there exists an £/8-constrained stationary Nash
equilibrium ¢ which is polynomial-size representable. The procedure non-deterministically
guesses ¢. Since the strategy profile is €/8-Nash equilibrium, for all players i, we have
\r/\aJIi < val; 4+ £/8. Therefore, we get

\Ta\li + 3/4e = val; + 5/8¢ (\7&1\|Z is an e/8-approximation of vali>
> val; + 4/8¢ (val; < val; + £/8)

2\;;'1“%6/8.

Thus, the coNP procedure outputs yes. Therefore, our procedure successfully decides that o
is a e-constrained stationary Nash equilibrium. This yields the completeness of the procedure
and completes the proof. <

4  About (very) small probabilities

We now provide a tight lower bound for Lemma 6, by showing that in a constrained NE,
players might need to use double-exponentially small probabilities. This result itself is not
surprising due to the IR-completeness of the problem [16] even in games with 7 players or
more. But we tighten this result by producing an explicit game with only 5 players where
such double-exponentially small probabilities are required.

» Theorem 14. Let n € N. There exist two threshold vectors T and y and a game G where
there is a stationary Nash equilibrium & satisfying T < E(0) <y, but where all such stationary
Nash equilibria contain probabilities that are double-exponentially small in n.

Let n € N. The game G™ is depicted by Figure 1. It contains five players, named O, O,
A, <, and O: the shape of each vertex indicates which player controls it, and black vertices
are stochastic ones — the probability distribution is then indicated on the outgoing edges. All
omitted rewards are 0. For convenience, we allow rewards greater than 1 here, accounting
for the fact that all rewards can easily be normalised by dividing them by the greatest of
them (namely n). For now, the reader should ignore the notations §;, v;, d;, n;-

Intuitively, the construction is the following: in each gadget def;, from the vertex r;,
player O has to randomise between the terminal vertices ¢; and ¢} (in the gadget defy the
randomisation is imposed, because player O does not control the vertex r¢). The probability
of going to the vertex t; will be written ;. We will be interested in NEs such that player o
gets expected payoff 1: that means that the players should never go to those gadgets, nor to
the terminal vertices t;o or t;1. But then, deviating and going to those gadgets or vertices
must never be a profitable deviation. This imposes strict restrictions on which expected
payoffs the players should get in each gadget mul;, and therefore on how they can randomise
their own strategies. In particular, from the vertex c;, we will see that player <& must proceed
to a strict randomisation, which is possible in a Nash equilibrium only if both sides are
equivalent from her perspective: with this idea, each gadget mul; binds the values of a;_1
and «;, imposing o; = a7_;. Then, by induction, we find «,, = 22%

» Lemma 15. In the game G", if there exists a stationary Nash equilibrium & in which
player O gets expected payoff 1, then we have oo(ry,) = 22%

We now know that if a stationary NE satisfying this constraint exists, it necessarily
includes a double-exponentially small probability. We now prove that such an NE exists.
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(a) The game G". (b) The gadget defo. (c) The gadget def;.
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(d) The gadget mul;.

Figure 1 A game where very small probabilities are necessary. The rewards corresponding to all
the players not explicitly mentioned are zero.

» Lemma 16. For every n € N, the game G™ has a stationary Nash equilibrium where player
O’s expected payoff is 1.

Together, Lemmas 15 and 16 prove Theorem 14. This theorem should be understood as
a lower bound on Lemma 6, that shows that one cannot expect a better complexity than
NPNP using the techniques we use here.

However, let us now note that the above result is true only for exact Nash equilibria. For
e-NEs, our construction does not lead to the same result, as shown by the following lemma.

» Lemma 17. Let n € N and € > 0. In the game G", there exists a stationary e-NE T where
player O’s expected payoff is 1, and where for each player i and every edge uv with u € V;,
the size bit (1;(u)(v)) is bounded by a polynomial of bit(n) and bit(e).

We conjecture that this can be generalised, and that as soon as we consider e-NEs instead
of NEs, double-exponentially small probabilities are no longer required.

» Conjecture 18. Let G be a game, let T,y be two vectors denoting the constraints, and let
€ > 0. If there exists a stationary e-NE in G where the expected payoffs are between T and vy,
then there exists one that has polynomial representation.

Proving such a result would lead to an NP upperbound on our approximate problem,
since such an e-NE can then be guessed and checked in polynomial time.
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Figure 2 A reduction from 3SAT.

5 A lower bound

We dedicate this section to give a lower bound on our problem, and we show NP-hardness of
the approximate version of the constrained existence problem.

» Theorem 19. The approximate constrained existence problem of NEs is NP-hard.

Proof. We proceed by reduction from the 3SAT problem. Let ¢ = \//*; (Li A Liz A Li3)
be a CNF formula, over the variable set X.

Construction of the game G¥

We define the game G¥ as follows.

There is a player called Solver and written &, and for each variable x € X, there is a

player x.

For each clause C;, there is a vertex C; controlled by Solver. The initial vertex is C7.

From each clause vertex C;, Solver can move to the vertices (C;, L;1), (Cj, Li2), and

(Ci, ng)

Each vertex of the form (Cj, ) (positive literals) is a stochastic vertex. From there, there

are two edges, each taken with probability %: one to the terminal vertex t,, and one to

the next clause vertex C;;1 (or the vertex s if ¢ = m).

Each vertex of the form (C;, —x) is controlled by player x. From there, player « can move

either to the terminal vertex tg, or to the next clause vertex C;;1 (ors if i = m).

The vertex s is a stochastic vertex with two outgoing edges, each with probability %: one

to the vertex C'1, one to the terminal vertex t.

In the terminal vertex t;, player ¢ receives the reward 0, and every other player receives

the reward 1. In the terminal vertex t, every player receives the reward 1.

That game is depicted by Figure 2, in a case where C7; = x1 v x2 v —x3. Solver controls
the circle vertices, and the square vertex is controlled by player x3. We wrote simply L
for every vertex of the form (C, L). The symbol V should be interpreted as “every (other)
player”. Outgoing edges of stochastic vertices all have probability %
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Nash equilibria from a satisfiable formula
We now state the following result, whose proof is found in the full version of the paper.

» Proposition 20. If the formula ¢ is satisfiable, then there exists a Nash equilibrium in the
game G¥ such that Solver’s expected payoff is 1.

Non-existence of e-Nash equilibria from unsatisfiable formula
For the converse, we show this stronger result, whose proof is also in full version of the paper.

» Proposition 21. For m large enough, if the formula o is not satisfiable, then there is no
e-Nash equilibrium in the game G% such that Solver’s expected payoff is greater than or equal
to 1 —¢, where e = 273™,

To conclude, given the formula ¢, we define the game G¥ as above, and & = 273™ (which
can be written with polynomially many bits since m is given in unary by the formula). We
show that, for m large enough, these games constructed are such that the unsatisfiable
instances are mapped to the negative instance of the approximate existence problem (no
approximate Nash equilibria satisfies the constraints), while the satisfiable formulas, and
only them, are mapped to positive instances. Therefore, our problem is NP-hard. |

We conclude by saying that in the full version of this paper [2] we have a proof of NP hardness
even when the number of players is at most two.

6 Conclusion and discussion

We studied the (functional) approximate constrained problem of NEs. Specifically, we asked
the following: assuming the existence of a stationary Nash equilibrium that satisfies given
payoff constraints, can we efficiently compute a stationary strategy profile that is an e-Nash
equilibrium and satisfies the constraints up to an additive error €7

Although our results focus on turn-based stochastic games, we note that the lower
bound also holds in more general settings, including concurrent games (games on graphs
where the players select actions simultaneously) and broader objectives such as limit-average
(mean-payoff) objectives. For the upper bound, we remark that the existential theory of
reals formulations we use for turn-based games with reachability objectives can be naturally
adapted to concurrent games with mean-payoff objectives, with only a constant increase
in the degree of the polynomials involved. By following similar proof techniques, one can
still obtain an FNPNP upper bound for the corresponding constrained e-NE problem in these
more general settings. However, we restrict our presentation and main results to turn-based
games with reachability objectives in this paper to maintain clarity.

We showed that the decision version of this problem lies in the class NPNP and the
corresponding search problem belongs to FN PNP_ On the other hand, we established only an
NP-hardness lower bound. This leaves a gap in the known complexity of the problem, and
closing this gap remains an open question.

One possible direction is to prove that if an e-Nash equilibrium exists, then there also
exists one in which all probabilities are at least inverse-exponential in the size of the input,
assuming the existence of a Nash equilibrium. Such a result would not contradict our example
in Section 4, which shows that double-exponentially small probabilities are required in the
exact version of the problem. If exponentially small probabilities suffice in the approximate
setting, then a strategy profile could be represented using only polynomially many bits in
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the fixed-point representation. Since such a strategy yields a polynomial certificate, and
verification requires only finding the values of MDPs with fixed-point representation, this
would yield an NP-completeness result for the decision version.

Alternatively, if such a bound does not hold, and there exists a counterexample where all
e-Nash equilibria satisfying the constraints require double-exponentially small probabilities,
this would suggest an inherent complexity. It would also point to intrinsic limitations in our
techniques, analogous to those demonstrated by Hansen, Koucky, and Miltersen [15], who
showed that double-exponentially small probabilities are necessary for e-optimal strategies
in concurrent stochastic games. Their result implies that any algorithm that explicitly
manipulates these probabilities must use at least exponential space in the worst case, and
our results would also imply the same for our problem.

We end by recalling our conjecture in Section 4.

» Conjecture 18. Let G be a game, let T,y be two vectors denoting the constraints, and let
e > 0. If there exists a stationary e-NE in G where the expected payoffs are between T and ,
then there exists one that has polynomial representation.
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