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—— Abstract

This paper explores necessary and sufficient system conditions to solve distributed tasks with binary
outputs (i.e., tasks with output values in {0,1}). We focus on the distinct output sets of values a
task can produce (intentionally disregarding validity and value multiplicity), considering that some
processes may output no value. In a distributed system with n processes, of which up to ¢ < n can
crash, we provide a complete characterization of the tight conditions on n and ¢ under which every
class of tasks with binary outputs is solvable, for both synchronous and asynchronous systems. This
output-set approach yields highly general results: it unifies multiple distributed computing problems,
such as binary consensus and symmetry breaking, and it produces impossibility proofs that hold for
stronger task formulations, including those that consider validity, account for value multiplicity, or
move beyond binary outputs.
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1 Introduction

Distributed computing examines a wide range of coordination problems involving multiple
processes interacting through a communication medium, such as a message-passing network
or a shared memory. Many of these problems can be abstracted as distributed tasks, which
can be seen as black boxes taking an input vector and producing an output vector. In these
vectors, each process has (at most) one private input and one private output value. For
example, the well-known consensus problem can be represented as a task with one input value
per process (the proposals) and one output value per process (the decisions). In addition to
this input/output interface, a task definition can also impose requirements on the following
aspects:
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Input constraint: a constraint on the set of possible input vectors (which is especially
relevant for colored tasks [15] and asymmetric problems, e.g., reliable broadcast [6]);
Output constraint: a constraint on the set of possible output vectors (e.g.7 in consensus,
all processes decide the same value);
Validity: connection between the inputs and outputs (e.g., in consensus, the decided value
must have been previously proposed by some process).
A central challenge in this field is to characterize the necessary and sufficient conditions
under which distributed tasks can be solved, with many possible variations based on differ-
ent assumptions on timing (asynchrony, synchrony) or failures (crashes, Byzantine faults,
omissions). The celebrated FLP theorem exemplifies this approach by demonstrating that
consensus is impossible in any asynchronous system with even one process crash [12].

Towards a unifying framework for task solvability. When exploring the boundary between
solvable and unsolvable tasks in distributed computing, a strategic approach is to analyze the
weakest, most general possible version of a task for which an impossibility result still holds.
An impossibility proof for a weak task is particularly powerful because it automatically
applies to all stronger versions of that same task.

Much of the literature on distributed computability has focused on particular tasks,
such as consensus [12], renaming [8], set agreement [9], or election [19]. These studies have
established powerful solvability and impossibility results, but they often rely on model-
specific arguments (e.g., on the communication medium) or on constraints such as validity,
which tie output to input values. This fragmentation makes it difficult to see the common
computational structure underlying different tasks. A natural question, therefore, is whether
there exists a unifying perspective that abstracts away from inputs and instead focuses on
the essential combinatorial structure of task outputs.

Our approach. In this paper, we address this question for the case of binary-output tasks (i.e.,
whose output values belong to {0,1}) in crash-prone systems. We introduce a classification
based only on the sets of distinct output values that executions of a binary-output task T
may produce, disregarding multiplicity in the output values. More formally, we say that
a single execution of T’ produces an output set included in {0, 1}, considering that some
processes may output no value (possibly intentionally). There are only four possible binary
output sets produced by an execution of T: &, {0}, {1}, and {0, 1}. Hence, the set of output
sets of T is defined as the set O C {@, {0}, {1},{0,1}} of all possible output sets that can be
produced across all the executions of T' (by providing all possible inputs).

This very weak abstraction allows us to strip tasks down to their minimally observable
outcomes and ask: given the system size n and crash tolerance ¢, which sets of output sets
are achievable? Or, conversely, given a set of output sets O, which combinations of n and ¢
make O achievable? Our main result is a complete characterization of the tight conditions on
n and t that determine solvability for all possible sets of output sets O, both in synchronous
and asynchronous models.

The fact that our framework abstracts away the inputs and only focuses on the output sets
of binary-output tasks, implies that impossibility proofs established are directly applicable
to a broader range of stronger, more constrained tasks, including validity-based and multi-
valued tasks. This shift in focus does not just simplify the analysis; it also allows for the
generalization of fundamental necessary conditions that apply to stronger task formulations.
Moreover, our framework remains expressive enough to capture a wide array of tasks, from
classic ones like binary consensus to novel ones such as a new form of symmetry breaking.
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It is important to note that, while our approach excels at generalizing impossibility results,
the specific system conditions on n and ¢ we identify in this paper are guaranteed to be tight
only for binary-output tasks without validity restrictions. Any additional constraint, such
as a validity condition or a requirement on value multiplicity, may necessitate a stronger
condition on the system parameters to achieve solvability.

Contributions and roadmap. Our main contributions are the following.

1. A nowel framework for studying binary-output tasks: We introduce a new methodology
striving to unify all distributed tasks with binary output values. More precisely, we
focus on the sets of distinct output bits that can be produced by these tasks in crash-
prone environments, abstracting away the input values, the output multiplicity, or
the communication medium (message passing or shared memory). As a result, the
formalization that we obtain (see Section 3) is quite simple (it only relies on combinatorial
techniques), thus facilitating formal reasoning, while staying expressive enough to capture
many significant families of distributed tasks.

2. A complete solvability characterization: We exhaustively examine all 16 possible combi-
nations of distinct output bits that binary-output tasks can produce, and we provide
the tight conditions to implement each of them (see Section 4, Table 2), both in the
asynchronous and synchronous cases, by proving both their necessity (see Section 5), via
impossibility proofs, and their sufficiency (see Section 6), via algorithms and correctness
proofs.

3. New symmetry-breaking problems: As an interesting twist, our novel way to classify
binary-output tasks allowed us to discover new interesting problems, in particular, one
that we baptized disagreement (different from classical weak/strong symmetry breaking),
which must always guarantee that the system does not agree on one single output value
(see Section 6).

Section 2 exposes the research landscape in which this work is situated, and concluding
remarks are provided in Section 7. For the sake of presentation clarity, Appendix A contains
omitted algorithms and proofs.

2 Related Work

Our work strives to classify and characterize many classes of distributed tasks. In this section,
we first present the tasks that are relevant to our characterization (along with some of their
most salient (un)solvability results), and we then review the existing endeavors attempting
to unify entire families of tasks under the same framework.

The two most studied (non-distinct) families of distributed tasks are agreement and
symmetry breaking. Informally, in agreement, we want to constrain the maximum number of
different outputs, while in symmetry breaking we want to do the opposite, i.e., constrain the
minimum number of different outputs.

Agreement. The agreement family includes tasks such as k-set agreement [9], reliable
broadcast [6], or consensus [20]. In particular, consensus is a fundamental agreement
abstraction of distributed computing, where all participants propose a value and must
eventually agree on one of the proposed values. A foundational impossibility result for this
problem is the FLP theorem [12], which shows that consensus is impossible in an asynchronous
system with even one process crash. In this context, Mostéfaoui, Rajsbaum, and Raynal
explored how conditions on the input vector can make consensus solvable in asynchronous
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crash-prone systems [21]. In a way, we take the opposite approach: instead of characterizing
the solvability of a task based on its input, we focus on its output (yielding necessary
conditions that also hold if we account for inputs). Aside from the asynchronous case, some
other works also study the solvability of agreement tasks in synchronous systems [22, 24].

Symmetry breaking. The symmetry-breaking family includes tasks such as election [17, 25],
renaming [8], and weak/strong symmetry breaking (WSB/SSB) [17]. In an election, only
one process outputs 1, while all others output 0. In k-renaming, k processes in the system
output distinct values (corresponding to their new identities). Notice that our binary-output
approach maps to 2-renaming, but not >2-renaming. WSB guarantees that 0 and 1 are
output only if all processes are correct, and SSB adds the property that 1 is always output
(even if there are faults). Some solvability results also exist for symmetry breaking, e.g., on
the wait-free solvability of WSB and renaming [23].

Unification attempts. Several endeavors before us have attempted to unify multiple classes
of distributed tasks under the same framework, in order to draw general results from their
common structure. For instance, generalized symmetry breaking (GSB) aims to unify many
symmetry-breaking tasks [7, 17], such as election, renaming, and weak symmetry-breaking.
Furthermore, many works employ a topological approach to study the computability of
distributed tasks. With topology, tasks are modeled as input and output complexes, and
solvability is characterized by the existence of continuous maps, with impossibility linked
to invariants such as connectivity. One of the most prominent results in this area is the
asynchronous computability theorem (ACT), which characterizes the solvability of wait-free
tasks in an asynchronous shared-memory model [16]. The musical benches problem also
leverages topological techniques to capture 2-set agreement and 2-renaming under the same
abstraction in a wait-free shared-memory context [13]. For more material on the applications
of combinatorial topology to distributed computing, we refer the interested reader to Herlihy,
Kozlov, and Rajsbaum’s monograph [15].

3 Computing Model and Problem Formalization

For clarity, we provide in Table 1 a list of concepts and notations used in this paper.

3.1 Computing Model

Process model. We consider a distributed system with a set P = {p1, pa, ..., pn } of processes
(|P] =n). Processes are deterministic computing entities that take steps according to their
local state and the events they observe, following an algorithm A. Failures are restricted
to crash faults: in an execution of the system a process may halt prematurely and take no
further steps, but it does not deviate from its algorithm before crashing. We assume an
upper bound ¢ on the number of processes that may crash in an execution, with 0 <t < n.
A process that does not crash in an execution F is said to be correct in E.

Communication model. Processes interact through a generic communication medium.
This medium is reliable as far as it does not suppress, duplicate, or corrupt information.
Every process p € P has access to two abstract operations that capture the behavior of this
communication medium:
communicate I: process p disseminates some information I to the system processes;
observe I (callback event): process p is notified that information I was communicated.
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Table 1 Concepts and notations used in this paper.

Concept or notation Meaning ‘
Di process of the system with identity 4
P Set of processes in the system
n Number of processes in the system (0 < n = |P|)
t Upper bound on the number of crashed processes (0 < ¢ < n)
f Effective number of crashed processes in a run (0 < f <)
o € {Sync, Async} Timing model (synchronous or asynchronous)
PRNG Pseudo-random number generation
pseudo__random__pick(S) Function returning a pseudo-random value v from set S
T,AE Task, algorithm, execution
Vin € TU{L}H)" Input vector
Vous € (QU{L})" Output vector, with O = {0,1}
1 Sentinel value denoting no input/output
* Unspecified value
no__out Boolean indicating if @ is a possible output set or not

The length of the information I is not bounded. From a terminology point of view, we
say that processes communicate and observe information. The medium guarantees that all
correct processes eventually obtain a consistent view of the set of communicated information,
while crashed processes may only have partial but always valid views. More formally, the
communication abstraction satisfies the following properties (the “C” prefix stands for
“communication”).

C-Validity: If a process p observes information I, then I must have been previously

communicated by some process p’.

C-Local-Termination: If a correct process p communicates information I, then some

correct process p’ (if there is any) eventually observes I.

C-Global-Termination: If a process p observes information I, then all correct processes

eventually observe L.

C-Validity is a safety property, while C-Local-Termination and C-Global-Termination are
liveness properties. These communicate/observe operations can be implemented straightfor-
wardly on top of classic communication media such as message-passing networks or shared
memory, regardless of the number of crashes ¢t or the timing assumptions (synchronous,
asynchronous, etc.). For instance, in message passing, they can be realized using reliable
broadcast [14] (implementable under synchrony and asynchrony with any ¢ < n), which
ensures consistency of observations. They can also be implemented from weak shared memory
models, such as eventually consistent registers [26]: each process writes its communicated
information into a new register, while other processes periodically scan all registers to detect
new observable information.

Timing models: Async and Sync. As usual, we assume the existence of a global clock, to
which processes have no access. We consider two classical timing models: asynchrony and
synchrony, respectively denoted Async and Sync. For simplicity, we assume in both models
that local computation occurs instantaneously, while only communication takes time.

In Async, the speed of information propagation is arbitrary but positive: if a correct
process communicates some information I, then all correct processes eventually observe I,
but the delay before the observation may be unbounded.

5:5
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In Sync, communication and process execution proceed in globally coordinated lock-step
rounds. Each round consists of two steps: first, a communication step, where processes
communicate and observe information, and a computation step, where processes can perform
actions such as outputting values [22]. Importantly, all information communicated during
the communication step of a round is observed in that step, before the computation step of
the same round begins. Therefore, in the Sync model, the communication medium provides
the following additional liveness property.

C-Synchrony: If an arbitrary process p communicates some information I at the start of

synchronous round R, then all processes that observe I do so during the communication

step of round R.

Pseudo-randomness. The algorithms presented in this paper rely on pseudo-random number
generation (PRNG). Importantly, the use of PRNG does not strengthen the computing model:
PRNG can be implemented deterministically given a local seed, which can, for instance,
be derived from the local time of processes [18, p. 184]. The correctness of our algorithms
requires that the generated numbers are different across all executions (a perfectly uniform
PRNG distribution is not necessary). For that, it is enough that local seeds sometimes
change from one execution to another. In the algorithms of this paper, we rely on the
pseudo_random_ pick(V') function that, given a set of values V|, returns a value v € V
pseudo-randomly.

3.2 Problem Formalization

Outputs. In an execution, a process p € P outputs a value v € {0, 1} using the operation
output v. In a given execution, each process p € P outputs at most one value. Hence, all its
invocations of the output operation must have the same value.

We often use the XOR operation to obtain the one’s complement of a bit v € {0,1}. The
logical formula we use is 1 @ v, which gives 1 if v =0, and 0 if v = 1.

n

Tasks. We define a task T as a relation between input vectors Vi, = (v, ..., v[}

s ) and output
vectors Vous = (Vly, o, V%), Where v} and v are the input and output values of process p;,
respectively. That is, we have (Viy, Vout) € T if and only if V5, is a possible output of the
task when the input is Vi,. The elements vi, of an input vector Vi, belong to the set TU {L},
where I is the input alphabet and L is a sentinel value (not in I) that represents no input.
Similarly, the elements v¢, of an output vector Vi, belong to the set O U {L}, where Q is
the output alphabet and L is a special value (not in Q) that represents no output. In this
work we consider only binary-output tasks, i.e., @ = {0,1}. Observe that a task T can have
several possible outputs for the same input. By abuse of notation, we denote the set of all

outputs Vout of T for an input Vi, as T(Vin) = {Vout | (Vin, Vous) € T}

i
o

Output sets. In this work, we will not differentiate output vectors that contain the same
set of different output values. For that, we use the following notation for the set of distinct
values in an output vector Voyu, which we call an output set: OS(Vour) = {viy € Vout |
vl # L}. Since we consider only binary-output tasks, it holds that OS(Vqy) € 2{01} =
{2,{0},{1},{0,1}}.

We then define the set of output sets of a pair task/input vector (T, Vi,) as the set of
all possible output sets that can be produced by executing T with Vi,: SOSI(T,Vi,) =
{OS(Vous) | Vous € T(Vin)}. Observe that SOSI(T,Vi,) C {@,{0},{1},{0,1}}, and that
SOSI(T, Vi) = & occurs when T'(Vi,) = &, because there is no Vo such that (Viy, Vout) € T
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Finally, we define the set of output sets of a task T as the set of all possible output sets that
T can produce with all possible input vectors Viy: SOS(T) = {0OS(Vout) | IVin € (TU{L})™:
Vout € T(Vin)}. Observe again that SOS(T) C {@,{0},{1},{0,1}}. Hence, all tasks T can
be classified into 16 classes, each characterized by which subset of {@, {0}, {1},{0,1}} the
set of output sets SOS(T) is.

Algorithms and executions. An algorithm A defines the steps taken by each process p € P
as a function of its local state (including its input) and the communication observed. The
algorithm A combined with input Vi, is denoted A(Vi,). An ezecution E of A(Vi,) is a
(finite or infinite) sequence of steps taken by processes following algorithm A with input Vi,
combined with the observation of communication events. The output of an execution E of
A(Vi,) is the vector Vi, with the output value that is produced in E by each process p, or
L if no value is output by the process.

Failure and communication patterns. A failure pattern defines in an execution the identity
of faulty processes and the time instant each faulty process stops taking steps. The possible
failure patterns in an execution depend on n and the value of f <t¢ when defined, which is
the exact number of failures. We denote the set of all failure patterns for a given pair (n, f)
by FP(n, f).

A communication-delay pattern defines the delay experienced by each communication in
the execution. The possible communication-delay patterns in an execution depend on the
synchrony (o € {Async, Sync}) of the system. We denote the set of all communication-delay
patterns for a given o by CDP(0).

Since we only consider deterministic algorithms and local computation is instantaneous,
an execution is fully characterized by the tuple (A, Viy, sd, fp, cdp), where A is the algorithm,
Vin the input vector, sd is the seed of the PRNG, fp is the failure pattern, and cdp is the
communication-delay pattern.

Implementation of a set of output sets. A system configuration is a triple C = (n,t,0),
where n is the number of processes, ¢ is the maximum number of crashed processes in any
execution E, and o € {Async, Sync} defines the timing model of the distributed system in
which F runs.

» Definition 1 (Implementation of a set of output sets). Algorithm A implements the non-
empty set of output sets O C {@,{0},{1},{0,1}} under system configuration C = (n,t,0)
with o € {Async, Sync} if for all 0 < f < t, we have the following properties.
Safety: For all Vi, all possible PRNG seeds sd, all failure patterns fp € FP(n, f), and all
communication-delay patterns cdp € CDP(o), all executions (A, Vi, sd, fp, cdp) of A(Viy)
in a system with n processes, f failures, and timing model o, have output vectors Vi,
such that OS(Vyyt) € O.
Completeness: For each o € O, there is a Vi, a PRNG seed sd, a failure pattern
fo € FP(n, f), and a communication-delay pattern cdp € CDP(c), such that execution
(A, Vin, s, f, cdp) of A(Vin) has an output vector Vs where OS(Voyt) = o.

» Definition 2 (Binary-output task solvability). Given a binary-output task T with non-empty
set of output sets SOS(T), task T can be solved under system configuration C = (n,t,0)
with o € {Async, Sync} only if there is an algorithm A that implements SOS(T) under that
configuration.

In the above definitions, we exclude the degenerate case where the set of output sets is empty.
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Table 2 Characterization of the tight conditions for implementing the 16 sets of output sets.

Exact set of Timing | Tight solvability . .
# output sets O model condition Necessity proof Sufficiency proof
Async . Algorithm 3 / Theorem 16
) S > .
1 | 9,{0},{1},{0,1} & Sync n>tn>2 Observation 3 with V={0,1, L}
Async . Algorithm 3 / Theorem 16
> S g e
2 | x{0},{1},{0,1} & Sync n>tn>2 Observation 3 with V={0, 1}
Async . Algorithm 5 / Theorem 18
> > S s
3 | o, 184, {1},{0,1} & Sync n>tn>2 Observation 3 with v=1, no_oul—true
Async . Algorithm 5 / Theorem 18
S .
4 )&’,:{)S(E {1},{0,1} & Sync n>tn>2 Observation 3 with v=1, n0_out—false
Async . Algorithm 5 / Theorem 18
> >
5 | ,{0}, X, {0,1} & Sync n>tn>2 Observation 3 with v=0, no_out—true
Async . Algorithm 5 / Theorem 18
> -
6 | {0}, 1K, {0, 1} & Syne n>tn>2 Observation 3 with v=0, no._out—false
Async n>3t+1,n>2 | Observation 3 & Theorem 5 Algor?thm 1/ Theorem 10
; 0.1} 2 with no__out=true
@, 183, %4, {0, i
Sync n>t+2,n>2 Observation 3 & Theorem 4 Algor}thm 2/ Theorem 15
with no_out=true
Async n> %t +1,n>2 Observation 3 & Theorem 5 Algo1f1thm 1/ Theorem 10
with no_out=false
8 K) £’}>KE’ {0,1} . Algorithm 2 / Theorem 15
Sync n>t+2,n>2 Observation 3 )
with no_out=false
Async . Algorithm 4 / Theorem 17
>t,n> Serve
9 | @,{0}, {1}, fo+ & Sync n>tn>1 Observation 3 with 10 out = true
Async t=0,n>1 Observation 3 & [2, 12] Algo?lthm 4/ Theorem 17
10 | = {0}, {1}, 30-% with no_out=false
Sync n>tn>1 Observation 3 Algorithm 6 / Theorem 19
Async . Algorithm 3 / Theorem 16
g >t,n> S
11 @,})&E {1} 363 & Sync n>tn>1 Observation 3 with V={1, 1}
Async . Algorithm 3 / Theorem 16
P P > 3
12 )&})Q(E {1}, 30 & Sync n>tn>1 Observation 3 with V={1}
Async . Algorithm 3 / Theorem 16
. N S .
13 | @, {0},}1(}:,:{13«11 & Sync n>tn>1 Observation 3 with V={0, 1}
; Async . Algorithm 3 / Theorem 16
' > a
14 | {O}MM & Sync n>tn>1 Observation 3 with V={0}
Async . Algorithm 3 / Theorem 16
> t,n > SErve
15 @,}}({,}K{,M & Sync n>tn>0 Observation 3 with V={ L}
Async
16 | = 36, PKE, $0-F & Syne N/A N/A N/A

4 Tight Solvability Conditions for Binary-Output Tasks

In this section, we introduce Table 2, which presents an exhaustive characterization of the
tight conditions to implement all 16 possible binary sets of output sets, providing a necessary
condition to solve their corresponding tasks. The first column is the line index. The second
column corresponds to the set of output sets (the crossed sets in red are the forbidden output
sets). The third column specifies the timing model assumed (Async, Sync, or any model if
the tightness proof does not depend on timing assumptions). The fourth column provides
the tight (i.e., necessary and sufficient) system condition on n (the system’s size) and t (the
crash-resilience) to implement the given set of output sets under the corresponding timing
model. The fifth column refers to the necessity proof of the tight condition, while the sixth
column refers to its sufficiency proof.

We can observe that many well-studied tasks map to a set of output sets in Table 2.
Line 10 maps to the set of output sets of classical binary consensus (i.e., each execution
outputs either 0 or 1) [12], while line 9 maps to abortable [5, 10] or randomized [4] binary
consensus (i.e., some executions may never terminate and output a value). Line 8 maps
to 2-renaming [8] (i.e., renaming of only 2 processes in the system). Line 2 maps to 2-set
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agreement [9] (up to 2 different values can be output by the system). Line 4 (and its
symmetric counterpart, line 6) maps to strong symmetry-breaking [3]: 1 is always output,
but 0 can also be output in favorable conditions (e.g., all processes participate, or there are
no crashes).

Remark that we prove the necessity of the condition ¢ = 0 to solve the Async case of

line 10 (implementing the set of output sets {{0},{1}}) by relying on the FLP theorem [12].

However, unlike the original FLP paper, which assumes a message-passing network, our
model does not assume a particular communication medium. For this reason, we rely on the
medium-agnostic impossibility proof of asynchronous resilient consensus presented in [2].

5 Necessity: Impossibility Proofs

In this section, we prove the necessity of the tightness conditions of Table 2, by showing the
impossibility of implementing the corresponding sets of output sets when these conditions
are not satisfied.

» Observation 3. Under any timing model (Async or Sync), the following conditions are
necessary to implement a set of output sets O:

n>max({|o]:0€ 0}), and n—1t>min({|o|:0€ O}).

Proof. Let us consider a set of output sets O. Condition n > max({|o| : 0 € O}) is necessary
for implementing O, otherwise there would not be enough processes to output all the values
of the largest o € O, violating completeness. Condition n — ¢t > min({|o| : 0 € O}) is also
necessary for implementing O. Otherwise, when f = t, there would not be enough processes
guaranteed to stay correct to output all the values of the smallest 0 € O, violating safety. =

» Theorem 4. Under any timing model (Async or Sync), the condition n—t > 2 is necessary
for implementing the set of output sets O = {@,{0,1}}.

Proof. We prove the lemma by contradiction: assume that there is an algorithm A that can
implement O = {&,{0,1}} under n — ¢ < 2. This means that at least n — 1 processes can
crash during an execution.

Let us consider an execution E. of A that produces output set {0,1}. This execution
must exist for completeness. In particular, let us consider the first process p € P that outputs
some value v € {0, 1} in E. with respect to the global time, and let 7 be the time when p
outputs v.! Then, it is possible to craft an execution F that is exactly the same as E. up
to time 7, at which time all processes except p crash before outputting anything, and p is
correct. In execution E, the output set is {v}, which violates safety: contradiction. |

» Theorem 5. Under Async, condition n > %t + 1 is necessary for implementing the sets of
output sets O = {{0,1}} and O’ = {@,{0,1}}.

Proof. By contradiction, let us assume that there exists an algorithm A that implements
the set of output sets {{0,1}} or {@,{0,1}} under Async and n < 3¢ + 1. Note that n > 2,
from Observation 3, which implies that ¢ > 1.

We first prove that, no matter the case (whether A implements {{0,1}} or {&,{0,1}}),
A must have a crash-free execution Fy producing the output set {0,1}.

L If multiple processes simultaneously output a value at time 7, we pick any of these processes, as their
respective outputs cannot have physically influenced each other.
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Figure 1 Execution FEgrash, where processes of Pnin and P; crash, and only processes of Ppaj
stay correct, which leads to a safety violation.

If A implements the set of output sets {{0,1}}, then any crash-free execution of A can
only output set {0,1}.

If A implements the set of output sets {&,{0,1}}, then we consider any execution F.
of A that outputs set {0,1} but that may present crashes. Let us denote by Py the set
of processes that output any value in F., and by P, the set of processes that crash in
E.. We can construct an execution Ey of A that is the same as F., except that it has
no crash, and all information communicated by processes of P, after the point where
they would crash in FE. is delayed due to asynchrony, such that it is only observed by
processes of Py after they produce their outputs. Therefore, the outputs of the processes
of P; cannot have been influenced by the fact that the processes in P, are correct, and
Ep must also produce the output set {0,1}.

We therefore refer to Ej as a crash-free execution of A producing the output set {0,1}.
Let p; € P be the first process that outputs some value v; € {0,1} in Ey w.r.t. global time
(at time 71). Let execution F; be an execution that is the same as Ey up to 71, but where p;
crashes immediately after it outputs v.

We now construct a sequence of executions Es, ..., E; of A inductively as follows. Let
us consider some i = 2,...,t. To construct F;, we assume by induction hypothesis that,
in execution F;_; (starting with Ej), process p; outputs value vy, therefore F;_; must
necessarily produce the output set {0,1} (it cannot produce the & output set anymore).
Hence, there must be another process in the system that outputs the opposite value 1@ v; in
E;_1. In particular, there must be some process p; € P which is the second one (after p;) to
output a value v; € {0,1} in E; 4 (w.r.t. global time) at time 7;. We then make execution
E; the same as E;_1 until time 7;, but we make process p; crash just before it outputs a
value, leaving p; be the only process that outputs a value in E; up to time 7;.

When we reach execution E;, there have been t process crashes, so we cannot crash
processes anymore. Finally, we denote by p;y1 the second process that outputs some value
in E; at time 7441, w.r.t. global time.

We now create a new crash-free execution Fepash-free that is the same as Ej, except
that all processes p1, ..., pr do not crash, but all communication that they make after their
respective output is delayed until 7311. Then, for any process p € P\ {p1, ..., p+}, prior to
Tet+1, Ferash-free 1S indistinguishable from E; from the point of view of p. In other words, in
Ecrash-free, the processes of {p1,...,p:} are indistinguishable from crashed processes to the
other processes, before 7¢1.

Let us consider the set of processes {p1, ..., pt4+1} I Ecrash-free- We can divide this set
into two partitions: the subset Py of processes that output 0 in F¢agh-free, and the subset
P of processes that output 1 in Ecash-free- Let us denote by P (resp., Pmaj) the smaller
(resp., bigger) set between Py and P; (if they have the same size, then Py, is Py and Ppa;
is P1). Remark that |Pupin| + |Pmaj| =t + 1 and |Pyin| < % < | Paj|l- We then denote by
P; the subset of processes that are not in Py or Puaj: Pr = P\ {p1,...,pi+1}. We have
[P =n—t—1< %t—!—l—t—l = % Moreover, we have |Pyin| + | P2| < %+%=t+%.
But as | Puin|, |P2|, and t are all integers, then we also have |Pyin| + |P2| < t.
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As illustrated in Figure 1, we can finally construct another execution FE¢,asn, which is
the same as Ecash-free Up to time 7341, except that we make all processes of Py, and P
crash in E.sn immediately before their output step (as |Puin| + |P2| < t). After time 711,
the only remaining correct processes in Fcpasn are those of Ppaj. The processes of Pp,j all
output the same value v (v =0 if Praj =Py, v=1if Py = Py), thus producing the output
set v. Hence, safety is violated, and we have a contradiction. <

6 Sufficiency: Implementing Algorithms

In this section, we provide algorithms, along with their correctness proofs, implementing the
binary sets of output sets of Table 2. For modularity and conciseness, the algorithms of this
paper feature instantiation parameters, which allow each one of them to have several possible
behaviours, and thus implement multiple sets of output sets in Table 2.

For the sake of presentation clarity, some algorithms and proofs used in Table 2 are
presented in detail in Appendix A. This section focuses on the algorithms implementing
lines 7 and 8 of Table 2 (Algorithm 1 for the Async case, Algorithm 2 for the Sync case),
which we deem the most interesting ones in our classification. We call them disagreement
algorithms, since they must always guarantee that the system never outputs only one single
value (0 or 1). More specifically, in every execution of a disagreement algorithm, there must
be at least one process that outputs 0 and at least one that outputs 1.

6.1 Asynchronous Disagreement Algorithm (Lines 7-8)

The algorithm of this section (Algorithm 1) addresses the Async case of lines 7 and 8 in
Table 2. It is instantiated by providing a Boolean no_ out € {true,false} (line 1), which
determines if the empty output set @ can be produced or not.

At the initialization of the algorithm, the set of processes P is partitioned into three
subsets, Py, P1, P> (line 2), which respectively contain at least %, L and % processes. By
combining this with the system assumption, we obtain that the union of any two of these
subsets contains at least one correct process. Moreover, a set of at least ¢ + 1 processes
Piiy C P is also selected (which is only used when no_ out = true).

Every process pinit € Pinit passes the condition at line 4 only if @ is not a forbidden
output set (no__out = true) and it pseudo-randomly picks 0. If it does, pinx communicate
INIT. Every process p, € P,,v € {0,1} first checks if no_ out = true (line 6). If it does,
P» Waits until it observes some INIT information. If p, passes the previous line, it will then
output v (line 7) and communicate OUTPUT(v) (line 8). Every process p; € P; first waits
until it observes some OUTPUT(v) (line 10). If it passes this wait statement, then p, outputs
the opposite of v, namely 1 @ v (line 11).

Before proving the correctness of Algorithm 1, we first show some intermediary results.

» Observation 6. Since Py and Pi are disjoint, we have [Py U Py| > 22 4+ L = ¢ 4+ 1
Moreover, as the left-hand side is an integer, then we also have |PyU Py| > t+ 1, hence there
is at least one correct process pS € Py U Py.

» Lemma 7. If some process p € Pr outputs a value v € {0,1} at line 11, then another
process p' € Pig, also outputs the opposite value 1 ® v at line 7.

Proof. If some p € P; outputs v at line 11, then it must have observed some OUTPUT(1 & v)
at line 10. By C-Validity, this ouTPUT(1 & v) was communicated by some process p’ € Pig,
at line 8, after it had output 1 @ v at line 7. <
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Algorithm 1 Disagreement asynchronous algorithm for the Async case of lines 7-8 of

Table 2, assuming gt +1<n>2.

1

2

instantiation parameter: Boolean no_out € {true, false}.

initialization: pick three subsets of processes Py, P1, P> C P, |Py| > %,
|Pi| > L, |P| > %,P{)UHUP? =P PhNPi=PiNP=PNP =g
pick some set of processes Pt C P, |Pit| >t + 1.
code of every process pinit € Pinit is
L if no_out = true and pseudo_ random_ pick({0,1}) = 0 then communicate INIT.

code of every process p, € P,,v € {0,1} is
if no_ out = true then wait until p, observed some INIT;
output v;
communicate OUTPUT(v).

code of every process p? € P is
wait until p; observed some OUTPUT(v) for the first time;
output 1 G v.

» Lemma 8. If a process p € Py U Py outputs some value v € {0, 1} at line 7, then all correct
processes in Py U Py pass line 6.

Proof. Let us assume that some process p € Py U P; outputs a value v € {0,1}. We now
show that all correct processes in Py U P; pass line 6.

If no_out = false, then this is immediate.

If no__out = true, then all correct processes in Py U P; reach the wait statement at line 6.
However, since p reached line 7, it must have passed that wait, thus observing some INIT.
By C-Global-termination, all correct processes in Py U P; also observe INIT and therefore
pass line 6. <

» Lemma 9. If some process p € P outputs some value v € {0,1}, then another process
p' € P\ {p} also outputs the opposite value 1 S v.

Proof. Let us assume that some process p € P outputs a value v € {0,1}. If p € P, then
Lemma 7 states that the execution must produce the output set {0,1} and we are done.
Otherwise, if p € Py U Py, then Lemma 8 applies, and all correct processes in Py U P; pass
line 6. We consider the following two opposite cases.

1.

Case (i): At least one correct p’ € P; exists. As all correct processes in Py U P; pass
line 6, then, in particular, correct process pS € Py U P; (Observation 6) reaches line 8
and communicates some OUTPUT(*). By C-Local-termination and C-Global-termination,
p’ will eventually observe this OUTPUT (%) information, and will therefore pass the wait
statement at line 10 (either after it observed the OUTPUT(%) communicated by pS, or
because it observed some prior OUTPUT(x)). Finally, p’ will reach line 11 and output
some value v’ € {0,1}. Lemma 7 therefore applies, and some other process p” € Pyg.-
also outputs the opposite value 1 @ v.

. Case (ii): All processes in P; crash. In this case, at least f%l crashes have already

occurred on all processes of P, and the maximum number of remaining crashes is
t- 51,
If t is even, then [ZH1] =
If t is odd, then [Z£1] =

-1<

=Ll+landt—[H)=t—

and ¢~ [45] =0 - 41 = 15t <

13 t
2 2"

= ol

42
2
1
2

POl =
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Therefore, it is not possible to also crash all processes of Py or P;, since they both
contain at least % processes. This implies that there are at least two correct processes
po € Py, p1 € Py. Since all correct processes in Py U P; pass line 6 (Lemma 8), then p,
and p; both reach line 7, and respectively output 0 and 1.

Therefore, in every case, if some value v € {0,1} is output by a process p € P, the opposite
value 1 @ v is also output by another process p’ € P\ {p}. <

» Theorem 10. Under Async and %t +1 < n > 2, Algorithm 1 instantiated with Boolean
no__out € {true,false} implements the following sets of output sets:

0= {{0,1}} if no_out = false,
B {2,{0,1}} if no_out = true.

Proof. We first show that condition %t + 1 < n > 2 is sufficient to construct the sets of
processes used in Algorithm 1, namely Py, Py, Py, Piyit-

If ¢ is even, then %t is an integer and n > %t + 1 implies n > %t + 2. Also, % is an integer.

Hence, there are enough processes to set [Pyl > 5 + 1, |[P| > £, and |P| > £ + 1, thus

satisfying the conditions of line 2. This implies that |Py|+ [Py| + |P;| = 3t +2, as desired.

If ¢ is odd, then ?“2;1 is an integer and %t = % + % Then n > %t + 1 implies

n > 32—71 + 2. Also, % is an integer. Hence, there are enough processes to set

|Po| > % +1,|P| > %, and |Py| > % + 1, thus satisfying the conditions of line 2.

This implies that |Py| + |P1| + |P;| = 351 4 2, as desired.
Furthermore, since we have n > %t +1>t+1 and |Ppit| >t + 1, then there are also enough

processes to construct the set Pihi. Note also that n > 2 is already implied by n > %t + 1.

We consider the following two opposite cases.
Case 1: no_out = false. We must show O = {{0,1}}.
Case 2: no_out = true. We must show O = {@,{0,1}}.
We now prove that the following safety and completeness results hold for both Cases 1 and 2.
1. General-Safety: Impossibility of {0} and {1} in Cases 1 and 2. By corollary of Lemma 9,
the output sets {0} and {1} cannot happen.
2. General-Completeness: Possibility of {0,1} in Cases 1 and 2. Let us first show that there
is an execution where the correct process pS € Py U P; (Observation 6) passes line 6.
In Case 1, we have no_ out = false, so pS passes this line.
In Case 2, we have no__out = true, so p reaches the wait statement at line 6. However,
since we have |Ppit| > t + 1, there is at least one correct process pf;; € P, and
there exists an execution where p{;, picks 0 and then communicates INIT at line 4,
thus unlocking p¢ at line 6.
Therefore, there is an execution where p¢ passes line 6, and then outputs some value
v € {0,1} at line 7. By Lemma 9, another process also outputs the opposite value 1 @ v,
thus producing the output set {0, 1}.

The safety of Case 2 follows from General-Safety. For Case 1, we also have to prove the
impossibility of @. Since no_out = false in Case 1, correct process pS (Observation 6)
passes the condition at line 6 and outputs some v € {0, 1} at line 7, and thus & is impossible.

The completeness of Case 1 follows from General-Completeness. For Case 2, we also have
to prove the possibility of @. Since no_ out = true in Case 2, there is an execution where no
process from Pj,;; communicates INIT at line 4 (because all processes in P, either crashed
or picked 1 at line 4). In this execution, no process in Py U P; passes the wait statement
at line 6, and no process in P; passes the wait instruction at line 10. Therefore, no process
outputs any value in this execution, thus producing output set &. <
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Algorithm 2 Disagreement synchronous algorithm for the Sync case of lines 7-8 of Table 2,
assuming t+2 < n > 2.

1 instantiation parameter: Boolean no_out € {true,false}.
2 initialization: pick 2 distinct sequences of processes So = (p9, ...,p?ﬂj) e Plzl
2
So = (p%a“wp%g'\) cePlElstVpeP:(p€ESoAPES)V (PE SoApE S);
pick some set of processes Pt C P, |Pinit| >t + 1.

w

local variable of every process p; € Sy,v € {0,1}: value vchosen < L.

'S

code of every process pinit € Pinit at synchronous round R =1 is
L if no_out = true and pseudo_random_ pick({0,1}) = 0 then communicate INIT.

5]

6 code of every process p, € Sy,v € {0,1} at synchronous round R € [1..[5]] is

’ Communication step‘

7 if R=14+ 1 and p; has output some value then communicate OUTPUT(Vchosen )-

’ Computation step

8 if R =1 and (no_out = false or p; observed INIT) then
L Uchosen <— 1 @ v if p} observed some OUTPUT(v) else v;

10 output Uchosen -

6.2 Synchronous Disagreement Algorithm (Lines 7-8)

The algorithm of this section (Algorithm 2) addresses the Sync case of lines 7 and 8 in
Table 2. It is instantiated by providing a Boolean no_ out € {true, false} (line 1), which
determines if the empty @ output set can be produced or not.

At the initialization of the algorithm, all processes of P are divided into two totally-
ordered sequences Sy and Sy, of | 4] and [ 4] processes respectively, such that [So| 4 |S1| = n.
Informally, the value v € {0,1} of a sequence S, corresponds to the default value that
the processes of S, output if they did not observe that another process already output
this value before. The index i of every process p; in a sequence S, determines the round
numbers in which p? will output a value (round ¢) and communicate information (round
i+1). Moreover, a set of at least t + 1 processes Pt C P is also selected (which is only used
when no__out = true). Each process p} € S, also has a local variable vcpogen, initialized to
the sentinel value L, which stores the output value of p{ between round ¢ and 4 + 1.

Every process pinit € Piit passes the condition at line 5 only if @ is not a forbidden
output set (no_out = true) and it pseudo-randomly picks 0. If it does, pint communicate
INIT. Every process p? € S, (v € {0,1}) only performs actions during synchronous rounds
and i 4+ 1 (if ¢ < [§]), because of the conditions at lines 7 and 8.

During synchronous round ¢, pj does not pass the condition at line 7 during the commu-
nication step, but it can enter the condition at line 8, if no_ out = false or if it observed
some INIT. If it enters the condition, then it updates its Vcposen local variable: veposen Stores
the opposite of p{’s default value v if it observed that another process in the system already
output its v, otherwise veposen stores v (line 9). Finally, p? outputs vchosen (line 10).

During synchronous round i 41 (if i < [§]), p} passes the condition at line 7 if it has
output a value in the previous round (i.e., Vchosen 7 L). If it does, it communicates its output
value through some OUTPUT(Uchosen) information (line 7).

Before proving the correctness of Algorithm 2, we first show some intermediary results.

» Lemma 11. There must be two distinct correct processes p} € Su,p;-’, € Sy forv,v' € {0,1}
and i,j € [1..[5]].



T. Albouy, A. Fernandez Anta, C. Georgiou, N. Nicolaou, and J. Wang

Proof. Since n >t + 2, then there are at least two correct processes p,p’ € P. Moreover, by
definition, all processes p” € P belong to Sy or Si, so p,p’ belong to either Sy or S7, and
their indices in these sequences are comprised between 1 and [4]. |

» Lemma 12. If some process p € P outputs a value w € {0,1} at line 10, then two correct
n

processes py € Sv,p;?/ € Sy (where i,j € [1..[§]] and v,v" € {0,1}) also output some values
v1,v2 € {0,1} at line 10.

Proof. Assume some process p € P outputs a value w € {0, 1} at line 10 during synchronous
round k € [1..[§]]. Let us also consider the two correct processes py, pgl belonging to either
Sp or S1 (Lemma 11), where i, j € [1..[5]] are round numbers and v,v" € {0,1} are default
output values. Process p must have satisfied the condition at line 8, which leads to two
opposite cases.
If no__out = false, then pf,pgl do the following during round number 7 and j, respectively:
they enter the condition at line 8, reach line 10 and output some value in {0,1}.
If no__out = true, then p has observed some INIT information, which, by C-Validity,
must have been communicated during round 1 by some process pinit € Piniz at line 5.
Moreover, by C-Global-termination and C-Synchrony, all correct processes in P must also
observe some INIT information by the end of round 1. In particular, correct processes
7, p}’/ respectively satisfy the condition at line 8 at rounds ¢, j, reach line 10, and output
some values v1,v2 € {0,1}.

Therefore, py, p;?/ always output some values vy, vy € {0,1} at line 10. <

» Lemma 13. If some process pgl € Sy outputs the opposite of its default value 1®v’ € {0,1}
at line 10 during round j € [2..[5 1], then some other process pj, € P must have output v’ in
a previous round k < j.

Proof. If a process p;?/ € S, outputs the opposite of its default value 1@ v’ € {0,1} at line 10
during round j € [2..[% 1], then it must have chosen vchosen = 1 @ v at line 9, and therefore
it must have observed some OUTPUT(v’) information. By C-Validity, this ouUTPUT(v’) must
have been communicated by some process p; € P at line 7 at the beginning of round k + 1
(where 2 < k + 1 < j). Moreover, p; must have output v at line 10 during round & (where
1<k <y). <

» Lemma 14. If some process p € P outputs a value v € {0,1} at line 10, then another
process p' € P\ {p} also outputs the opposite value 1 v at line 10.

Proof. Let us assume that some process p € P outputs a value v € {0,1} at line 10. By
Lemma 12, two correct processes py, p}’l belonging to either Sy or S; respectively output
some values v1,vz € {0,1} at line 10, during synchronous rounds i, j € [1..[5]].

If either p} or p]”-l output the opposite of their default value (i.e., if v1 = 1@ v or
vy = 1@ '), then Lemma 13 applies, and there is another process pj that outputs vz, which
is the opposite value that they output (i.e., v3 = 1@ vy if vy = 1D v, or v3 = 1 P vy if
vy = 1@ '), so we are done. Therefore, in the following, we assume that p? and p}’/ output
their default values, i.e., v;1 = v and vy = v’. We consider the following two cases.

Case (4): i = j. In this case, p} and p;?/ both output during the same synchronous round

i=7. As p! and p;?/ are distinct processes, then they cannot belong to the same sequence

So or S1, and we must have v # v’. But since p? and p?l respectively output v and v/,

then they output opposite values.
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Case (4i): i < j (without loss of generality). In this case, p! has output before p;?/,
i€ [1.[5] —1], and j € [2..[§]]. Let us remark that correct process p; must have
communicated OUTPUT(v1) at line 7 during round i + 1 (where 2 < i+ 1 < j), after it
has ouput v; at line 10 during round i. By C-Local-termination, C-Global-termination,
C-Synchrony, p;?/ must have observed OUTPUT(v;) by the end of round i+ 1 < j. However,
since vo = v’ (i.e., p?l outputs its default value v’), by line 9, p]”-l has not observed any
ouTPUT(v') information during or before round j > 2. This necessarily means that
v1 # v’ = vg, and therefore that p? and pgl output opposite values (i.e., v1 = 1 ® vg).
Whether in Case (7) or Case (i), processes p; and p;?/ output opposite values at line 10 (i.e.,
vy = 1 ® v9), which concludes the lemma. <

» Theorem 15. Under Sync and t +2 < n > 2, Algorithm 2 implements the following sets
of output sets:

0 — {{0,1}} if no__out = false,
- {2,{0,1}} if no_out = true.

Proof. We first show that condition t 42 < n > 2 is sufficient to construct the sequences and
set of processes used in Algorithm 1: Sy, S1, Pnie. Since we have n = [ 5| +[5] = [So| +[S1],
then there are enough processes to construct the sequences of distinct processes Sy, Si.
Furthermore, since we have n >t + 2 and |Piyi| > t + 1, then there are enough processes to
construct the set Pii. Let us also remark that n > 2 is already implied by n >t + 2. We
consider the following two opposite cases.
In Case 1, we have no_ out = false. In this case, we must prove that the set of output
sets is O = {{0,1}}.
In Case 2, we have no_out = true. In this case, we must prove that the set of output
sets is O = {@,{0,1}}.
We now prove that the following safety and completeness results hold for both Cases 1 and 2.
1. General-Safety: Impossibility of {0} and {1} in Cases 1 and 2. By corollary of Lemma 14,
the output sets {0} and {1} cannot happen.
2. General-Completeness: Possibility of 0,1 in Cases 1 and 2. By Lemma 11, there is a
correct process py in Sp or S; that reaches the condition at line 8 during synchronous
round i € [1..[5]]. Let us show that, no matter the case, there is an execution where py
passes the condition at line 8.
In Case 1, we have no_ out = false, so p} satisfies the condition line 8 at round i.
In Case 2, we have no_out = true. Since we have |Pyt| > t + 1, there is at least
one correct process p{;; € Piit, and there exists an execution where pf;; picks 0 and
then communicates INIT at line 2 during round 1. By C-Local-Termination, C-Global-
termination, and C-Synchrony, py observes INIT by the end of round 1, and therefore,
when it reaches round ¢ > 1, the condition at line 8 is satisfied.

Therefore, there is an execution where p} passes line 8, and then outputs some value

v € {0,1} at line 10 during round i. By Lemma 14, another process also outputs the

opposite value 1 @ v, thus producing the output set {0, 1}.

The safety of Case 2 follows from General-Safety. For Case 1, we also have to prove the
impossibility of @. By Lemma 11, there is a correct process p} belonging to Sy or S;. As
no_out = true in Case 2, then p} must pass line 8 during round i € [1..[§]], reach line 10,
and output some value v' € {0,1}. Therefore, the output set @ is impossible.
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The completeness of Case 1 follows from General-Completeness. For Case 2, we have to
prove the possibility of @. Since no_out = true in Case 2, there is an execution where no
process from Pp,;; communicates INIT at line 2 (because all processes in Py either crashed
or picked 1 at line 2). In this execution, no process in P passes line 8, and therefore, no
process outputs any value in this execution, thus producing output set &. <

7 Conclusion

In this work, we exhaustively characterize solvability conditions for binary-output tasks
under crash failures. More particularly, we focus on the sets of distinct output values that

executions of these tasks can produce, which breaks down binary-output tasks into 16 classes.

Our results cover both necessity, via impossibility proofs, and sufficiency, via implementing
algorithms, thereby offering a definitive picture (Table 2) of the boundary between possible
and impossible. By abstracting away from specific input assumptions and focusing on possible
outputs, the conditions we present also serve as lower bounds (albeit not necessarily tight)
for any stronger problem formulation. Let us also remark that our necessary conditions apply
to all types of tasks (whether colored or colorless [15]), while our sufficient conditions only
apply to input-independent, binary-output, colorless tasks.

Some of the results connect back to some well-studied problems, such as binary consensus
and symmetry breaking, as discussed in Section 4. One particularly interesting problem we
discovered is the disagreement problem that requires the system to never “agree” on one
single output value (0 or 1). To our knowledge, this particular problem has not been studied
before, and it illustrates how our framework exposes subtle but fundamental problems that
are not captured by classical formulations.

We propose in the following some possible extensions to our current framework. Currently,
we do not require that all correct processes eventually output some value. It is left for future
work to explore whether adding this requirement will change the conditions. Exploring the
tight conditions in partial synchronous environments is another interesting venue. Observe
that, in the cases where the tight conditions are the same in both synchrony and asynchrony,
then they are also tight for partial synchrony. We leave the remaining cases (e.g., disagreement)
to future investigation. Another logical extension would be to consider multi-valued outputs
(i.e., not limited to 0/1), which will significantly increase the number of possible sets of
output sets. Moreover, output sets hide some structural information of output values, such
as their multiplicity or the information about which process outputs the value. This can be

done by adding additional information to output sets or by directly studying output vectors.

Finally, the task input and validity constraints (relation between input and output) are also
aspects to be explored in future work.
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A Sufficiency: Additional Algorithms and Proofs

This appendix presents the remaining algorithms and correctness proofs used for proving the
sufficiency of the tightness conditions of Table 2.

A.1 Communication-Less All-Output Algorithm (Lines 1-2, 11-15)

The algorithm of this section (Algorithm 3) addresses lines 1 to 2, and 11 to 15 in Table 2. It
requires no communication, as it only involves one process outputting a pseudo-random value
in isolation. Therefore, this algorithm works both in the Sync and Async timing models.
This algorithm is instantiated with one parameter (line 1): a set of values V' C {0,1, L}
determining all output behaviors of the algorithm. Every process p € P only picks a
pseudo-random value v € V (line 3) and outputs this value if it is not L (line 4).

» Theorem 16. Under any timing model (Async or Sync) and n > max({|o| : 0 € O}),
Algorithm 3 instantiated with the nonempty set of values V. C {0,1, L} implements the
following sets of output sets:

2V \{o} ifL¢éVandt<n,
O =
2(V\{L}) if LeV andt <n.

Proof. In the following lemma, we denote by P,.; C P the subset of processes that output a
value at line 4. Let us proceed by exhaustion.
In Case 1, we have L ¢ V and ¢t < n. In this case, there is at least one correct process

p € P, and we must prove that Algorithm 3 implements the set of output sets O = 2V\ {@}.

Therefore, the set of forbidden output sets is (2{%1+\ 2V) U {@}.

In Case 2, we have L € V and ¢t < n. In this case, all processes could crash, and we must
prove that Algorithm 3 implements the set of output sets O = 2((V'\ {_})). Therefore,
the set of forbidden output sets is 2801} \ 2V {1},

We begin with general safety and completeness results that apply to both Cases 1 and 2.

1. General-Safety: Impossibility of all sets in 2{%1}\ 2(V\M{D in Case 1 and 2. Let us
consider a set o € 210,1} \ 20VMLD | Since o is in 2{%!} but not in 2VMED | it means
that o contains values that are not in V' \ {_L}. But as processes only output values in
V\ {L} at line 4, then o is impossible.

2. General-Completeness: Possibility of all sets in 2V\MIH \ {@}. Since n > max({|o] :
o € 0}) and all failure patterns are possible, there is a set of executions where at least
max({|o| : 0 € O}) processes pass the condition at line 4 (either because L ¢ V or
because all of these processes picked a non-_L value at line 3). In these executions, we have
| Pout| > max({|o| : 0 € O}). Among these executions, and for every o € 2V\MID\ (&}
there is an execution where at least |o| processes in |Pyy¢| pick and output each of the
values in o at line 4, therefore producing output set o.
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Algorithm 3 Communication-less symmetric algorithm for lines 1-2 and 11-15 of Table 2.

=

instantiation parameter: set of values V C {0,1, L}.
2 code of every process p € P is

3 v ¢ pseudo__random__ pick(V);

4 if v # | then output v;

Algorithm 4 Communication-less algorithm for lines 9 and 10 of Table 2, with a single
process outputting and assuming n > 1.

1 instantiation parameter: Boolean no_out € {true, false}.
initialization: pick some p € P.

2
3 code of every process p € P is

4 V +{0,1, L} if no_out = true else {0,1};
5 v > pseudo__random__pick(V);

6 if v # | then output v.

The safety of Case 2 follows from General-Safety. For Case 1, we also need to show the
impossibility of &. Since L ¢ V| some process p is correct, must pass the condition at line 4,
and output a value at line 4. Therefore @ is impossible.

The completeness of Case 1 follows from General-Completeness. For Case 2, we also need
to show the possibility of @. There is an execution where P,,; = & (because all processes
either crashed or picked L at line 3), therefore producing output set &. |

A.2 Communication-Less Single-Output Algorithm (Lines 9-10)

The algorithm of this section (Algorithm 4) addresses lines 9 to 10 in Table 2. It requires
no communication, as it only involves one process outputting a pseudo-random value in
isolation. Therefore, this algorithm works both in the Sync and Async timing models.

This algorithm is instantiated with one parameter (line 1): a Boolean no_out €
{true, false}, determining if the empty @ output set can be produced or not. At the
initialization of the algorithm (line 2), one special process p € P is chosen to be the only one
that performs actions (lines 3 and 6), while all other processes do nothing.

Process p first selects the set V' corresponding to the different output behaviors it can
follow (line 4): {0, 1} if no_out = false, or {0,1, L} if no_ out = true. Then, p pseudo-
randomly picks a value v from V' (line 5). If v # L, then p outputs v at line 6, otherwise p
does nothing.

» Theorem 17. Under any timing model (Async or Sync) and n > 1, Algorithm 4 instantiated
with Boolean no__out € {true,false} implements the following sets of output sets:

0= {{0},{1}} if no_out = false and t = 0,
B {2,{0},{1}} if no_out = true andt < n.

Proof. Let us proceed by exhaustion.
In Case 1, we have no_out = false and ¢ = 0. In this case, no process can crash, and
we must prove that Algorithm 4 produces the set of output sets {{0}, {1}}. Therefore,
the set of forbidden output sets is {@, {0,1}}.
In Case 2, we have no__out = true and t < 0. In this case, all processes can crash, and
we must prove that Algorithm 4 produces the set of output sets {@, {0}, {1}}. Therefore,
the set of forbidden output sets is {{0,1}}.
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We begin with general safety and completeness results that apply to both Cases 1 and 2.
1. General-Safety: Impossibility of {0,1} in Cases 1 and 2. For an algorithm to produce two
outputs in some execution, there must be at least two processes in some execution that
output. But by construction, in Algorithm 4, only process p can output a value at line 2.
2. General-Completeness: Possibility of {0} and {1} in Cases 1 and 2. Since n > max({|o| :
o € O}) and all failure patterns are possible, there must be some executions in which
process p never crashes. Among these executions, there must be one in which p picks 0
(resp. 1) at line 5 and outputs 0 (resp. 1) at line 6, therefore producing the output set

{0} (resp. {1}).

The safety of Case 2 follows from General-Safety. For Case 1, we also need to show the
impossibility of @. Since no_ out = false and no process can crash, p will always pick some
value at line 5 and output it at line 6.

The completeness of Case 1 follows from General-Completeness. For Case 2, we also
need to show the possibility of @. There is some execution where p either crashes before
outputting, or picks L at line 5. In this execution, p will not reach line 6, therefore, producing
the output set @. |

A.3 Timing-Adaptive Algorithm (Lines 3-6)

The algorithm of this section (Algorithm 5) addresses lines 3 to 6 in Table 2. It is timing-
adaptive as it provides different control flows depending on whether the system is synchronous
or asynchronous.

This algorithm is instantiated by providing two parameters (line 1): one value v € {0,1}
and one Boolean no_out € {true,false}. Value v is the default value: it always has to
be output by the system, as long as any value is output. Boolean no_ out determines if
the empty @ output set can be produced or not. At the initialization of the algorithm, one
special process p € P is chosen (line 2) to be the one that will guarantee that the opposite
value of v (i.e., 1 ® v) can sometimes be output if v has also been output.

The code of every process p’ € P that is not p is as follows (lines 3 and 6). Process p’
passes the condition at line 4 only if @ is a forbidden output set or if p’ pseudo-randomly
flips the “correct” bit to 0. Then, p’ outputs v (line 5) and communicates some OUTPUT(v)
(line 6).

Algorithm 5 Asymmetric algorithm for lines 3-6 of Table 2, assuming n > 2. Moreover,
for lines 3 and 5 (which allow the @ output set), it assumes ¢t < n, and for lines 4 and 6
(which forbid the @ output set), it assumes t < n.

1 instantiation parameter: value v € {0,1}, no_out € {true, false}.

2 initialization: pick some process p € P.

3 code of every process p' € P\ {p} is

4 if no_out = false or pseudo_random_ pick({0,1}) = 0 then
5 output v;

6 L communicate OUTPUT(v).

<

code of every process p is
if no__out = false or pseudo_random_ pick({0,1}) = 0 then

[+

9 if the system is synchronous then wait for the communication step of round 1;
10 else if the system is asynchronous then wait for a predefined local time;
11 if p observed some oUTPUT(v) then output pseudo_random_ pick({0, 1});
12 else output v.
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The code of process p is as follows (lines 7 and 12). Like with p’, process p passes the
condition at line 8 only if @ is a forbidden output set or if p pseudo-randomly flips the
“correct” bit to 0. Then, p waits for a given time, depending on the timing model: if the
system is synchronous, p waits for the communication step of synchronous round 1 (line 9),
otherwise (i.e., if the system is asynchronous) it waits until some predefined local time?
(line 10). After this wait, p outputs a random bit if it has observed some OUTPUT(v) (line 11),
otherwise it outputs the default value v (line 12).

» Theorem 18. Under any timing model (Async or Sync) and n > 2, Algorithm 5 instantiated
with value v € {0,1} and Boolean no_out € {true,false} implements the following sets of
output sets:

vk {v,1ov}} if no_out = false and t < n,
{2, {v},{v,1®v}} if no_out=true andt < n.

Proof. In the following lemma, we denote by P, C P the subset of processes that output a
value at line 5, line 11, or line 12. Let us proceed by exhaustion.
In Case 1, we have no_out = false and t < n. In this case, there is at least one correct
process p € P, and we must prove that Algorithm 5 produces the set of output sets
{{v},{v,1 @ v}} \ {@}. Therefore, the set of forbidden output sets is {&, {1 ® v}}.
In Case 2, we have no_ out = true and ¢ < n. In this case, all processes could crash,
and we must prove that Algorithm 5 produces the set of output sets {&, {v},{v,1 & v}}.
Therefore, the set of forbidden output sets is just {1 ® v}.

We begin with general safety and completeness results that apply to both Cases 1 and 2.

1. General-Safety: Impossibility of {1 & v} in Cases 1 and 2. Any process p’ € P\ {p}
that outputs a value at line 5 will output v. Process p outputs value 1 @ v (with some
probability) only if it has observed that at least one other process has output v (line 11).
C-Validity ensures that some process p’ first outputs v and then communicates this
information (line 5 and line 6), and therefore that value v has also been output. Thus,
o= {1® v} is impossible.

2. General-Completeness: Possibility of all sets in {{v}, {v,1®v}} in Cases 1 and 2. We first
argue the possibility of {v, 1@v}. Since n > 2 and all failure patterns (and communication-
delay patterns in asynchrony) are possible, there is a set of executions where process p (the
selected one) and at least another process p’ € P\ {p} do not crash and output a value.
That is, process p’ passes the condition at line 4 and therefore outputs v, and process
p passes the check at line 8 and observes OUTPUT(v) before reaching the condition at
line 11, and therefore outputs {1 @ v}, with some non-null probability. Observe that any
other process in Poyt \ {p} outputs v, yielding the output set {v,1® v}. The possibility
of {v} follows similarly, for example, in executions that p crashes or also outputs v.

The safety of Case 2 follows from General-Safety. For Case 1, we also need to show the
impossibility of @. Since no_out = false and t < n, at least one process must pass the
check in line 4 or line 8 and thus output a value (either at line 5 for p’, or line 11, line 12
for p). Therefore, @ is impossible.

The completeness of Case 1 follows from General-Completeness. For Case 2, we also need
to show the possibility of @. Consider an execution where all processes have either crashed
before outputting, or picked 1 at line 4 or line 8, yielding the output set &. |

2 In this case, the assumption that, in asynchrony, every communication-delay pattern can happen, helps
us to guarantee that p sometimes observes information before this local time, see Section 3.2.
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Algorithm 6 Synchronous algorithm for the Sync case of line 10 of Table 2, assuming
t<n>1.

1 code of every process p € P in synchronous round R =1 is

’ Communication step‘

2 v < pseudo__random__pick({0, 1});
communicate PROPOSE(v);

’ Computation step ‘

if p observed some PROPOSE(0) then output 0;
5 | elseoutput 1. >i.e., p observed only PROPOSE(1)’s

A.4  Synchronous Binary Consensus Algorithm (Line 10)

The algorithm of this section (Algorithm 6) addresses the Sync case of line 10 in Table 2.
Every process p € P starts by executing the communication step of the first synchronous
round (lines 2 and 3). They first pick a pseudo-random value v from the set {0, 1} at line 2,
and communicate a PROPOSE(v) information at line 3. Then, every p € P moves to the
computation step of the first synchronous round (lines 4 and 5). At this stage, we can show
that all non-crashed processes see the same set of PROPOSE(v) information. Process p output
0 if it has observed any PROPOSE(0) information during round 1 (line 4), otherwise, p output
1 (line 5).

Let us remark that this algorithm only requires a single round of communicate/observe
communication to terminate. To the familiar reader, this fact may seem incompatible with the
well-known result stating that, in synchronous message-passing systems, consensus requires at
least ¢ + 1 communication rounds (where ¢ is the maximum number of crashes) [1]. However,
this apparent contradiction stems from the fact that, in a synchronous message-passing
system, one round at the communicate/observe level may comprise up to t + 1 rounds at the
send/receive level. This can be intuitively understood by considering that reliable broadcast,
which is used to implement communicate/observe in message-passing networks, also requires
t + 1 rounds to terminate [11]. This is, in particular, needed to guarantee that all processes
correctly receive the sender’s message despite the potential crashes.

» Theorem 19. Under Sync and 0 <t <n > 1, Algorithm 6 implements the set of output

sets O = {{0},{1}}.

Proof. Under Sync and 0 < ¢ < n > 1, there is at least n — ¢t > 1 correct processes. The
safety of Algorithm 6 is proved in the following.
Impossibility of @. Any correct process p necessarily outputs a value at line 4 or line 5,
therefore @ is impossible.
Impossibility of {0,1}. Let us denote by Pops C P the set of processes that observe some
ouTPUT(v) at the end of round 1. By C-Synchrony, all processes in P,ps must have
observed the same set of PROPOSE(v) communicated at the beginning of round 1, and
they must have therefore taken the same branch at line 4 or line 5, thus the output cannot
contain 2 distinct values.

The completeness of Algorithm 6 is proved in the following.

Possibility of {0}. There is an execution where a process p picks value v = 0 at line 2,
communicates OUTPUT(0) at line 3, and observes its own oUTPUT(0) and outputs 0 at
line 4. By the impossibility of {0, 1}, this execution will produce output set {0}.
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Possibility of {1}. Let us denote by Peom C P the set of processes that communicate
some OUTPUT(v) at the beginning of round 1. There is an execution where all processes
in Peom have picked value v = 1 at line 2, and therefore communicate PROPOSE(1) at
line 3. By C-Local-Termination, C-Global-Termination, and C-Synchrony, any process p
must observe only PROPOSE(1) information at the end of round 1, and it must therefore
output 1 at line 5. By the impossibility of {0, 1}, this execution will produce output
set {1}. <
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