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—— Abstract

We study the long-standing open question on the power of unique witnesses in quantum protocols,
which asks if UniqueQMA, a variant of QMA whose accepting witness space is 1-dimensional, contains
QMA under quantum reductions.

This work rules out any black-box reduction from QMA to UniqueQMA by showing a quantum

pUniaue@MA 51nd QMA. This provides a contrast to the classical case,

oracle separation between BQ
where the Valiant-Vazirani theorem shows a black-box randomized reduction from UniqueNP to
NP, and suggests the need for studying the structure of the ground space of local Hamiltonians in
distilling a potential unique witness. Via similar techniques, we show, relative to a quantum oracle,
that QMA®MA cannot decide quantum approximate counting, ruling out a quantum analogue of
Stockmeyer’s algorithm in the black-box setting. Our results employ a subspace reflection oracle,
previously considered in [4, 3, 51], but we introduce new tools which allow us to exploit the unique
witness constraint. We also show a strong “polarization” behavior of QMA circuits, which could be
of independent interest in studying quantum polynomial hierarchies.

We then ask a natural question; what structural properties of the local Hamiltonian problem can
we exploit? We introduce a physically motivated candidate by showing that the ground energy of
local Hamiltonians that satisfy a computational variant of the eigenstate thermalization hypothesis
(ETH) can be estimated through a UniqueQMA protocol. Our protocol can be viewed as a quantum
expander test in a low energy subspace of the Hamiltonian and verifies a unique entangled state
across two copies of the subspace. This allows us to conclude that if UniqueQMA is not equivalent
to QMA, then QMA-hard Hamiltonians must violate ETH under adversarial perturbations (more
accurately, further assuming the quantum PCP conjecture if ETH only applies to extensive energy
subspaces). Under the same assumption, this also serves as evidence that chaotic local Hamiltonians,
such as the SYK model may be computationally simpler than general local Hamiltonians.
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1 Introduction

One of the central aims of quantum complexity theory is to explore the structure of ground,
and more generally low-energy, subspaces in quantum many-body systems. A key question
in this field is whether these low-energy subspaces of local Hamiltonians are computationally
simpler than generic quantum subspaces.! A long-standing problem which formalizes this in-
quiry is the relationship between UniqueQMA and QMA [9]. The complexity class UniqueQMA
captures verification tasks in which positive instances have a 1-dimensional accepting subspace
(unique quantum witness) while QMA places no restriction on the dimension of the accepting
subspace. The open question is to determine the relationship between these classes: are
they equivalent under quantum reductions, or does the uniqueness promise strictly reduce
computational power? On one hand, an equivalence would imply that a polynomial-time
quantum algorithm can uniquely verify some fixed state in a low-energy subspace of local
Hamiltonians, a task that intuitively seems unattainable for generic quantum subspaces. On
the other, a separation would formalize the physics intuition that “natural” Hamiltonians
with a non-degenerate ground space and inverse polynomial spectral gap are computationally
simpler than QMA-hard Hamiltonians and thus amenable to analysis.

This question is also motivated by the insights produced by studying the class UniqueNP.
Classically, the celebrated Valiant-Vazirani isolation lemma [59] was used to show that
UniqueNP contains NP under randomized reductions, i.e., NP C RpUYMaueNP (where RP
is a one-sided error version of BPP), suggesting that the uniqueness promise does not
significantly reduce the computational power of NP, at least under randomized reductions.
The isolation lemma has underlaid various developments in theoretical computer science,
including approximate counting [57], Toda’s theorem [58], parallel computation [43], one-way
functions [26], and average-case complexity [15]. One could hope that studying the possibility
of a “quantum isolation lemma” would sharpen our understanding in a similarly wide range
of quantum problems.

Limitations of unique quantum witnesses. There has been a series of works attempting to
resolve this question. Aharonov et al. [9] (first appearing on arxiv in 2008) initiated the study
of UniqueQMA and possible quantum analogues of the isolation lemma. There, the authors

! From an information-theoretic point of view, the ground space of a local Hamiltonian is known to be
simpler as it has a polynomial-sized tensor network approximation [50]. However this tensor network is
not known to be computationally tractable.
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extended the hashing-based arguments in the Valiant-Vazirani isolation lemma to the classes
MA and QCMA. However, they noted the failure of a similar strategy for QMA, citing the fact
that two random quantum states have exponentially small overlap. A later work [32] sought
a completely different approach to obtain a deterministic isolation procedure in a special
case, but also fell short of achieving a unique witness protocol for general QMA problems as
their strategy worked only for accepting subspaces of polynomial dimension. This led [32] to
conjecture that a quantum reduction is required to obtain a unique verifier, suggesting the
question of whether the inclusion QMAC BQPYM4Ue@MA 1)41ds.2 This discussion brings us to
our first result.

» Theorem 1. There exists a quantum oracle relative to which QMA ¢ BQPUNaueQMA.

This oracle separation implies there is no black-box quantum isolation procedure for
quantum witnesses, unlike its classical counterpart [59], and explains the failures of all
approaches in [9, 32]. It may also be viewed as some evidence for the inequality between
UniqueQMA and QMA. Furthermore, it suggests the need to exploit the physical structure
of quantum low-energy spaces to construct a UniqueQMA verifier for local Hamiltonians (see
our result below).

Our Theorem 1 is based on a quantum oracle reflecting about an unknown subspace, and
the task is to determine whether the subspace is non-empty (of some large dimensionality).
Although this result in a sense is a continuation of a series of works on quantum oracle
separations and unitary property testing [4, 31, 51, 6], the techniques used in our work differ
in that they make careful use of the structure of the quantum witness. Previous separations
used techniques which were not sensitive to the presence of a witness (e.g. replacing the
witness with the maximally mixed state), which would undermine the uniqueness promise
in our case. We hope that the techniques presented in this work will help develop similar
query lower bounds on other witness-restricted quantum classes, such as QMA(2) where
constructing oracle separations have been challenging.

Along the way to Theorem 1 we also obtain a classical oracle separation between
UniqueQMA and QMA (Corollary 12). In fact, we can even separate NP from PUniaueQMA
under the same classical oracle. However, this separation is perhaps not as interesting
as Theorem 1, for one would a priori expect randomized or quantum reductions were needed
to reduce QMA to UniqueQMA, in analogy to the classical case. Regardless, we note that
derandomizing the Valiant-Vazirani lemma is a long-standing open question by itself [13, 37],
and this intermediate result rules out such a derandomization in the black-box setting. Thus,

UniqueQMA
P

we believe the relationship between BQ and QMA is the proper question through

which to study the power of unique quantum witnesses.

On classical vs. quantum oracles. Both of our separations Theorem 1 and Theorem 2
are by quantum oracles. In our approach in Theorem 1, the quantumness is necessary as
otherwise the classical version of our oracle problem is easily shown to be contained in
NP C BQPUMaueQMA = A imilar observation can be made for Theorem 2. Historically, when
the class or resource is classical, a classical separation can be viewed as the “gold-standard,”
as evidenced by the long series of works aiming to separate QCMA and QMA with a classical
oracle (see the exposition in [60]). However, this decision should be made on a case-by-case
basis. In our context, the subspace reflection oracle captures a way in which an algorithm

2 In this work, is implicit that the oracularized complexity classes refers to the promise version (i.e.
UniqueQMA actually refers to PromiseUniqueQMA).
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might probe the ground space of a Hamiltonian. Naively, the best algorithmic way to “access”
this subspace is to use quantum phase estimation to, say, implement reflections about it.
There is a priori no known reason to suspect that this subspace will be well structured for
worst-case Hamiltonians and thus we instantiate the ground space with a subspace in a
randomly chosen basis. Another consideration when using and interpreting quantum oracle
separations is that they only rule out quantum relativizing proof strategies. Indeed, [1, 7]
already point out that the proof technique of explicitly representing quantum amplitudes is
classically relativizing but quantumly not (and, to our knowledge, this is the only known
proof technique with such property). However, this technique has only been used used to
show containments in very powerful classical classes like EXP and PSPACE. Thus, quantum

oracle separations are still useful in ruling out black-box reductions at lower complexity
regimes like BQPYMUe@MA 514 QMA.

Improved quantum approximate counting lowerbounds. Classically, the question of unique-
ness is closely related to approximate counting. In [59], a random hash is used to isolate a
single solution to an NP circuit. The celebrated Stockmeyer algorithm [57] uses similar tools
to give a BPPNP
precision. A quantum analogue of this is to multiplicatively estimate the dimensionality
of the accepting subspace of a QMA circuit [18, 53, 16]. The complexity class capturing
this quantum approximate counting problem is QXC. As usual, one should be careful when

algorithm for estimating the number of accepting witnesses to multiplicative

defining quantum analogues of classical classes. However, this problem is well motivated
and shown in [17] to be connected to a number of physical relevant computational problems,
such as computing quantum partition functions and estimating local observables of Gibbs
states. QXC was further studied in [16] and shown to contain the problem of estimating the
Kronecker coefficients of the symmetric group. Stockmeyer’s approximate counting algorithm
has led to many important applications, including the sampling-counting equivalence [33]
and even the theoretical foundations for quantum advantage experiments [28]. Thus, it
is natural to ask whether there exists a quantum analogue: Could quantum approximate
counting be solved in (quantum) polynomial time with access to an oracle solving QMA
decision problems? In essence, do we have QXC C BQPQMA?

The phrase “quantum approximate counting” has appeared elsewhere in the literature.
In [39, 2], the authors study SBQP, the quantum analogue of SBP (where SBP is the
multiplicatively precise analogue of BPP), which captures the task of estimating the acceptance
probability of a BQP machine to multiplicative precision. This is not known to be equivalent
to the definition of QXC (unlike SBP which is equivalent to classical approximate counting).
We do not consider SBQP in this work. Additionally, in [3], “quantum approximate counting”
is used to refer to the task of designing quantum (BQP or QMA) algorithms for classical
approximate counting, given quantum queries to a Boolean oracle. [51] consider a quantum
generalization of the problem in [3], called the quantum approximate dimension problem;
the task here is to decide whether an unknown subspace has dimension < w or > 2w, given
access to the corresponding reflection oracle. Using the quantum approximate dimension
problem, we show

» Theorem 2 (Corollary 22, restated). There exists a quantum oracle relative to which
QXC ¢ BQPMA " and in fact, QXC ¢ QMASMA,

Our Theorem 2 rules out the existence of a quantum analogue of Stockmeyer’s theorem
in the black-box setting. This is a strengthening of a result of [51], where the authors show
a QMA query lower bound against this task via a reduction to the classical problem in [3].
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Again, the quantum oracle is necessary in our approach, because the classical version of our
oracle is the classical approximate counting problem, which is contained in BPPNP C BQPAVA,
The polynomial methods used in [3, 51] do not transfer to the relativized setting in the
presence of QMA-oracle calls. Moreover, prior works [2, 6] dealing with quantum versions of
the polynomial hierarchy are all based on variants of the switching lemma, which are not
known to be compatible with quantum oracles. Therefore, we need to develop new techniques
to handle quantum oracle calls in “stacked” complexity classes like QMASMA,

Along the way we also prove a classical oracle separation QXC € QMA, in fact, SBP £
PQMA, thus giving a much simpler and elementary proof of the QMA lower-bound against
classical approximate counting of [3] (who showed SBP ¢ QMA). Our separation is perhaps
stronger as P@MA likely strictly contains QMA as it contains coQMA.

Unique witness from a well-connected ground space. Theorem 1 underscores the im-
portance of gaining a deeper understanding of the structure of quantum ground spaces to
extract a unique quantum witness. For this, it is crucial to identify classes of Hamiltonians
for which we know how to verify a unique low-energy witness. However, the only such
classes of Hamiltonian known so far are classical Hamiltonians [59], local Hamiltonians with
ground states that can be prepared by a polynomial-sized quantum circuit [9], and local
Hamiltonians with a polynomial sized low-energy subspace [32]. Our final result identifies a
new class of Hamiltonians for which we can verify a unique low energy state. Our starting
point is a simple observation already hinted at in the previous paragraphs: An algorithm
that only uses subroutines treating the entire Hamiltonian H as a single operator cannot
distinguish between states of the same energy as they are indistinguishable with respect
to H. For example, quantum phase estimation, which only uses time evolutions of H, falls
into this category. Thus, any quantum algorithm that aims to verify a unique low-energy
state must use operators which are more fine-grained than H itself, namely the individual
local terms in H.

The action of local operators on Hamiltonian eigenstates is in itself a challenging problem,
with few general results known [12]. Despite this, there are families of local Hamiltonians
for which useful statements can be made. A particularly interesting such family is the set
of local Hamiltonians that satisfy the Eigenstate Thermalization Hypothesis (ETH) from
quantum statistical mechanics [56]. This hypothesis roughly says that within an energy
window, eigenstates are well-connected in the sense that local operators induce transitions
from one eigenstate to many others. We adopt the following informal definition from [19].

ETH (informal). There is a collection of polynomially many local observables
A1,... A, such that for every eigenstate [¢p) with energy roughly FE, the vector
A; |t) roughly stays within a small energy window around E, and has a fairly good
overlap with all the eigenstates in this window.

See Section 3.3.1 for the formal definition of ETH (Hypothesis 24) and a discussion on
its physical origins. From the computer science perspective, a well-connected low-energy
eigenspace should have features of an expanding graph and hence allow one to single out a
unique “fixed point”. We solidify this intuition by generalizing the quantum expander test
for verifying the maximally entangled state [10] and show the following theorem:

» Theorem 3 (Informal restatement of Theorem 25). There is a UniqueQMA protocol for
estimating the ground energy of a local Hamiltonian satisfying ETH.

10:5

ITCS 2026



10:6

Complexity of Unique Quantum Witnesses and Quantum Approximate Counting

The protocol verifies a unique quantum state in two copies of the subspace with energy
around F, if ETH holds in that subspace. Assuming F is the ground energy itself, we can
extract a unique ground state witness. If F is larger but sub-extensive (that is, n¢ with
¢ < 1, as a function of the number of qubits n), we can still obtain a unique witness for the
purposes of UniqueQMA protocols due to known reductions concerning the local-Hamiltonian
problem.

A likely implication of Theorem 3 is that the complexity of local Hamiltonians satisfying
ETH, such as chaotic quantum Hamiltonians including the SYK model [55], is significantly
lower than that of general local Hamiltonians. It is unclear if the theorem would help
establish that UniqueQMA and QMA are equivalent under quantum reductions, since we do
not know if QMA-hard local Hamiltonians would satisfy the ETH assumption.

2 Preliminaries

2.1 Complexity classes

» Definition 4 (QMA). A promise problem L = (Lyes,Lno) is in the complexity class
Quantum Merlin-Arthur (or QMA) if there exists a polynomial-time classical algorithm
yielding a description of a quantum circuit V. which implements a quantum operator U, :
H — H with H = Hg, ® Hg,,., such that

aux ’

1. (Completeness) For all x € Ly, there exists a witness |¢) € Hr

in

such that

b > 2
2=3

2. (Soundness) For all x € Ly, and |¢p) € Hg

in 7

||HaccUx |¢>Rir,

0) Ry

Wl

”HaccUa: |¢>R

in

0) Ry ll2 <

where I ,o. can be taken to be the projector into the |0) on the first qubit.

» Definition 5 (Unique QMA). A promise problem L = (Lyes, Ly,) is in the complexity class
Unique Quantum Merlin-Arthur (or UniqueQMA ) if in addition to the above properties of
QMA, we have the further restriction that in the completeness case, there is some accepting
state |¢) and for all states orthogonal to |§), the verifier accepts with probability equal to the
soundness case. In particular,

1. (Completeness) For all x € Ly, there exists a unique witness |¢) € Huyiness such that

2

”HaccUm |¢>Rin |0>Raux ”2 > 3

and for all states |¢) L |@),

1
0 R ll2 < 3

HH,CCU% —
IMaccs [9)g,, 100p,,, < 3

in

2.2 Quantum oracles

Our first result is a oracle separation between QMA and UniqueQMA. There have been
various types of oracles considered in previous works. Although the “gold standard” for
oracle separations is arguably a classical oracle (which can be queried in superposition),
quantum separations have required more complex oracles, such as the distributional oracles
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of [45]. In this work, we work with quantum oracles, as studied in [4]. Thus, in our setting,
an oracle O refers to some arbitrary unitary operation. We will also allow controlled queries
to O, so that a call to O is in fact a call to the unitary,

I-MeI+Ie0,

where II is a projector representing a control subspace. Given a family of oracles, we can
define a “oracle promise problem,”

» Definition 6 (Oracle promise problem). A oracle promise problem is defined by two disjoint
sets of oracles (unitary operators), Qygs and Qno. We use Q = (Qygs, Uno) to refer to the
decision problem itself.

Then, any L-query algorithm deciding € should be able to receive an oracle O either in
the YES or NO case and use L calls to O to decide which is the case. Formally, a oracular
verifier for UniqueQMA® consists of alternating unitaries (consisting of local quantum gates)
and calls to O. The task is to (uniquely) determine whether the unknown oracle corresponds
to a YES case or NO case instance.

» Definition 7 (UniqueQMA Oracle verifier). Given a n-qubit oracle O and m € poly(n), a
m-qubit, L-query UniqueQMA oracular verifier VO is defined over a n-qubit oracle register
Ro, in a naux qubit auxiliary register Raux. Additionally, there is a ni,-qubit input register
Rin. Thus, m = Naux + Nin- Given a ni,-qubit witness, the verifier then performs a sequence
of unitaries on the full m-qubit subspace, interwoven with L queries to an oracle O on
Ro, controlled on the remaining system. Finally, the verifier performs the measurement
{10X0], [1X1|} on the first qubit in the auxiliary register (which we label as the register Rout),
rejecting if it obtains |0X0| the and accepting if obtains |1)1|. See Figure 1. Thus, the
measurement corresponding to the “accept” case can be written as

VE (I 1Yl YULOUL_q...UOUy(I® |0 ) 0"

out aux ) ’

Haccept é VTV (1)

We say that V uniquely solves the oracle promise problem Q = (Qvygs, Ano) if
If O € Qyps then there exists a witness 1) ~so that

aCC(V, w) = HV |¢> |O>R H% = tr[Haccept W)(w

aux

and for any witness |") where |¢') is orthogonal to i), acc(V,¢') < e.
If O € Qno then acc(V) < g; for all witnesses the verifier accepts with probability at
most €.

R @ [0)0lg,, ] =1 —¢,

The standard oracle that we consider in this work are variations of an oracle considered
in prior works: the subspace reflection oracle O% = I — 2Ilg, where IIg corresponds to a
projection onto a k-dimensional subspace S. In [4], O with k = 1 was used to separate
QCMA from QMA; in [3], S was restricted to be a classical subspace to separate QMA from
classical approximate counting; and finally [51] quantized the prior work to separate QMA
from quantum approximate counting. We borrow notation from these last two works to
define the oracle promise problems we study.

» Definition 8 (Quantum approximate dimension). In the oracle problem QApxDim(ky, k2, N),
the problem is to decide whether an n-qubit unknown oracle corresponds to a reflection about
a subspace of dimension > ko (the YES case), or a subspace of dimension < ki (the NO case),
promised that one of these two is the case. For technical reasons, we restrict ko < 22n/3

If we are further promised that the subspace is in the computational basis, then we have
the classical problem ApxDim(ky, ko, N).

10:7
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o — e H H O R
Ro{ (@) o
R

o — M

10) bo i S i Ve
R#

Figure 1 Circuit diagram for the verifier V. Ro is the oracle register, contained in the auxiliary
register Raux, initialized to |0>Rmx' Rin is the input register. The final measurement M is performed
on Rout, which is the first qubit of the auxiliary register.

aux

Variations of this oracle have been used in other works. The case when S corresponds
to a 1-dimensional subspace is exactly the oracle used by [4] to separate QCMA from QMA.
When increasing the dimension and restricting the subspace S to be classical, this becomes
the classical oracle used to separate QMA and classical approximate counting [3]; when the
subspace is quantum, this is exactly the QApxDim problem and has been shown by [51] to
separate QMA and quantum approximate counting. Having said that, our results and proof
techniques do not follow from these works in any straightforward way. For example, the [4]
oracle would not work in our setting as this problem is easily seen to be in UniqueQMA. A
better candidate is the oracle Og corresponding to a large subspace S, as there does not seem
to be a natural “unique” witness that the prover could provide. However, when constructing
our query lower bounds (which are, as usual, the heart of nearly all oracle separations), new
techniques are necessary to account for the uniqueness restriction on the witness. Indeed,
prior oracle separations involving QMA avoid directly dealing with the witness either by
conditioning on a particular classical witness [4], replacing the witness with the maximally
mixed state [3, 51], or reducing to a classical circuit lower bound [2, 6]. Instead, our work
carefully uses the requirement that the witness be unique.

» Remark 9 (Classical oracles). We use the term “classical oracle” to refer to phase oracles
0% =1 — 2Ilg, where S is restricted to be in the computational basis. The truly “classical”
analogue would be the oracle mapping |z) |b) — |z) |b® 1,es). However, as our separations
holds under controlled oracles, these notions are equivalent.

In this work, we also consider oracle separations between relativized classes, e.g.
BQPYNaue@MA \xo instantiate verifiers belong to a relativized class C,¢? as a verifier for Cq,
with access to an black-box oracle O for a Ca-complete problem. In our case, Cs is either
UniqueQMA or QMA and thus A is a classical oracle and the corresponding complete problem
will be UNIQUEQCIRCUITSAT or QCIRCUITSAT respectively. However, one difficulty in
defining it in this way is that these languages correspond promise problems, but there is not
guarantee that an algorithm querying A will do so only on valid instances. To deal with this
issue, we take an approach used in prior works [2, 31] and imagine that the outer verifier is
given access to an oracle A for a decision “extension” of the promise problem.

» Definition 10 (Promise oracle extension). For any oracle given by the partial function
0 :{0,1}™ — {0,1, L}, an oracle extension is a total function A :{0,1}™ — {0,1} such that
O(z) = A(z) for all x € Dom(0O).

Thus, we take the following definition of a verifier accessing a promise oracle O, as suggested
in [2]:
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if VA(z) = 1 for every A extending O,
if VA(z) = 0 for every A extending O,

otherwise.

VO (z) &

}_OH

As stated in [2], it is not obvious that this is the “right” way to define oracle access to a
promise problem. Nonetheless, we believe this to be a fairly reasonable definition; when
querying an oracle for, e.g., QUANTUMCIRCUITSAT on an instance falling outside of the
promise gap, why should the verifier expect a “reasonable” response from oracle?

Lastly, we remark that whenever we have a verifier of the form ClcQ, we assume that
the oracle for Cy acts on instances of size polynomial in the outer problem instance. This
is required technically as many of our arguments go through union bounding over possible
inputs to the oracle for Co. Moreover, as noted in [3], there is a distinguisher between
(classical) subspaces of dimension k and 2k with a witness of size roughly O(k). Thus,
without a bound on the witness register, this distinguisher would preclude a P@MA query
lower bound for approximate counting.

3 Results

3.1 Separating QMA from BQPUniaueQMA

We consider circuits with access to the unknown subspace reflection oracle Og, as well
as an oracle A for UniqueQCircuitSat (more precisely, their “oracularized” versions), the
natural complete problems for UniqueQMA. Rather than directly working with ApxDim
and QApxDim, we consider a slightly different oracle promise problem, QApxDimExact with
parameters k1 and k2 so that the YES case corresponds to subspace dimension exactly
ko, and the NO case corresponds to dimension exactly ky. Then, the specific problems we
consider are,

EmptyNonEmpty £ ApxDimExact(0, 1, N) U ApxDimExact(0, k, N') and
QEmptyNonEmpty = QApxDimExact(0, 1, N) U QApxDimExact(0, k, N) .

where the union is taking within the NO case and YES case oracles individually (so that the NO

case is still the identity oracle, and YES case corresponds to subspaces of dimension 1 and k).

Since EmptyNonEmpty C ApxDim(0,1, N) (and QEmptyNonEmpty C QApxDim(0,1, N)), we
could’ve considered the harder problem instead, but we use EmptyNonEmpty since this
includes all subspace dimensions needed to make the proof go through.

The overall idea for the separation is to use a hybrid argument and separately consider
steps of the BQPUMaueQMA (orifier where a query is made to the circuit sat oracle A and
steps where the verifier directly queries the oracle Og. Therefore, our separation requires
two ingredients.

1. First, we argue that the verifier’s calls to A are either on circuits C which are themselves
good verifiers for the oracle distinguishing task or are nearly useless. We show this by
establishing a polarization property of oracular quantum circuits.

2. Second, we establish our oracle separation between UniqueQMA and QMA. This allows
us to rule out the first case in the item above, as well as to argue that the verifier’s direct
calls to Og are not too helpful.

Interestingly, for the second step, the separating oracle can actually be made classical and

we show a UniqueQMA query lower bound for Og restricted to a computation basis subspace.

10:9

ITCS 2026



10:10

Complexity of Unique Quantum Witnesses and Quantum Approximate Counting

» Theorem 11 (UniqueQMA query lower bound, EmptyNonEmpty). Let V be a L-query,
m-qubit verifier which uniquely decides EmptyNonEmpty with error e < 27" both on Oy,
and on at least (1 — 2~™)-fraction of YES instances. Then, L € Q(Vk). In particular, if we
take k € 220" then V requires exponentially-many queries in n.

Standard diagonalization arguments yield the following.

» Corollary 12. There exists a classical oracle O such that UniqueQI\/IAO C QMAO, and in
fact, PUniqueQMAO 4 NPO.

In a sense the proof of the above theorem is where the uniqueness property is crucially
used. Imagine we have two classical subspaces S and T', where T is a subspace extending .S,
so that T'= S @& A. We will pick the dimension of S and T to be on the order superpoly(n);
we will show that as dim(S),dim(T) <« 2", a UniqueQMA verifier using poly(n) oracle
queries cannot distinguish S and random extensions T'. When S is taken from as a YES
instance of an oracle distinguishing task with a unique witness ¢g, this observation essentially
says that the “same” witness works for T'. Flipping the order of quantification, we can
equivalently say that for a random T, nearly all of its “roots” S have the same witness.
But since dim(T") > dim(S), the S’s can be picked so that they are orthogonal. Finally,
applying a variation of the hybrid method shows that the same witness must overlap too
many orthogonal subspaces, yielding a contradiction.

However, when moving to Item 1, the use of quantum oracle is seemingly necessary.
When considering the BQPUNaue@MA (orifier’s direct calls to Og, the correlation between the
verifier’s state and the oracle is naturally captured by the overlap of some intermediate state
and the projector onto the oracle subspace; we can get a lot of mileage by studying quantities
of the form “tr[IIgv]” and averaging over subspaces S. The calls to the circuit sat oracles A
require more careful handling. The challenge is, for each oracular circuit C“s on which the
outer verifier is called, we would like to show that the answer A(CPS) cannot help tell apart
the yes and no case oracles (with high probability). We establish this via a concentration
argument, enabled by our use of quantum oracles. In our case, we use a version of Levy’s
lemma for the Grassmannian (the space of k-dimensional subspaces of CV), due to [25].

» Lemma 13 (Levy's lemma on the Grassmannian (informal)). Let A be uniform over Gy
and TIa be corresponding projector. Given any quantum state 1) € CN/, with N' > N, we
have that

AP [l [0)w] = 2871 < exp (~poly(N))

Via Lemma 13 we show that the acceptance probabilities of oracular quantum polynomial
time circuits must concentrate when averaged over the random quantum subspace oracles. A
similar observation is made in [31] to rule out the possibility of a search-to-decision reduction
for QMA. We use this observation somewhat differently. Whereas [31] used concentration to
argue that on across yes instances the circuit behaves similarly, we instead want to argue the
same thing across yes and no instances. This requires a different and more intricate argument
considering the average acceptance probabilities in the yes and no cases individually. In the
specific form used in this work, we call this property “polarization”.

» Lemma 14 (Polarization of UniqueQMA oracle circuits). Let V be an polynomial-time
oracular verifier and k = N<, with o < 2/3. Then for any function f(n) € exp(le/‘l):

Pr  [AT(V) £ AV)] < f(n).

TNHaarN,k
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The final obstacle when designing oracle separations for relativized (or “stacked”) classes
is the fact that the natural complete problem for UniqueQMA, quantum circuit sat, is defined
as a promise problem. As mentioned above, we address this issue by defining an appropriate
“decision-extension” of the promise oracle.

» Theorem 15 (Relativized Oracle Separation). Let V7 be any L-query BQP verifier with
gates implementing controlled calls to the subspace reflection oracle OF, as well as an oracle
for UNIQUEQCIRCUITSATOS. Suppose VT solves QEmptyNonEmpty, with error at most
e € exp(—n). Then, if k > N¢ for some o € Q(1), then L € Q(N/k).

» Corollary 16. There exists a quantum oracle O such that BQPU"iq“eQMAO Z QMA°.

3.2 Separating QXC from QMAMA

In this section, we use the techniques from the previous result to obtain an oracle separation
between QMA and quantum approximate counting. This definition was introduced by [17].

» Definition 17 (Quantum approximate counting, QXC). Let V' be a m-sized QMA verification
circuit which takes a n-qubit state |Y) as input, with m € poly(n). Then, given thresholds

0<b<a<lwitha—b>—>~—, and an error parameter € >

W eOE —L__ " the approzimate
poly(n) poly(n

counting problem QXC is to compute an estimate D such that (1 —e)D, < D < (14 ¢€)Dy,
where D, is defined as the dimension of the witness subspace for which V accepts with

probability at least a, respectively for Dy.

We formalize the above as oracle promise problem ApxDim(k1, k2, N) = (Qves, Ono) With
ko < N and k1 < ko(1 — 1/poly(n)) where,

Each O € Qys corresponds to a reflection over a subspace S C CV of dimension ki, with

O =1-2g.

Each O € Qo corresponds to a reflection over a subspace T C CN of dimension ks, with

O =1-2[y.

Intuitively, the different parameters can be attributed to the fact that in UniqueQMA, the
unique witness condition affords structure even within the YES case instances (thus, both
subspaces of dimension ~ 2kin and = 252" can be treated as YES cases). For QMA, we need
to treat the dimension > 252" as a NO case in order to carry through similar arguments. As
in the case of UniqueQMA, we will combine an (classical) oracle separation between QMA
and QXC as well a version of the polarization lemma for QMA verifiers.

» Theorem 18 (QMA query lower bound for ApxDim). Let ki € o(N) and ko = 2k;. Let
VO be an oracular QMA verifier deciding ApxDim(ky, ko, N) with error ¢ < exp(—n). Then,

LeQ(/N/k).

» Lemma 19 (Polarization of QMA oracle circuits). Let C be any n’ = poly(n)-qubit QMA
circust which makes L € o(\/N/k1) queries to a n qubit oracle Os =1 — 2IIs. Let S be a
dimension ki subspace. Let T be a ko < N?/3 dimensional extension of S. Then for some
decision-extension A of an oracle for QCiruitSAT(n,1 —n),

.
LB A £ AT < 2.

where v < exp(—N/?).
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» Remark 20. A similar lower bound where dimension k; corresponds to the YES case and
dimension ks corresponds to the NO case is obtained in [51, 3] but through much more
intricate methods utilizing a version of the polynomial method for Laurent polynomials. Our
proof is much simpler and gets the same quantitative bound, which is shown to be tight in [3,
Theorem 5]. However, their techniques are better in that their lower bound is symmetric (it
also works when the YES case is the larger subspace, and the NO case is smaller). Intuitively,
this is because their proof goes via the inclusion of QMA in SBQP, the exponentially precise
analogue of BQP, and thus is not sensitive to a witness.

In both separations, the polarization property puts strong limitations on the way the
outer verifiers can interact with the circuit sat oracles. As such, we hope these techniques
will generalize beyond our setting to yield lower bounds against verifiers querying quantum
oracles, such as those capturing constant stacks of QMA (the “QMA hierarchy”).

Finally, we make a remark on our (classical) oracle separation of QMA and QXC. One
might be tempted to leverage an argument similar to [4] to remove the outer witness. This
does not work, as the witness in our case is quantum and would require conditioning on a
event with probability < exp(—2p°'y(”)). Instead, we use a hybridization argument similar to
the UniqueQMA proof. When extending a (yes case) small subspace S to a (no cases) larger
subspace S @ A, the only way the QMA algorithm changes its behavior is that the witness
overlaps with A. Thus, choosing many orthogonal extensions A leads to a contradiction. This
recovers the QMA lower bound for classical approximate counting (with quantum queries)
of [3], albeit by a much more straightforward proof without involving the machinery of
Laurent polynomials used in [3].

» Theorem 21 (Query lower bound for QMASMA). Let V' be any m = poly(n)-qubit, L-
query oracular QMA werifier which purports to solve the n-qubit oracle promise problem
QApxDim(ky, ko, N) with error ¢ < exp(—n) and k; < ky < N?/3. Suppose V has gates
implementing controlled calls to a n qubit subspace reflection oracle OF, as well as an n, < n’

qubit oracle A for QCIRCUITSATOS. Then L € Q(N1/3).

» Corollary 22. There exists a quantum oracle O such that QXC° ¢ QMAQMAO,

3.3 Protocol for unique verification

The oracle separations in the previous section suggest that we need to use the structure of
QMA problems if we want to have a chance to design a unique verifier. In this section, we
describe a UniqueQMA verification protocol for local Hamiltonians that are sufficiently chaotic
in the sense of the eigenstate thermalization hypothesis (ETH) — an influential hypothesis in
quantum statistical mechanics.

3.3.1 Eigenstate thermalization hypothesis

Thermodynamics expects the evolution of a generic many-body system to be ergodic, meaning
that the system evolves to eventually explore all possible configurations and thermalize.
However, the evolution of a closed quantum system is governed by the Schrodinger’s equation
which is reversible and also leaves eigenstates invariant. Why do individual energy eigenstates
of a large, interacting quantum system look thermal when probed by “simple” observables
(like local operators), even though the full wavefunction evolves unitarily without randomness?
A widespread explanation to this seeming paradox is the eigenstate thermalization hypothesis
(ETH) [23, 56], which has produced many predictions in agreements with thermalization on
many physical systems [21]. ETH has many slight variants, but they are typically a set of
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assumptions about generic Hamiltonians that, informally, predicts that the eigenstates locally
resemble a Gibbs state, and furthermore, local observables obey certain random matrix
behaviors in the Hamiltonian energy eigenbasis inspired by quantum chaos and random
matrix theory.

The first mathematically clean and consistent description of ETH was proposed by
Srednicki [56], which is in turn inspired by Wigner’s pioneering random matrix theory
(RMT) framework of analyzing quantum systems using statistical methods. Srednicki’s ETH
proposes a “chaotic” behavior of local operators in the eigenbasis of a local Hamiltonian. It
is hard to characterize precisely how a local operator A may act on an energy eigenstate
|v;), so ETH leverages randomness to state that the matrix elements of a local operator A
“looks like” (v;| A |v;) = ¢;0;  + e_S/QRij, where ¢; is some quantity capturing (v;| A |v;) and
Vi), |v;) are eigenstates with nearby eigen-energies (a local operator cannot connect far away
eigenstates - see [12]) and S is the entropy within this window. Crucially, R;; are chosen
to be i.i.d random Gaussians. More formally, we consider the following formulation closely
following [19, Section IV], which is arguably more mathematically concrete than [56] to work
with at a rigorous level.

Let us first introduce some notations. Fix an energy ey > n%% and A = 1/poly(n)
throughout this section®. Denote by Za the energy window of width A/2 around e,
IA = eo — %, e + %] Denote by IIa the projector onto the subspace of eigenstates with

energy e € Za. We will always think of the eigenstates as ordered by non-decreasing energies.

» Hypothesis 23 (Srednicki's ETH ansatzes). Consider an n-qubit local Hamiltonian H and
a narrow energy window of width A around an energy eg. The corresponding “ETH ansatz
ensemble”, denoted G, is a distribution over Hermitian operators A ~ G with parameters
{ttata and {fa.p}a,p, whose entries within the said window have the form

fozﬁ

ol Als) = s+ A

Jo,B5 (2)
whenever the energies of the eigenstates |vy), |vg) are in the interval Za. In the off-diagonal
entries, ga,3 = gj,, are complex i.i.d. Gaussians with mean 0 and variance 1. The real
coefficients fo g represent flexibility in the variance of the Gaussians, subject to fo. 3 = f3,a
due to the Hermitian condition and f < fo. 3 <1, where f is a constant. The diagonal entries
ta = (Va| Alva) are non-random, but smoothly vary within the window Ia (as a function
of the eigenenergy). The normalization factor Tr(IIa) is simply the number of eigenstates
within this window, as IIn denotes the projector onto them. All these prescriptions are subject
to the (global) constraints A = A" and ||A|| = 1. *

We say that H and a collection of local ® observables Ay, ..., A,, satisfy ETH within the
Ia window around energy eq if these operators “look like” randomly drawn from the ETH
ensemble.

A quick objection to the ETH ansatz is - where is the randomness coming from? And
what does “look like” mean? Clearly the Hamiltonian is fixed and the statement is being
made for all eigenstates in the energy window. The view is that we make a choice of g5 by

ETH is usually defined for “extensive” energies, those that scale linearly with the system size. Our
threshold n%% is just a way to capture this without introducing another parameter to set the extensive
threshold.

This can be guaranteed by the countering fluctuations in the entries outside of the window Zx .

The locality of A; is typically allowed up to o(n), but A; should be simple (like Pauli, or efficiently
implementable). For this work, it suffices to think of A; as constant-local Pauli operators.
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drawing from iid Gaussian and then fix them for the entire calculation (and any predictions
are taken “with high probability”). Given that H is a complicated object, the belief is that
we would be unable to tell a difference (with high probability over the ETH ensemble) if we
did calculations using the precise entries of the A’s in the energy eigenbasis. Such behaviors
have been experimentally and numerically verified in many physical quantum systems [48],
as well as generic, random Hamiltonians, such as the famous SYK model, where ETH is
postulated to hold, see [21, Section 4.3].

In this work, we take this computational indistinguishability viewpoint to design a unique
verification protocol for ETH Hamiltonians, but we hope the formulation below could be
useful for other applications of ETH in complexity theory.

» Hypothesis 24 (Computational ETH). Setup:

(The Hamiltonian) Consider an n-qubit local Hamiltonian H and a fized energy window Ta
around eqg. Suppose that H has non-clustering of eigenstates in the window T .

(The Experiment) Consider a polynomial-time algorithm N that takes in an input state |€)
promised to be inside Ta and runs a polynomial-sized circuit (possibly with ancillas) that
ends with a binary POVM {Acc,1—Acc}. Furthermore, there is a set of m = poly(n) local
Pauli operators Alg = {A, ..., An}, such that N consists of gates that depend directly
as a black-box on {A1,..., An} and the individual local terms in H (which for examples
could be time evolutions of any of these operators, or measurements, etc.)

(The ETH Ensemble) Let N7 be an algorithm obtained by the following procedure: (1) iid
sample a set of operators Alg = {A},..., A} from the operator ensemble defined
in Hypothesis 23, (2) replace the components related to Alg in N by their Alg’ versions °.

More precisely, within the window Za, each Al has the form

Jap

va| Al lvg) = pl ba.p +
(el 451 = o+ 22

gfx,ﬁa (3)

where the coefficients and random variables are as described in Hypothesis 23. Note that
the diagonal entries ul, are non-random and thus depend on A;, so that distinct A’ is
sampled from a distinct distribution. The gfx’ﬂ are normal complexr Gaussian variables
sampled iid across different i.

Then, we say H and N satisfy the computational ETH within the energy window Ta if it
holds, with high probability over the randomness of the ETH ensemble, that

Tr((N(&) — N'(€))Acc) < egTn = negl(n), V states & of energy € Ta. (4)

The above computational version is an attempt to capture in the computer science
language the common physicists’ interpretations of ETH. Above, we allow the “experiment”
to be beyond BQP: it can be given a proof (untrusted, except for the fact that its energy is
within Za which can be efficiently verified). This allows us to work in the context of QMA.
The egry is similar to the distinguishability advantage encountered in cryptography. Here
we take it to be negl(n), but we actually only need egry to be a sufficiently small constant
to guarantee the performance of our UniqueQMA verifier in this section.

5 These A’ may require exponential circuit complexity, but we think of them as a black box, and these
replacements only appears in our calculations.
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3.3.2 Verifying a unique state in an energy window satisfying ETH

Given a local Hamiltonian H on n qubits, in this section, we give a protocol that uniquely
accepts a specific state in a known energy window around eq satisfying certain properties
that will be instantiated by ETH.

The intuition behind the protocol comes from tests of entanglement via quantum ex-

panders [10]. More precisely, the EPR state |Q) = % Zi1 |i4) can be tested locally using

unitaries of the form U @ U. We briefly explain the idea: Clearly, U ® U|Q) = |Q) for
any unitary U € SU(D) so any averaged operator over the actions U; ® U; for unitaries
U; € SU(D),i=1,..., M satisfies 77 M U;eU|Q) = Q). A quantum expander is roughly
a collection of unitaries U;, such that the second highest eigenvalue of % Zf\il Uy U, is
bounded away from 1. Such quantum expander families exist with surprisingly small M
and constant gap between second highest eigenvalue and 1 (see e.g. [27, 29]). Another
common approach, used e.g. for self-testing, is to pick the local Pauli operators, which results
in an inverse polynomial gap between the second highest eigenvalue and 1 (see e.g. [46]).
The expectation value - Z?L(MUZ- ® U;|1) can be efficiently estimated in many settings
and suggests a simple test: If the above expectation is close to 1, then |1)) is close to |©).
Otherwise, 1) and |Q) are far from each other. In particular, |2) is uniquely accepted by this
text. A plausible strategy is therefore to use this principle to uniquely verify the maximally
entangled state on two copies of the space spanned by the eigenstates in an energy window.
It will turn out that we cannot actually guarantee that the uniquely accepted state is the
maximally entangled state on these subspaces. But for our purposes it will suffice that the
Perron-Frobenius theorem guarantees the existence of a non-degenerate highest eigenvalue
for an eigenstate with non-negative entries. Then, Merlin can simply send this state and
Arthur can uniquely verify the ground state energy via a quantum expander.

Two obstacles prevent us from applying this naively: 1) A general unitary will move not
respect the subspace spanned by eigenstates with energies in a window and 2) even if we
can apply such unitaries we need to bound the gap of the averaging operator to guarantee
uniqueness. We solve 1) by considering unitaries of the form e~**4 for sufficiently small,
but constant € > 0, which approximately preserve subspaces. We then use phase estimation
to prepare measurements of the energy window and effectively apply the projector onto
the respective subspaces. In order to approach 2) we invoke the ETH: By choosing the
A; to be local (think local Pauli matrices), their matrix entries in the energy window are
indistinguishable from the Gaussians in Hypothesis 23. We then use probabilistic techniques
to show with high probability over the Gaussians A} that the operators Eje e @ =4 are
sufficiently gapped. In particular, for the Gaussian A} we obtain a gap and, consequently,
unique verification. The ETH then guarantees that any quantum algorithm using the correct
A; will have the same behavior.

Finally, we assume there is a known energy eg and interval Za such that the above
properties holds.

» Assumption 1 (Existence of “good” Energy). There exists a known energy eg € (0,1) and
value A such that Hypothesis 24 holds. Furthermore, eq can be represented by O(logn) bits.

Given the existence of this energy window, we use quantum phase estimation to approx-
imately implement the projector IIn onto this subspace. In the algorithm, we use II to
indicate this projector, with subscripts indicating the registers on which the projector acts.
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Algorithm 1 Energy subspace test Alg.

Input: state |¢) on the registers Rg,g, Réig

1 Prepare and append |'“>Rfj,)x "“>R§f,)x to ‘ngl,Réil’ where |u) = ﬁ Zé:_ol k).
Measure {HR(1>

sy
orl— HR<2)R(2) is obtained.
sysRatx

3 Measure R(!) in the basis {HR@ =Tl 1 R in the basis {HR@ A =1l } and

aux aux
reject if I — g or I =1l ) is obtained.

aux aux

N

NOR I— HRS;ZR(I) }, {HRéf,le,)x’ I— HRff,ZR(Q) } and reject if I — HR(1)R(1)

sys Naux sys Naux sys Naux

4 Prepare a register Reontror and define the state \/% >illi 0 G DR )
Controlled on [i,0)(4,0]g_ , apply e4i on Rg,l and e~**4i on Réig Controlled on
|i, 1i, 1|, apply e~**4¢ on Rgbl,g and €47 on jog

5 Repeat Steps 2,3.

6 Measure Reontrol to see if the register is in \/% il 0 A6 D ). Reject

if it is not.

We show that the above algorithm indeed succeeds in verifying the existence of a unique
ground state.

» Theorem 25 (Energy Subspace Test). Fiz a parameter ey and consider a Hamiltonian H.

There exists an algorithm Alg = Alg(H, e, L) (where L = poly(n) is a precision parameter)

such that

1. If \o(H) > ep + % then Alg accepts with probability at most %

2. If \o(H) < eg and eq satisfies Assumption 1 w.r.t. H, then there exists a unique state |¥)
such that Alg accepts on input | V) with probability at least 2

5, and on states orthogonal to
|¥), Alg accepts with probability at most %

4 Physical relevance

On the surface, our first result can be viewed as evidence that UniqueQMA is not equal to
QMA. An alternative interpretation is via a characterization due to [9]; in that paper, the
authors show that the class of local Hamiltonians with an inverse polynomial spectral gap is
UniqueQMA complete. Thus, our oracle separations give evidence that the local Hamiltonian
problem is easier for inverse polynomially gapped instances’. This is interesting from a
physics perspective as many classes of physically relevant Hamiltonians are known to have an
inverse polynomial spectral gap (e.g., ferromagnetic Heisenberg [38], 1D AKLT [5], Movassagh-
Shor [42]). In particular, the presence of a spectral gap in these models immediately makes
studying various properties more tractable [47, 40]. Thus our work provides some evidence
for the physical intuition that inverse polynomially gapped Hamiltonians are “easy” by
separating such Hamiltonians from QMA, under an oracle.

Our third result has implications for the Eigenstate Thermalization Hypothesis. If UniqueQMA
and QMA are not equivalent (under quantum reductions), then hard instances of the local
Hamiltonian problem cannot satisfy ETH in its low energy window (near-extensive). This
violation of ETH is robust against adversarial perturbations of near-extensive strength.
Under the quantum PCP conjecture [8], which states that there are local Hamiltonians such
that ground energy estimation is QMA-hard even up to extensively scaling accuracy, the

7 A more recent work [22] also studied the role of the spectral gap in small promise gap regimes.
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latter statement can be extended to extensive energy scales. In other words, if UniqueQMA
and QMA are not equivalent, then quantum PCP Hamiltonians need to robustly violate
ETH. Note that the same assumption implies QMA-hard Hamiltonians are not many-body
localized [44] either. Thus, our results suggest that these Hamiltonians may correspond to
an interesting phase of matter that is robust against adversarial perturbations.

We expect our unique verification protocol to work for families of random quantum
Hamiltonians such as random spin systems [24] or the SYK model [49, 34, 35, 30]. If random
quantum Hamiltonians satisfy a sufficiently strong variant of ETH, our result implies that the
average-case is considerably easier than the worst-case, under the assumption UniqueQMA
and QMA are not equivalent. Indeed, randomized versions of NP-hard problems such as
optimizing the Sherrington-Kirkpatrick model [52] have been proven to be average-case
easy [41].

5 Open problems

There are multiple avenues to continue this work. Here, we list a couple:

Mulmuley, Vazirani, and Vazirani [43] introduced a variant of the isolation lemma in [59],
by introducing random weights to the edges of a graph to isolate a unique maximally
weighted clique. The quantum analogue of this approach is to consider the quantum
variant of the Clique problem, which is QMA hard [14]. It seems to suffer with issues
analogous to those raised in [9]: introducing poly(n) amount of randomness does not
suffice to single out a unique quantum witness. Can the ideas in [43] still be useful in
some quantum problems?

Theorem 2 demonstrates a quantum oracle to which QXCO Z QMA . We expect
our tools can be extended to showing separations for constants stacks of QMA (i.e. for
the QMA hierarchy [2])? Extending our argument to, e.g., QM/—\QNIAQMA would require 1)
showing polarization for QMARMA circuits, and 2) a two-sided query lower bound, along
the lines of [51], but for relativized classes.

QMA®

Theorem 3 constructs a quantum algorithm that verifies some low energy state under ETH.
Can we verify a more natural low energy state assuming ETH, such as the purification of
Gibbs state (called the thermofield double state)? Note that, due to the Feynman-Kitaev
circuit-to-Hamiltonian mapping [36], uniquely verifying a state is equivalent to the state
being a near ground state of a local Hamiltonian with inverse polynomial spectral gap.
Such local Hamiltonians for the thermofield double state have been constructed under
physics-motivated assumptions in [20].

Our results hint at a separation between worst-case and average-case local Hamiltonians.
Random spin Hamiltonians [24] or the SYK model [49, 34, 35] are expected to satisfy
the ETH and are therefore solvable by a UniqueQMA machine. It is interesting to find
more evidence for the easiness of average-case Hamiltonians. Recent work studies the
complexity of approximating the maximal energy of the SYK model. Ref. [30] provides
a quantum algorithm to prepare a state with energy cy/n — a constant fraction of the
expected optimum. Ref. [11] finds further evidence that estimating the energy of the
SYK might even be quantumly easy. More concretely, they show that the annealed and
quenched free energies agree at inverse polynomial temperatures. This is in contrast to
classical random spin systems where these quantities disagree when the system is in a
“glassy” phase that is algorithmically hard.
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