Classical and Quantum Polynomial Freiman-Ruzsa
Algorithms

Srinivasan Arunachalam =
IBM Quantum, Almaden Research Center, Almaden, CA, USA

Davi Castro-Silva &
Department of Computer Science and Technology, University of Cambridge, UK

Arkopal Dutt =
IBM Quantum, Cambridge, MA, USA

Tom Gur &
Department of Computer Science and Technology, University of Cambridge, UK

—— Abstract

We prove algorithmic versions of the polynomial Freiman-Ruzsa theorem of Gowers, Green, Manners,
and Tao (Annals of Mathematics, 2025) in additive combinatorics. In particular, we give classical
and quantum polynomial-time algorithms that, for A C F5 with doubling constant K, learn an
explicit description of a subspace V C F% of size |V|< |A| such that A can be covered by K¢
translates of V/, for a universal constant C' > 1.
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1 Introduction

The Freiman-Ruzsa theorem [16, 25] is a cornerstone of additive combinatorics with diverse
applications to theoretical computer science (cf. [23]). Loosely speaking, the theorem shows
that sets exhibiting approximate combinatorial subgroup behaviour must be algebraically
structured. To make this precise, recall that a set A has doubling constant K if | A+ A|< K|A|,
where A+ A ={a+ad'; a,a’ € A}. Note that A has doubling constant 1 if and only if it is a
subgroup or a coset of a subgroup, and in turn, the doubling constant of A can be thought of
as a combinatorial measure of the approximate subgroup behaviour of sets. In this paper, we
focus on subsets of 5. In this setting, the Freiman-Ruzsa theorem states that sets A C Fy
with |A 4+ A|< K|A] is covered by exp(K) translates of a subspace V C F5 of size |V|< |A].

Marton conjectured that the aforementioned dependency in K can be improved to a
polynomial, in what became widely known as the Polynomial Freiman-Ruzsa (PFR) conjecture.
Over a decade later, Sanders proved a quasipolynomial Bogolyubov-Ruzsa theorem, which
implies a version of the Freiman-Ruzsa theorem with quasipolynomial dependency on the
doubling constant K. In a recent breakthrough, the PFR conjecture was proved by Gowers,
Green, Manners, and Tao.
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» Theorem 1 (Combinatorial PFR theorem [17]). There exists a polynomial Py : Ry — Ry
such that the following holds. For anyn > 1, if A CFY satisfies |A + A|< K|A|, then A is
covered by at most Po(K) translates of a subspace V. C Fy of size |V |< |A].

A key reason for the importance of the PFR theorem in additive combinatorics is that it
provides means to transition from a combinatorial notion of approximate subgroup structure,
captured by constant doubling, to an algebraic notion, captured by a bounded subspace-cover,
at only a polynomial cost.

1.1 Algorithmic PFR

The PFR theorem (and the closely-related quasi-polynomial Bogolyubov-Ruzsa theorem)
also provide powerful tools that found diverse applications to theoretical computer science,
including linearity testing of maps f:Fy — FL* [26], constructions of two-source extractors
from affine extractors [28], communication complexity lower bounds [9], super-polynomial
lower bounds on locally decodable codes [11], constructions of non-malleable codes [1], higher-
order Goldreich-Levin theorems [27, 21, 12], sparsification algorithms for 1-in-3-SAT [8],
quantum proofs for classical theorems [14], quantum and classical worst-case to average-case
reductions [5, 6], tolerant quantum testing of stabilizer states [4], quantum learning of
structured stabilizer decompositions [3], and beyond.

However, when considering applications of the PFR theorem and similar tools to theoretical
computer science as above, it is often necessary or desirable to have an efficient algorithmic
statement, where an explicit description of the subspace can be learned efficiently, as opposed
to an existential combinatorial statement. Indeed, the naive algorithm that extracts the
subspace runs in time O(2"). Fortunately, for the quasi-polynomial Bogolyubov-Ruzsa
theorem, Ben-Sasson, Ron-Zewi, Tulsiani, and Wolf [10] showed an algorithmic version, which
extracts a subspace in time O(n?logn).

The above motivates a natural question that arose after the resolution of the PFR
conjecture [17]. Namely, now that we know that a subset A of constant doubling can
be covered by at most a polynomial number of translates of a subspace H C F3 of size
|H|< |A|, can we learn the subspace H efficiently?. We refer to this as the “algorithmic PFR
question.” Our main contribution answers this question by proving an algorithmic version
of the polynomial Freiman-Ruzsa theorem, where the covering subspace can be learned
explicitly in poly(n)-time. In the following, a query to a set A C F% is an evaluation of
the characteristic function 14(z) for a chosen z € F%, and a random sample from A is a
uniformly chosen element a € A.

» Theorem 2 (Algorithmic PFR). There exists a polynomial Py : Ry — Ry such that the
following holds. Let A C F% satisfy |A + A|< K|A| for a doubling constant K > 1. There
is an O(n*)-time randomized algorithm that uses O(log|A|) random samples and O(log?|A|)
queries to A which, with probability at least 2/3, returns a subspace V< % of size at most
|A| such that A can be covered by Py(K) translates of V.

We remark that the probability of success 2/3 is arbitrarily chosen and can be amplified
via standard error-reduction techniques. The algorithm returns the subspace V' specified
by an explicit basis. As typically viewed in additive combinatorics, the doubling constant
K is a constant independent of n (as constant doubling implies structure), and in turn our
asymptotic notation suppresses factors of K.
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Quantum algorithms. En route to obtaining our algorithmic PFR theorem, we obtain
quantum algorithms with query complexity (which we then dequantize; see the techniques
section) and time complexity! that is a factor-n lesser than the classical algorithms. Namely,
we show the following theorem.

» Theorem 3 (Quantum Algorithmic PFR). There exists a polynomial Py : Ry — Ry such
that the following holds. Let A C FY satisfy |A+ A|< K|A| for a doubling constant K > 1.
There is an O(n3)-time quantum algorithm that uses O(log|A|) random samples and quantum

queries to A which, with probability at least 2/3, returns a subspace V< FY of size at most
|A| such that A can be covered by Py(K) translates of V.

Optimality. We complement our algorithms by also showing that both of our classical and
quantum algorithms are asymptotically optimal in terms of the query complexity dependence
in n, up to a logarithmic factor. In particular, we show that Q(n?) queries to the set A are
necessary for classical algorithms in order to output the subspace V. Similarly, we show that
Q(n) quantum queries to the set A are necessary. Our lower bounds are proven via a simple
information-theoretic argument. Finally, we note that random samples are necessary to hit
A in the case it is sparse, and information-theoretically, it is necessary to obtain Q(log|A|)
samples from A in order to hit at least a basis for A. Further details and precise statements
are included in the full version of the paper [2].

1.2 Homomorphism testing and structure-vs-randomness decomposition

A key reason for the power and centrality of the PFR theorem is its applications to deriving
strong structural theorems regarding homomorphism testing and structure-vs-randomness
decomposition. However, while the PFR theorem is known to be equivalent to the aforemen-
tioned structural theorems [18, 19], the equivalences are not trivially algorithmic. Nonetheless,
we provide versions of these theorems that admit efficient algorithms.

The first theorem is concerned with local-to-global phenomena. Namely, it shows that
if a map f : FJ* — [F} satisfies a local affine-linear constraint with a significant probability,
then it must be globally close, in fractional distance, to an affine-linear map, which can be
efficiently learned. This statement is useful because it connects the PFR theorem to property
testing and coding theory.

» Theorem 4 (Homomorphism testing). There exists a polynomial Py : Ry — Ry such that
the following holds. Let f : F5* — F4 satisfy

Pr [f(z1) + f(w2) = f(zs) + f(24)] = 1/ K.
T1+ro=x3+T4
Then, there is an affine-linear function g : F3* — FL such that f(x) = g(z) for at least
2™ | Py(K) values of x € F5*. Furthermore, there is an O((m+n)3)-time randomized algorithm
that, with probability at least 2/3, learns a concise representation of g.

The second theorem also exhibits local-to-global structure, this time by showing that
maps that are locally an approximate homomorphisms admit a structured decomposition,
which can be efficiently learned.

! In the context of quantum algorithms, by time we mean the total number of single and two-qubit
quantum gates used in the quantum algorithm.
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» Theorem 5 (Structured approximate homomorphism). There exists a polynomial Py : Ry —
Ry such that the following holds. Let f : F5* — F3 satisfy

{f(@)+ fly) = flx+y): z,y e Fy'}| < K.

Then [ may be written as g + h, where g : F3* — F2 is linear and |Im(h)|< P3(K).
Furthermore, there is an O((m + n)3)-time randomized algorithm that, with probability at
least 2/3, learns a concise representation of g.

We refer the reader to [2] for the proofs of these results, below, we give an overview of
the technical details.

2 Technical overview

A natural approach for proving an algorithmic PFR theorem is to try to algorithmize each
step in the proof of the PFR conjecture given in [17], which would in principle provide a result
similar to Theorem 2. Unfortunately, the aforementioned proof relies heavily on entropic
methods that are non-algorithmic by nature and it is unclear whether such machinery can
be transformed into efficient algorithms. To overcome this barrier, we take a detour through
quantum algorithms.

2.1 Stabilizer learning and the Gowers U3-norm of quantum states

In a recent breakthrough, Chen, Gong, Ye, and Zhang provided an efficient quantum
procedure to learn the closest stabilizer state to a given quantum state [13]. The connection
between this task and additive combinatorics was first noted by Arunachalam and Dutt [4],
who used the following definition of the Gowers U3-norm of an arbitrary n-qubit quantum
state |¢) = ermg f(@)|z) (where (f(x)), is an £o-unit vector)

1/23

1) lys = 2772 E IT e @ +w-h) ; (1)
]FS

z,h1,ha,h3€lFy we

where CI¥I f = fif w = Zje[:&] w;j is odd and f otherwise. This is proportional to the Gowers
U3- norm of the function f encoded in the amplitudes of the state |+)), but normalized so
that [|[¥)[ys < [Ifll,, = 1.

Arunachalam and Dutt showed that stabilizer states are the extremizers of the Gowers
U3-norm over quantum states? and that a quantum state has non-negligible U3-norm if
it correlates with a stabilizer state. Moreover, using the PFR theorem (Theorem 1), they
showed the converse was true as well and obtained a polynomial Gowers inverse theorem
for quantum states: the U-norm of a quantum state and its maximal correlation with a
stabilizer state are polynomially related (see also [7, 24]). As such, our high-level strategy is
to use the stabilizer learning protocol in [13] to obtain a quantum algorithmic version of the
polynomial Gowers inverse theorem, which is known to also be equivalent to the PFR theorem
due to work of Green and Tao [20] and of Lovett [22]. We then arrive at an algorithmic
result, albeit quantum, of a statement that is combinatorially equivalent to PFR.

2 Although an explicit description of these extremizers appeared in the literature on higher-order Fourier
analysis in 2012 [15], the link to quantum theory appears to have only been made only recently.
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However, as discussed in the previous section, it is non-trivial to make such combinatorial
equivalences algorithmic. In this paper, we algorithmize a proof of equivalence between these
two results (inspired by the proofs of Green-Tao and Lovett), thus allowing us to employ the
stabilizer learning algorithm [13] to obtain efficient quantum algorithms for the PFR theorem
and the structural theorems stated in Section 1.2.

Classical algorithms via dequantization. After obtaining the quantum algorithms above,
the last ingredient needed is a method to dequantize these algorithm so as to obtain efficient
classical algorithms for PFR; as stated in Theorems 2, 4 and 5. Towards this end, we use
in our arguments the machinery developed by Briét and Castro-Silva [12] to replace the
quantum learning algorithm in [13] by a classical algorithm that emulates it. This allows us
to obtain analogous algorithmic results in the classical setting, at the expense of quadratically
worse query complexity than in the quantum setting. This quantum-to-classical blow-up is
inherent, and indeed, we prove it is necessary and essentially optimal.

2.2 Proof sketch of main theorem

With the strategy above in mind, we proceed to give a high-level outline of the proofs of
Theorems 2 and 3, which build on the combinatorial arguments of Green and Tao [20] and
Lovett [22]. Our other algorithmic results follow via similar methods from these two theorems
and the combinatorial arguments of Green and Ruzsa [19].

Suppose we have sample and query access to a set A C FJ such that |A + A|< K|A] for
a doubling constant K > 1. We shall first need to localize A inside the space Fy, which
in applications can be much larger than A itself (indeed, this is the reason why sample
access to A is necessary). We do this by first sampling O(log|A|) uniformly random elements
from A and taking their linear span, which we denote by U < F3. While U might not
contain all of the original set, using the fact that A has bounded doubling we can show
that their intersection A’ := AN U will likely comprise at least half of the points in A (for
a careful choice of parameters). This allows us to shift attention from A, which can be
arbitrarily sparse inside F%, to the localization A’, which occupies a positive fraction (at
least a 272K _fraction) of the vector space U, by the Freiman-Ruzsa theorem. Note that A’
will also have small doubling constant:

|A' + A|< |A + A< K|A|< 2K A

We next wish to obtain a “dense model” of the localized set A’; that is, a set S C F5
that is “additively equivalent” to A’, as captured by the notion of Freiman isomorphisms,
but which has density at least 1/K¢ (for a universal constant C' > 1) inside its ambient
space F5*. In particular, we show that with high probability a uniformly random linear
map 7 : U — F*, for m = log|4A’|+10, will be a Freiman isomorphism (i.e., isomorphism
of additive quadruples) from A’ to S := w(A’). Informally, this means they have the same
additive structure, and hence such a dense model can be efficiently obtained by sampling.

Equipped with the localized dense model, we proceed to learn the covering subspace.

Denote by f: S — A’ the inverse of m when restricted to S. By the definition of Freiman
isomorphisms, we have that

Va,b,c,d€S: a+b=c+d = f(a)+ f(b) = f(c) + f(d).
From this approximate linearity condition of f on S, we can show that the function
g(z,y) = Ls(w)(~1)/ v

is approximately quadratic.
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In particular, following the approach of Green [19] and Green-Tao [20], we show a slight
strengthening of the homomorphism testing formulation of the PFR theorem, which we then
proceed to algorithmize, relying on tools such as the quadratic Goldreich-Levin theorem. In
more detail, we first prove that there exists a quadratic function ¢ : IF;”JF" — F5 such that

V@] > L
mew@yeﬁg 15(z)(-1) (—1) > P (2)
for some polynomial P:R; — R,.

Crucially, we can efficiently learn such a high-correlation quadratic function ¢. This is
done relying on the stabilizer learning algorithm of Chen et al [13] in the quantum setting,
or its dequantization by Briét and Castro-Silva [12] in the classical setting. In order to use
those theorems, however, we need to be able to efficiently query the function g(x,y). This
requires making queries to the set S = 7(A4’), and inverting the linear map 7 restricted to A’.
We show how this can be done using a O(n?) time pre-processing step, and an extra cost of
O(n?) time for each query to g. The total time and query complexities of our algorithms
follow from this step.

From Eq. (2) and algebraic manipulations, we conclude that the homogeneous bilinear form

B(z,y) = q(x,y) — q(,0) — q(0,y) + ¢(0,0)

correlates well with g(z,y). Since we obtained an explicit description of ¢, we can compute a
matrix M € F3*™ such that B(z,y) = y” M. By a simple Fourier analytic argument, we
can then conclude there is some v € F5 such that

f(x) = Mz +wv for at least 2™/P'(K) values x € S,

where P": R, — R, is another polynomial we obtain in our proof. This implies that the
subspace

V={Mz: zeFy} <F3
satisfies
AN (v + V)| =[Im(f) N (v+ V)| >2"/P(K) > |A|/P'(K).

By an application of Ruzsa’s covering lemma, we conclude that P’'(K) translates of V' can
cover A. By our choice of m and the fact that A’ has bounded doubling, we deduce that
V is covered by 2™ /|A|< 212K* translates of any of its subspaces having size |A|, which
concludes the high-level overview of the proof.
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