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—— Abstract

We consider the communication complexity of the graph connectivity problem, where the edges of
an n-vertex undirected graph G are distributed between two parties Alice and Bob, who are then
required to communicate to determine if GG is connected. We show that in any randomized protocol
with two-rounds of communication, Alice and Bob must exchange Q(nlogn) bits; such a lower
bound for one-round protocols was shown by Sun and Woodruff (APPROX/RANDOM 2015). A
one-round deterministic protocol, where Alice sends O(nlogn) bits and Bob determines the answer,
was observed by Hajnal, Maass and Turan (STOC 1988); they also showed a matching lower bound of
Q(nlogn) bits for deterministic protocols with unbounded rounds of communication. For randomized
protocols, a reduction from the set disjointness problem due to Babai, Frankl and Simon (FOCS
1986) implies a randomized lower bound of ©(n) even with unbounded rounds of communication.
Whether this lower bound can be improved to ©(nlogn) has been an outstanding open question,
whose algorithmic implications were recently emphasized by Apers, Efron, Gawrychowski, Lee,
Mukopadhyay and Nanongkai (FOCS 2022). Our lower bound for randomized two-round protocols
is based on a reduction from a restricted version of the two-player pointer chasing problem originally
studied by Papadimitriou and Sipser (JCSS 1984). Using this reduction, we show an w(n) lower
bounds on graph connectivity for any constant number of rounds by extending deterministic lower
bounds shown by Ponzio, Radhakrishnan and Venkatesh (JCSS 2001) to the randomized setting.
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1 Introduction

Graph problems have been extensively studied in various computational settings — algorithms,
decision trees, streaming algorithms, distributed algorithms and communication protocols.
In this paper, we focus on the two-party communication setting: the edges of the n-vertex
undirected graph G = (V, E) are distributed between two parties Alice and Bob (some of
the edges may be given to both), who then need to exchange messages in order to compute
some function of G; the goal is to minimize the number of bits exchanged. Early works [4, 7]
investigated properties such as connectivity, st-connectivity, bipartiteness, proving both lower
and upper bounds on the amount of communication needed in this model. Other properties
such as triangle-freeness, existence of Eulerian tours, k-edge connectivity, and cycle freeness
among others have been studied and new lower bounds have been obtained in subsequent
works [8, 19]. More recently, graph problems have been extensively studied for trade-offs
between space requirements and the number of passes for streaming algorithms for estimating
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quantities like matchings, cuts, etc., in various settings (see [2] and the references therein).
Lower bounds in these settings are also typically shown by considering the communication
complexity of some associated graph problem.

A fundamental problem in this domain is the connectivity problem Conn,: Alice and
Bob need to determine if G is connected. The randomized complexity of this problem was
studied by Babai, Frankl and Simon [4], who showed a reduction from the set disjointness
problem; when combined with the Q(n) lower bound for the set disjointness problem [18, 9],
this implies an Q(n) lower bound for the randomized communication complexity of Conn,,.
There exists an O(nlogn)-bit 1-round deterministic communication protocol: Alice sends a
spanning forest of her edges to Bob, who then determines the answer. Hajnal, Maas and
Turan [7] showed a deterministic lower bound of Q(nlogn) for connectivity!. For randomized
protocols with an unbounded number of rounds of communication, closing this gap between
the upper and lower bounds has remained a major open question since the work of [4],
and has been mentioned [1, 8] as one of the outstanding open questions in communication
complexity. An optimal lower bound on Conn,, also implies the optimality of some query
algorithms [1]. A randomized lower bound of Q(nlogn) was shown for one-round protocols
by [19]; however, no lower bound better than Q(n) was known for randomized protocols with
more than one round of communication?.

We show an optimal randomized lower bound of Q(nlogn) on Conn,, against protocols
with two rounds of communication, by relating it to the pointer chasing problem intro-
duced by Papdimitrou and Sipser [14] to study tradeoffs between the number of rounds
of communication, and number of bits communicated. In the two-party pointer chasing
problem?, the edges of a directed bipartite graph G = (V4 W Vg, E) (where |Val,|V5| = n)
are distributed between Alice and Bob in the following way: Alice receives a one-to-one
function f4 : V4 — Vp and Bob receives a one-to-one function fp : Vg — V4, which we
view as (directed) matchings F4 and Ep respectively. A fixed starting vertex vy € Va
and a parameter k are known to both players. We consider two versions of the prob-
lem: the full-version and the bit-version. In the full-version of the problem, PC(n, k), the
goal is to find the identity of the unique vertex vy found by following the k-length path
vg = v1 := fa(vg) = vy := fp(v1) = ... = v := f(vk—1), where f = fa, if k is odd, and
f = fB, if k is even. In the bit-version of the problem, bPC(n, k), Alice and Bob need to
determine just the last bit or the parity of vi. At the end, both players must know the

answer .4

There is a simple deterministic k-round protocol that exchanges O(klogn) bits to find
vk, where Alice starts by sending vy, and in the i-th round the appropriate player sends v;
since they already know v;_;. A major focus of previous work has been to show a separation
between the amount of communication needed in the above case versus if only k£ — 1 rounds of
communication are allowed, or k rounds are allowed but Bob (the wrong player, since he does
not know f4) starts the communication. With this restriction, for a general k, a sequence of
works [13, 20, 11] have resulted in a Q(n/k) lower bound against randomized protocols. For

In fact, they show that the bound holds in a stronger arbitrary partitioning model of the edges.
Following convention, we only require one of the players to know the answer for Conn,, at the end of
the protocol.

Our definition differs from the standard definition, for we insist that the pointers given to Alice and
Bob correspond to bijections — our reduction will make crucial use of this property. Note, however, that
our lower bounds with this restriction on the inputs imply similar lower bounds for the problem without
any restriction.

The extra round that is needed for both players to know the answer in pointer chasing is often crucial.
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constant k, Ponzio, Radhakrishnan and Venkatesh [15] show a Q(nlog* =Y n) lower bound
for the full version. As for upper bounds, Nisan and Wigderson [13] gave a randomized
protocol with communication O((k 4+ n/k)logn) , and Damm, Jukna and Sgall [5] design a
deterministic protocol with communication O(nlog(k_l) n), for constant k.

Our reduction from to Conn,, in fact passes through another related problem. In the
Hamiltonian cycle problem, HamCycle(n), the inputs to Alice and Bob are the same as in
PC(n, k), that is, matchings represented as one-to-one functions f4 and fp. Alice and Bob
need to determine if the union of f4 and fp is a Hamiltonian Cycle, or it consists of more
than one cycle. This particular problem was studied earlier by Raz and Spieker [17], who
showed a lower bound of Q(nloglogn) for non-deterministic protocols even with unbounded
rounds of communication. It is easy to see that a protocol for Conny,, immediately yields a
protocol with the same complexity for HamCycle(n).

1.1 Our Results

To state our results, we will need the following notation; detailed problem definitions
and notation are presented in Section 2. Let CJB’T (f) be the d-error, r-round randomized
communication complexity of the function f when Bob sends the first message; let Cf’r( f) be
the corresponding complexity when Alice sends the first message. We write C§(f), omitting
the superscript, to denote the complexity when either party is allowed to start. log(i) n
denotes the i-th iterated logarithm of n.

Our lower bound for CZ(Conn,,) is derived as follows. We show that the pointer chasing
problem reduces to the Hamiltonian cycle problem; more precisely, we show (see Theorem 7
in Section 3) that for all § € [0, 1), we have

C2(HamCycle(n)) > C2*(bPC(16n + 2,7)).
We then show that
C(SB’?’(bPC(n7 7)) = Q(nlogn). (Theorem 13 in Section 5.1)

Theorem 13 is the main technical contribution of this work. Combining these with our
earlier observation that HamCycle(n) reduces to Conns,, we obtain the following.

» Theorem 1 (Main Result). For all § € [0,1/2), we have
C3(Conn,,), C3(HamCycle(n)) = Q(nlogn).

Typically, pointer chasing has been considered in the setting the number of rounds of
communication is r = k — 1; we know of only a few prior works [15, 3] that have considered
r < k — 1. However, the techniques used in these do not seem to extend to yield an optimal
Q(nlogn) lower bound.

Furthermore, our reduction can be used to obtain superlinear lower bounds for Conn,,
for randomized protocols with more than two rounds of communication. By extending the
result [15, Theorem 6] to the randomized setting, we show that for all § € [0,1/2), constant
kEandr <k/2-1

CP" (bPC(n, k) = Q(nlog* Y n);
our reduction then implies that for all constant r,

C5(Conn,) =Q (g log?r+Y) g) :
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The proof details of the above statement are deferred to the extended version of the
paper.

For our main result we used the lower bound for the bit version of the pointer chasing
problem, where Alice and Bob need to determine the last bit for v; with just three rounds of
communication. We show that for the full version determining vs is already equally hard.

» Theorem 2. For all constants § € [0,1/2), C’f’?’(PC(mE))) = Q(nlogn).

Complementing the above, we show that there are deterministic protocols that can chase a
larger pointer depth with few rounds, by extending the protocols in [5, 15].

» Theorem 3. Let k' > [5£5]. Then CB* (PC(n, k)) = O(nkloglogn). For the bit-version:
k' > [£5]. Then CP¥ (bPC(n, k)) = O(nkloglogn).

1.2 Organization of the paper

In Section 3, we describe the reduction from PC(n, k) to Conng, (and in particular, the
HamCycle(n) problem).

Section 4 proves Theorem 2, a strong lower bound for the full-version of the pointer chasing
problem. Section 5 builds upon the result in Section 4 to prove the main technical result: a
strong lower bound for the bit-version Theorem 13. Proofs are detailed in Appendices D and
E. Appendix F proves the upper bounds in Theorem 3.

Each technical result is preceded by a proof outline that emphasizes key steps and
conceptual insights.

2 Preliminaries

2.1 Problem Definitions

» Definition 4 (Pointer Chasing, full-version). PC(n, k) is the 2-player pointer chasing problem
defined as follows: The input instance is a (k4 1)-layered, directed graph G. The vertex set
is Vo, Vi,..., Vi, with |V;| =n for all i € {0,1,2,...,k}. The edges of G are bijections from
V; to Vi1 for each i € {0,1,2,...,k —1}. The edges are distributed between Alice and Bob
as follows:

Alice gets bijections Fa ; : Vaj_o — Vaj—1 Bob gets bijections Fp; : Vaj—1 — Vo

There is a fized vertex vy € Vy known to both, and they need to find the unique vertex
v € Vi at distance k from vg.

» Definition 5 (Pointer Chasing, bit-version). bPC(n, k) is the problem of finding the least
significant bit of v (as opposed to vy in PC(n,k)). We call the least significant bit of vy, the
parity of vx (having identified the vertex set with [n]). This is also called the bit-version of
the pointer-chasing problem.

For pointer chasing problems, we require that any valid protocol has both players decide
on the same answer and output it after the protocol concludes.

We note that Definition 4 differs slightly from the description given in the introduction:
in our formal definition above, we allow a different function (bijection) at every step. It is not
difficult to see that the two formulations are equivalent up to a factor-£ blowup in the vertex-
set size. In particular, any instance satisfying Definition 4 is a special case of the introduction’s
definition with [Va| = [Vg| = n[(k 4 1)/2], obtained by taking V4 = U,; mod 20 Vi and
VB = Ui mod 221 Vi-
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» Definition 6. The HamCycle(n) problem is defined as follows. Let V4 and Vg be two
disjoint sets of n wertices each. Alice receives a bijection map o4 : Vo — Vg, and Bob
receives a bijection op : Vg — V4. The goal is to decide whether the composition o4 0 op
(equivalently, union of the two perfect matchings) forms a Hamiltonian cycle covering all 2n
vertices.

For the problems Conn,,, HamCycle(n) under consideration, following convention, we
require only that one of the players knows the answer after r rounds.

2.2 Notation

We use [n] to denote the set {1,2,...,n}. Random variables will typically be denoted by
capital letters: e.g. V5 denotes a random variable, and V5 = vs will be its instantiation to
the value vs. Most random variables we deal with will be over a finite, discrete domain. The
support of a random variable X is denoted by supp(X).

All logarithms are to the base 2, and log(i) n denotes the i-th iterated logarithm of n.

Our proofs make significant use of information theoretic concepts. We describe some
preliminaries in Section A.

We assume throughout the proofs that when used, ¢, are sufficiently small constants.

2.3 Communication Complexity preliminaries

We assume some familiarity with basic notions of two-party communication complexity, and
refer the reader to standard books [10, 16] for the basics. Let f : X x ¥ — Z be a function.

Rectangles, Subrectangles. A combinatorial rectangle is a subset of inputs of the form
A x B, where A C X and B C ). A deterministic protocol Il = (My, Ms, ..., My) splits the
input space into a disjoint partition of rectangles, each rectangle corresponding to a certain
transcript (My = mq, My = ma, ..., My = my) of the protocol.

We call a rectangle R’ a subrectangle of a rectangle R if R* C R. R’ is a subrectangle
of the protocol II, if it is a subrectangle of some rectangle in the partition induced by the
protocol II. If R = A x B is a rectangle, then a subrectangle of the form A’ x B for A’ C A
is called a horizontal slice of R. Similarly, A x B’, for B’ C B is called a vertical slice.

Let R = A X B be a rectangle. Let Z be a random variable that depends on the inputs.

We denote Z|R to be the random variable having distribution of Z conditioned on inputs
restricted to the rectangle R.

3 Lower bounds on HamCycle(n)

» Theorem 7. Let n be a multiple of 4. The bPC(n, k) problem reduces to the HamCycle(N)
problem with N = 2+ 2n(k + 1) in the two-party communication setting.

Proof. For notational simplicity, we describe the reduction with only two functions o4 :
[n] = [n], and op : [n] — [n] in the pointer chasing instance. It will be clear that the
reduction can be modified to accommodate the case of different bijections at every level. We
specify the reduction for even k, a similar one works for odd k& with minor changes.

Let G be the graph for the pointer chasing instance, with permutations g4 : V4 — Vp
and op : Vg — V4 as edges, and a fixed starting vertex vg € V4. We identify V4 and Vg with
[n]. For notational reasons, we assume that vg is the vertex 2 in V4. Let vy, be the pointer
at depth k. We show that Alice and Bob can produce a graph G’ without communication,
such that G’ is a single cycle if and only if v; mod 2 = 1.

110:5

ITCS 2026



110:6

Optimal Two-Round Lower Bound for Graph Connectivity

Though the graph G’ described will be a directed graph, the underlying undirected graph
of G’ (undirected version of G’) will be a Hamiltonian cycle iff vy mod 2 =1

We first describe a reduction that produces a graph G’ satisfying the following: if
v mod 2 = 1, then G’ is the union of two cycles. If v, mod 2 = 0, then G’ is the union of
four cycles. A slight modification to the edges in this instance will produce an appropriate
YES/NO instance of HamCycle(NV), concluding the reduction.

Vertex set for G’.  We define symmetric vertex sets V7, and V} forming the bipartite graph
G =(VjUVL, E):

Vi = {A5, AJ} U {A7, A] it e [k +1], 0 € [n]},
Vi = {B§, By} U (B, By it € [k+1],¢ € [n]}

We have (k + 1) blocks of vertices. Each vertex v in the original G has two copies in each
block: an a-copy and a S-copy (denoted by superscripts). There are 4 additional special
vertices labeled with block number 0 for technical reasons. Af, denotes the a-copy of the
vertex £ € V4 in the t-th block.

We note again that vy was the vertex labeled 2 in V4 in G.

Hence, |V4| = [V4] = 2+ 2n(k + 1), and the total number of vertices in G (and G') is
VAl + V4| = 4+ 4n(k + 1).

Alice’s Edges (based on o 4).
Fixed edges: Af — By, Ag — Bg
Permutation (¢t € [1,k + 1],¢ € [n]):

: k B : k

A?Z BtD:O'A(K)’ lftS i, AB£ B’go'A(e)’ lftS i,

R ? o . ) t, ? . k
Bt,agl(e)’ ift>35+1 hotl(0) ift>35+1

B, iffmod?2=0 B’ iffmod2=0
Critical (t = & +1): A;fe—>{ e A0 LAY —>{ ne A0 ’

B, iftmod2=1" """ " |Bg, iffmod2=1

Bob’s Edges (based on o).
Fixed: B§ — Af,,. By — A}

1,'()[)

Permutation (¢ € [1,k], £ € [n]):

« : k B . k
o At+1,03(4); if t < bE 8 AtJrl)UB(e), if t < 5
L go sk D7y ift >4
t+lo5"(0) 2 t+1,051(0) 2
Block k41 to Alice’s first block:  (vg = 2)
A(f,e+1a if £ iﬁ {UO_LUOJ”L}; A?,H»l’ if ¢ ¢ {Uo—l,vo,n},
@ A(ll'u 1 iff:’l}o—L AB 5 ifZZ'UO_L
Bit1,0 — o ol , Bl[:+1,é — [137”"*1 .
Af, if £ = vy, Ay, if £ = vy,
AT, ifl=mn Aﬁl, if¢=n

> Claim 8. If vy mod 2 = 0, G’ is the union of 4 cycles.
If v mod 2 =1, G’ is the union of 2 cycles.

Proof of Claim. We defer the analysis of the cases to Appendix C. <
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1 Block 1

Block 1 Block 2 Block 3

Figure 1 An illustration of typical paths for k = 2. The solid path is from vg, and the dashed
path from an arbitrary £ # vo. In the above case, both o and 3 copies of v will lie in the same
cycle.

Modification. The following slight modification that replaces two constant edges in G’
gives us the desired G':

(Old edges): By, — AT, and B — Af, , we now map

(New edges): By, — Af,, and By — Af;.

These edges are present in different cycles in the Yes instances of G’. Splicing merges the
two to a single Hamiltonian cycle (and keeps the NO instances disconnected, since at most
two edges are modified). <

Assuming our main technical result (Theorem 13), the proof of Theorem 1 follows
immediately from the above reduction. Note that since HamCycle(N) is symmetric between
Alice and Bob, we can assume without loss of generality that Bob initiates the communication
in any protocol solving it.

4 Randomized lower bound for PC(n,5)
» Theorem 9 (Theorem 2 restated). For any constant 6 € [0,1/2) :
c P (PC(n,5)) = Q(nlogn)

Proof outline. For context, we first describe how pointer chasing lower bounds are typically
shown via round elimination [13, 20, 15]. For odd k, consider a k-round protocol II =
(My, ..., M) with low distributional error, where Bob sends M;. Fixing typical values

of My = my and V; = vy, one shows that Fp(v1) remains highly variable if |II] is small.

Tterating this k — 1-times, alternating roles between Alice and Bob each time, we can fix
My, ..., My_q1 and Vi,...,Vj_1 while preserving variability in F4(vi—1). Yet Bob must now
infer v, with high confidence, contradicting the protocol’s correctness.

The strategy of fixing v; (i.e., looking at a subrectangle with fixed v;) after round ¢ that
helps isolate entropy in Vj4; fails when Q(nlogn) bits of communication are allowed. For
our lower bound for PC(n,5), we avoid fixing vs, instead allowing it to vary and analyzing a
good assignment o : As — Vp, where Ay C supp(V2). Under high-entropy F | my, we show
that V remains variable over Q(n) candidates, each with probability Q(1/n). Since Fa | mo
also retains entropy (since |mg| is small), Bob cannot reliably infer the next pointer across
these Vy’s. Using an unfixed V5 is what allows us to infer that Vj is spread out. However, this
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requires a careful probabilistic analysis in choosing a good ¢ while accounting for correlations
across layers. The proof relies on the permutation structure of the functions. We now present
the proof.

Proof. We show that no 3-round deterministic protocol Il = (M;, My, M3), with Bob starting
the communication and using at most en log n bits exchanged per message for a small constant
€ > 0, can correctly solve the problem on more than a (small) constant fraction of inputs
drawn from the uniform distribution. The theorem then follows by an application of Yao’s
lemma [10, Sec 3.4, Theorem 3.20], followed by standard error reduction techniques via
repetition.

Recall notation from Section 2: Alice has functions fa 1 on Vo — Vi, fa2 on Vo — Vs,
and fa.3 on V4 — Vs. Bob has fp 1 and fp for Vi — Vs, and V5 — Vj respectively. We use
Fa and Fp to denote the set of all possible inputs to Alice and Bob respectively.

Let Bob send M, with |M;| = egnlogn, and Alice send Ms, with |Ms| = eanlogn.
After My, Bob should know the answer, which he conveys to Alice, using Ms. We therefore
consider just the first two messages, and show that Bob cannot know the correct answer for
a constant fraction of the inputs.

Initially, with no messages passed, we have:

H[Fs1]=H[Fapo) = H[Fa3| = H[Fp]| = H[Fp,] =logn! =nlogn —O(n)

H[V;] =logn, forall1<:<5

We prove the theorem in a sequence of three claims, whose proofs we defer to Appendix D.

> Claim 10 (Round 1). With probability > 1/2 over the choice of inputs, (M, V1) satisfy
the following;:

1. H[Fgi(v1)|M1 =mq, Vi =v1] > (1 —12ep)logn

2. H[F42] > nlogn — O(n)

3. HFpa | My =mq] > (1 —4ep)nlogn

Proof. Deferred to Appendix D. <

We note that fixing such a pair of (mq,v1) gives us a subrectangle of the protocol after
my. For any such subrectangle, we show the following:

> Claim 11 (Main Claim). For a subrectangle R C F4 x Fp formed by fixing (m1,v;) satisfying
the conditions in Claim 10, the following is true: There exists a set Ay := {b1,ba,...,b.} T Vy,
for 7 > n/6, and a constant ¢; such that with probability > 1—mnexp(—c;n!=9¢8)) = 1—-0(1)
over choice of Fq 2 ~ R:

Vi=10bi| fapo] > L (1)

Vi€ [r]: 2 26m

Pr |
fB~R
Proof. Deferred to Appendix D. <

Let 0 := F4 5 restricted to the domain supp(Vz). As mentioned in the outline, the proof
of Claim 11 goes via analyzing a random assignment o : supp(V2) — V3 under Fa 2. We
proceed to analyze what happens in the subrectangle of a fixed o that satisfies (1) from
Claim 11, after Round 2 (i.e. after Alice sends M;). We note that once we fix a o, it
corresponds to a class of Fy’s, and hence a subrectangle within the rectangle R in Claim 11.

> Claim 12 (Error after Round 2). Consider a subrectangle R’ C R C F4 x Fp caused by
fixing a 0 = ¢* satisfying (1) in Claim 11. In any such rectangle R’, Bob makes an error in
knowing the answer with probability at least 1/400, after receiving Alice’s message Mo.
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Proof. Deferred to Appendix D. <

We finally collate the errors across the subrectangles from Claims 10, 11 and 12. The
overall error of the protocol is at least:

1

1
Pr(Error ) > 5 (1 — nexp (76171170(55))) " 200 =

Q(1) <

5 Randomized lower bound for bPC(n, 7)

5.1 Proof of main result

» Theorem 13. For any constant 6 € [0,1/2),
P (bPC(n, 7)) = Q(nlogn)

Proof Outline. Before giving the proof, we give a rough outline of the steps involved.

We start with a sub-rectangle R’ of the protocol as described in Claim 12, where mq, vy, 0
are fixed. We have Q(n) possibilities for V; at this point, called by, ...,b,.. From Bob’s point
of view, within the rectangle R’, he exactly knows Vj; suppose that V; = by.

On receiving ms, Bob will know the shadow of by: the set A(by) == {fa3(b1): fas € R'},
1=ea For the full-version, this was sufficient to prevent Bob
from knowing Vs, but it is not clear that the parity of V; reachable from potential V’s will

which typically has size =~ n

vary within the shadow. Indeed, if the goal was to find parity of Vi, Alice could explicitly
send this information to Bob in O(n) bits with my (by sending parity(Fa (7)) for every
i € [n]). The extra layers in the instance come into play here: when looking at the parity of
Vz, even if Alice sends the last bit (or more) of fa (i) to Bob, due to the high entropy of
intermediate layers, we show that the composed function parity(Fa 4(fp,3(Fa,3(b;))) is still
unpredictable to Bob within the shadow A(b;).

Following [15], we view the parity of a vertex in the set V; as a two-coloring x7 :
V; — {0,1}. For a given set of inputs, fa, fp, this induces two-colorings on higher levels:
X6 = X70° faa, x5 = x6(fp,3). If the intermediate functions are viewed as random, the
resulting coloring at each layer is also a random coloring.

In terms of two-colorings, it is sufficient to show that within R’, A(b;) C Vs is two-colored
by x5 in a roughly balanced way while varying over the inputs consistent with the current
subrectangle. We formally show this in the proof via a composition lemma. This is a major
technical contribution of our work, and we elaborate on it in Appendix E.

Vs Vq

Fp3 Fyq

X6 = X7(Faa(i)) x7(i) =imod 2

Figure 2 Fixing (m1,v1,0), Bob knows Vi exactly, say Vi = b;. A(b;) will be two-colored by
X6 © Fp,3|bj by most F 3]b; (by composition lemma), preventing Bob from knowing the answer.

110:9
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Proof. We assume, as before, that all input functions come from the uniform distribution
over respective domains and show that any protocol communicating enlogn bits will err on
a (small) constant fraction of the inputs (for small enough ).

We follow the proof of Theorem 9 and arrive at a rectangle R’ as in Claim 11. This gives
a set Ay = {b1,ba,...,b.} CVy, of size r > n/6 for some fixed my,vy,0.

Compared to the full-version, we have two extra layers of functions: Fp 3, F44. The
fixing of my, v1,0 does not affect F4 4, and the effect on Fg 3 is described by H[Fg 3 | R'] >
(1 —4ep)nlogn from Claim 10.

Due to correlations induced by the message m;, the possibilities for function fg 3 between
Vs, Vs are influenced by what Vj is. In particular, let F;gbj = Fp3|R', Vi = b;. We first

show that many of the b; € A4 ensure a high entropy of thg’bj.

> Claim 14. There exists Aj C A4 and constants ¢; > 1,1 € (0,1) satisfying:
1. Vbj E.Azl : H[FB73|R/,V21 :bj] > (1—0163)nlogn
2. |AY| > ain

Proof. Deferred to Appendix E. <

We now invoke the following Composition Lemma, whose proof is given in the extended
version of this paper.

» Lemma 15 (Composition Lemma). Let F' : [n] — [n] be a (random) function satisfying
H[F] > (1 —¢)nlogn. Let x : [n] = {0,1} be a random, balanced two-coloring of [n]. Then,

3J C [n] with |J] > (1 — v/€)n such that for any distribution D on J , with Hoo[D] > k, with
probability > 1 — 1/n® over choice of X, the composed function X; = x o F(i) satisfies:

_ 1
Pr ( ;D(Z)Xi )

Proof. Deferred to the extended version of this paper. <

21732 eXP(*Q(t2 ) Qk))

> 10e/32 4 t) < 4e'/32 4

Invoke the lemma for each b; € A)j in turn, setting F' = Fgfg’b" (and € = ¢1ep, where ¢;
is the constant from Claim 14), and random choice of x = x6 : Vs — {0,1}. Call a xg nice,
if it ensures the result of Lemma 15 for every b; € A/. By a union bound, a random xg is
nice with probability > 1 — %

Fix a nice xg, this forms a subrectangle R” of R’, being a restriction of Fy4 4. For each
such nice xg, we get sets Ji,...,J» C Vs, with |J;| > (1 — \/c1eg)n, for every i € [r']. Tt
now remains to show that a typical b; has a large shadow within J; after mo. The following
claim shows that this happens with good probability. The proof is deferred to Appendix E.

> Claim 16. Let v := /cieép. Let A} := {b1,...,b,} C V4 with 7 > a;n, as in Claim 14. For
each i € [r], let J; C Vs be sets with |J;| > (1 — y)n. Define the events & := {Fa 3(b;) € J;},
for each i € [r].

Then, there exist a partitioning of R” into subrectangles {Rzlm,z,z)}mzesupp(Mg),ZG{O,l}r
(where my is Alice’s message and z is a function of F4 3 alone) and constant s > 0 such
that with probability at least 1/8 over choice of Ms = mgy and z, we have: at least agn
elements b € A satisfy:

H[Fa3(;)| M2 =m2, Z =2&] > (1—4y/ea)logn,
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Choose a (ma, 2) to fix a sub-rectangle R := R, .y © R" (a horizontal slice in R") that
satisfies the conclusion of Claim 16. (xs,m2, z) are fixed here. Let S* := {b} ,b;, ...,b,} be
the indices in A} arising out of Claim 16. We have Pr(S*) > asn x 1/20n = as/20.

Let D’ be the distribution FA;;(Z)Z”R; we have H[D}] > (1 —4,/g4)logn. Set ' to be
5114/32; by Lemma 17 (Appendix B), D’ is within ¢ in £, distance of a distribution D; such
that Hoo[D;] > (1 — 4,/e4/0") logn.

Fix a good b; € A (a vertical slice in R).

Set t = 10e'/%2, § := 4,/24/¢' in Lemma 15. We conclude that xg o F[b;"3|R two-colors D,
with bias 1 < 20£'/32 with probability (over Fg]3|]~%) of at least 3 := (1 — 5¢'/32). (Recall
that € = ¢cyep.) This means it colors D;- with bias at most e =1+ =n+ 6114/32

Call an fp 3 good if it ensures a bias of at most 72 in R”. On such fg 3, a deterministic
0 or 1 answer from Bob makes an error with probability at least 1/2 — 7.

The overall probability of error, is, therefore:

1 as 1 1
> [ = — — — - — =
Pr[Error] > (2 772> X 50 X 3 X (1 n) x B =Q(1)

This concludes the proof of Theorem 13. |
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Information Theory Preliminaries

Let X be a discrete random variable over a domain X. The entropy of X is defined by

H[X]

= =2 sesupp(x) PT(X = 2) log Pr(X = ) It is always true that H[X] < log [supp(X)|.

If o is a random permutation, then H[o] = logn! = nlogn — O(n).

The conditional entropy of a random variable Y given X is defined by

HY|X]:= Y  PrX=aHY|X = 2] =E,[H[Y,]]
zEsupp(X)

Here, Y, denotes the random variable with distribution Pr[Y, = y] = Pr[Y = y|X = z]

The min-entropy of a random variable X is defined as: Hoo[X] = max,ecsupp(x) 10g @.

Properties of Entropy.

Non-negativity: H(X) >0, Hy(X) > 0.

Bounds: Hoo(X) < H(X) < log |X].

Chain rule: H(X,Y)=H(X)+ H(Y | X).

Conditioning: H(Y | X) < H(Y).

Data processing: If Y = f(X) then H(Y) < H(X) and Hoo(Y) < Hoo(X).
Subadditivity: H(X,Y) < H(X) + H(Y).
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» Fact 16.0.1 (Fano's Inequality). Let X be a random variable taking values in a finite set
X, and let X be an estimate of X based on some observation Y. Define the probability of
error as

P, = Pr[X # X].
Then,
H(X|Y) < h(Pe) + Pelog(|X| — 1),

where H(X|Y') is the conditional entropy of X given'Y, and h(p) = —plogp—(1—p)log(1—p)
1s the binary entropy function.

B Statements and proofs of lemmas used

» Lemma 17. Let p be a distribution over [n], and X ~ p. If H[X] > logn — A for some
A >0, Then for any ¢ € (0,1), there exist distributions p1, po over [n] such that

p=20-p1+(1—=90)- p2,

where
Hoo(p2) > logn — %
Proof. Set
9(A+1)/6
0= — B:={i € [n]:u@) > 06}

We claim p(B) < 6. Suppose, for the sake of contradiction, that u(B) > 0. Let 1jp
denote the indicator random variable of the event that X € B. We have:

H[X]| < H[X,1(p)] = H[lp)] + H[X|1p]

p(B)
1(0) ) + (1 — p(B)) logn

< 1+u(B)(

< 1+ u(B) <logn - %) + (1 — p(B)) logn + pu(B) log u(B)
=logn +1— u(B) (A> + n(B)log u(B)
<logn — A, L Af p(B) >0

contradicting the assumption H[X] > logn — A.
Let u(B) = ¢" < 6. Let py = g, and pp = ppe. Then, clearly, u = 6’1 + (1 — 0") pa.
Since § > §’, we can write:

p=(1=0)uz+ (6 =02 + &'
= (1= 0)pz +ph

Where pf is the normalized version of (0 — 0" ) o + (0")p1. <
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» Lemma 18 (Entropy vs. Min-Entropy [15]). Let D be a distribution on [n] with entropy at
least logn — A. Then, for all e > 0, D is within € of a distribution with min-entropy at least

A+1
logn — ——.
€

» Theorem 19 ((The method of averaged bounded differences),[12], [6, Corollary 5.1]). Let
X1, ..., Xy be random variables and f a function such that for each i € [n] there exists ¢; > 0
with

|E[f ‘ Xla"'vxi—laXi = ai] —E[f | X17--~7Xi—17Xi = a;” < C;

for all choices of a;,al. Then, for anyt >0,

i

Pr(f ~ Elf]] 2 1) < 20xp( 55 )

i=1 ¢

C Missing proofs from Section 3

Proof of Claim 8. We begin with the following observation:

» Observation 20. For a vertex v’ € V), and j € N, let w;(v') denote the unique vertex at
distance j from v'. Then, for all i € [n],

wak+1(AT;) = {B’fﬂvi’ if wg(AS ;) mod 2 =1, 7
7 B,y if wg(Af;) mod 2 =0
wopt1(AY) = {B’gﬂvi’ Z:f wk(Ag,i) mod 2 =1,
Bk+1,i7 if wk(Al’i) mod 2 =20

Given Obs 20, we analyze each case:
YES Case: (When v, mod 2 = 1)
Chasing the pointer starting at the a-copy vertex AT, , if vy mod 2 = 1, then after the
k/2-th layer, it switches to a path on the 8 block vertices, ending up at B£+17vo. This
switch triggers a path back such that AT, and A’fﬂ,o end up on the same cycle, call it C}.
Now consider following the outgoing edges sequentially (chasing the pointer) starting
any of the remaining vertices A¢,. Since n/2 is even and all functions are permutations,
an odd number of them will switch from « to a copy vertex § in the layer k/2 when
following outgoing edges. The edges are set up for the vertex A{) ¢ to lead back to A’L 041
so we eventually visit all the vertices.
Due to this, the remaining edges will form a single second cycle Cs. In this cycle, the
vertices of A7, appear in the order A} ; ~ AY 3~ AJ ;...
NO Case: (When v mod 2 = 0)
In this case, AT, and A*f’vo end up in 2 separate cycles since they do not switch from «
to B or vice versa.
By a similar argument as above, chasing pointers from the remaining vertices Af,, an
even number of them switch from « to a 8 copy at layer k/2 when following pointers.
This implies that Af, and Aié cannot fall in the same cycle. <
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D Missing proofs from Section 4

Proof of Claim 10

Proof of Claim 10. Since |M;| < epnlogn, H [Fp | M1] > (2 —ep) nlogn. ®
By Markov’s inequality, we have

3
Pr(H [Fp | M1 =mq] > (2—4ep)nlogn) > T
mi

so for at least % of all fp, the first message M; = m; satisfies

H[Fg"'] = H[Fp | M1 = my] > (2 — 4ep)nlogn.

For such any m, we therefore have: H [Fp ; | M1 =m1] > (1 —4eg)nlogn, for j =1,2.
Since H[FR'}] > (1 — 4ep)nlogn, subadditivity of entropy implies that
Eicin[H[FB1|M1 = m1]] > (1—4ep)logn. Applying Markov’s inequality yields that at least
2n/3 of i € [n] satisfy H[F'}(i)] > (1 — 12ep) logn.
Call a v, € Vy good for my, if H[Fg"(i)] > (1 — 12¢p) logn. Since the distribution of V;
is uniform, rectangles corresponding to pairs (mq,v1) with M; = m; and good v; cover at

2= % of the total inputs. <

least a fraction % X 3

Proof of Claim 11

Proof of Claim 11. Define Ay = supp(V2) = {a1,...,a¢}. Let Fgé’aj denote a random
variable following the distribution of Fp o conditioned on M; = mq, V2 = a;.

Let pp be the distribution induced over As (equivalently, V) in R. We know from
Claim 10 that H[ug] = H [Va | M1 = m1, Vi = v1] > (1 — 12e5) logn.

Since H [Fpa|M; =mq] > (1 — 4ep)nlogn , we have that H [Fpo|M; =mq, V2] >
(1 —4ep)nlogn —logn > (1 — 4.5eg)nlogn.

By Markov’s inequality, with probability > 1/2 over choices for Vs, it holds that
H[Fgy"] > (1 —9ep)nlogn.

Call A :={a; € Ay : H[F;;’aj] > (1 —9ep)nlogn}; the above implies pp(A5) > 1/2.

Vs

Figure 3 Most ¢’s confer good probability mass on i, if FE}Q(Z’) between V4, V5 has high entropy.

» Definition 21.
Call a vertex i € Vy is locally good with respect to a; € Ay if

H[FgL(i) | M1 =my, Vo = a;] > (1 - 36ep)logn

i € Vy is globally good if it is locally good for at least i of Ay under pug.

5 We take the lower order O(n) terms due to the functions being permutations as subsumed in the larger
epnlogn term due to M; for clarity.
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> Claim 22. Each a; € Aj has at least 3n/4 locally good vertices i € V, with respect to it.
Proof. Since H[Fjgl2 | m1,a;] > (1 —9ep)logn, by sub-additivity we have:

Eictnl[H[Fp (i) | mi,a5]] 2 (1 - 9ep)logn

The statement follows by Markov’s inequality on logn — H[F ];12 () | m1,ay]. <

> Claim 23.  The number of globally good i € V, is at least .

Proof. Let s be the number of globally good i € V4. Since every a; € A5 has at least 3n/4
locally good vertices, and A} has measure at least 1/2 under pp, we have:

14 ( ) 1 S 3n 1
B "=
Rearranging gives the stated bound on s. <

We now make a probabilistic argument to continue the proof of Claim 11. Let o : Ay — V3
be a random one-to-one mapping induced by Fy ». Define:

vp(r—ilj) = Pr [Fghti) =r|miv. V2 = q;]

For each globally good i € V4, define the random variable:
4 n
Z(i) =Y 18(a;) Y o(ay=ry va(r =i j),
j=1 r=1

Z (1) captures the probability mass (under Fg) that fixing a o leads to V3 = i. We note
that Z(7) is random purely due to the random assignment o, which is completely determined
by F4 2. Furthermore, Fy 2 is a uniformly random permutation in the subrectangle R under
consideration, so ¢ is a uniformly random one-to-one mapping.

> Claim 24. For any constant v € (0,1), and any globally good i € V, as in Definition 21,
1—
b 200 < 5] < newp (2200).
Proof. Partition the indices j € [{] into

Jgood = {j € [€] : ¢ is locally good for a;}, Jpad := [€] \ Jgoods

with (15 (a,,.,) > 1/4, since i is globally good.

Let S = {j € [{] : up(a;) < n~(17192)} From a calculation as in Lemma 17 (Ap-
pendix B) with § = 1/8, A = 12eglogn applied on the distribution pup (recall that
Hlug] > (1 — 12eg)logn) , we infer that pp(a; : j € S¢) < 1/8. This implies that:

S usla) > 1/4-1/8=1/8 (2)

J€Jg00aNS

We can thus write:

Z@) = > w8a) Y Yo@y=mver =il + > w5(a;) Y Lo)=m velr —ilj)

J€Jgo0aNS r=1 J#Jg00aNS r=1
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We now concentrate on the contribution from the good indices Jgo04 NS and apply the
decomposition lemma (Lemma 17) to the vp distributions therein, since they have high
entropy.

For vp, from the entropy bound H[F5'(i)|m1,a;] > (1 —36¢p)logn, we apply Lemma 17
with A := 36eplogn and ¢ := 3, giving:

vg = 51/g) +(1- 5)1/5?, Hoo[l/g)] >logn — T2eplogn — O(1).
Using this decomposition, we can write Z(i) as follows:
Z(i) = Z1(i) + Z2(i),

where

L] - "
Zo@) =5 Y ws@) Y Yop=ntvs (r =il 3)

jE€Je00aNS r=1

and Z7 (i) has the remaining terms of Z (i), and is a non-negative random variable. Intuitively,

Z5(i) captures components of the distribution vp having high min-entropy.

We now bound the probability of deviation of Zs(7) from its mean. Clearly, for any S,
Pr(Z(i) < ) < Pr(Z,(i) < B). We compute the expectation:

>

§€Jgo0aS
1 "1 (2) S 1
) Z NB(%’)Z%VB (T%Z‘J)Zm

jEJgoO(lﬂS r=1

n

MB(aj) ZE[l{o(aj):r}] V(BZ) (T — 1 | ])

r=1

N =

E[Z5(7)]

3)

The last step follows from Eq. 2. We now apply a deviation bound due to McDiarmid
Theorem 19:

» Theorem 25 ([12], [6, The method of averaged bounded differences, Corollary 5.1]). Let
X1,..., X, be random variables and f a function such that for each i € [n] there exists ¢; > 0
with

‘E[f ‘ X17...,Xi_1,Xi=ai] —E[f | Xl,...,Xi_l,Xi:a;” <Ci

for all choices of a;,a;. Then, for anyt >0,

Pe(lf — Blf]) 2 ) < 20mp )

i=1 1t
We apply the above, for f being Z,(i) and the random variable X; = o(a;). We bound

=30 ¢} for Zs(i): each term in Zs(i) is of the form pp(ay) - Z/g) (r—1i|j), and is

non-zero only for one r = o(a;). Thus, each contributes at most:

(2)

max pup(a;) - max vy —2+172ep+o(1)

) S n*1+100€B . n71+7255+o(1)

(r—ily =n

Each c? is at most n=4t9(5)_and we have at most n terms. This gives us:

74+O(EB) 734’0(63).

c<n-n =n

Applying the concentration bound with ¢ = v/16n, we get:

N N 1—n 272 1 9 10
<1< <1< =2 )= = B
Pr {Z(l) = T6n ] <FBr [ZQ(Z) = 16n] —eXp< 256n2 -c) eXp( 128 1" -
Setting by, ...b,, to be the set of globally good indices i, ¥ = 1/5, and a union bound, we
conclude the proof of Claim 11. <
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Proof of Claim 12

Proof of Claim 12. Let Alice’s message Ms have |[Ms| < e nlogn. We know that before My
is passed, for every o, since F4 3 is independent of o (and v1) H [Fa3 | o] = nlogn — O(n).

In particular, for ¢ = o¢*, with probability > 3/4 over the choice of My,
H[Fa3| 0%, My =mg] > (1 —4ea)nlogn. Thus, within R’ on fixing such an mg, we
get a sub-rectangle R” where, by subadditivity of entropy:

Eicpn)[H[Fa3(i)|R"]] > (1 — 4e4)nlogn
= 35 CV,:|S| > (1 —2/ea)n such that
VieS: H[Fas3(@)|R"]] > (1—2y/ca)logn

Call S the uncertain vertices, since Bob cannot predict the next pointer (V;) starting at
these with reasonable certainty after receiving My = mo. Intuitively, it is sufficient to show
that in R"”, V; occurs as an uncertain vertex with constant probability. We formalize this
next.

Within R”, the value of Vj is known exactly to Bob: it is the same across Fy 3, for
any fixed fp. This is because V) = v1,0 = ¢* are fixed. Thus, for a fixed fp, if v4 € 5,
H[V5] > (1 —2,/24)logn. Applying Fano’s inequality (Fact 16.0.1), the probability of Bob
making an error in finding the value of V5 is at least P, > (1 — 2\/e4 — loén) > 0.9, for e4
being small enough.

Since o* satisfies Eq. (1), we get a set B = {by,...,b.} of globally good vertices satisfying
Claim 11. Then [BN S| > (1/6 — 2,/24)n > n/10, and each has probability at least 5.
Thus, the probability of Bob seeing an uncertain vertex as vy in R” is at least 1/200.

Overall, the probability of error within R’ is:

3 1 0.9 > 1
4 200 7 T 400
This concludes the proof of Claim 12. <

E Missing proofs from Section 5

Proof of Claim 14

Proof of Claim 14. Let F := Fp 3. Since |A4| > n/6, H[F | R']| > (1 — 4ep)nlogn, and
H(V4) < logn, we obtain

H[F | R, V4] > (1 — 4eg)nlogn —logn > (1 — beg)nlogn.

There are at least /12 elements in Ay satisfying Pr[Vy = i] € (g5, 15--); call this set D. Let
I[F] := nlogn — H[F]. From the above, E,v,[I[F|R',Vy = v]] < begnlogn. Let ¢; be a
large constant to be set later, and Dgooq = {i € D : I[F|R', Vs =1i] < ciegnlogn}.

Let p be the induced distribution on V; in R’. We have u(D) > 1/240. By Markov’s
inequality, (1(Dgood) > (D) — % > ﬁ — 5 > _L for ¢ :=5 x 480.

c1 — @’
But this means that we should have at least 801 — = 15 = aan elements in Dygod,
"10n
since each element has probability at most 1/10n. <

Proof of Claim 16

Proof of Claim 16. Define {Z; := 1[¢, }ig[s] to be indicator variables for the events & under
a random choice of Fs 3. For any i, we have E[Z;] > (1 — ). Thus, E[}./_, Z;] > (1 — 7).
Let E=),Z; > (1 —107)r.
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> Claim 26. Pr(}>7_, Z; > (1 —107)r) > 1 — exp(—Q(7*n))

Proof. We use McDiarmid’s inequality (see Theorem 19) on the function f =", eir) Zi- The
average bounded difference at i satisfy ¢; <r/(n —r) < 2a;3.

Pr(Z < (1-109)r) < exp (—Q(817*(n —r)?)) = exp(—azy°n) ... for some constant as

<

Let F' = F4 3 for convenience. Let Z = (Z4,...,Z,). Note that £ = |Z| > (1 — 10v)r.

Since H[F] > nlogn — O(n), we have:

H[F | M,Z] > (1 —¢e4)nlogn —O(n)

(1 —2e4)nlogn —Pr(E%nlogn
Pr(&)

= H[F|M,Z,E > (1—4ea)nlogn

— H[F|M,Z,€ >

Hence, conditioned on £, with probability at least 3/4 over choices of (M, Z) = (m, z),
we have that H[F | M =m,Z = z,E] > (1 — 16e4)nlogn. Fix such a (m, z) pair, and let
z(i1) =1,...,2(i) = 1 for some ¢ > (1 — 10y)r. By subadditivity of entropy:

Eicin) H[F({)IM =m,Z =2,E] > (1 —16e4)logn

By Markov’s inequality, there are at least (1 — 4,/e4)n indices i where H[F(i)|M =
m,Z = z,E] > (1 —4,/e4)logn. From these, at least (o — 4,/€4)n coordinates have to
be from A). For each of these, we have that H[F(b;) | M =m,&] > (1 — 4,/e4)logn. Let
Qg = a1 —4,/24.

Thus, the probability (over M, Z, under the distribution of F4) that we get at least agn
indices from A, such that H[Fa 3(b;)|M =m,Z = z,&] > (1 — 4,/e4)logn is at least:

Pr[€]- 2 >1/8 <

NIt

F Upper bounds

We adapt the protocols from [5, 15] to infer what depth of pointer can be chased with
O(nloglogn) bits. For simplicity of notation, while describing protocols, we let fa; = fa ;
and fp; = fp,; all 7,5. We will incur a multiplicative factor of k£ in the communication cost
if the functions are different.

» Theorem 27. Let k' > [E£5]. Then CPF (PC(n, k)) = O(nkloglogn).

Proof. Let n’ := Togr-
Round 1 (Bob — Alice): Bob sends the last loglogn bits of fg(vp) for every v, € Vp.
Round 2 (Alice — Bob): Alice sends the last loglogn bits of fa(v,) for every v, € Vy,
and also sends v; = fa(vp) along with f4(v) for every possible vertex in Bob’s list that
v1 could point to.
Round 3 (Bob — Alice): Bob computes vy = fg(v1). From Alice’s message, he knows
v3 = fa(vy). He then computes v4 = fp(v3) and sends vy along with fg(v) for every
possible vertex in Bob’s list that v, could point to.
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Round 4 (Alice — Bob): Alice computes vs = fa(v4). From Bob’s message, she knows
ve = fp(vs). She then computes v; = f4(vg) and sends v7 along with f4(v) for every
possible vertex in Bob’s list that v7 could point to.

Round 4: If 7 is even, Alice computes vs;—7 = fa(vsi—s), knows the possibilities for
v3i—e = fB(vsi—7) from Bob’s previous message, computes vs;_5 = fa(vs;—g), and sends
v3;—5 along with f4(v) for all n’ possible vertices;

if ¢ is odd, Bob performs the analogous computation and sends vs;_5 along with fg(v)
for all n’ possible vertices.

Round k’: If k¥’ is even, Alice knows v3r/—5 and sends it to Bob; if &’ is odd, Bob knows
v3r/—5 and sends it to Alice, where k' > (%-‘

Intuitively, Alice knowing the pointer values for one layer ahead from Bob allows her to
“jump” forward 3 pointers per round: two from her layers and one from Bob.

Rounds 1 and 2 together take O(nloglogn) bits. All other rounds (except the last round)
take O(logn + 1 -logn) = O(n) bits per round. Since the number of rounds & is constant,
the total communication is O(nloglogn) bits. <

» Theorem 28. Let k' > [E£8]. Then CPF (bPC(n,k)) = O(nkloglogn).

Proof. The protocol follows the same communication structure as in the PC(n, k) protocol,
with each party in every round (starting from round 2), each party additionally sending the
following n bits every round:
Round 1 (Bob — Alice): Bob sends the last loglogn bits of fg(v) for every vertex
v, which also implicitly communicates the bit vectors x;(v) = parity(fp(v)) across all

vertices.

Round 2 (Alice — Bob): The bit vector x2(v) := x1(fa(v)) for all v € V4.
Round 3 (Bob — Alice): The bit vector x3(v) := x2(fp(v)) for all v € V.
Round 4 (Alice — Bob): The bit vector x4(v) := x3(fa(v)) for all v € V4.
Round 5 (Bob — Alice): The bit vector xs5(v) := x4(fp(v)) for all v € V5.

Round i: If 4 is even, Alice sends x;(v) for all v € Vy, else Bob sends x;(v) for all v € Vp.

Round k’: If k' is even, Alice knows vsx_5 from the base PC(n, k) protocol, and she
learns xjs from the extra parity information exchanged from Round 2. Thus, she sends
Xk —5(Varr—5) = parity(vap—6—s) to Bob, where § € {0,1,2,3} is chosen so that the
resulting vertex is exactly vy. If k¥’ is odd, Bob analogously computes and sends parity(v)
to Alice.

Rounds 1 and 2 together take O(nloglogn) bits. All other rounds (except the last round)
have n additional bits compared to the PC(n, k) protocol, but since the number of rounds &’
is constant, we still have the same total communication of O(nloglogn) bits. |
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