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—— Abstract

The Graph Reconstruction Conjecture famously posits that any undirected graph on at least three

vertices is determined up to isomorphism by its family of (unlabeled) induced subgraphs. At
present, the conjecture admits partial resolutions of two types: 1) casework-based demonstrations of
reconstructibility for families of graphs satisfying certain structural properties, and 2) probabilistic
arguments establishing reconstructibility of random graphs by leveraging average-case phenomena.
While results in the first category capture the worst-case nature of the conjecture, they play a limited
role in understanding the general case. Results in the second category address much larger graph
families, but it remains unclear how heavily the necessary arguments rely on optimistic distributional
properties. Drawing on the algorithmic notions of smoothed and semi-random analysis, we study
the robustness of what are arguably the two most fundamental properties in this latter line of work:
asymmetry and uniqueness of subgraphs. Notably, we find that various natural semi-random graph
distributions exhibit these properties asymptotically, much like their Erd6s-Rényi counterparts.

In particular, Bollobés [3] demonstrated that almost all Erdés-Rényi random graphs G = (V, E) ~
G(n, p) enjoy the property that their induced subgraphs on n — ©(1) vertices are asymmetric and
mutually non-isomorphic, for 1 — p,p = Q(log(n)/n). As our primary result, we demonstrate that
this property is robust against perturbation — even when an adversary is permitted to add/remove
each vertex pair in V) with (independent) arbitrarily large constant probability. Exploiting this
result, we derive asymptotic characterizations of asymmetry in random graphs with large planted
structure and bounded adversarial corruptions, along with improved bounds on the probability mass
of nonreconstructible graphs in §(n, p).
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1 Introduction

The Graph Reconstruction Conjecture, or simply the Reconstruction Conjecture, dates to
the work of Ulam [30] and Kelly [17], and remains one of the foremost open problems in
graph theory. Informally, the conjecture states that each undirected graph on at least three
vertices is reconstructible, meaning it is determined up to isomorphism by its multiset of
unlabeled induced subgraphs.
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Since its proposal eight decades ago, numerous partial results have demonstrated the
reconstructibility of graphs under various restricted conditions. Broadly speaking, these
results — and the techniques used to establish them — typically fall into one of two categories:
1) proofs of reconstructibility for families of graphs obeying certain structural properties, via
highly bespoke casework, and 2) proofs of “almost everywhere” reconstructibility for certain
standard graph distributions (e.g., Erdés-Rényi), which exploit the asymptotic behavior of
such distributions. While results in the first category capture the worst-case spirit of the
Reconstruction Conjecture, guaranteeing reconstructibility for all graphs within a certain
family, such families can be restrictive, and the associated techniques rarely extend to new
settings. Results in the second category address much larger graph families, but typically
rely upon brittle properties of random graphs (e.g., asymmetry), which are probabilistically
common but often not enjoyed by graphs encountered in practice.

In light of these limitations, we study the Graph Reconstruction Conjecture from a flexible
probabilistic perspective which smoothly interpolates between the analysis of specialized
graph distributions, which experienced rapid success in the establishment of strong theorems,
and the classic form of the conjecture, which has remained notoriously resistant to proof. In
particular, we direct our attention to the following two questions:

(i.) Given a fixed underlying graph G, how much random noise must be applied to G’s edges
in order to ensure that the resulting graph is reconstructible with high probability?

(ii.) How robust is the reconstructibility of random graphs? What if an adversary is permitted
to modify the random graph, under certain restrictions, before its reconstructibility is
tested?

Note that Question (i.) commences with the worst-case perspective of the Reconstruction
Conjecture by fixing an underlying graph G — thought of as adversarially selected — yet
mollifies some of its structure by way of random edge noise. Patently, this perspective
is motivated by the smoothed analysis of Spielman and Teng [27], which measures the
complexity of algorithms on worst-case inputs that experience slight random perturbations
before their runtimes are measured. In the context of graph reconstruction, this outlook can
be thought of as measuring the brittleness or sparsity of nonreconstructible graphs; in order
for an adversary to succeed, they must select a graph whose nonreconstructibility is unlikely
to be ameliorated by edge noise.

By a similar token, Question (ii.) modifies the standard probabilistic treatment of graph
reconstruction by endowing it with a component of worst-case analysis. Namely, an adversary
is granted the opportunity to adjust each random graph before examining its reconstructibility,
potentially allowing them to destroy brittle graph properties previously used to demonstrate
reconstrucibility (e.g., subgraph asymmetry). This perspective is inspired by the analysis
of algorithms in the semi-random setting [1, 11], in which inputs are drawn according to a
natural distribution and subsequently modified by an adversary with constrained editing
power.

Drawing on both of these techniques, we introduce a semi-random perspective on the
reconstruction problem, living between deterministic and probabilistic settings. From this
vantage point, we seek to characterize the reconstructibility of large graph families in a
manner that admits structural irregularity. While we do not introduce novel techniques for
the deterministic conjecture, we find that natural semi-random graph distributions exhibit
surprising asymmetry properties, much like their Erdos-Rényi counterparts, which may be of
independent interest. As a consequence in our setting, we observe that existing deterministic
reconstruction arguments are much stronger than previously recognized.
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1.1 Primary Results and Technical Overview

For a fixed graph Gg and p € (0, 1), consider the random graph G given by independently
flipping each edge/nonedge in Gy with independent probability p. Note that this is equivalent
to independently including edges that do not appear in GGy with probability p and edges that
do appear in Gy with probability 1 — p. Moreover, if p € O(1/n?), n can be taken sufficiently
large so that G = G with probability €(1). This observation suggests one possible measure
of progress towards the full conjecture: the smallest p(n) such that graphs perturbed in the
manner remain reconstructible asymptotically.

We encapsulate this smoothed perspective by considering a generalization of G(n, p) which
allows for non-uniform edges probabilities. Let n € N and N = (g) For a vertex set V,
|V| = n, we fix an arbitrary indexing 7: V2 < [N]. For p = (p;); € [0,1]", we denote by
G(n, p) the distribution over graphs on V such that each vertex pair e € V) is included as
an edge with independent probability pr(.). Equivalently, §(n, p) = ®f[ Ber(p;). Of course,
we will consider probabilities that vary with n; in full generality, we let p : N — [0, 1]* such
that p(n) € [0,1]V. In this case, we denote by G(n, p) the distribution given by including an
edge e with probability equal to the m(e)th coordinate of p(n).

Employing the semi-random perspective, we have some flexibility. For a graph G = (V, E)
and subset S C V) we denote by Bg(G) the family of graphs generated by adding/removing
any number of vertex pairs from S in G. That is,

Bs(@) = {G+ D ceeice € {il}} .
ecsS

For r € N, we denote by B,.(G) the family of graphs generated by adding/removing at most
r vertex pairs anywhere in G,

|S|<r

Intuitively, should we allow an adversary to edit a limited number of edges anywhere in G, we
hope that all graphs in B.(G) be reconstructible. Should we constrain an adversary’s changes

to a (possibly random) set of pairs S, we hope that all graphs in Bg(G) be reconstructible.

To start, we find it most fruitful to uniformly draw a subset S C V(2 of order ¢ = £(n) and
examine the behavior of Bg(G). Note that for appropriate € € Q(n?log(n)), an asymptotic
reconstructibility result for Bg(G) would suffice to prove the Reconstruction Conjecture
for sufficiently large n (see Appendix C). This observation furnishes another measure of
progress towards the full conjecture: the largest e(n) such that all graphs in Bg(G) remain
reconstructible asymptotically. Loosely, this formalization of the semi-random model can be
seen as, instead of uniformly widening the hypercube bound on p € [0, 1]V (as is our objective
under the smoothed interpretation), allowing a random (or adversarially chosen) subset
of the entries in this tuple to be arbitrary. Studying these settings, we give strengthened
and refined forms of existing probabilistic graph reconstruction results. We summarize our
contributions as follows.

Robust graph asymmetry

Our primary technical contribution characterizes the asymmetry and uniqueness of large
subgraphs in §(n,p) under randomly constrained edge perturbations.
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» Theorem 1 (Informal Theorems 14 and 15). Let é € N, c € (0,1/2), 5: N — (0,1), and
e: N — N such that 1 — 3,8 € Q(log(n)/n) and ¢ = e(n) < cn?. There exists a > 0 such
that if p(n) € [aB(n),1 — a,@(n)](g), then for G ~ G(n, p) and independent uniformly drawn
subset S C V2 of order ¢, it holds with failure probability at most exp(—Q(B(n)n)) that for
all H € Bg(G), all induced subgraphs of H on n — § vertices are asymmetric and mutually
non-isomorphic.

We remark that for 5(n) € o(1) and fixed p > 0, we can take o > 0 so that the failure
probability is bounded by exp(—pB(n)n). Up to constants in the bound on p(n), the
asymmetry result o Bollobds [3] can be seen as the special case where € = 0.

Semi-random graph asymmetry

When G ~ §(n,1/2) and no edits are allowed, enumerative techniques similar to those of
Miiller [24] give a failure probability in Theorem 1 of exp(—(n)). If we want to ensure
asymmetry on all graphs G’ € B.(G), we can simply observe an O(n?)
so it is enough to take € < Bn/log(n) for carefully chosen B > 0. This does not translate
nicely to the non-uniform setting, however (e.g. p # 1/2). Using Theorem 1, we obtain a
strict generalization of this observation via conditioning. We obtain even stronger results
when adversarial perturbations are restricted to (or planted on) fixed subsets of V(2.

cardinality blowup,

» Corollary 2 (Informal Corollaries 16 and 17). Let 6 € N and 8 : N — (0,1) such that
1— 08,8 € Qog(n)/n). There exist a, B > 0 such that if p(n) € [afB(n),1 — aﬁ(n)](g),
then for G ~ G(n,p) and any fived P C V) such that |P| < BB(n)n, it holds with failure
probability at most exp(—Q(B(n)n)) that for all H € Bp(G), all induced subgraphs of H on
n — 0 vertices are asymmetric and mutually non-isomorphic.

Here and in the remainder of the overview, if 5 € o(1) then p, B > 0 are free parameters; we
may choose a > 0 so that our results holds for a chosen B > 0 with failure probability at
most exp(—pB(n)n).

For |ple € ©(1), our result is tight up to constants; trivially, one can plant 2n — 3
nonedges to guarantee the existence of a chosen transposition on any sampled graph. As
a concrete illustration, when p € ©(1), one preserves asymmetry even when a clique is
planted on ©(y/n) vertices. In contrast, the clique number of G(n,p) is known to be ©(logn)
asymptotically almost surely [13].

» Corollary 3 (Informal Corollaries 18 and 19). Let 6 € N and 8 : N — (0,1) such that
1— 38,8 € Q(og(n)/n). There exist a, B > 0 such that if p(n) € [aB(n),1 — aﬁ(n)](g)
and € : N = N satisfies e(n) < Bf(n)n/log(n), then for G ~ G(n, p), it holds with failure
probability at most exp(—Q(B(n)n)) that for all H € B.(G), all induced subgraphs of H on
n — 0 vertices are asymmetric and mutually non-isomorphic.

One can view Corollary 3 as establishing robustness against perturbations made after the
graph has been sampled. Though Corollary 3 admits logarithmically smaller € than the
results of [9, 19], and does not provide tight characterizations of resilience, we address the
nonexistence of isomorphisms between proper subgraphs and allow for non-uniformity in edge
probabilities, which rules out exact computation.! This latter point enables the smoothed
setting, in which edge probabilities may differ by 1 — o(1).

! Note that Corollary 3 devolves into a global asymmetry result when § = 1; note that all subgraphs on
n — 1 vertices being mutually non-isomorphic is sufficient for global asymmetry.



J. Asilis, X. Chen, D. Hansen, and S.-H. Teng

Probabilistic graph reconstruction

While our asymmetry results may be of independent interest, the consequences in our setting
are immediate. Taking § = 2, the conclusions of Theorem 1 and Corollaries 2 and 3 are
sufficient for reconstructibility via Corollary 10. This yields reconstruction results for random
graphs with: 1) adversarial edge edits constrained to a random subset of O(n?) vertex
pairs, 2) planted structure on O(3(n)n) fixed vertex pairs, or 3) at most O(8(n)n/log(n))
adversarial edge edits anywhere in the graph. We state these results in full generality in
Section 3.3. After providing some notation, we state special cases here.

For a graph G = (V, E) and F € V?) define G+ F = (V,EUF) and G — F = (V,E\ F).

Also let 9R,, denote the family of reconstructible graphs on n vertices, and R, the family of
nonreconstructible graphs on n vertices.

» Corollary 4. Let 8 : N — (0,1) such that 1 — 8,5 € Q(log(n)/n). There exist o, B > 0
such that if p(n) € [aB(n),1 — aﬁ(n)](g), then for sufficiently large n, G ~ G(n, p), and any
fized Py, Py C V3 such that |P, U Py| < Bf(n)n, it holds with failure probability at most
exp(—Q(B(n)n)) that G+ Py — Py is reconstructible.

» Corollary 5 (Informal Corollaries 20 and 21). Let 8 : N — (0,1) such that 1 — 3,8 €
Qlog(n)/n). There exist o, B > 0 such that if p(n) € [afB(n),1 — aﬁ(n)](g) and € <
BpB(n)n/log(n), then

P [B-(R,)] == 0.

S(n,p)

When each edge is drawn with uniform probability p € ©(log(n)/n), the result of Bollobés [3]
guarantees convergence to zero only for ¢ = 0. Corollary 5 demonstrates that in this same
regime, we can in fact take any constant e. Using techniques from Bollobds [3], one can show
that the same results hold if we instead let fR,, denote the family of graphs on n vertices
with reconstruction number three.?

1.2 Related Work

In the present work, we are concerned with the Vertex Reconstruction Conjecture. Graph
families proven to be reconstructible in this setting include regular graphs, disconnected
graphs, and trees [18]. More recently, Farhadian [10] observed connections between the
reconstructibility of a graph and the uniqueness and asymmetry of its large subgraphs. On the

empirical front, McKay [21, 22] verified that all graphs up to 13 vertices are reconstructible.

For an overview of standard results and alternative variants of the conjecture, see [6].

The probabilistic examination of graph reconstruction dates to Miiller [23], who proved
that for any « € (0, 1), almost all graphs are reconstructible from their multiset of subgraphs
on 4 (1+ a) vertices. Using an enumerative argument, Miiller proved that for G ~ G(n,1/2),
it holds with probability 1 —o(1) that all sufficiently large subgraphs of G must be asymmetric
and mutually non-isomorphic, a sufficient condition for reconstructibility. The seminal work of
Bollobds [3] refined the analysis for §(n, p) with p € Q(log(n)/n), proving that asymptotically
almost surely G ~ G(n, p) is reconstructible from any three subgraphs on n —1 vertices. More
recently, [28] used the asymmetry result of Miiller to prove that for £ < %(1 — «), almost all
graphs are reconstructible from some multiset of (%2) subgraphs on n — £ vertices.

2 A graph is said to have reconstruction number k < n if it determined by some order-k collection of its
induced subgraphs [14].
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The literature on graph asymmetry is even more extensive. Erdds and Rényi [9] initiated
the study of this notion by proving that almost all graphs are asymmetric. In particular,
they proved that asymptotically almost surely, one must remove and add a total of at
least (1 — «) edges to make G ~ G(n,1/2) symmetric. In recent years, this result has
joined the literature on property resilience [29, 12, 5]. More generally, it is folklore that
for 1 — p,p > log(n)/n, one must asymptotically almost surely add and remove at least
(2 + 0o(1))np(1 — p) edges somewhere in G ~ G(n,p) to achieve symmetry. Kim et al. [19]
refined this result by proving that for the same range of p, one must asymptotically almost
surely add and remove at least (1 4 o(1))np(1 — p) edges adjacent to a single vertex. A
number of works have also studied asymmetry in different graph distributions [19, 2, 20, 26].
The work of [26] comes closest to ours in terminology; examining hardness in a robust variant
of the Graph Isomorphism problem, they prove that the uniform distribution over graphs
on n vertices and m € Q(n) edges satisfies a strengthened notion of global asymmetry that
decays with n if m is super-linear.

Also related to the sensitivity of graph asymmetry is the work of [7] and [15]. These
works examine changes in the graph automorphism group under addition and deletion of
carefully chosen edges. [7] take on a dual perspective to that of Erdds and Rényi [9], studying
the minimum number of edges one must add and delete in order to make a graph asymmetric.
[15] prove that for any two finite groups, there exists a graph from which one can remove
a vertex so that the automorphism group passes between these groups. This result can be
seen as a barrier to proving the Reconstruction Conjecture via characterization of subgraph
symmetries.

2 Preliminaries

2.1 Notation

For r € R, we let |r| denote the greatest integer m < r. Form € N, we let [m] = {1,2,...,m}.
For a finite set U and natural numbers k < |U|, £ < ('gl), we let U®) denote the set of all
k-element subsets of U, and U = UH©) denote the set of all f-element subsets of U*).
For a random variable X and event F, we let Px denote the distribution of X and I[E]
denote the indicator of E. For a finite set U, we let U(U) denote the uniform distribution
over U. For any distribution D supported on U and k € N, we let D®* denote the k-fold
product of D, supported on U*.

2.2 Graph Reconstruction

We direct our attention exclusively to finite undirected graphs; for an introduction to standard
notation, see [4, 5]. For a graph G = (V, E), we denote v(G) = |V|] and e(G) = |E|. For a
set of vertices U C V, G[U] denotes the induced subgraph of G on U, i.e., GIU] = (U, {e €
E :e C U}). Foravertex v € V, welet G—v = G[V\ {v}]. More generally, for any
subset U C V, we let G — U = G[V \ U]. Analogously, for any subset F C V) we let
G+F=(V,EUF)and G— F = (V,E\ F). Henceforth, for concision, we refer to induced
subgraphs simply as subgraphs.

A graph isomorphism ¢: G = H is a bijection ¢: V(G) — V(H) such that zy € E(G)
if and only if p(z)p(y) € E(H). If there exists an isomorphism ¢: G =, H, we say that G
and H are isomorphic and write G = H. A graph automorphism on G is an isomorphism
p: G =, G. We let Aut G denote the set of automorphisms on G. The identity is always
an automorphism; if no other automorphism exists, we call G asymmetric. If G is not
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asymmetric, we call it symmetric. We say that two vertices z,y € V(G) are similar, and
write x ~ y, if there exists ¢ € Aut G such that p(z) = y. We say that a set of vertices
U C V(G) is fized in G if p(U) = U for all ¢ € Aut G. We say a subgraph of G is unique if
it is isomorphic to no other subgraph of G.

A hypomorphism o: G = H is a bijection o: V(G) — V(H) such that G —v = H — o (v)
for all v € V(G). If there exists a hypomorphism o: G = H, we say that G and H are
hypomorphic and write G ~ H. Naturally, G = H implies G ~ H. The Reconstruction
Conjecture asserts the converse, for graphs on at least three vertices.

» Conjecture 6 ([30, 17]). Let G, H be undirected graphs on at least 3 vertices. If G ~ H,
then G = H.

In general, we say that a graph G is reconstructible if whenever G ~ H, it holds that G = H.

A family of graphs C is reconstructible if all G € C are reconstructible. We let R,, denote
the family of reconstructible graphs on n vertices, and fR,, the family of nonreconstructible
graphs on n vertices. A classical tool in graph reconstruction is Kelly’s lemma, which we
state below alongside two relevant facts.

» Lemma 7 ([18]). Suppose G ~ H. Then for any graph F on at most n — 1 vertices, G
and H have the same number of subgraphs isomorphic to F.

» Fact 8. Leto: G = H, and U C V(G) such that G[U] is a unique subgraph of G. Then
G|U]| = H[o(U)], and H[o(U)] is unique in H.

Proof. Let ¢, : G — x Ny - o(x) denote isomorphisms given by the existence of . By
Kelly’s lemma, there is a subset U’ C V(H) such that H[U'] 2 G[U] and H[U’] is unique in
H. Also note that for all z € V' \ U, ¢, restricts to an isomorphism G[U] =5 H [0 ()], so
Hp,(U)] is a subgraph of H isomorphic to G[U], and ¢, (U) = U’. In particular, o(z) ¢ U’
forallz € V\U, and o(U) =U". <

3 Results

3.1 Asymmetry

Asymmetry properties are commonly leveraged in probabilistic reconstruction arguments.
Namely, such arguments often invoke the asymmetry of all sufficiently large (induced)
subgraphs of the underlying random graph. The dependence of this technique upon all
subgraphs enjoying this property can occasionally be avoided by instead assuming the
uniqueness of certain subgraphs. Farhadian [10] exploited this approach, demonstrating that
all graphs containing a unique and asymmetric subgraph on n — 2 vertices are reconstructible.
As our first lemma, we present a mild generalization of this result, which admits a constructive
proof.

» Lemma 9. Suppose there exists a hypomorphism o: G = H, vertices z,y € V(G), and
isomorphisms ¢g: G —x — H — o(x) and py: G—y = H- o(y) such that
(i) wa(y) =0(y),
(i1) (@) = o(2),
(ii) Sy ={veV(G)\{z,y}:zv € E(G)} is fized in G — {z,y}.
Then G = H.

12:7
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Proof. For brevity, let A =G — {z,y}. Note that by conditions (i) and (i%), the restrictions
<pI|A, <py|A are both isomorphisms G — {z, y} = H- {o(x),0(y)}. Hence, we have

<,095|A_1 o cpy|A € Aut(A).

Condition (#¢) then implies ¢4 (Sz) = ¢y (Sz). Now, because ¢, (x) = o(x),
ol (50 = 4(52) = {w e VD \ {000} s ola € B0 )

We can therefore extend ¢, to an isomorphism @, : G =H by defining

Ba(v) = {“(x) v

oz (v) else.

This mapping preserves edges and nonedges except for possibly xy. However, as G ~ H,
then e(G) = e(H) and zy € F(Q) if and only if §,(2)p,(y) € E(H). <

» Corollary 10 ([10]). If G has a unique, asymmetric subgraph on n — 2 vertices, then G is
reconstructible.

Proof. Let G — {z,y} denote a subgraph of G that is both unique and asymmetric. Let
o :G = H. By Fact 8, there is a unique and asymmetric subgraph H — {z’,4'} of H such
that H — {z’,y'} = H[o(V(G) \ {z,y})]. Hence, {o(x),0(y)} = {=',y'}.

Let g, : G — 2 = H — o(z) and ¢, : G =y = H- o(y). By uniqueness of H — {2/, y'}
in H, 0.(V(G)\ {:3}) = ¢,(V(G)\ {,5}) = VH) \ {z,5'}. S0 paly) = o(y) and
¢y (z) = o(x). Finally, note that condition (%) of Lemma 9 holds by the assumption that
G — {z,y} is asymmetric. <

3.2 Robust Asymmetry

Let us begin by articulating subgraph uniqueness properties that will play a central role in
our forthcoming results. Recall that for a graph G' = (V, E) and subset S ¢ V(?), Bg(G)
denotes the set of graphs generated by adding/removing any number of vertex pairs from S
in G,

Bs(G) = {G +) ceeice € {11}} .
eesS

» Definition 11. Let n,6 € N. Let G = (V, E) be a random graph on n + 6 vertices, C be a

random set of graphs on V, and S be a random subset (or tuple) of pairs in V@ We let

E5(G) denote the event that: if W C V, [W|=n and ¢ : W — V is an injection inducing a

graph isomorphism G[W| N Gle(W)], then p(w) = w for all w € W. Overloading notation,

we also let

Bs(C)= N\ Es(G), Es(G,S) = Es(Bs(G)).
Gec

Informally, Fs(G) records the condition that all subgraphs of G on n vertices are asym-
metric and mutually non-isomorphic, while Es(G, S) records whether this is true even when
one is permitted to add/remove any vertex pairs in S from G. Note that the negation of
E5(G,S) is monotonic in S. We are now equipped to state our primary lemma.
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» Lemma 12. Let e = O(n?), § €N, p > 0. There exists a = ag 5, > 0 such that if

log(n n

D8O < By =o(1).  pn) € [aB(n). 1~ aB(m)] 3
then for sufficiently large n, G ~ G(n + 6,p), and independent S ~ UV )2 Es(G, S)
holds with failure probability at most exp(—pf(n)n).

» Lemma 13. Let ¢ = O(n?), 6 € N, 3 € (0,1/2]. There exists p = pesp5 > 0 such
that if p(n) € [B,1 — 5](3), then for sufficiently large n, G ~ G(n + 0, p) and independent
S ~ UV E5(G,S) holds with failure probability at most exp(—pn).

Here and in the remaining results, it makes no difference whether we draw ¢ = ¢(n) or
e = e(n + d) pairs. For simplicity in the proofs, however, we take ¢ = e(n) and require that
its image be contained in N. A crucial difference between the cases where 5 = o(1) and
B = ©O(1) is the adaptivity of our constants. In the former case, we can choose « to scale the
convergence rate by any p of our choosing. This property will be useful when we examine
downstream implications.

After some simple observations on the front end, our proof of Lemma 12 closely follows
that of [3]. Roughly, we upper bounds the probability of any single isomorphism ¢ by the
probability that its orbits on V() consist entirely of edges or entirely of nonedges. We find
that we can fit in additional cross-terms that account for the edits contributed by S. Here
and in the sequel, proofs for 5 € O(1) are entirely similar to those for 8 € o(1); we leave
such proofs to Appendix B.

Proof of Lemma 12. Fix n,d. The number of choices for W C V is

<n ;r 5) < o’

for n > 2. Fix one such W. Let Sﬁm) denote the set of injections W — V that move exactly
m vertices of W. We have

|S7(Lm)| < (n>(m+5)m _nm<m;_(5> < 27’me6,
m

when m > 2, and a bound of 20n when m = 1. For a map ¢ € Sflm), let G x V(Q)(Lp) denote
the set of (G, S) pairs for which ¢ induces an isomorphism G'[W] — G'[p(W)] for some
G' € Bs(G). We let P[p] = P[G x V) ()]. Note that ¢ defines a partition of W3 U (W)
into orbits. Let M; denote the number of orbits of order 7, and N = (Z)7 so that

N
> iM; = WP Ue(W)®)| > N.
i=1

Note that ¢ induces an isomorphism on some G'[W] — G'[¢(W)] if and only if each
orbit consists entirely of edges or nonedges in G’. To bound the probability that this occurs
for any G’ € Bs(G), we note that for any orbit of length ¢ > 2, we can split the orbit into
|i/2] disjoint pairs in V(%2). For any single pair {zy, ¢(xy)}, let Pay and py(sy) denote the
probabilities that xy and ¢(zy), respectively, are included in G. Note that the probability
3G’ € Bs(Q) such that zy, o(zy) € E(G') or xy, p(z,y) ¢ E(G’) is bounded by

2

2
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12:10 Semi-Random Graph Reconstruction

Take ¢ > 0 such that e(n) < c() asymptotically. Hence, for any ¢y € (1—e~2¢,1), sufficiently
large n and Lemma 22 give the bound

(@B)? + (1 = af)® + 2a3(1 — aB)co

Moreover, by Lemma 25, all Zl o M; L%J such events are negatively associated. Hence,

N (13 M
Ple) < T { TT ((08)* + (1 - aB)? + 2058(1 — aBey
i=2 \j=1

For any ¢; € (0,2 — 2¢), since 8 € o(1),

(@B(n)*+(1 — aB(n))® + 2aB(n)(1 — aB(n))co
= (2= 2c0)(af(n))* + (2c0 — 2)(af(n)) +1
< —ciaf(n) + 1.

Since log(1 + x) < z, we have

N N .
Pl < [[(~eran) + 1)\ JM1<exp[—claﬁ ] ]

=2 =

When m = 1, we have M; = (";1), Ms =n—1, and M; =0 for ¢ > 3. In this case,

When m > 2, we estimate the sum by upper bounding M;. If p(zy) = zy but ¢(z) # x,
then ¢(y) = x. Hence, for any vertex w € W, w # y, we must have p(zw) # zw. So
M, < ("_Zm) +m/2 and for m > 2,

Sz ()-(13") -5 m-F -,

Since i > 2, L%j > ﬁ. We now have an upper bound of

Y L2 3(n)(n — m =
Ply] < exp [—Tﬂ(n)ZiMil < {EXP[ Zﬂ( )(n—1)] 1
4

i=2 exp[ B(n)m (n—%—l)] m > 2.

For any ¢y € (0, 1) sufficiently large n now gives

exp [— 222 B(n)n] m=1
Plp] < | exp [ 452 B(n)mn]  m < [n!/?]
exp [—2223(n)mn]  m > [nl/?].
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Taking a union bound,

PEs(G,S)]< Y > > Pl

|W‘:n m=1 (Pesszm)

< 46n° ! exp {—#ﬁ(n)n} (1)
7 c1c20
+ 2n° Z 2n™m? exp [— 12 B(n)mn} (2)
m=2
+ 2n° Z 2n™m® exp {— ClcSQQﬁ(n)mn} (3)

m=|nl/2|

We bound terms (1)-(3) by taking n sufficiently large (independent of m). Let p’ > p. Choose
a> () (0 +o+1).

C1C(x
2

(1) = exp [log(45) + (6 +1)log(n) — ﬁ(n)n} < exp(—p'B(n)n).

Next, choose o > (i> (g + 34 %) Taking A := 1&2e _ 33 _ 2 _ 550, we have

cicz 2 4

C1Co2x

2 o]

_log(4) + (m + 6)log(n) + glog(n)

Hence,

(2) < exp | Tog(r) — 500~ 3| < exp(=/3a)n)

Finally, choose o > ( 8 ) (%4—54—%). Taking A := %—6—%—%

s > 0, we have

n

> exp|log(4) + (m+26) log(n) -
m=|nl/2|

Ci1Cox

(3) < ﬁ(n)mn}

n

< Z exp [m <log(2) + (14 6)log(n)

m=|nt/2|
< i exp {m (log(Z) —AB(n)n — (g/ + ;) B(n)nﬂ .
m=|nl/2|

Hence,

(3) < exp [log(n) — (p" + 1)B(n)n] < exp(—p'B(n)n).
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Combining terms,
P[E;(G, S)°] < 3exp(—p'B(n)n) < exp(—pB(n)n). <

Drawing S ~ U (V(Q))‘X’E is convenient for analysis but perhaps unnatural. This choice is
without any loss of expressive power, however. We can use Lemmas 12 and 13 in a black-box
fashion to obtain results for S ~ U(V(22)).

» Theorem 14. Let 6 € N, p > 0. Let e : N — N be such that e(n) < c(}) for some c € (0,1).
Then there exists some a = a5, > 0 such that if

log(n)

< B(n), B(n)e€o(l),

and p(n) € [aB(n), 1—aﬁ(n)](g), then for sufficiently large n, G ~ G(n+4, p) and independent
S~ UV 22, Es(G,S) holds with failure probability exp(—pB(n)n).

» Theorem 15. Let 6 € N, g € (0,1/2]. Let ¢ : N — N be such that e(n) < c(}) for some

¢ € (0,1). There exists some p = pcsp > 0 such that if p(n) € [8,1 — ,B](g), then for
sufficiently large n, G ~ G(n + 0, p) and independent S ~ UV 39), E5(G,S) holds with
failure probability at most exp(—pn).

Proof of Theorem 14. Let p' > p, £(n) < ¢(}), and abbreviate N = (%) for concision.
Then set

e'(n) = Nlog (1—%1(71)/N) ,

with v = HTUC It is not difficult to see that &'(n) = O(N) = O(n?), as ye(n)/N < y-c=

¢l < 1. Now consider the random variable Z, = |S| for S ~ U(V@)@<'(n) - Equivalently,

Zy = Zf[ X; where X; =1I[i € S]. We start by showing Z,, > £(n) with probability Q(1).
To this end, first note that E(Z,,) exceeds €(n) by a constant factor:

(
= N(l — exp ( - log((l - ’YS/(”)/N)A)))
N

The inequality simply leverages that 1 + z < exp(z). We now bound Var(Z,,) from above by
E(Z,), by appealing to Lemma 24. Letting p := 1 — (1 — 1/N)' (™| the sub-additivity of
variance for negatively associated variables gives

N
Var(Z,) < ZVar(Xi) =N -p(1—p) < Np=E(Z,).
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Finally, we invoke the Paley-Zygmund inequality with § = 1/ < 1. This yields

P (Zn > a(n)> >P (Zn > % ~E(Zn))

— (1 - 1>2 E(Zn)2

B v) E(Z,)?+ Var(Z,)
(1-1/7)°

~1+1/E(Z,)

S (= 1/7)?

- 2

= Q(1),

as desired. The penultimate line uses that E(Z,) > 1, and the previous line uses Var(Z,) <
E(Z,). By Lemma 12 with &'(n), we now have

P E G,S 9] > <0 ! 7 A
G~G(n+4,p) [ 5 ) ‘ 5] = 6] < O(exp(—p'B(n)n)) ()
SN(V(Q))@JE/

and conclude by conditioning. To be explicit, note that for fixed Gand 1 < k <&’ —1,

SN(V(z))®5,[ 5( ’ ) || | } S~V(2,k)[ 5( 5 )}
= P S1-IE G,S c
< P . P |E c
B |S|§—:k SNV(2,k)[S] eNV\S[ 5(G’SU {6}) ]
= P [Es(G,SU{e})]
S~V (2R
@N\/(Z)\S
= P [E(G9)|IS|=k+1].
SN(V(Z))®E’

Expanding the left hand side of Equation (4) and invoking the independence of G and S, we
obtain failure probability e(—pB(n)n) for S ~ V(2:2), <

Theorem 15 follows from a similar argument, instead making a call to Lemma 13.

3.3 Planted Structure

Modulating e(n) appropriately, the results in Section 3.2 immediately imply the preservation
of subgraph asymmetry properties under the semi-random interpretation. We address two

regimes, determined by whether an adversary plants structure before or after G is sampled.

» Corollary 16. Let 6 € N, B >0, p > 0. There exists some a = o5,B,, > 0 such that if

log(n

DB B, i) < ol1),
and p(n) € [aB(n),1 — aﬁ(n)](;), then for sufficiently large n, G ~ G(n + §,p) and
any fized P C V® such that |P| < BB(n)n, Es(Bp(G)) fails with probability at most
exp(—pB(n)n). In particular, for any partition Py, Py of P, Es(Gp, p,) fails with probability

at most exp(—pp(n)n).
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» Corollary 17. Let § € N, g € (0,1/2]. There exists some p = psp >0 and B = Bsg >0
such that if p(n) € [B8,1 — m(g), then for sufficiently large n, G ~ G(n + 4, p) and any
fized P C V@) such that |P| < Bn, Es(Bp(G)) fails with probability at most exp(—pn). In
particular, for any partition Py, Py of P, E5(G + P, — P») fails with probability at most
exp(—pn).

Proof of Corollary 16. Take 0 < ¢y < ¢; < ¢3 < 1. Let S ~ U(V(>#)) independently, for
c1(y) < e(n) < [ea(3)]. Also take p' = p + Blog(1/co). By Theorem 14, we can take
& = (5, > 0 such that for large enough n, Es(G,S) fails with probability at most

exp(—pB(n)m).
Note that |P| < (g) Hence, for any S’ ¢ V? satisfying P C S,

PE5(Bp(G))7] < PIF5(G, '),

Since |P| < e, Pg[P C S] > 0 and the law of total probability yields

-1

PIEs(Bp(G))] < (BIP C S1) P [Es(G,5)].

)

By assumption, 3(n)n € o(n) C o(n?), so Lemma 23 gives

n |P|
IE[P c Sl > (W) > exp[—log(1/co) BS(n)n].
Hence,
P[E;(Bp(G))] < exp |(Blog(1/co) — p)B(n)n] = exp(~pB(n)n). <

Note that in the proof of Corollary 16, we make use the adaptive constants in Theorem 14.
We can again use this adaptivity to recover variations on existing results in the literature on
property resilience [29, 12, 5].

» Corollary 18. Let 6 € N, p > 0, and

8(1) _ giny, () € 0(1).

n

Also let € € O(B(n)n/log(n)). There exists some a = oe5, > 0 such that if p(n) €
[aB(n),1— aﬁ(n)](g), then for sufficiently large n and G ~ G(n+ 6, p), Es(B:(Q)) fails with
probability at most exp(—pB(n)n).

» Corollary 19. Let § € N, 5 € (0,1/2]. There exists some p = psg >0 and B = Bsg >0

such that if p(n) € [B,1 — B}(g) and £(n) < Bn/log(n), then for sufficiently large n and
G~ S(n+0,p), Es(B:(Q)) fails with probability at most exp(—pn).

Proof of Corollary 18. There exists B > 0 such that for sufficiently large n, £(n) <
Bp(n)n/log(n). Let ¢ > 0 and p’ = p+ (2+ ¢o)B. By Corollary 16, there exists a = a. 5,
so that for sufficiently large n and any fixed P satisfying |P| < Bf(n)n, Es(Bp(G)) fails
with probability at most exp(—p'n). Hence,

ples(z. )] =B |\ EstBr@)r| < (&) expioptsiom.

|Pl=e
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By the monotonicity of (<2)* on (0,m],

log ((g)) < (ii(&);) <log (%) +log(n) + log (I;g(g;)» < (24 c)BBn)n. <

For constant |p|s, these results confirm the preservation of symmetry even if an adversary
plants a clique on ©(y/n/log(n)) vertices after seeing the sampled graph.

3.4 Reconstruction Consequences

Through Lemma 9, a number of reconstruction results follow immediately from Theorem 1
and Corollaries 2 and 3. Using techniques from [3], one can even show that semi-random
graphs have reconstruction number three with failure probability exp(—Q(5(n)n)). Perhaps
more interesting is the following characterization of nonreconstructible graphs, which follows
from Corollaries 18 and 19.

» Corollary 20. Let B(n) € o(1) such that log(n)/n < B(n), and let € € O(B(n)n/log(n)).
Then there exists o > 0 such that if p(n) € [af(n),1 — aﬂ(n)](;), then

P [B.(R,)] == 0.
S(n,p)

» Corollary 21. Let 8 € (0,1/2]. There exists B > 0 such that if e(n) < Bn/log(n) and
p(n) € 18,1 - B|), then

P [B.(R,)] == 0.
S(n,p)

4  Qutlook

As noted in the overview, when S ~ U(V(?))®2 any reconstructibility result holding with
probability 1 — o(1) and ¢ = Q(n?log(n)) is equivalent to the deterministic conjecture for
large n. This leaves a logarithmic gap unknown. Similarly, when S ~ U (V(z’g)), it remains
unclear whether one can handle any € = n?/2 — f(n) for f € o(n?) Nw(n). Such questions
outline what is possibly the most natural line for further inquiry.

As suggested in Section 1.1, one can view the semi-random extension of the smoothed
model as, instead of uniformly widening the hypercube padding on p € [0, 1]V, allowing a
random (or adversarially chosen) subset S of the entries in this tuple to be arbitrary. One
might consider a relaxed setting, where instead of letting {p; };cs be arbitrary, widening the
bound on these entries beyond the O(log(n)/n) barrier. One may hope to successfully do
this on € = n?/2 — f(n) of the entries.

Beyond the semi-random model, there exist several natural notions of approximate graph
reconstruction. For instance, take d9R(G) to be the minimum number of edge additions/re-
movals necessary to make G reconstructible. One can always isolate a vertex to make G
reconstructible, giving d3(G) < n — 1. To the best of our knowledge, however, no sublinear
bounds have been established. Interestingly, by strategically changing the degree profile and
using [25, Theorem 12], one can show that only three edits suffice to make any graph on at
least four vertices edge-reconstructible — reconstructible from its multiset of subgraphs with
a single edge removed [6]. We leave examination of these bounds to future work.
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A Probability
We first record a simple inequality that enables the most crucial step in our analysis.
» Lemma 22. Leta € (0,1/2], ¢o € (0,1). Define
fila,1—a]* —[0,1]
(@,y) = oy + (1 —2)(1—y)+ (1 —y) + (1 = z)y)co.

Then for all x,y € [a,1 —a], f(z,y) = f(1 —x,1 —y) and f(z,y) < f(a,a).

Proof of Lemma 22. Since f(z,y) = f(1 —x,1 — y), we may assume that x > 1/2.
f(z,y) = (2= 2co)zy + (co — Dz + (o — L)y + 1
=[2—-2c0)z— (1 —co)ly+ (co— 1)z +1

]
x—(1—co)](l—a)+(co—1)x+1

<[(2 - 200)

=[2-2¢)(1-a)=(1=co)z—(1-co)(l—a)+1

<[(2—2c0)(1 —a) — (1 - co)l(1 —a) — (1 — co)(1 — a) + 1

=(2-2c0)(1—a)* = (2—2c)(1 —a)+1

=f(1-a,1-a)= f(a,a). <

The following inequality will also be useful.

» Lemma 23. Let T C U such that |T| = k, Ul = n, and n > m > k. Then for
S ~uUWUmy,

B[T C §] > (m_k>k.

n

Proof. To see this, note that if T = {1, ..., 2}, then for i € [k],

(nf(ifl)fl)

. ‘ _ \m—(-D-1) _ m—i+1
Plx; € S|z1,...,2,-1 € S] = (ni((lill))) = Tirl
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By chain rule,

m—1+1 m—Ek\"
|| > .
TCS <n—z+1> ( n ) «

A.1 Negative Association

Crucial in our analysis are some basic facts about negative association. For brevity, we say
that a set of random variables is NA if it is negatively associated.

» Lemma 24. For S ~ UV )®2 et T[e € S] denote the random variable that takes on the
value 1 when e = S; for some j and 0 otherwise. Then {Ile € S]}.cy 2 is NA. In particular,
for any F c V@),

]P’[/\eES]SH]P’[eES].

ecF eck

Proof. We closely follow a standard proof for balls and bins. For e € V() and j € [¢], let
Xe,j be a random variable taking the value 1 if S; = e and 0 otherwise. By the Zero-One
Lemma [8], {X. ;}. is NA. Since unions of mutually independent NA families are NA,
{Xe,j}e,; is NA [16]. But note that {I[e € S]}.cy ) are all monotone increasing in {X, ;}e ;
and defined on disjoint subsets of {X, ;}¢, ;, hence NA. Using the marginal probability bound
for NA families,

PN\ ecS =P[\Iecs]>1]<[[PllleeS]>1=][]Plees] <

ecF ecF eel ecF

» Lemma 25. Let p € (0,1), € € N, G ~ G(n,p) and independent S ~ UV P)®=. Let
A, B C V@ be disjoint, A = {e;}%, B = {f;}}. For j € [k], let E; be the event given by

(e; € EAf; € E)V(e; & EAS; ¢ E)V[((ej € EAf; ¢ E)V(e; ¢ EAJ; € E))/\(ej e SV, es).

Then {I[E;]}; is NA. In particular,
PIA Ej] < [TPE)]
J J
Proof. For j € [k], define X; as the indicator of the event

(e EENfi€E)V(e;E ENS;¢E).

For e € V() also define Y, = I[e € S]. Note that {X,}, are mutually independent,
and that {Y.}ecaup is NA by Lemma 24. Since these collections are independent, A =
{X;}; U{Y.}ecaun is NA [16]. Now observe that

I[E;] = X; + (1 = X)I[Ye, + Yy, > 1.

So {I[E;]}; are monotonically increasing in A and defined on disjoint subsets of A, and hence
NA. Using the marginal probability bound for NA families,

P[/\ Ej] = /\]1 1> 1] <HIP> > 1] =[] PIE)). <
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B Omitted Proofs

Proof of Lemma 13. We follow the proof of Lemma 12, except for minor changes. Take
¢ > 0 such £(n) < ¢(}) asymptotically. For any ¢g € (1 — 2%, 1), Lemma 22 and Lemma 25
give

M;

l\)\s.
[l

N
<11 ( ~ B)% +28(1 - B)eo)
Note that 32+ (1 —3)2+28(1—B)co < 1. Taking ¢; = —log(8%+ (1—8)2+28(1—B)co) > 0,

r N .
Plp] <exp |—c ZL;JMl] )

N e(n — m =
Plyl Sexp | =3 ZZM] - {Zg F%fn(nm’; ~1)] mz ;

For any ¢y € (0,1), sufficiently large n gives
exp [f%n] m=1
Plp] < { exp [-42mn] m < [nl/?]

exp [—9&mn] m > [n'/?].

Taking a union bound,

P[Es(G, S)°] ZZZ

Wl=nm=1 pes(m

< 46n5+t exp [—%n] (5)
[n*/?)
+ 2n° Z 2n"m® exp [—%mn} (6)
+ 2n° 2": 2n™m? exp [—%mn} . (7)
8

m=|nl/2|

We bound terms (5)-(7). Take 0 < p < p' < p” < 422, Since p’ < 472, it’s clear that
term (5) is bounded by exp(—p'n). Next,

[n'/2]

6 < Y e [log(4) + (325 + m> log(n) — cfzmn}

m=2

< Ugj exp [m (log(2) + (?f + 1) log(n) — cf%)]

m=2
[n'/?]
/! 1 /! /
< Z exp(—mp"'n) < exp §log(n) —2p"n| <exp(—2p'n).

m=2
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Lastly,

(7) < Z exp {log(él) + (m +26)log(n) — %mn}

m=|nl/2|
< Z exp [m (log(Q) + (1 +9)log(n) — %n)}
m=|nl/2|
n 1"
< Y ew {m <"2n>} < exp(log(n) — p'n) < exp(—p'n).
m=|nl/2|

Combining terms,

P[Es(G, S)] < 3exp(—p'n) < exp(—pn). <
Proof of Corollary 17. Take 0 < ¢y < ¢; < ¢z < 1. Let S ~ U(V(>9)) independently, for
c1 (g) <k < e (;’)J By Theorem 15, there exists some p' = p’c%(w > 0 such that for
sufficiently large n, Es(G, S) fails with probability at most exp(—p'n).

Take B < p’/log(1/cy). Note that |P| < (}), so for any S’ C V(2 satisfying P C &,

PLI5;(BR(G)] < BIES(G. 5]

Since |P| < e, Pg[P C S] > 0 and the law of total probability yields

BIEs(Bp(G))] < (BIP C 81) B IBs(G.5)]

Moreover, Lemma 23 gives

|P|
”)—B
P[P C S| > ((31(2)nn> > exp [—log(1/co) Bn].
s (2)
Taking p = p’ —log(1/co)B > 0, we have
PEs(Br(G))7] < expllog(1/eo) Bn — p'n) = exp(—pn). <
Proof of Corollary 19. By Corollary 17, there exists p’ = pgﬁ > 0 and B’ = Bg_ﬂ > 0 so

that for sufficiently large n and any fixed P satisfying |P| < B'n, Es(Bp(G)) fails with
probability at most exp(—p'n). Hence,

BLE;(B(@)] =B | \/ Es(Bp(G) s((?)exp(p'n).

|Pl=e

Let ¢ > 0. By the monotonicity of (£2)* on (0,m],

log ((§)> < (105(7;)> (log (%) + log(n) + log log(n)) < (24 co)Bn.

Taking B < min{B’, p'/(2+ cp)} and p = p’ — (2 + ¢o) B gives the result. <
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C Connection to Deterministic Reconstruction

For completeness, we record connections between deterministic and probabilistic reconstruc-
tion statements. We do not pin down precise thresholds.

» Observation 26. Suppose there exists a family of distributions {D,}$° over undirected
graphs on n vertices such that for G ~ D,,, S ~ (V2)®2 and (n) > Cn?logn for C > 1,

P[Bs(G) C R,] =1—o0(1).
Then the reconstruction conjecture is true for sufficiently large n.
Proof. Let H be a graph on n vertices. Hence, for G ~ D,,, if H ¢ R, then
P[Bs(G) ¢ R|S=VP]=1.
Expanding, we have
P[Bs(G) ¢ R,] > P[S =V >1 - N >1-0(1),
yielding a contradiction for sufficiently large n. |

» Observation 27. Let 3 € O(1/n?) and v € o(1). Suppose G ~ G(n, p) is reconstructible
with probability at least 1 — y(n) for all

p; € [B(n),1 - B(n)] ic (;‘)

Then the reconstruction conjecture is true for sufficiently large n.

Proof. Let H be a graph n vertices, and define
pi = p(n) 1[i ¢ E(H)]+ (1—B(n)) - 1[i € E(H)].
If H ¢ R, then
PG ¢ %] > PG = H] = Q(1).

Since the left-hand side is o(1), we have a contradiction for sufficiently large n. <
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