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Abstract
Quantum information theory has provided the formal framework for describing how information is
stored, transmitted, and transformed in physical quantum systems [6, 7, 9]. Its entropic formulations
underpin our understanding of quantum computation, communication, and cryptography. Yet
this theory traditionally treats all quantum operations as freely available, ignoring computational
restrictions. In practice, however, any manipulation of quantum information must be performed by
devices of bounded complexity and runtime. Capturing such realistic constraints requires extending
quantum information theory to include computational efficiency as a fundamental component.

This work takes a first step toward building a computational version of quantum information
theory, one that treats efficiency as part of the theory itself. The goal is to understand how the
behavior of quantum information changes when the parties involved can only perform computationally
efficient operations. This approach bridges the abstract, ideal setting of quantum information theory
with the practical limitations of real quantum devices, offering a means to study information
processing under realistic resource constraints.

At the center of this work are two new quantities: the quantum computational min-entropy and
the quantum computational max-entropy. These entropies extend standard quantum entropies by
explicitly limiting the computational power of the observer or adversary. The quantum computational
min-entropy captures how unpredictable a quantum system A remains to an observer holding
system B, when that observer is restricted to quantum circuits of bounded size. Formally, for a
bipartite state ρAB , we define

c

H
s

min(A|B)ρ := − log dA max
Es

B→A′
F ((IA ⊗ Es)(ρAB), |ΦAA′ ⟩⟨ΦAA′ |) ,

where the maximization is over quantum channels that can be implemented by circuits of size at most s,
and F denotes fidelity with a maximally entangled state. In the classical setting, the min-entropy
can be expressed through the maximal probability of correctly guessing a random variable given
some side-information. In the fully quantum setting, this idea extends to uncertainty about quantum
information [4], quantifying how well one system can be inferred from another using local quantum
operations. Our definition generalizes this operational viewpoint by restricting the computational
power of the observer to efficient quantum circuits. This definition extends the operational meaning
of the information-theoretic quantum min-entropy [4] by incorporating computational constraints,
and it provides the fully quantum counterpart of the classical unpredictability entropy [3].

We establish fundamental properties for the computational min-entropy, including monotonicity
in the circuit size and smoothing parameters, efficient data-processing inequalities, and fully quantum
leakage and purification chain rules, which were left as open questions in earlier definitions of quantum
computational entropies [2, 5]. For classical–quantum states, it coincides with the previously defined
quantum computational unpredictability entropy [1], showing that the new definition correctly
generalizes known results. We also introduce the quantum computational max-entropy through a
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13:2 Fully Quantum Computational Entropies

duality relation [8] with the min-entropy using a fixed purification. Finally, we prove unconditional
separations between the computational and information-theoretic entropies, demonstrating that
computational restrictions can fundamentally alter entropic behavior even for simple states.

These results establish the fundamental mathematical framework for studying quantum inform-
ation within realistic computational constraints. By integrating efficiency directly into entropic
quantities, they open the door to a fully developed computational quantum information theory
that parallels its information-theoretic counterpart. Such a framework provides the foundation for
analyzing cryptographic security against computationally bounded quantum adversaries [1] and the
limits of efficient quantum state manipulation. More broadly, it suggests that many core notions in
quantum information theory may have refined computational analogues yet to be explored.
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