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—— Abstract

The standard definition of PAC learning (Valiant 1984) requires learners to succeed under all
distributions — even ones that are intractable to sample from. This stands in contrast to samplable
PAC learning (Blum, Furst, Kearns, and Lipton 1993), where learners only have to succeed under
samplable distributions. We study this distinction and show that samplable PAC substantially
expands the power of efficient learners.

We first construct a concept class that requires exponential sample complexity in standard PAC
but is learnable with polynomial sample complexity in samplable PAC. We then lift this statistical
separation to the computational setting and obtain a separation relative to a random oracle. Our
proofs center around a new complexity primitive, explicit evasive sets, that we introduce and study.
These are sets for which membership is easy to determine but are extremely hard to sample from.

Our results extend to the online setting to similarly show that its landscape changes when the
adversary is assumed to be efficient instead of computationally unbounded.
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1 Introduction

In the PAC model [25], the learner is given labeled data (x, f(x)) where x is drawn from
a distribution D. The functions f is promised to belong to a known, often simple, concept
class, but no assumptions are made about D. Notably, the learner is required to succeed
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even under distributions that are intractable to sample from. These are distributions D
for which any generator G such that G(Unif) = D must have superpolynomial circuit size.
Consequently, making even a single draw @ ~ D takes superpolynomial time.

This is arguably an overly stringent requirement. PAC learners are expected to be efficient
and yet the distribution, which can be viewed as an adversary in this context, is allowed to
be computationally unbounded. This stacks the odds in favor of the adversary and is one
reason why efficient PAC learning algorithms have been hard to come by even for simple
concept classes. Furthermore, if D is intractable to sample from then it alone renders the
entire learning process inefficient, regardless of the efficiency of the learner. If the PAC model
is to capture efficient end-to-end learning, from data collection to hypothesis generation, we
may as well consider only samplable distributions. Relatedly, if one believes in the strong
Church-Turing thesis, then all distributions occurring in practice are samplable. Quoting [16],
“Presumably, real life is not so adversarial that it would solve intractable problems just to
give us a hard time.”

Samplable PAC

It is therefore natural to consider a variant of the PAC model, samplable PAC, where the
distribution is assumed to be samplable but is otherwise still unknown and arbitrary. This
strikes the balance of imposing just enough structure on the distribution to place the learner
and adversary on equal footing, while still allowing for enough expressivity to capture the
complexities of real-world learning.

The samplable PAC model was first considered by Blum, Furst, Kearns, and Lipton [8].
The focus of their paper was not on the distinction between samplable and standard PAC.
Rather, they showed that efficient learning in samplable PAC is tightly connected to the
existence of fundamental cryptographic primitives. As their main result, they proved that if
one-way functions do not exist, then every concept class is average-case learnable in samplable
PAC.!

1.1 This work

We study the distinction between samplable and standard PAC. We are interested in
formalizing the extent to which the assumption of samplability — a seemingly mild and
reasonable assumption — expands the power of efficient learners. In measuring efficiency, we
focus on the two most basic resources in learning: samples and runtime.

Statistical separation

The sample complexity of learning in standard PAC is fairly well-understood, in large part
due to an elegant characterization in terms of VC dimension [26, 9] — a foundational result
now called “The Fundamental Theorem of PAC Learning” [23]. A VC dimension lower bound
is generally viewed as an information-theoretic no-go in terms of efficient learnability: If a
learning task cannot be learned with a reasonable number of samples, that trivially implies
that it cannot be learned in a reasonable amount of time either.

Our first result is as follows:

! This is a further relaxation of samplable PAC where there is an additional distribution, this one over
target functions, and the learner is only required to succeed with respect to a random target function
drawn from this distribution. We do not consider this variant in our work.
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» Theorem 1. There is a concept class with exponential VC dimension — and hence
requires exponential sample complexity in standard PAC - but is learnable with poly-
nomial sample complexity, and in fact even in polynomial time, in samplable PAC.

This shows that VC dimension lower bounds can be overly pessimistic. A learning
task with large VC dimension may nevertheless be efficiently learnable if one assumes that
these samples are generated according to a reasonable distribution. Put differently, the VC
dimension lower bound may be witnessed by an extremely complicated shattering set, one
that is intractable to sample from and hence arguably will not arise in the real world — indeed,
this intuition is the starting point for our proof of Theorem 1.

Computational separation

The concept class in Theorem 1 has exponential circuit complexity, necessarily so since the
class of size-s circuits has VC dimension O(s). It is natural to then ask about samplable
vs. standard PAC learning of classes of polynomial-size circuits. Such classes are of interest
because functions that arise in practice can be assumed to be efficiently computable, and
relatedly, the barriers to their efficient learnability are solely computational in nature and
cannot rely on information-theoretic impossibility.

As already observed in [25], if RP = NP then every concept class of polynomial-size
circuits is efficiently learnable in polynomial time in standard PAC. So short of proving
RP # NP, any computational separation will have to either rely on complexity assumptions
or be relativized. Implicit in the work of Xiao [27] is a separation relative to a specific oracle.
We discuss [27]’s result in Section 3, mentioning for now that this is an oracle relative to
which one-way functions do not exist. This therefore should not be viewed as evidence as to
whether such a separation exists in the unrelativized world — and [27] did not claim it as such
— since presumably we believe that one-way functions do exist in the unrelativized world.

Our second result gives a computational separation conditioned on two complexity
assumptions, a standard one (ironically, the existence of one-way functions) and a new one
that we introduce (the existence of explicit “evasive sets”, Conjecture 11):

» Theorem 2. Assume the existence of one-way functions and explicit evasive sets.
There is a concept class of polynomial-size circuits that requires superpolynomial time
to learn in standard PAC, but is learnable in polynomial time in samplable PAC.

The definition of an explicit evasive set is rather technical and we defer it to Section 2.
For now, we mention that it is a set H C {0,1}" that is explicit in the sense that membership
in H can be easily verified (i.e. the function z — 1[x € H] is computable in polynomial
time), and yet is evasive in the sense that any samplable distribution must “mostly miss”
it. The crux of the connection to learning lies in pinning down the appropriate notion of

“mostly miss” (Definition 7).

Random oracle separation

Proving the existence of explicit evasive sets unconditionally is likely difficult: Like in the
case of one-way functions, doing so will imply P # NP (we show this in the full version of
this paper). We nevertheless prove that they exist relative to a random oracle (see the full
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version of this paper). Since one-way functions also exist relative to a random oracle, we
obtain as a corollary a computational separation of samplable PAC from standard PAC that
holds relative to a random oracle, improving on [27]’s separation for a specific oracle:

» Corollary 3. The assumptions of Theorem 2, and hence the separation between samplable
and standard PAC, hold relative to a random oracle.

As is standard in complexity theory, we view Corollary 3 as saying that the speedups
offered by samplable PAC over standard PAC hold not just for certain structured instances
(that may have been tailored for such a separation), but even for generic, unstructured
ones. See [1] for a discussion of this point and the role of random oracle separations more
generally.

» Remark 4 (Evasive sets and uniform generation). The existence of explicit evasive sets is
related to, but differs from, the hardness of uniform generation [17]. In uniform generation
an algorithm is given the description of a circuit C : {0,1}"™ — {0, 1} and is asked to sample
Unif(C~1(1)) (either exactly or approximately). The existence of explicit evasive sets implies
the hardness of uniform generation but not vice versa: It could be the case that every
polynomial-size circuit C does have a corresponding polynomial-size circuit that generates
Unif(C~1(1)), but such generators are just hard to construct efficiently.

1.2 Extensions
Separations within samplable PAC

The techniques we use to prove Theorems 1 and 2 extend to give finer-grained separations
within samplable PAC, showing that learning under distributions with size-s generators can
be much easier than under those with size-S generators, even if s is only slightly smaller
than S.

» Theorem 5. For every s > n there is a concept class that is learnable with polynomial
sample complexity under distributions with size-s gemerators, and yet requires exponential
sample complezity under those with size-S generators for S > Q(snlogs).

While Theorem 1 shows that there are learning tasks whose sample complexity scale
smoothly with the complexity of the distribution, Theorem 5 shows that there are ones for
which a slight increase in the complexity of the distribution results in a dramatic increase in
sample complexity. See Figure 1. We also prove a computational analogue of Theorem 5 in
the full version of this paper.

Online learning

Another well-studied model of supervised learning is the online mistake bound model [21].
Learning in this model proceeds in rounds. In each round, the adversary presents the learner
with an unlabeled instance « € {0,1}". The learner responds with its prediction y € {0,1}
and is then told whether that is correct (i.e. whether y = f(x)). The goal of the learner is to
minimize its total number of mistakes.

Here again the standard definition allows the adversary to be computationally unbounded
— it can take superpolynomial time to produce the test instance in each round. Yet, efficient
online learners are expected to be efficient even against such adversaries. For the same
reasons as in the PAC setting, it is therefore natural to consider the variant where the
adversary is also assumed to be efficient. In the full version of this paper, we show how our
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Figure 1 The left and right plots illustrate how the sample complexities of the learning tasks
in Theorems 1 and 5 respectively scale with the complexity of the distribution. See their formal
versions for the quantitative parameters.

techniques can be extended to the online setting to similarly show how the complexity of
online learning — both in terms of mistake bounds and the runtime of learners — can depend
on the power of the adversary.

2 Technical overview

Our proofs center around a new notion of evasive sets that we introduce and study. These
are sets that, as their name suggests, evade all samplable distributions. Let us now make
this precise.

2.1 Defining evasive sets

Given a distribution D and a set H, both over {0,1}", we say that D e-misses H if it places
less than € mass on H:

» Definition 6 (c-miss). A distribution D e-misses a set H if D(H) := Prp.plz € H] <e.
Otherwise, we say that D e-hits H.

A first attempt at the definition of an evasive set H is one for which all samplable
distributions e-miss it. However, no such H can exist. For any H, a size-O(n) circuit can
memorize a specific z € H and generate the distribution that places all its mass on z. This

distribution 1-hits H. More generally, a size-s circuit can memorize ~ s/n many points in H.

We therefore modify Definition 6 to exclude the heaviest elements of the distribution:

» Definition 7 ((¢, k)-miss). A distribution D (e, k)-misses H if there exists a set H*
of size k such that D(H \ H*) < €. Otherwise, we say that D (e, k)-hits H.

See Figure 2 for an example that illustrates this definition.

» Remark 8 (Comparison with TV distance). This notion is stronger than D having large TV
distance from Unif(H). If D (e, k)-misses H then

k
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€ weight >

H*

;

T 0.9 weight on k points

0.1 — € weight

Figure 2 The weight distribution of D is illustrated by the 3 pink rectangles. The sizes of these
rectangles depict the number of points and their shades depict the amount of weight. Since D places
0.9 4 ¢ weight on H, it (0.9 4 €)-hits H. However, since 0.9 amount of this weight is concentrated
on the k points in H*, it (¢’, k)-misses H for any &’ > .

On the other hand, distributions with large TV distance from Unif(H) can hit H. For
example, for any set H and a distribution D that is uniform on Ck points within H, the TV

distance between D and Unif(H) is large, 1 — %, and yet D (1 — &, k)-hits H.

We are now ready to define evasive sets. For brevity, we refer to distributions that have a
size-s generator as “size-s distributions”. Samplable distributions are therefore size-poly(n)
distributions.

» Definition 9 ((¢, k)-evades size-s distributions). A set H C {0,1}" (e, k)-evades size-s
distributions if every size-s distribution (e, k)-misses H.

We will be interested in the regime where ¢ is small and k = s, capturing the notion
that the best thing a size-s distribution can do in terms of approximating Unif(H) is to
simply memorize as many points in H as its size allows and output the uniform distribution
over those points. If |H| > s, as will be the case in our constructions, this is a very bad
approximation of Unif (H).

2.2 A conjecture about explicit evasive sets
A non-explicit construction

Our statistical separation of samplable PAC from standard PAC (Theorem 1) relies on the
existence of large evasive sets. Largeness will be useful for our lower bounds against standard
PAC whereas the evasiveness will be useful for our upper bounds in samplable PAC. We
prove:

» Lemma 10 (Existence of an evasive set). For any § > 2~" there is a 6-dense set H C {0,1}"
that (e,0((slog s)/e))-evades all size-s distributions for all s > n and € > 44.

We prove Lemma 10 using the probabilistic method. For intuition, consider the special
case of flat distributions (those that are uniform over their support). For such distributions
D, if supp(D) is sufficiently large, we can show that D is highly unlikely to e-hit a randomly
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chosen H. The failure probability decays exponentially with |supp(D)|, allowing us to
union bound over all size-s distributions with sufficiently large supports. This argument
no longer works if supp(D) is small, but in this case we can use the fact that D trivially
(0, |supp(D)|)-misses every H. The parameters of Lemma 10 are near-optimal, since every H
is (1 — A, ©(As/n))-hit by any size-s distribution that is uniform on ©(s/n) many memorized
points in H.

Explicitness

Our computational separation of samplable PAC from standard PAC (Theorem 2) relies on
the existence of a large set that not only evasive, but is furthermore explicit in the sense
that membership in it (i.e. the function = — 1z € H]) is easy to decide:

» Conjecture 11. There is a set H C {0,1}" satisfying:

1. Explicit: Membership in H is computed by a polynomial-size circuit.

2. Large: H has superpolynomial size.

3. Evasive: H (e, k)-evades all size-s distributions for all s = poly(n) and ¢ =
1/poly(n), where k < poly(s, 1/e).

We study Conjecture 11 in detail in the full version of this paper. We show that it implies
P # NP and that it holds relative to a random oracle. The proof of the latter strengthens
that of Lemma 10. The key idea is to show that a samplable distribution D is highly unlikely
to hit a randomly chosen H, even if the circuit generating D is allowed unit-time membership
queries to H.

2.3 The connection to PAC learning
Proof overview of Theorem 1

We first describe how Lemma 10 yields a statistical separation of samplable PAC from standard
PAC. For a set H C {0,1}" and function f : {0,1}" — {0,1}, we write fg : {0,1}" — {0,1}
to denote the following restriction of f to H:

fale) = {f(x) ifzeH

0 otherwise.
For a concept class C, we similarly write Cy to denote the restriction of C to H:
Cu={fu:fecC} (1)

Now consider Ay where A is the class of all functions f : {0,1}™ — {0,1}. It is easy to check

that H is the largest set shattered by Apg and hence the VC dimension of Ag is exactly |H].

The sample complexity of learning Ay in standard PAC is therefore governed by the size
of H. In particular, if H has exponential size then learning Ay in standard PAC requires
exponential sample complexity. (This is why we are concerned with evasive sets of large size
in Lemma 10.)

On the other hand, we are able to exploit the evasiveness of H to design an efficient
algorithm for learning Ay in samplable PAC:

20:7
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» Lemma 12 (Evasiveness implies efficient learners). Let H C {0,1}™ be a set that (e, k)-evades
size-s distributions. Then for any concept class C there is an algorithm for learning Cy to
error O(g) under all size-s distributions using O(k/e) samples and running in time O(nk/e).

The intuition for Lemma 12 is simple. If H is (¢, k)-evasive, then a learner that memorizes
the labels for the k heaviest points in H will only incur € error. While a learner may not see
the k heaviest points, or even know when it has seen them, we show that memorizing O(k/¢)
samples suffices to achieve good accuracy.

Proof overview of Theorem 2

In the proof of Theorem 1, since H is not explicit and A is the class of all functions, there
are no nontrivial upper bounds on circuit complexity of the functions in Ay. We now
describe how we extend the proof strategy so that the separating concept class is a class of
polynomial-size circuits. As mentioned, the lower bounds against standard PAC will now be
computational in nature and can no longer rely on the information-theoretic arguments that
underlie VC dimension lower bounds.

Consider the class Fy where H is an explicit evasive set given by Conjecture 11 and F is
a pseudorandom function family [13], the existence of which follows from the existence of
one-way functions. First note that Fy now does in fact have polynomial circuit complexity:
every function in this class can be computed by a circuit of size O(S; + S2), where Sy is the
circuit complexity of deciding membership in H and S5 is the circuit complexity of F.

It is well known that pseudorandom function families are hard to learn: an efficient
learner for F in standard PAC can be used to break F’s security guarantees [25]. We extend
this to show that as long as H is sufficiently large, an efficient learner for Fp suffices to
break F’s security guarantees. Stated in the contrapositive, F’s security guarantees implies
hardness of learning Fy in standard PAC. (This is why we are concerned with evasive sets
of large size in Conjecture 11.)

3 Related work

Xiao’s separation

As mentioned, a separation between samplable PAC and standard PAC for a specific oracle
is implicit in the work of Xiao:

» Theorem 13 (Follows from Theorem 1.3 of [27]). There is an oracle O such that:

1. There is a polynomial-time algorithm A such that A® learns SIZEO(n2) in samplable
PAC.

2. Any algorithm A such that A® learns SIZEO(nZ) in standard PAC must take superpoly-
nomial time.

An inspection of [27]’s proof shows that O is an oracle relative to which one-way functions
do not exist.? Since we believe that one-way functions exist in the unrelativized world, this

2 We sketch the justification here. As stated in Theorem 1.3 of [27], this is an oracle relative to which
the learning of all distributions with polynomial-size generators, in the sense of Kearns, Mansour, Ron,
Rubinfeld, Schapire, and Sellie [19], is easy. However, as shown in [19], the hardness of this task is
implied by the existence of one-way functions. Since this implication relativizes, [27]’s oracle is one
relative to which one-way functions do not exist.
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therefore does not shed much light on the relationship between samplable and standard PAC
in the unrelativized world.3

There are several works giving learning algorithms that work in samplable PAC, and its
relaxations, but are not known to work in standard PAC (see e.g. [5, 15, 12, 18] for a few
recent examples).

Distribution-specific learning

Given the apparent difficulty of designing efficient algorithms in standard PAC, there has
been a large body of work on distribution-specific learning. Here the data is promised to be
drawn from a specific distribution, e.g. the uniform distribution. The main downside is that
this is a stylized assumption that limits the practical relevance of the model: We want our
algorithms to succeed for as broad a class of distributions as possible, not just a specific one.
In the case of the uniform distribution in particular, it does not capture much of the richness
real-world distributions that stem from correlations among features.

Samplable PAC can be viewed as a middle ground that simultaneously corrects for
the overly stringent requirements of standard PAC and the overly strong assumptions of
distribution-specific PAC.

Lifting uniform-distribution learners

In the same spirit of bridging this gap between standard PAC and distribution-specific PAC,
recent works [6, 7] show how uniform-distribution PAC learners can be generically “lifted” to
also succeed under various non-uniform yet still structured classes of distributions.

Compared to these works, our work attempts to bridge the gap “from the opposite
direction”. While these lifters scale up the distribution-specific model, the samplable PAC
model scales down the distribution-free model (i.e. standard PAC).

Computable PAC and online learning

Another recent line of work [2, 3, 24, 10] studies the distinction between standard PAC and
a variant known as computable PAC where learners are restricted to be computable. Among
other results, these works show that there are classes with finite VC dimension that are not
learnable in computable PAC. See also [14, 11] for the online analogue.

The focus of our work is on statistical and computational complexity in settings where com-
putability is not an issue, rather than the distinction between computable and uncomputable
learners.

Samplable distributions in average-case complexity

Outside of learning theory, samplable distributions are central to the study of average-case
complexity [20, 4]. While P # NP rules out the possibility of efficient algorithms that solve
NP-hard problems on all instances, average-case complexity is concerned with the possibility
of efficient algorithms that solve most instances generated by a samplable distribution (i.e. the

3 As in the case of [8], the focus of [27] was not on the distinction between standard and samplable PAC.
Rather, the author had proved a result that only held for samplable PAC, and he obtained Theorem 13 on
route to showing that an extension of his result to standard PAC will require nonrelativizing techniques.
Similarly, see also [15], where a separation is given relative to an oracle for which every problem in PH
is easy on average.
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All distributions

Samplable distributions

Real-world
distributions

Figure 3 An illustration of how samplable distributions relate to real-world distributions.

possibility that NP is hard in the worst case but easy on average). As in samplable PAC,
in this context samplable distributions are taken as the formalization of distributions that
actually occur in practice.

4  Discussion and future work

Samplability is generally viewed as a baseline requirement for real-world distributions, not a
characterization. See Figure 3. Samplable PAC is therefore only a first cut at refining the
standard PAC model, which our results show already expands the range of efficient learners.

We see two takeaways from this. First, circling back to a discussion in the introduction,
lower bounds in standard PAC — be they statistical or computational — may be overly
pessimistic: While certain learning tasks may have hard instances, these hard instances
themselves may be hard to find. Second, a next step is to further understand the actual
structure of real-world distributions beyond just samplability, and leverage them in the design
of learning algorithms. This falls within the overall agenda of going beyond the worst-case
analysis of algorithms [22].

More concretely, an open problem is that of characterizing the sample complexity of
learning in samplable PAC. Sample complexity in standard PAC is characterized by VC
dimension, but our results show that it does not capture sample complexity in samplable
PAC — what is the corresponding characterization for samplable PAC? Likewise, is there
a variant of Littlestone dimension that characterizes the optimal mistake bound against
efficient online adversaries?
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