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—— Abstract
Dimension theory is a branch of topology concerned with defining and analyzing dimensions of
geometric and topological spaces in purely topological terms. In this work, we adapt the classical
notion of topological dimension (Lebesgue covering) to binary concept classes. The topological space
naturally associated with a concept class is its space of realizable distributions. The loss function
and the class itself induce a simplicial structure on this space, with respect to which we define a
simplicial covering dimension.

We prove that for finite concept classes, this simplicial covering dimension exactly characterizes
the list replicability number (equivalently, global stability) in PAC learning. This connection allows
us to apply tools from classical dimension theory to compute the exact list replicability number of
the broad family of extremal concept classes.
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1 Introduction

In recent years, several intriguing advances in learning theory have been made using tools
from topology. These developments point to a potential connection between learning theory
and topological dimension theory, a classical branch of topology pioneered by Brouwer,
Lebesgue, and others in the early twentieth century, who aimed to formalize a general notion
of dimension that demonstrates R™ and R™ are homeomorphic only when m = n.

Motivated by this connection, we introduce a new notion of dimension for concept classes,
inspired by the classical Lebesgue covering dimension and the simplicial structures that
naturally arise in learning problems. We focus on binary classification, the task of learning
an unknown function that maps the elements of a domain X’ to one of two possible labels,
typically denoted by +1. Formally, a binary classification problem is specified as a binary
concept class C, a set of functions from a domain X" to the label set {£1}. Throughout this
work, we restrict attention to finite domains X.
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Simplicial Covering Dimension of Extremal Concept Classes

We define the simplicial covering dimension sC(C) of a concept class by studying the
topology of its space of realizable distributions, endowed with the simplicial structure induced
by C and the loss function. Our definition is partly inspired by the line of work [11, 30, 14,
10, 3, 12], which showed that list-replicable learning is intrinsically connected to the geometry
and topology of the space of realizable distributions.

In the finite-domain setting, the simplicial covering dimension turns out (Theorem A) to
coincide with the list-replicability number of the class:

sc(C) =Lr(C) — 1, (1)

where LR(C) denotes the list-replicability number of C. This well-studied parameter arose
in recent years as part of a broader attempt to formalize the notion of replicability [7, 25,
11, 6, 23, 17, 18, 27, 15, 21, 22], which refers to the requirement that an algorithm produce
consistent outcomes when repeated under similar conditions and with similar data. Our
framework allows us to import classical tools from dimension theory into the analysis of
replicable learning.

In particular, by analyzing sC, we determine the list-replicability number of extremal
concept classes (also known as ample concept classes), a family that includes many of the
most natural examples of concept classes. Our main theorem (Theorem B) establishes that
every extremal concept class £ over a finite domain X satisfies

So(8) = ve(€) -1 if &= {F£1}¥
a ve(€) otherwise ’

(2)

where v¢(€) denotes the VC dimension of €.

This theorem resolves the list-replicability number of several well-studied classes, such
as axis-parallel boxes and downward-closed classes [8, Section 3.2], whose values were
previously unknown. Beyond the new cases, it also unifies the characterization of the list
replicability number for several previously known cases, such as the binary cube [11], threshold
functions [11], and more generally halfspaces [4].

1.1 Preliminaries and definitions

In this section, we provide precise definitions of the notions discussed in the introduction.

1.1.1 PAC learning, VC dimension, and list replicability

In probably approximately correct (PAC) learning, the learner is given parameters J,¢ > 0
and receives training data S consisting of n = n(C, d, €) independent labeled examples drawn
from an unknown but fixed distribution p over X x {£1}. We work in the realizable setting:
there exists some concept ¢ € C that correctly labels all examples in the support of u. The
learner’s task is to use the training data S to output, with probability at least 1 — ¢, a
hypothesis h : X — {£1} whose population loss

loss, (h) = Pr [h(zx) # D]

(@,b)~p
is at most e.

Throughout this work, a learning rule refers to a (randomized) function A that maps
any sample S € [J (X x {£1})" to a hypothesis A(S) € {£1}*. Since our primary
focus is sample complexity rather than computational efficiency, we impose no computability
constraints on A.



A. Blondal, H. Hatami, P. Hatami, C. Lalov, and S. Tretiak

VC dimension. A concept class C C {1} shatters a set S C X if {c|s : ¢ €C} = {£1}5,
where ¢|g denotes the restriction of ¢ to S. The Vapnik—Chervonenkis (VC) dimension of C
is defined as

ve(C) == sup{|S]: S C X is shattered by C}.

The fundamental theorem of PAC learning states that the sample complexity of PAC learning
is determined by the VC dimension. More precisely, the optimal sample size for PAC learning
a binary class C with accuracy parameter € and confidence parameter ¢ is O, 5(vc(C)).

List replicability. List replicability, introduced in [11, 14], is an elegant reformulation of
global stability [11, Definition 1].

» Definition 1 (List replicability). The list replicability number of a concept class C C {£1}¥,
denoted LR(C), is the smallest integer L such that the following holds. For every €,§ > 0,
there exists a sample size n(C,¢€,0) and a learning rule A such that for every realizable
distribution p on X x {£1}, there exists a list of hypotheses hy, ..., hy € {£1}* satisfying
loss, (h;) <€ foralli=1,...,L;
Sfin[A(S) Z{hi,...,hp}] <8 where n =n(e,?).

1.1.2 Extremal classes

A class C over a domain X strongly shatters a set S C X if there exists a labeling a € {£1}¥\%
such that

{c|ls: c€C, clx\s =a} = {:I:I}S.

In other words, C realizes all 215! labelings on S while fixing the labels outside S in some
prescribed way. A class C is called extremal if every set shattered by C is also strongly
shattered.

Many natural concept classes are either extremal or admit natural extremal extensions.

We refer the reader to [8, Section 3.2] for a more comprehensive list of known examples; here,
we present a few illustrative ones.

» Example 2 (Sign patterns of convex sets [24]). Let K C R™ be a convex set. The class
C(K) = {sign(v): ve K, v; #0Vi<n},
where sign(v) € {£1}"™ denotes the sign pattern of v, is extremal.

» Example 3 (Homogeneous half-spaces). Let P C R? be a finite set of points. Define
the concept class of homogeneous half-spaces Hp over the domain P as follows: each
homogeneous half-space in R? whose defining hyperplane avoids P induces a labeling of P
by {#1}. Explicitly, the label of p € P is given by

p > sign((v, p)),

where the inequality (v, x) > 0 defines the half-space.
The set of maps p — (v,p) (for all v € R?) is convex, and therefore, by Example 2, the
class Hp is extremal.

» Example 4 (Axis-parallel boxes). Let P C R? be a finite set of points, no two of which
share a coordinate. Each axis-parallel box in R? induces a labeling of P by +1, depending on

whether a point lies inside or outside the box. The corresponding concept class is extremal.
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» Example 5 (Median classes). A class C C {£1}% is called median if it is closed under
taking the majority of three concepts. More precisely, for any ¢y, co, cs € C, the concept

2 maj(es (v), (), e3(2))
also belongs to C. All median classes are extremal [2, Proposition 2].

While not every class is extremal, a well-known open problem asks whether every class
can be extended to an extremal one without significantly increasing its VC dimension.

» Question 6 ([28, 9]). Does there exist a function t : N — N such that, for every binary
class C over a finite domain X, there is an extremal class € O C over X with

vo(€) < t(ve(C))?

1.1.3 Topological dimension theory

For two families A = {A4;}icr and B = {B; };cs of subsets of a set X, indexed by the same
set I, we say that B is a shrinkage of A if B; C A; for all i € I.

More generally, a family B = {B,} ;e of subsets of X is said to be a refinement of another
family A = {A;}icr, written A < B, if for every Bj, there exists A; such that B; C A;. In
particular, every shrinkage of A is a refinement of A.

The order ord(A) of a family A = {4, }icr of sets is defined as one less than the maximum
number of sets in A that have a nonempty intersection. Now suppose A is a finite open cover
of a topological space X. The Lebesgue covering number of A is defined® as

L(A) := min{ord(B) : B is an open cover of X and a shrinkage of A}.

» Definition 7 (Topological dimension). The Lebesque covering dimension (or simply the
topological dimension) of X is defined by

dim(X) = sup{L(A) : A is a finite open cover of X} . (3)

» Remark 8. In this paper, we will always work with topological spaces of the form X C R"
endowed with the subspace topology inherited from R™. Thus, a set S C X is open if and
only if S = U N X for some open set U C R™. For such spaces, it is often convenient to allow
covers of X whose elements may extend outside X. In this case, we identify A = {A;}ier
with {A; N X}er, and call A an open cover of X if {A; N X },cr is an open cover of X. We
write A < B to mean {A; N X}ier < {B;j N X}je;. However, we still calculate ord(A) as
one less than the maximum number of sets containing any one point € X, and define L(.A)
accordingly.

The notion of Lebesgue covering dimension of Definition 7 was formally introduced by
Eduard Cech in 1933, building on a theorem of Lebesgue that serves as one of the main tools
in this paper.2

» Theorem 9 (Lebesgue covering theorem). Suppose a d-dimensional cube [—1,1]¢ C R is
covered by a finite family A of open sets, none of which contains points of opposite faces of
the cube. Then ord(A) > d.

See Figure 1 for an illustration of the Lebesgue covering dimension of a square in R2.

! Traditionally, L(A) is defined by taking the minimum of ord(B) over all finite open covers B that refine
A. However, as shown in [13, Proposition 1.1.7], it suffices to consider only shrinkages of A.

2 The Lebesgue covering theorem is usually stated for closed sets, as in Theorem 36. The open-set
formulation presented here is derived from the closed version in Section 3.
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Figure 1 The illustrated open cover A of the square [—1, 1]2 has order 3, but it admits a shrinkage
B of order 2, implying L(.A) < 2. Moreover, since no set in A contains points from opposite faces,
the Lebesgue covering theorem shows L(A) > 2.

We also rely on the following standard facts about topological dimension:

» Theorem 10 ([29, Theorems 50.2 and 50.6]). Topological dimension satisfies:
(i) Every compact subspace of R has topological dimension at most d.
(i) Let X =Y U Z, where Y and Z are closed subspaces of X having finite topological
dimension. Then dim(X) = max {dim(Y"),dim(Z)}.

From Theorem 9, the cube [—1,1]¢ has topological dimension at least d, while The-
orem 10 (i) provides the upper bound of d. Hence, its topological dimension is exactly d.
Consequently, any set homeomorphic to [—1,1]%, such as a d-simplex, or the unit ball in R,
also has topological dimension d.

For further reading on dimension theory, see the classical texts [20, 16].

1.1.4 Simplicial covering dimension of binary concept classes

In this section, we describe how the notion of topological dimension can be naturally adapted
to the space of realizable distributions associated with a concept class. Our starting point is
to represent every realizable distribution as a point in R¥. Every vector p on the ¢;-unit
sphere in RY naturally encodes a distribution over X x {£1}: for each = € supp(u), the
distribution assigns mass |u(x)| to the labeled example (z,sign(u(z))). This correspondence
identifies the realizable distributions of a concept class C C {4+1}* with the subset

Ac = {peR": |u|, =1 and 3c € C with c(z) = sign(u(z)) Vz € supp(u)} € R*. (4)

Note, however, that the topology of RY does not capture the connection between Ag
and the binary classification task, since the relevant notion of proximity in learning is not
the Euclidean distance but rather the population loss, which only measures discrepancies
on points where the given +1 labels differ. For instance, a given hypothesis h incurs zero
population loss on all the realizable distributions in

Bj, = {n e RY: |uf, =1 and loss, (k) = 0}, (5)

even though these distributions may be far apart geometrically in R*. We refer to B), as the
zero-loss set around h.

22:5
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Each By, is a (|X| — 1)-simplex in RY, and A¢ = (J,ce Be- Hence, unless C is empty,
Ac, equipped with the Euclidean topology of R¥, has the same topological dimension as
each simplex B., namely |X| — 1. However, from the perspective of population loss, it is
natural to regard all distributions within a zero-loss set B, as being at “distance” zero from
one another, since they all induce the same labeling of X'. Consequently, each B, should be
viewed as a 0-dimensional set in this context.

In other words, a suitable notion of topological dimension for A¢ should consider only
those covers A in (3) that respect the equivalence relation induced by each zero-loss set By,
We formalize this idea in the following definition.

» Definition 11 (Simplicial covering dimension of a binary concept class). Let C C {1} be
a binary concept class over a finite domain X, and let B = {Bp,}pc(sr1}x be the cover of
Ac € RY defined above. The simplicial covering dimension of C is

sc(C) :=sup{L(A) : A is a finite open cover of A¢ satisfying A < B} .

The definition of the simplicial covering dimension for concept classes can be naturally
interpreted through the lens of simplicial complexes.

Consider a finite geometric simplicial complex I" in R™ (Definition 20). By definition, I" is
a collection of simplices whose union forms the polyhedron |I'| = J, . o € R™. It is natural
to study the topological dimension of |T'| relative to this simplicial cover. More generally,
for simplicial complexes T' C T, the faces o € T need not lie entirely in |I'|, but by our
convention Remark 8 they nevertheless define a cover of |I|.

» Definition 12. Let T' C IV be geometric simplicial complexes in R™. The relative simplicial
covering dimension of I' with respect to I' is defined by scr/(I') == sup 4 L(A), where the
supremum is taken over all finite open covers A of |T'| satisfying A < T".

The quantity scr(I') only depends® on the abstract simplicial structures (Definition 21)
of T and IV, which allows us to define:

» Definition 13. Let K C K’ be finite abstract simplicial complexes. The relative simplicial
covering dimension of K with respect to the faces of K' is defined by

SCk (K) = SCr» (F)7
where IV is any geometric realization of K' and T' C I" is its restriction to K.

Understanding the quantities SCx (K), and more generally sCg- (K), appears to be an
intriguing problem in its own right, independent of the learning-theoretic motivations of this
work.

» Question 14. s there a simple combinatorial characterization of sCk(K), and more
generally sci/(K), where K' O K are finite simplicial complezes?

Finally, the simplicial covering dimension of concept classes introduced in Definition 11
arises as a special case of Definition 13. Indeed, since A¢ = Ucec B., the set A¢ can be
viewed as the polyhedron of the geometric simplicial complex I" whose facets are the simplices
B. for ¢ € C. Letting I denote the simplicial complex whose facets are By, for all h € {£1}%]
we recover Definition 11 from Definition 13.

3 See Proposition 22.
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1.2 Main contributions

Our first theorem establishes that, for binary concept classes over finite domains, the simplicial
covering dimension exactly characterizes the list replicability number.

» Theorem A. Let C C {£1}* be a concept class over a finite domain X. Then
LR(C) = sc(C) + 1.
Combining Theorem A with the known value of LR({£1}%) from [11] yields the following.

» Theorem 15. For any finite domain X, we have
sc({£1}%) = |X| — 1 and LrR({£1}Y) = |X].

Consequently, every binary class C over a finite domain satisfies
sc(C) > ve(C) —1 and LR(C) > ve(C).

Proof. The equality LR({£1}*) = |X| is due to [11]. Combined with Theorem A, we obtain
sc(C) = |X| — 1. Now, let C C {£1}* be a class over a finite domain &, and let S C X be a
finite set. Trivially, we have LR(C) > LR(C|g), and on the other hand, by considering any
finite shattered set S C X, we have

sc(C) + 1 =1Lr(C) > LR(C|s) = LR({£1}*) = |S|. <

» Remark 16. In [11], the lower bound LR({£1}¥) > |X| is proved using the Poincaré-
Miranda theorem and the upper bound LR({£1}¥) < || is proved by designing an explicit
algorithm. In our framework, the upper bound is immediate, since sc(C) is by definition
upper bounded by the topological dimension of Ac, and Ay« is the empty cross-polytope
in RY, which has topological dimension |X'| — 1. Moreover, as shown in Lemma 40, the lower
bound can alternatively be recovered from the Lebesgue covering theorem.

The difficulty of computing the list replicability number of a concept class is in part due
to the markedly different techniques required for upper and lower bounds. Upper bounds
typically use explicit learning algorithms engineered to output from a small list, whereas
lower bounds rely on ad hoc topological arguments.

In light of Theorem A, a natural alternative is to work directly with the simplicial covering
dimension of the class. Using this approach, we determine the exact list replicability number
for all extremal classes.

» Theorem B (Main theorem). If £ # {£1}¥ is an extremal class over a finite domain X,
then

sc(€) = ve(E) and LR(E) = ve(€) + 1.

Note that the lower bound sc(€) > vc(€) in Theorem B improves by one upon the
general lower bound sc(C) > vc(C) — 1 from Theorem 15 that holds for all finite-domain
concept classes.

Proof overview of Theorem B. The proof analyzes the simplicial structure of Ag and its
relation to a cubical complex I'¢ defined by the strongly shattered sets of £. The key
property of extremal classes is that I's is contractible [8]. It was shown in [12, D.5] that this
contractibility implies a deformation retraction of Ag onto I'¢.

22:7
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Our proof relies on a different retraction (given in the full version of the paper [5]) which
is tailored to our notion of dimension. This allows us to reduce the problem of computing
sc(€) to analyzing I'g, where classical tools from dimension theory apply. The simplicial
covering dimension of I'¢ is equal to the size of the largest strongly shattered subset of X,
and matches the dimension required for the upper bound. To obtain the matching lower
bound, we apply Lebesgue’s covering theorem [20, Theorem IV 2] to the maximal solid cube
within Tg.

The difference between the cases & = {£1}¥ and € # {£1}? is essentially explained by
the following observation. If S C X is strongly shattered by &£, then Ag contains a full copy of
the solid |S|-dimensional cube, as u € Ag can allocate an arbitrary portion of its probability
mass on coordinates outside S. In contrast, when S = X', the normalization condition
|pe], = 1 forces the entire mass to lie on .S, so only the boundary of the |S|-dimensional cube
is realized. |

The extremal class of homogeneous half-spaces, discussed in Example 3, naturally connects
to the notion of sign-rank, a key geometric measure of complexity in learning theory. The
sign-rank of a class C C {£1}*, denoted sign-rank(C), is the minimum d such that C can be
realized as points and homogeneous half-spaces in R%. Equivalently, it is the minimum rank
of a real C x X’ matrix whose sign pattern encodes C.

Since for any P C R¢, the corresponding class of homogeneous half-spaces H p is extremal
and satisfies VC(Hp) < d, Theorems A and B imply the following bounds as a corollary.

» Corollary 17. FEvery binary concept class C over a finite domain satisfies
5¢(C) < sign-rank(C) — 1 and equivalently LR(C) < sign-rank(C).

The inequality LR(C) < sign-rank(C) was conjectured by Chase et al. [11], who verified it
in the case sign-rank(C) = 2. The full conjecture was later resolved in [4] using an algorithmic
argument based on averaging multiple runs of a large-margin classifier and rounding to an
e-net. In contrast, Theorem B provides a purely topological proof. Furthermore, rather than
the geometry of points and half-spaces, it only relies on the fact that H p is extremal.

1.3 Concluding remarks

Arguably, the most intriguing open question regarding simplicial covering dimension (equi-
valently, list replicability [11, Section 3.4]) is whether it can be bounded by a function of the
VC dimension.

» Question 18. Is there a function t : N — N such that, for every concept class C C {£1}*
over a finite domain X, sc(C) < t(ve(C))?

By Theorem B, a positive answer to Question 6 would immediately imply a positive
answer to Question 18.

The dual class C* of C is obtained by swapping the roles of hypotheses ¢ € C and points
x € X, or equivalently, by transposing the matrix (¢(x))cec,zex- It follows from [10, Theorem
D] and Theorem A that

sc(C) > {VC(QC*)J .

For the cube concept class Q = {£1}*, we have

ve(Q) = |X] and ve(QF) = [log,(|X])].
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Therefore, its dual class @* exhibits an exponentially large gap between the VC dimension
and the simplicial covering dimension. Consequently, if the function #(-) of Question 18 exists,
it must grow at least exponentially.

It is straightforward to verify that every class C satisfies vo(C*) < 2V°(€), Furthermore, if £
is an extremal class, then it was shown in [9] that a stronger upper bound vc(€*) < 2va(€)+1
holds. It would be interesting to investigate whether an analogous relationship exists between
sc(C) and sc(C*).

» Question 19. What is the relation between sc(C) and sc(C*), where C* denotes the dual
class? For example, is it true that Sc(C*) < 259(C) 2

Finally, let us discuss the relationship between simplicial covering dimension and two
other learning-theoretic complexity measures: Littlestone dimension and spherical dimension.

Littlestone dimension. Littlestone dimension is a refinement of VC dimension that determ-
ines the optimal number of mistakes in online learning. In particular, VC dimension is a
lower bound on Littlestone dimension. The celebrated result of [1, Theorem 23], together
with the relation between global stability and list replicability, implies that every class with
Littlestone dimension d satisfies s¢(C) < 227

On the other hand, sc(C) does not provide any upper bound on the Littlestone dimension:
for t > 2, the class T; of threshold functions over the domain [t — 1] has Littlestone dimension
[logs(t)], yet it is an extremal case, and therefore, by Theorem B satisfies sc(C) = 1.

Spherical dimension. The spherical dimension SD(C) of a class C, introduced in [12], is
the largest integer d such that there exists a continuous antipodal map f : S¢ — Ac¢. In
the notation of Matousek [26], this quantity is the Zs-coindex of Ac. Spherical dimension
provides a lower bound for simplicial covering dimension:

sc(C) > {SDQ(C)J + 1L

It is open whether the list replicability number and equivalently the simplicial covering
dimension can be bounded above by a function of the spherical dimension. A positive
resolution of Question 18 would imply such a bound, since the spherical dimension admits
tight lower bounds in terms of both VC and dual VC dimensions [12].

1.4 Paper organization

For the reader’s convenience, in Section 2, we briefly review basic concepts from topological
combinatorics, including simplicial and cubical complexes, abstract complexes, and their
subdivisions. Furthermore, we discuss the simplicial structure of A¢ and the cubical complex
T'c defined by the strongly shattered sets. In Section 3, we prove a few elementary facts

about the simplicial covering dimension that we will use in the proofs of our main theorems.

Section 4 contains the proof of Theorem A, and Section 5 contains the proof of our main
result, Theorem B.

2 Background

Notation. For a positive integer n € N, we denote [n] := {1,...,n}. Since X is finite, all
norms on RY define the same topology. In this paper, we use the ¢; norm as it is more
natural when working with distributions. Given z € X C R< and a radius € > 0, we denote
the ¢1-open ball of radius € around x by

Bel (6,%) = {y € Rd : ”:L' - y"l < 6}'

22:9
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Given A C R% and € > 0, define
A = {yeR?: |z —y|, <efor some z € A}.
For X,Y C R%, we also define

de, (X,Y) = inf —
n(XY) = if -yl
to be the minimal ¢; distance between points of X and Y.

We will denote the abstract simplicial and cubical complexes with capital English letters,
such as K, L, Q. We use capital Greek letters such as I' and A to denote geometric simplicial
and cubical complexes.

2.1 Simplicial complexes

A simplex ¢ is the convex hull of a finite affinely independent set 4 in R%. The elements
of A are called the vertices of o, and the dimension of ¢ is defined by dim(c) = |A| — 1.
Following the convention of [26], we assume that the empty set is a simplex of dimension —1.

The convex hull of any subset of the vertices of o is called a face of o; note that every face
is itself a simplex, and according to our convention, the empty set is a face of every simplex.

» Definition 20 (Geometric Simplicial Complex). A nonempty collection A of simplices in RY
is called a (geometric) simplicial complex if the following two conditions hold:

1. Every face of a simplex o € A also belongs to A;

2. The intersection of any two simplices 01,09 € A is a face of both o1 and os.

The dimension of A is the mazimum of the dimensions of simplices in A.

Every geometric simplicial complex A gives rise to a topological space on |A[ = U, A 0,
called its polyhedron or underlying space. Giving each simplex its natural topology as a
subspace of R%, one then topologizes |A| by declaring a subset C' C |A| to be closed if and
only if C' N is closed in o, for each o € A. In general, this topology does not coincide with
the subspace topology inherited from R?; however, for finite simplicial complexes, the two
topologies agree, and we may simply regard |A| as a subset of R%.

The simplicial structure of a geometric simplicial complex is captured by a combinatorial
object called an abstract simplicial complex.

» Definition 21 (Abstract simplicial complex). An abstract simplicial complex on a set V' is
a collection K of finite subsets of V' such that s € K and t C s imply t € K. The elements
of K are called simplices of K, and the elements of V are called the vertices of K. The
dimension of K is defined by dim(K) = maxsck || — 1.

Every geometric simplicial complex A determines an abstract simplicial complex K with
vertex set V = V(A), where each s € K is the set of vertices of a simplex in A. In this case,
we say that A is a geometric realization of K, and the corresponding topological space |A]
is called a polyhedron of K.

Conversely, every finite abstract simplicial complex K admits a geometric realization
in some Euclidean space R%. For instance, one may map the vertices of K to an affinely
independent set of |V| points in RIVI=1 and realize each simplex s € K as the convex hull of
the corresponding points. This yields a geometric realization of K in RIVI-1,

The following simple proposition implies that all polyhedra of a finite abstract sim-
plicial complex are homeomorphic, so the associated topological space is unique up to
homeomorphism.
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» Proposition 22 ([26, Proposition 1.5.4]). Let A and A’ be geometric simplicial complezes,
and let K and K' be their associated abstract simplicial complezes. Suppose f: V(K) — V(K')
is a simplicial map; that is, it maps every face of K to a face of K'. Then there exists a
continuous map p: |A| = |A'| such that:

if [ is injective, then p is injective;

if f is an isomorphism, then p is a homeomorphism.

Finally, we discuss the barycentric subdivision of a simplicial complex. Suppose K is an
abstract simplicial complex and A is its geometric realization. Let o € A be a simplex and
let © € o be a point. Then the barycentric coordinates of x in o are the unique solution to
the equation ZUGV(J) o,V =z and ZUEV(J) o, = 1. It is not hard to see there is a smallest
simplex o, called the support of x and denoted suppa (), that contains . In that case, all
barycentric coordinates satisfy a, > 0.

» Definition 23 (Abstract subdivision). The barycentric subdivision of an abstract simplicial
complex K, denoted K1, is defined as the abstract simplicial complex whose vertices are
nonempty simplices of K, i.e. V(K1) = K\{0}, and whose simplices are chains of non-empty
simplices of K ordered by inclusion.

The geometric realization of K is natural.

» Definition 24 (Geometric subdivision). Let A be the geometric realization of K. For each

nonempty simplex o € A, define v, to be its barycenter, that is v, = ‘71| > . v. Having

veEo
defined the coordinates of each vertex in the subdivision, we extend linearly for points in each

simplex and obtain a geometric realization of Ky, denoted A.

Note that |Aq| and |A| are homeomorphic.

2.2 Cubical complexes

Cubical complexes serve as a combinatorial and geometric framework analogous to simplicial
complexes, but built from cubes instead of simplices.

» Definition 25 (Elementary cubes). An elementary interval in R is a closed interval of the
form [a,a] or [a,a+1] for some a € Z. An elementary cube in R? is a product k = I x - - - x Iy,
where each I; is an elementary interval. The dimension of k is the number of factors I; of
the form [a,a + 1].

» Definition 26 (Geometric cubical complex). A geometric cubical complex I' in R is a

finite non-empty collection of elementary cubes such that:

1. If k €T and 7 is a face of k (obtained by replacing one or more factors [a,a + 1] with
[a,a] or [a+1,a+1]), then T € T;

2. If k1,k9 €T, then k1 N Ko is either empty or is a face of both k1 and k.

The polyhedron || is the union of all cubes in T, equipped with the subspace topology

from RZ.

Note that sometimes we allow the elementary geometric cubes in a geometric cubical
complex to be scaled by some factor. Nevertheless, this does not change any of the topological
properties of the cubical complex.

We proceed with the corresponding theory of abstract cubical complexes. The standard
abstract n-cube is represented by the set {0,1}™. A face of the standard abstract n-cube is a
product ¢ X -+ X g,, where each ¢; is a non-empty subset of {0,1}.
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» Definition 27 (Abstract cubical complex [19]). An abstract cubical complex on a non-empty

vertex set V is a collection QQ of non-empty subsets of V', called cubes, satisfying:

1. Q is a cover of V.

2. Forany q1,¢2 € Q,q1 N g2 € Q or q1 Nz = 0.

3. For any q € Q there is a bijection ¢4 : ¢ — {0,1}", for some n, satisfying: if g1 C q, then
q1 € Q if and only if ¢4 (q1) is a face of {0,1}".

The elements of V' are called the vertices or 0-cubes of Q. In general, we say q € Q is an

n-cube if |q| = 2™.

As for simplicial complexes, each geometric cubical complex I" has a corresponding
abstract cubical complex @: each abstract cube represents the set of vertices of its respective
geometric cube. We again say I is a geometric realization of (). To better understand the
structure of an abstract cubical complex, it is often useful to study its barycentric subdivision,
which is a simplicial complex defined as follows.

» Definition 28 (Subdivision of a cubical complex [19]). The barycentric subdivision of an
abstract cubical complex Q, denoted @1, is the abstract simplicial complex whose vertices are
the cubes in QQ and whose simplices are chains of cubes ordered by inclusion.

2.3 Simplicial complex of a class

To describe the simplicial structure of the set of realizable distributions, we need a few
notations.

A partial concept on a domain X is a labeling h: X — {£1, %}, where h(z) = * means
that h is undefined at x. The support of h is supp(h) = {x € X : h(x) # *}. Denote by h,
the partial concept with empty support.

If c € {£1}* and h € {£1,*}¥ is a partial concept such that ¢ and h agree on supp(h),
then c is called a completion of h. More generally, we say that a partial concept hy extends
hs if supp(hs2) C supp(h;) and hy and hs agree on supp(ha). We denote this by hy > hs.

Given a concept class C C {£1}%, we say that a partial concept h is realizable by C if
there exists a concept ¢ € C that is a completion of h.

» Definition 29 (Abstract simplicial complex of a class). Given a concept class C, let C* C
{£1, %} be the set of all realizable partial concepts of C. For each h € C*, define the set

s = {(2.h(@)) : @ € supp(h)}.
The collection {sp}recs forms an abstract simplicial complex, which we denote by Dc.

In particular, note that V(D¢) C X x {1} and that the all- labeling h, corresponds to
the empty set. In addition, the maximal faces of D¢ are exactly those defined by concepts in
C, i.e., s, where c € C.

Since there is a bijective correspondence between simplices of D¢ and partial concepts
realizable by C, we will often treat h € C*® directly as simplex of D¢.

Notice D¢ has a natural geometric realization in RY. Indeed, let {€s}rcx be the standard
basis of RY.

» Definition 30 (Geometric simplicial complex of a class). For each realizable partial concept
h € C®, define the geometric simplex

op = conv({sign(h(x))em S supp(h)}),

which corresponds to the abstract simplex s, in D¢. The collection {op, : h € C*} forms a
geometric simplicial complex in RY, denoted Ac.
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Figure 2 The simplicial complexes A¢ and Ac 1 for C = {++-, +++ +-+ -+ —-++}. Here, + and -
are shorthand for +1 and —1, respectively.

For convenience, we will also use A¢ (instead of |Ac|) to denote | Jp,cce o, i-e., the underlying
polyhedron of A¢. The meaning will be clear from context. Note that this is consistent with
the definition of A¢ in (4).

Similarly to the abstract setting, the maximal simplices o}, are exactly those with h € C.
Also note that for h € C, we have o, equals By, from (5), as subsets of R*. Nevertheless,
we prefer to keep their notation separate in order to differentiate between the two.

Next, we consider the subdivision of D¢, denoted D¢ ;. Recall that in a simplicial
subdivision, simplices correspond to chains of non-empty simplices in the original complex
(Definition 23). Here, we call a sequence of realizable partial concepts hy, ..
if hy > ...
simplices of D¢ ; are in bijective correspondence with chains of realizable partial concepts

., hx a chain
> hy, i.e., each partial concept extends the next one in the sequence. The

in C* \ {h.} where h, is excluded as it corresponds to the empty simplex. In particular,
V(De,) =€\ {h).

Since Dc¢ i is a subdivision of D¢, it inherits a natural geometric realization. To a vertex
(partial concept) h € A¢ 1 we associate the uniform distribution over supp(h). This extends
linearly to all points in A¢ ;. For instance, if p is a point in the simplex hy > ... > hy,
then p = Zle a;h; where the barycentric coordinates satisfy Zle a; = 1 and each partial
concept h; represents the coordinates given by the uniform distribution over supp(h;). We
denote by supp,, , (#) the minimal simplex hy > --- > hy, containing pu, i.e., the simplex for
which all barycentric coordinates a; > 0.

Finally, note Ac and A¢ ; are equal as subsets of R* and are, in particular, homeomorphic.

2.4 The cubical complex of a class

» Definition 31 (Abstract cubical complex of a class). Let C be a concept class. The abstract
cubical complex Q¢ of C consists of all subsets ¢ = {c1,...,c,} of C such that q strongly
shatters some subset S C X.

It is not difficult to check that Q¢ satisfies the properties in the definition of an abstract
cubical complex (Definition 27). Note that the set of vertices (0-cubes) is V(Q¢) = C. In
general, if ¢ = {c1,--, ¢} strongly shatters a set S C X, then ¢ is an |S|-cube. Finally,
observe ¢ can be represented by the partial concept h, defined by

{cl(x) - =

ifzesS

otherwise

hg(z)

ck ()
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Figure 3 The cubical complex I'c and the simplicial complex I'c 1 for C = {#+= +++ +—+ —+ —++}.

as the set {c1, ..., cx} consists of all possible completions of h, to a concept in {£1}*¥. In fact,
there is a bijective correspondence between cubes of Q¢ and partial concepts h € {£1, *}¥
whose every completion belongs to C. For this reason, we sometimes treat partial concepts
directly as cubes.

Next, we construct a natural geometric realization of Q¢.

» Definition 32 (Geometric cubical complex of a class). For each abstract cube ¢ = {c1,...,ci}
in Qc, define an elementary geometric cube kg by

kg = {y € [F1,1%| y(x) = hy() for x € supp(hy)}-
The collection {kq}qco. is a geometric cubical complex denoted by T'c.

Note each concept (0-cube) ¢ € C corresponds to a point y. € [~1,1]* on the /., sphere,
defined by y. = (sign(c(z)) : z € X).

In general, observe that the dimension of each cube x, € I'c equals the cardinality of the
subset S C X that is strongly shattered by gq.

For convenience, we will use I'¢c (instead of |I'¢c||) to denote Kq, 1.e., the underlying

polyhedron of I'¢c. The meaning will be clear from context. nese
Next, we consider the barycentric subdivision of the abstract cubical complex of a concept
class C, denoted Q)¢ 1. By Definition 28, Q¢ is a simplicial complex whose vertices are the
cubes of Q¢ and whose simplices are chains of ascending cubes. Hence, there is a bijective
correspondence between simplices of Q)¢ ; and chains of partial concepts hy > --- > hy such
that for any i, all completions of h; are in C.
Now ()¢,1 also has a natural geometric realization. Indeed, map each vertex (partial

concept) h to

sign(h(z)) if € supp(h)
Yn = .
0 otherwise

and extend linearly for each simplex hy > --- > hy in Q¢, 1. We denote this geometric
realization of Q¢ 1 by I'c.1. In addition, note I'¢ ; is consistent with the geometric realization
I'c in the sense that they are equal as subsets of R¥ and are, in particular, homeomorphic.
Hence, one may study the geometry of I'c from both a simplicial and cubical perspective.

» Lemma 33 ([12]). Suppose C # {1} is a concept class that is not the binary cube. Then
Qc.1 s a full subcomplex of D¢ 1, that is, if s is a simplex in D¢ and for all vertices v € s,
we have v € Qc,1, then s € Q1.
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Figure 4 The embeddings I'ci1 — Ac¢: and I'¢c < A¢ for the concept class C =

{4+t 4 —H ]

Proof. Since C # {£1}¥, the all-* labelling h, is not a cube. Hence, the vertex set
V(Qc1) CC*\ {h} =V (Dc,1). Each chain of cubes hy > --- > hy, (simplex of Qc¢.1) is also
a chain of realizable partial concepts (simplex of D¢ 1). Thus, Qc,1 is a subcomplex of De¢ ;.
Finally, if h; > --- > hj is a chain of realizable partial concepts such that each h; is a cube,
then we immediately get a chain of cubes. We conclude Q¢ 1 is a full subcomplex. <

The reason ()¢ ;1 does not embed into D¢ ; for C = {£1}? is that h, is not a vertex of
D¢ 1 by definition, while it is a vertex of QQ¢,1 because all completions of h, are in {£1}*.
Thus, so long as C is not the binary cube, there is a simplicial embedding I'¢c ; < A¢,; which
can also be thought of as an embedding I'c < A¢. This embedding can be realized as ¢;
normalization:

fezy=u/lyly - (6)

For C # {£1}*, we shall denote
Tc = fe(Te) € A¢, and Tey = fe(Ten) € Acy. (7)
3 Dimension theory toolkit

In this section, we prove a few elementary dimension theory facts, which we will invoke
repeatedly in the proofs of our main theorems (Theorems A and B).
Recall that given A C R™ and € > 0, we defined

A = {y eR": |z —y|, < e for some z € A}.
As discussed in Remark 8, when working with topological spaces of the form X C R"™, we

write {Ai}iel < {Bj}jej to mean {Al N X}ie[ < {Bj n X}jeJ.
The following lemma gives a useful metric tool for constructing refinements.
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» Lemma 34. Let {A;}icr < {Bj}jes be covers of X CR™ such that
A; N X are open for alli € I;
J is finite and B; N X are compact in X for all j € J.

There is some o > 0 such that {A;}ier < {Bj(-a)} g
Jj€

Proof. Since {B;};cs is a refinement of the open cover {4;};cs, each B; is contained in
(@)
J
any a > 0. Likewise, if A; D X, then B](.a) NX C A; for any a > 0.

Otherwise, X \ A; is a nonempty closed set, B; N X is a nonempty compact set, and
B; N (X \ 4;) = 0. Together these imply that the distance f; = dy, (X \ A4;, B; N X) is

positive, and so B;Bj) N X C A;. Since there are finitely many j € J, taking o := min;c s §;

completes the proof. <

some open A;. If B; is empty, then B, is also empty and is therefore contained in A; for

We can pass from an open cover to a closed refinement without increasing order.

» Lemma 35. Any open cover {U;}icr of a compact set X C R™ has a closed refinement
{Fiticr, and in particular, ord({F;}icr) < ord({Ui}ier).

Proof. Since {U;}icr is a cover of X, for each x € X there exists an ¢ € I such that € U;.
Because U; is open and X is a subset of R™, there exists some open V, such that

xEngvmgUz

By the compactness of X, the open cover {V; }sex admits a finite subcover {Vz; };e ;. Hence,
{V&, }jes is a finite closed cover. Using this cover, we define for each 7 € I a closed set

Fi::U{Wj:jEJ,WJQUi}.

By construction, each WJ is contained in some F;, and so {F;};cs is a closed cover of X.
Furthermore, for each distinct F; and point x € X such that F; contains x, there is a distinct
U; such that x € F; C U;. We conclude that {F;};cs refines {U; };c; without increasing order,
as claimed. <

Here we present the usual formulation of the Lebesgue covering theorem with closed sets,
which can be used to derive the open version stated in Theorem 9.

» Theorem 36 (Lebesgue covering theorem [20, Theorem IV 2.]). Suppose a d-dimensional
cube [—1,1]¢ C R? is covered by a finite family A of closed sets, none of which contains
points of opposite faces of the cube. Then ord(A) > d.

Proof of Theorem 9. Suppose that A is a finite family of open sets covering the cube [—1,1]¢
such that no member of A contains points of opposite faces of the cube. By Lemma 35, there
exists a closed refinement F of A that is also a cover, such that ord(F) < ord(A).

Since F refines A, it also has no member set containing points of opposite faces of the
cube. Applying Theorem 36 to the closed cover F yields that ord(F) > d. We conclude that
ord(A) > d as claimed. <

Finally, we record the following useful lemma, which shows that for any closed cover of
order d of a compact space, there exists a sufficiently small radius « > 0 such that every
a-neighbourhood around any point meets at most d + 1 sets of the cover.
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» Lemma 37. If a finite closed cover F of a compact set X CR"™ has order d, then there is
some a > 0 such that, for any x € X, the ball By, (o, x) N X intersects at most d + 1 sets
of F.

Proof. For the sake of contradiction, assume that for every o > 0 there is some z € X such

that By, (a,z) N X intersects at least d + 2 sets of F. Then we may pick some sequence

{1}, such that By, (55, 2) N X intersects at least d + 2 sets of F for every k € N.
Since X is compact, {x;}72, has a subsequence {xy,}?2; which converges to some

z* € X. Furthermore F is finite, so there are sets Fi,..., Fqio € F, each of which intersects
By, (2%, x,) N X for infinitely many ¢ € N. Putting these observations together, we see that

for any j € [d + 2], we have
de, (Fy, ) < dg, (Fy, ox,) + doy (g, 27),

where the sum of the right-hand terms can be made arbitrarily small for an appropriate
choice of ¢ € N. Thus, each of the closed sets Fi,..., Fyyo has x* as a limit point, whereby
x* is contained in d + 2 sets of F, which contradicts that F has order d. |

4 Theorem A: Simplicial covering dimension and replicability

In the introduction, when discussing the problem of learning a class C, we assumed that the
learner is allowed to output any hypothesis h € {#1}* with small loss. However, in some
settings, one restricts the learner to output hypotheses from some class H O C. For example,
in proper learning, the output of the learner must be from the original class C.

A more general setting. Let us denote by LRy (C) the list replicability number of C, with
the extra requirement that the list in Definition 1 must consist of hypotheses in ‘H. With
this notation, the unrestricted case is LR(C) = LRy41}+(C). Similarly, define

sCx/(C) = sca, (Ac),

so that sC(C) = sC413%(C) in the unrestricted setting.
The following theorem, a generalization of Theorem A, establishes a precise quantitative
connection between simplicial covering dimension and list replicability.

» Theorem 38 (General form of Theorem A). For any finite domain X, concept class
C C {£1}*, and hypothesis class H C {£1}* such that C C H, we have LRy(C) = SC3(C)+1.

Proof. For convenience, let d := sy (C) and let L := LRy (C). Recall that by an abuse of
notation, we use A¢ to denote both the simplicial complex and its polyhedron |Ac|. Since
we are working with the topological space A¢ C RY | recall from Remark 8 that we write
A < Btomean {A; NAchier < {B; N Ac}jey.

First, we will show that d < L — 1. This amounts to proving that if ¢/ is an open cover
of A¢, such that U < {o},eca,,, then U has a refinement of order at most L — 1 that is
an open cover of Ac. We begin by applying Lemma 34 to produce an a > 0 such that
U< {0} pen, . Fix 0 <e< § and 0 <§ < g7ty Since the list replicability number of
C with respect to H is L, there exists an (e, L)-list replicable learner A for C with outputs in
‘H and with sample complexity n := n(e,d). Using this learning rule, for each h € H, define

an open set

1—-20
L

Vy, = {,u € Ac: Prgoum[A(S) =h] > and loss, (h) < 26} .
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We will show that the family {V}j, }re is an open cover of Ac, and is also indeed a refinement
of U with order at most L — 1.

The sets Vj, are open in A¢ by continuity of Prg.,»[A(S) = h] and loss, (h) in p. To see
why {Vi }hen covers Ag, first recall that every p € Ac is a distribution realizable by C, and
so the list replicable learner A guarantees a list {hq,...,hr} C H such that

PrSNH"[A(S) S {h17' . '7hL}] Z 1 - 5

and loss, (h;) < e for each i € [L]. It follows that there is some h € {h1,...,hr} such that

1-9 1-26
Prg~.[A(S) = h] > 7 > and loss,(h) < € < 2,
whereby p € Vj,. Hence, {V}, }rhen covers Ac.
As for the order of {V},}re3, suppose for contradiction that hq, ..., hy41 € H are distinct

hypotheses such that u € ﬂie[ L+1] Vi, for some p € Ac. It follows that the probability of
outputting each of the distinct hypotheses hq,...,hr41 is greater than %. As these events
are disjoint, we deduce that

1-26 L+1 1
PI'SNHH[A(S) S {h17~-~7hL+1}] > (L+1)T > T <1— (_L-’—]_)) - 1,

which gives the desired contradiction.
It remains to argue that

U=<{ en, < {Vitnen

The first refinement is already verified by the choice of «, and the second refinement holds
by construction since loss, (h) < 2¢ < § and

1 1
loss,(h) = D |u(@)l = 5 lu—lplhly > 5de (n,0n),

zesupp(p)
h(z)#sign(u(z))

imply p € J,(La).

The second half of the proof is to show that L < d + 1. To this end, fix ¢ > 0. If
the relative simplicial covering dimension of C with respect to H is d, then there exists a
refinement U of {B,(f/ 2)}h€7.[ such that U has order no more than d and is an open cover of
Ac. Now pick any ordering on H and for h € H let

Vi, = U {U € U : h is the first hypothesis in H satisfying U C B;LG/Q)} .

Note that by definition, V := {Vj, }pey is a refinement of {B}(LE/2)}}L€'H and has order no
more than d. By Lemma 35, this open cover V has a closed refinement F (also indexed
by H) of order at most d. Lastly, applying Lemma 37 guarantees a 8 > 0 such that
{veAc: |v—pl|, < B} intersects at most d + 1 sets of F for any p € Ac.

Now we are ready to give an (e, d 4 1)-list replicable learner for C. For any distribution
i € Ac and sample S ~ pF for some k € N, let i denote the empirical estimate of ;1 using
S. Since the distributions in A¢ are defined on a finite domain, there exists, for any § > 0,
some positive integer n := n(e, 8,0) such that

~ . €
Provyn [l — il <min (5.8)] =16

for all p € Ac.
Given a replicability parameter 6 > 0, an unknown distribution u, and a sample S ~ ™,
the learning rule is as follows:
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1. Let i be the empirical estimate of p using S.
2. Select an arbitrary closed set Fj, € F containing fi.

3. Output h.
First, let us check accuracy. We have that

loss, (1) < lossy(h) + I — fl,
where loss; (h) < § because i € Fj, C B,(f/z
1—4. Second, we check list-replicability. With probability at least 1 —§ we have | — i, < 8,
in which case there are by choice of 5 at most d + 1 closed sets of F that could contain ji. <«

), and lw — i, < €/2 with probability at least

5 Theorem B: Simplicial covering dimension of extremal classes

In this section, we classify the simplicial covering dimension SC(€) of extremal classes. The
argument is split between a lower bound given in Lemma 40 and a matching upper bound
relying on Theorem 41. For the proof of Theorem 41, we refer the reader to the full version
of the paper [5]. The classification of LR(E) follows as a direct consequence of Theorem 38.
Before presenting the proofs, we give a brief overview and discuss why the binary cube
{£1}* must be treated as a separate case in both of our bounds.

5.1 Discussion and overview of the proof

The cubical complex I'¢ of a class £ is composed of the union of all its cubes, where a cube
of dimension k corresponds to a strongly shattered set of size k. By Theorem 10, I'¢ has
topological dimension equal to that of any maximum cube, which in the case of extremal &
is exactly vo(€).

» Proposition 39 (Dimension of the cubical complex). For any concept class C, the topological
dimension of its cubical complex T¢ is equal to the size of the largest strongly shattered set by
C. In particular, if £ is an extremal class, then

dim(T¢) = vo(E).

In view of Proposition 39, the lower bound of Theorem B can be achieved by embedding
T'¢ into Ag and applying Lebesgue’s covering theorem (Theorem 9). The upper bound follows
from a retraction from Ag; to the embedding of I's 1, which we denoted by fg,l in (7). In
particular, each vertex h € Ag; is mapped to a point in a simplex of f&l supported on
concepts extending h. The topological dimension of I'¢ is used to construct a suitable open
cover of order vc(€), which is pulled back to Ag without increasing the order.

When € = {£1}¥, however, the embedding given in Lemma 33 fails. In fact, [iiqyx is the
geometric cube of dimension |X|, whereas A {+1}~ is the cross-polytope of dimension |X]—1,
so no one-to-one embedding exists. We can recover our argument by instead considering the
boundary of Iy 1yx, which is homeomorphic to Ayiyx, and has dimension one less than
the cube.

dim(O (4132 ) = ve({£1}Y) — 1.

This modification leads to the off-by-one case in Theorem B.
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5.2 Lower bound for simplicial covering dimension of extremal classes

» Lemma 40. Let £ C {£1}* be an extremal class. Then

so(6) > {VC(S) —1 ifE={£1}¥

vo(€) otherwise.
Proof. If £ is not the binary cube {£1}%, let @ be a largest cube within the cubical
complex Qg. If £ = {£1}?, then instead take Q to be an arbitrary (Vc(€) — 1)-dimensional
cube in Q¢. Let IT C I'¢ be the geometric realization of (). By Proposition 39, dim(IT) = vc(€)
if £ # {+1}¥ and dim(IT) = vo(€) — 1 if £ = {£1}¥.

Since fg, defined in (6), is an injection, any cover B of Ag induces a cover g(B) =
fz1(B) N1 of II with ord(B) > ord(g(B)). Furthermore, any refinement of B induces a
refinement of g(B). We will construct a cover A of Ag which is refined by the zero-loss sets
{Bn}heq+1yx and such that g(A) fulfills the conditions for Theorem 9. Thus, any refinement
of A must have order at least d.

Let a < 1/]X|. We define the open cover A of Ag: A = {B,(lo‘) : hoe {£1}7).

It is clear that A is refined by the zero-loss sets { Bj, }pe(+1}-

Let y lie on some face of 11, so that without loss of generality y, = 1 for some x € X', and
let h be any hypothesis in {£1}* such that h(x) = —1. Set ¥’ = fe(y), so that v/, > |—i|

Since any point z € By, has z, <0, 3/ is too far from By, to lie in B;La).

1
. ! _ > 3 / — >
min ly —z|, > min [y — 2za| > [y |X|

Thus, if y and z are two points on opposite faces of II, neither can lie in the same set g(Béa)).
This means that g(A) satisfies the conditions of Theorem 9, and we are done. |

This lower bound requires £ to be extremal, as we require the largest shattered set to
form a solid cube in the cubical complex.

5.3 Upper bound for simplicial covering dimension of extremal classes

The upper bound utilizes a “topological equivalence” between the simplicial complex of
realizable distributions A¢ and the cubical complex of strongly shattered sets I'¢. This
equivalence is made precise by the following definition. A retraction from a topological space
X to a subspace A is a continuous mapping r: X — A such that the restriction of r to A is
the identity, i.e. r(a) = a for all a € A.

The following theorem is related to [12, Theorem 9], and the proof uses similar ideas,
particularly the inductive construction of retractions. However, both the theorem and its
proof include new elements and techniques that place the result in the framework of simplicial
covering dimension. For instance, in [12], the retraction is mainly concerned with preserving
antipodality, while in our case, the retraction is designed to produce a suitable open cover of
Ag, which requires subtle analysis.

» Theorem 41. Let £ # {jzl}X be an extremal class, and let g > 0. Then there is
a retraction f from Ag to I‘g and an open cover {Ugtgee of I‘g such that the collection

{r~Y(u,n Fg)}geg is an open cover of Ag of order vo(E) and f~H(U, N Ie) C a!(fo for all
g € €, where o4 is the mazimal simplex in Ag corresponding to the concept g.
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For the proof of Theorem 41, we direct the reader to the full version of the paper [5].

The theorem provides an upper bound on the simplicial covering dimension of £ that
is needed to complete the proof of our main result. Recall that LRy (C) denotes the list
replicability number of C, with outputs in . Similarly, we have sCy(C) == SCa,, (Ac).

» Theorem 42 (General form of Theorem B). Let £ C {+1}* be an extremal class. Then for
every £ CH C {+1}*, we have

ve(E) — 1 if € = {1}
vo(E) otherwise.

scy (&) {

Proof. Note that sc(€) < scy(€) < sce(€) for any H O €. Hence, to determine scy (€),
we bound sc(€) from below and scg(€) from above. Immediately by Lemma 40, we have
the lower bounds

ve(€) -1 if &= {£1}*
ve(E) otherwise.

sc(€) > {

As for the upper bounds, consider first the case where & = {£1}*. Hence, scg(€) = sc(€).
Recall that

sCc(Ag) =sup {sc(A) : A is a finite open cover of Ag},

whereas sC(€) is defined by taking the supremum over covers A that are refined by particular
zero-loss sets. It follows that

sc(€) < sc(Ag).

Since £ = {£1}%, the space Ag is the full cross polytope in R?, which has topological
dimension |X| — 1. Furthermore, vc(€) = |X| because the binary cube shatters its entire
domain. Together, these imply that

sc(€) <sc(Ag)=|X|—-1=vc(€) — 1.

For the second case, let £ # {+1}*. Let A be any finite open cover of Ag¢ such that
A < {0 € Ag}. By Lemma 34 there exists an o > 0 such that A < {o(®)},cA,. This implies
A=< {05(,@) : g € &} where {0, : g € £} are the maximal simplices of Ag. Pick €y < v and
let f and {U,}4ce be as in Theorem 41. Then {f~1(U, N fg)}geg is an open cover of Ag of
order vc(€) that refines A, whereby we conclude that scg(€) < ve(E). <

As a consequence, we can exactly classify the proper (X = &) and improper list replicability
number LRy (&) of extremal concept classes:

» Corollary 43. Let £ C {£1}* be an extremal class. Then for every H 2 &, we have

ve(E) if € = {£1}*
ve(€E) + 1 otherwise .

LRy (E) = {

Proof. The corollary follows directly by combining Theorem 42 and Theorem 38. <
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