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Abstract
State transformation problems such as compressing quantum information or breaking quantum
commitments are fundamental quantum tasks. However, their computational difficulty cannot easily
be characterized using traditional complexity theory, which focuses on tasks with classical inputs
and outputs.

To study the complexity of such state transformation tasks, we introduce a framework for
unitary synthesis problems, including notions of reductions and unitary complexity classes. We use
this framework to study the complexity of transforming one entangled state into another via local
operations. We formalize this as the Uhlmann Transformation Problem, an algorithmic version of
Uhlmann’s theorem. Then, we prove structural results relating the complexity of the Uhlmann
Transformation Problem, polynomial space quantum computation, and zero knowledge protocols.

The Uhlmann Transformation Problem allows us to characterize the complexity of a variety
of tasks in quantum information processing, including decoding noisy quantum channels, breaking
falsifiable quantum cryptographic assumptions, implementing optimal prover strategies in quantum
interactive proofs, and decoding the Hawking radiation of black holes. Our framework for unitary
complexity thus provides new avenues for studying the computational complexity of many natural
quantum information processing tasks.
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1 Introduction

Complexity theory studies the resources required to solve computational problems. Quantum
complexity has traditionally studied the quantum resources required to solve classical
computational problems, i.e., problems that have classical inputs and outputs. However,
quantum mechanics also introduces a new kind of computational problem: preparing and
transforming quantum states. The goal of this paper is to initiate the formal complexity-
theoretic study of such quantum state transformation problems. To this end, we extend the
language of traditional complexity theory to encompass state transformation problems – we
call the resulting framework unitary complexity theory.

The idea that the complexity of inherently quantum problems cannot easily be reduced
to the complexity of classical problems has already been explored in prior works [30, 2, 6].
In recent years, oracle separations [34, 35, 38] have demonstrated that the complexity of
breaking certain quantum cryptographic primitives is independent of the complexity of the
decisional complexity classes NP or QMA; in other words, even if P = NP, certain quantum
cryptographic primitives could still remain secure. In fact, [38] gives preliminary evidence
that the ability to solve any decision problem (even undecidable ones!) would not help with
breaking quantum cryptography. Unitary complexity theory allows us to re-establish the
link between complexity theory and cryptography in the quantum world.

Beyond this cryptographic motivation, unitary complexity allows us to relate the compu-
tational resources required for seemingly unrelated state transformation tasks. In this paper,
we focus on tasks involving Uhlmann transformations. The name stems from Uhlmann’s
theorem, [55] a fundamental result in quantum information theory that quantifies how well a
bipartite pure state |C⟩ can be mapped to another bipartite pure state |D⟩ by only acting
on a subsystem: letting ρ and σ denote the reduced density matrices on the first subsystem
of |C⟩ and |D⟩, respectively, Uhlmann’s theorem states that

F(ρ, σ) = max
U

| ⟨D|1⊗ U |C⟩ |2 , (1.1)

where F(ρ, σ) denotes the fidelity function and the maximization is over all unitary trans-
formations acting on the second subsystem. We call a unitary U achieving equality in
Equation (1.1) an Uhlmann transformation.1

Uhlmann transformations are ubiquitous in quantum information processing. Some
examples include:

Quantum Shannon theory. Quantum Shannon theory is the study of the fundamental
limits of quantum communication over noisy and noiseless channels. Protocols for a
myriad of tasks such as state redistribution, entanglement distillation, and quantum
communication over a noisy quantum channel all require performing Uhlmann transform-
ations [24, 5, 12, 10].

1 Such Uhlmann transformations are unique only if |C⟩ , |D⟩ have full Schmidt rank.
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Quantum cryptography. While it is known that quantum commitment schemes
with information-theoretic security are impossible [39, 37], they are possible under
computational assumptions. Recent oracle separations suggest that their security can be
based on weaker assumptions than what is needed classically and that the existence of
inherently quantum cryptographic primitives may be independent from assumptions in
traditional complexity [34, 8, 41, 35, 38]. It can be seen from the impossibility results of
Mayers–Lo–Chau [39, 37] that the security of a quantum commitment scheme relies on
the hardness of performing certain Uhlmann transformations.
Quantum gravity. Attempts to unite quantum mechanics with general relativity have
given rise to apparent paradoxes of whether black holes preserve information or not [23].
Recently, physicists have provided intriguing arguments based on computational complexity
as possible resolutions to these paradoxes [22]. These arguments claim that distilling
entanglement from the emitted Hawking radiation of a black hole is computationally
infeasible – this can be equivalently phrased as a statement about the hardness of an
Uhlmann transformation [22, 15].
Quantum complexity theory. The QIP = PSPACE theorem [28] gives a characteriza-
tion of the power of (single-prover) quantum interactive proofs. Kitaev and Watrous [33]
showed that optimal prover strategies in these interactive proofs boil down to applying
Uhlmann transformations at each round.

The fact that Uhlmann transformations appear in these various quantum tasks suggests
that they might be related. Can we formalize these relationships and show precise reductions,
similarly to how e.g. the theory of NP completeness relates disparate classical computational
problems? Can we formalize Uhlmann transformations as a computational problem that is,
in some sense, complete for these various tasks, similarly to how 3-SAT provides a simple
complete problem that elegantly captures the hardness of NP-complete problems? Can we
provide complexity-theoretic evidence for the hardness of Uhlmann transformations? What
computational restrictions does this place on our ability to e.g. achieve optimal communication
rates in quantum Shannon theory?

The goal of this paper is to study such questions formally. Our first main contribution
is to provide a general formal framework for reasoning about unitary complexity. This
involves extending many of the traditional notions of complexity theory, such as reductions,
complexity classes, complete problems, etc. to quantum state transformations and requires us
to deal with many subtleties that arise in the unitary setting. Our second main contribution
is to analyze the complexity of the Uhlmann Transformation Problem within this framework.
This in turn allows us to show relationships between unitary complexity classes such as
showing that (average case versions of) the classes unitaryPSPACE and unitaryQIP are equal.
Finally, we show how the Uhlmann transformation problem plays a central role in connecting
the complexity of many natural tasks in quantum information processing. For example, we
establish reductions and equivalences between Uhlmann transformation problem and the
security of quantum commitment schemes, falsifiable quantum cryptographic assumptions,
quantum state compression, and more.

2 A fully quantum complexity theory

In [49] Rosenthal and Yuen initiated the study of complexity classes for state synthesis and
unitary synthesis problems. A state synthesis problem is a sequence (ρx)x∈{0,1}∗ of quantum
states. A state complexity class is a collection of state synthesis problems that captures the
computational resources needed to synthesize (i.e., generate) the states. For example, [49]

ITCS 2026
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defined the class statePSPACE as the set of all state sequences (ρx)x∈{0,1}∗ for which there is
a polynomial-space (but possibly exponential-time) quantum algorithm A that, on input x,
outputs an approximation to the state ρx.

Unitary complexity classes, which are the focus of this work, describe the computational
resources needed to perform state transformations, formalized as unitary synthesis problems.
A unitary synthesis problem is a sequence of unitary2 operators (Ux)x∈{0,1}∗ and a unit-
ary complexity class is a collection of unitary synthesis problems. For example the class
unitaryBQP is the set of all sequences of unitary operators (Ux)x∈{0,1}∗ where there is a
polynomial-time quantum algorithm A that, given an instance x ∈ {0, 1}∗ and a quantum
system B as input, (approximately) applies Ux to system B. As a simple example, any
sequence of unitaries (Ux)x where x is simply (an explicit encoding of) a sequence of quantum
gates that implement the unitary is obviously in unitaryBQP, since given x, the algorithm A

can just execute the circuit specified by x in time polynomial in the length of x. On the other
hand, x could also specify a unitary in a sequence in a more implicit way (e.g. by circuits
for two quantum states between which Ux is meant to be the Uhlmann transformation), in
which case the sequence (Ux)x could be harder to implement.

The reason we say that the algorithm A is given a system instead of a state is to emphasize
that the state of the system is not known to the algorithm ahead of time, and in fact the
system may be part of a larger entangled state. Thus the algorithm has to coherently apply
the transformation Ux to the given system, maintaining any entanglement with an external
system. This makes unitary synthesis problems fundamentally different, and in many cases
harder to analyse, than state synthesis problems.

Traditional complexity classes like P, NP, and BQP have proven to be powerful ways of
organizing and comparing the difficulty of different decision problems. In a similar way, state
and unitary complexity classes are useful for studying the complexity of quantum states
and of quantum state transformations. We can then ask about the existence of complete
problems, reductions, inclusions, separations, closure properties, and more. Importantly,
state and unitary complexity classes provide a useful language to articulate questions and
conjectures about the computational hardness of inherently quantum problems. For example,
we can ask whether unitaryPSPACE is contained in unitaryBQPPSPACE – in other words, can
polynomial-space-computable unitary transformations be also computed by a polynomial-time
quantum computer that is given oracle access to a PSPACE decision oracle?3

Unitary synthesis problems, classes, and reductions

We begin by giving general definitions for unitary synthesis problems and a number of useful
unitary complexity classes, e.g. unitaryBQP and unitaryPSPACE. We then define a notion of
reductions between unitary synthesis problems. Roughly speaking, we say that a unitary
synthesis problem U = (Ux)x polynomial-time reduces to V = (Vx)x if an efficient algorithm
for implementing V implies an efficient algorithm for implementing U.

Next, we define distributional unitary complexity classes that capture the average case
complexity of solving a unitary synthesis problem. Here, the unitary only needs to be
implemented on an input state randomly chosen from some distribution D which is known
ahead of time. This is a natural generalisation of traditional average-case complexity

2 In our formal definition of unitary synthesis problems (see [13]), the Ux’s are technically partial isometries,
which is a promise version of unitaries, but we gloss over the distinction for now.

3 This is an open question, and is related to the “Unitary Synthesis Problem” raised by Aaronson and
Kuperberg [4].
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statements to the unitary setting. This notion turns out to be particularly natural in the
context of entanglement transformation problems because it is closely related to implementing
the unitary on part of an entangled state |ψ⟩.

The notion of average case complexity turns out to be central to our paper: nearly all of
our results are about average-case unitary complexity classes and the average-case complexity
of the Uhlmann Transformation Problem. Thus the unitary complexity classes we mainly
deal with will be avgUnitaryBQP and avgUnitaryPSPACE, which informally mean sequences of
unitaries that can be implemented by time-efficient and space-efficient quantum algorithms,
respectively, and where the implementation error is measured with respect to inputs drawn
from a fixed distribution over quantum states.

Interactive proofs for unitary synthesis

We then explore models of interactive proofs for unitary synthesis problems. Roughly speaking,
in an interactive proof for a unitary synthesis problem U = (Ux)x, a polynomial-time verifier
receives an instance x and a quantum system B as input, and interacts with an all-powerful
but untrusted prover to try to apply Ux to system B. As usual in interactive proofs, the
main challenge is that the verifier does not trust the prover, so the protocol has to test
whether the prover actually behaves as intended. We formalize this with the complexity
classes unitaryQIP and avgUnitaryQIP, which capture unitary synthesis problem that can
be verifiably implemented in this interactive model. This generalizes the interactive state
synthesis model studied by [49, 40].4 The primary difference between the state synthesis and
unitary synthesis models is that in the former, the verifier starts with a fixed input state
(say, the all zeroes state), while in the latter the verifier receives a quantum system B in an
unknown state that has to be transformed by Ux.

Zero-knowledge unitary synthesis

In the context of interactive protocols, we also introduce a notion of zero-knowledge protocols
for unitary synthesis problems. Roughly speaking, a protocol is zero-knowledge if the
interaction between the verifier and prover can be efficiently reproduced by an algorithm
(called the simulator) that does not interact with the prover at all. This way, the verifier can
be thought of as having learned no additional knowledge from the interaction aside from the
fact that the task was solved [21]. The counterintuitive concept of zero-knowledge proofs has
been one of the most consequential discoveries in complexity theory and cryptography.

Motivated by this, we introduce the unitary complexity class avgUnitaryHVSZK,5 which
is a unitary synthesis analogue of the decision class HVQSZK in traditional complexity
theory [57], which captures the concept of honest-verifier quantum zero-knowledge proofs.
Interestingly, for reasons that we explain in more detail in [13], the average-case aspect of
avgUnitaryHVSZK appears to be necessary to obtain a nontrivial definition of zero-knowledge
in the unitary synthesis setting.

Just like there is a zoo of traditional complexity classes [3], we expect that many unitary
complexity classes can also be meaningfully defined and explored. In this paper we focus on
the ones that turn out to be tightly related to the Uhlmann Transformation Problem. We
discuss these relationships next.

4 The class unitaryQIP was also briefly discussed informally by Rosenthal and Yuen [49].
5 The “HV” modifier signifies that the zero-knowledge property is only required to hold with respect

to verifiers that honestly follow the protocol, and the “S” in “SZK” signifies that it is statistical
zero-knowledge.

ITCS 2026
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▶ Remark 1. For simplicity, in the introduction we present informal statements of our results
that gloss over some technical details that would otherwise complicate the result statement.
For example, we do not distinguish between unitary synthesis problems and distributional
versions of them. Formal results can be found in the full version of the paper [13].

3 Structural results about the Uhlmann Transformation Problem

Equipped with the proper language to talk about unitary synthesis problems, we introduce
the Uhlmann Transformation Problem (see [13, Part II] for the formal statements). We define
the unitary synthesis problem Uhlmann to be the sequence (Ux)x∈{0,1}∗ where we interpret
an instance x as an explicit encoding (as a list of gates) of a pair of quantum circuits (C,D)
such that C and D, on the all-zeroes input, output pure bipartite states |C⟩ , |D⟩ on the
same number of qubits, and Ux is an associated Uhlmann transformation mapping |C⟩ to
|D⟩ by acting on a local system. Usually, we will assume that C and D output 2n qubits
(for some n specified as part of x) and the Uhlmann transformation acts on the last n qubits.
If x does not specify such a pair, then an algorithm implementing the unitary synthesis
problem is allowed to behave arbitrarily on such x; this is formally captured by allowing
partial isometries as part of unitary synthesis problems in [13, Section 3].

Furthermore, for a parameter 0 ≤ κ ≤ 1 we define the problem Uhlmannκ, which is
the same as Uhlmann, except that it is restricted to instances corresponding to states
|C⟩ , |D⟩ where the fidelity between the reduced density matrices ρ, σ of |C⟩ , |D⟩ respectively
on the first subsystem is at least κ; recall by Uhlmann’s theorem that κ lower bounds how
much overlap |C⟩ can achieve with |D⟩ by a local transformation. By definition, Uhlmannκ

instances are at least as hard as Uhlmannκ′ instances when κ ≤ κ′. We provide formal
definitions of Uhlmann, Uhlmannκ, and their distributional versions in [13, Section 5].

Zero-knowledge and the Uhlmann Transformation Problem

We show that the Uhlmann Transformation Problem (with fidelity parameter κ = 1) char-
acterizes the complexity of the unitary complexity class avgUnitaryHVPZK, which is the
unitary synthesis version of the decision classes PZK and HVQPZK [56]. Here, PZK stands
for “perfect zero knowledge”, and refers to the special case of statistical zero-knowledge
where the simulator can perfectly reproduce the view of the verifier.

▶ Theorem 2 (Informal). Uhlmann1 is complete for avgUnitaryHVPZK under polynomial-
time reductions.

This is formally stated and proved in [13, Section 6.1]. To show completeness we have
to prove two directions. The first direction is to show that every (distributional) unitary
synthesis problem in avgUnitaryHVPZK polynomial-time reduces to (the distributional version
of) Uhlmann1. This uses a characterization of quantum interactive protocols due to Kitaev
and Watrous [33].

The second direction is to show that Uhlmann1 is in avgUnitaryHVPZK by exhibiting
an (honest-verifier) zero-knowledge protocol to solve the Uhlmann Transformation Problem.
Our protocol is rather simple: in the average case setting, we assume that the verifier receives
the last n qubits of the state |C⟩ = C |02n⟩, and the other half is inaccessible. Its goal is to
transform, with the help of a prover, the global state |C⟩ to |D⟩ by only acting on the last n
qubits that it received as input. To this end, the verifier generates a “test” copy of |C⟩ on
its own, which it can do because C is a polynomial-size circuit. The verifier then sends to
the prover two registers of n qubits; one of them is the first half of the test copy and one of
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them (call it A) holds the “true” input state. The two registers are randomly shuffled. The
prover is supposed to apply the Uhlmann transformation U to both registers and send them
back. The verifier checks whether the “test” copy of |C⟩ has been transformed to |D⟩ by
applying the inverse circuit D† to the test copy and checking if all qubits are zero. If so, it
accepts and outputs the register A, otherwise the verifier rejects.

If the prover is behaving as intended, then both the test copy and the “true” copy of
|C⟩ are transformed to |D⟩. Furthermore, the prover cannot tell which of its two registers
corresponds to the test copy, and thus if it wants to pass the verification with high probability,
it has to apply the correct Uhlmann transformation on both registers. This shows that the
protocol satisfies the completeness and soundness properties of an interactive proof. The
zero-knowledge property is also straightforward: if both the verifier and prover are acting
according to the protocol, then before the verifier’s first message to the prover, the reduced
state of the verifier is |C⟩⟨C| ⊗ ρ (where ρ is the reduced density matrix of |C⟩), and at the
end of the protocol, the verifier’s state is |D⟩⟨D| ⊗ UρU†. Both states can be produced in
polynomial time.

One may ask: if the simulator can efficiently compute the state UρU† without the help of
the prover, does that mean the Uhlmann transformation U can be implemented in polynomial
time? The answer is no, since the simulator only has to prepare the appropriate reduced
state (i.e. essentially solve a state synthesis task), which is easy since the starting and ending
states of the protocol are efficiently computable; in particular, UρU† is (approximately) the
reduced state of |D⟩, which is easy to prepare. In contrast, the verifier has to implement
the Uhlmann transformation on a specific set of qubits that are entangled with a specific
external register, i.e. it has to perform a state transformation task that preserves coherence
with the purifying register. This again highlights the distinction between state and unitary
synthesis tasks.

A complete problem for avgUnitaryHVSZK?

It is natural to wonder about the complexity of Uhlmannκ for fidelity promise κ < 1.
In other words, the reduced density matrices of the two states |C⟩ , |D⟩ are not exactly
equal. A reasonable conjecture is that Uhlmannκ (for non-negligible κ, say), is complete for
avgUnitaryHVSZK. This would correspond to the famous classical complexity result that the
problem of distinguishing between whether two probability distributions (represented via
sampling circuits) are close or far in trace distance is a SZK-complete problem [50].

In [13, Section 6.3] we argue that this conjecture is true assuming that a unitary version
of the polarization lemma holds, which was instrumental for the SZK-completeness result of
Sahai and Vadhan [50]. The unitary polarization lemma, if true, would state that Uhlmannκ

polynomial-time reduces to Uhlmann1−2−poly(n) for all inverse polynomial κ.

The succinct Uhlmann Transformation Problem

We also define a succinct version of the Uhlmann Transformation Problem (denoted by
SuccinctUhlmann), where the string x encodes a pair (Ĉ, D̂) of succinct descriptions of
quantum circuits C,D. By this we mean that Ĉ (resp. D̂) is a classical circuit that, given a
number i ∈ N written in binary, outputs the i’th gate in the quantum circuit C (resp. D).
Thus the circuits C, D in general can have exponential depth (in the length of the instance
string x) and generate states |C⟩ , |D⟩ that are unlikely to be synthesizable in polynomial
time. Thus the task of synthesizing the Uhlmann transformation U that maps |C⟩ to a state
with maximum overlap with |D⟩, intuitively, should be much harder than the non-succinct
version. We confirm this intuition with the following result:

ITCS 2026



24:8 Unitary Complexity and the Uhlmann Transformation Problem

▶ Theorem 3 (Informal). SuccinctUhlmann is complete for avgUnitaryPSPACE under
polynomial-time reductions.

The class avgUnitaryPSPACE corresponds to distributional unitary synthesis problems
that can be solved using a polynomial-space (but potentially exponential-depth) quantum
algorithm. The fact that SuccinctUhlmann ∈ avgUnitaryPSPACE was already proved by
Metger and Yuen [40], who used this to show that optimal prover strategies for quantum inter-
active proofs can be implemented in avgUnitaryPSPACE.6 The fact that avgUnitaryPSPACE
reduces to SuccinctUhlmann is because solving a distributional unitary synthesis problem
(Ux)x in avgUnitaryPSPACE is equivalent to applying a local unitary that transforms an
entangled state |ψx⟩ representing the distribution to (1⊗ Ux) |ψx⟩. This is nothing but an
instance of the SuccinctUhlmann transformation problem. We refer to the proof of [13,
Lemma 7.5] for details.

We show another completeness result for SuccinctUhlmann:

▶ Theorem 4 (Informal). SuccinctUhlmann is complete for avgUnitaryQIP under
polynomial-time reductions.

Here, the class avgUnitaryQIP is like avgUnitaryHVPZK except there is no requirement
that the protocol between the honest verifier and prover can be efficiently simulated. The
proof of Theorem 4 starts similarly to the proof of the avgUnitaryHVPZK-completeness of
Uhlmann, but requires additional ingredients, such as the state synthesis protocol of [49, 48]
and the ability to simulate reflections about a state, given copies of the state [29]. We prove
this by showing that SuccinctUhlmann is contained in avgUnitaryQIP, avgUnitaryQIP ⊆
avgUnitaryPSPACE, and then argue that avgUnitaryPSPACE is polynomial-time reducible to
SuccinctUhlmann (see [13] for details).

Theorems 3 and 4 imply the following unitary complexity analogue of the QIP = PSPACE
theorem [28] and the stateQIP = statePSPACE theorem [49, 40]:

▶ Theorem 5. avgUnitaryQIP = avgUnitaryPSPACE.

This partially answers an open question of [49, 40], who asked whether unitaryQIP =
unitaryPSPACE (although they did not formalize this question to the same level as we do
here).

4 Centrality of the Uhlmann Transformation Problem

In [13, Part III], we relate the Uhlmann Transformation Problem to quantum information
processing tasks in a variety of areas: quantum cryptography, quantum Shannon theory,
and high energy physics. We show that the computational complexity of a number of these
tasks is in fact essentially equivalent to the hardness of Uhlmann. For some other problems
we show that they are efficiently reducible to Uhlmann or SuccinctUhlmann. Although
some of these connections have been already observed in prior work, we believe that the
framework of unitary complexity theory formalizes and clarifies the relationships between
these different problems.

We proceed to give a high level overview of our applications of the Uhlmann Transformation
Problem and unitary complexity theory.

6 This was phrased in a different way in their paper, as avgUnitaryPSPACE was not yet defined.
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4.1 Quantum cryptography
We show that the Uhlmann Transformation Problem is deeply intertwined with the security
of quantum cryptography. First, we show the security of quantum commitment schemes is
equivalent to the average-case hardness of the Uhlmann Transformation Problem.

Quantum commitments

A bit commitment scheme is a fundamental cryptographic primitive that allows two parties
(called a sender and receiver) to engage in a two-phase communication protocol: in the first
phase (the “commit phase”), the sender sends a commitment (i.e. some string) to a bit b to
the receiver; the hiding property of a bit commitment scheme ensures that the receiver cannot
decide the value of b from this commitment string alone. In the second phase (the “reveal
phase”), the sender sends another string to the receiver that allows the receiver to compute
the value of b; the binding property of commitments ensures that the sender can only reveal
the correct value of b, i.e. if the sender sent a reveal string that was meant to convince the
receiver it had committed to a different value of b, the receiver would detect this.

Commitment schemes – even quantum ones – require efficiency constraints on the adversary
[39, 37]; at least one of the hiding or binding properties must be computational. In classical
cryptography, commitment schemes can be constructed from one-way functions [43], but
recent works suggest the possibility of basing quantum commitment schemes on weaker,
inherently quantum assumptions such as the existence of pseudorandom states [34, 8, 41, 35]
or EFI pairs [16].

The following theorem shows that the existence of secure quantum commitment schemes
is essentially equivalent to Uhlmann being hard on average. Roughly speaking, hardness
on average means that there is an efficiently sampleable distribution over pairs of quantum
circuits (C,D) such that all polynomial-time algorithms fail to implement the Uhlmann
transformation corresponding to (|C⟩ , |D⟩) with non-negligible probability over the sampling
of (C,D).

▶ Theorem 6 (Informal). Uhlmann1−ϵ for some negligible ϵ is hard on average if and only
if secure quantum commitments exist.

This theorem is formally stated and proved as [13, Theorem 8.10]. This formalizes a connection
between Uhlmann transformations and quantum commitments that was suggested by Yan
in his in-depth study of properties of quantum bit commitments [59]. The necessity for the
hardness of Uhlmann is implicit in the original impossibility proofs of information-theoretic
security for commitments [39, 37]; the sufficiency is due to the fact that non-interactive
quantum commitments can be constructed from hard Uhlmann instances.

Given the close connection between zero knowledge protocols for unitary synthesis and
the Uhlmann Transformation Problem, we also prove the following:

▶ Theorem 7 (Informal). If there is a hard distribution of instances for avgUnitaryHVSZK,
then secure quantum commitments exist.

We note that this would follow as an immediate corollary if we were able to prove that
Uhlmann1−ϵ is a complete problem for avgUnitaryHVSZK; however as mentioned previously
this remains a conjecture. We instead prove Theorem 7 directly by showing that hard-on-
average problems in avgUnitaryHVSZK implies Uhlmann1−ϵ is hard on average.

This is analogous to the classical result of Ostrovsky [44] who showed that if the classical
complexity class SZK is hard on average, then one-way functions (and thus secure bit
commitments [42]) exist. This is formally stated and proved as [13, Theorem 8.11].
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Minimal assumptions in quantum cryptography

In classical cryptography, the existence of one-way functions is considered a minimal assump-
tion in the sense that the security of virtually all (classical) cryptography implies it [27, 26].
It is a fascinating open question of what is the minimal assumption (if there exists one)
in quantum cryptography; as of writing the leading contender for the minimal quantum
cryptographic assumption is the existence of quantum commitments, meaning that many
quantum cryptographic primitives can be shown to imply the existence of quantum commit-
ments [16, 32]. If quantum commitments are indeed minimal (mirroring the setting of classical
cryptography), then this would show that the hardness of the Uhlmann Transformation
Problem is necessary for computationally secure quantum cryptography.

Breaking falsifiable quantum cryptographic assumptions

While we don’t know yet if the hardness of the Uhlmann Transformation Problem is necessary
for computational quantum cryptography, we show that the hardness of the succinct Uhlmann
Transformation Problem is necessary for the security of a wide class of quantum crypto-
graphic primitives. We consider the general notion of a falsifiable quantum cryptographic
assumption, which can be seen as a quantum analogue of the notion of a falsifiable assumption
considered by Naor [43] as well as Gentry and Wichs [20]. Our notion of a falsifiable quantum
cryptographic assumption captures almost any reasonable definition of security in quantum
cryptography which can be phrased in terms of an interactive security game between an
adversary and a challenger. We show the following generic upper bound on the complexity
of breaking falsifiable quantum cryptographic assumptions (see [13, Theorem 8.15] for the
formal statement):

▶ Theorem 8 (Informal). A falsifiable quantum cryptographic assumption is
either information-theoretically secure, or the task of breaking security reduces to
SuccinctUhlmann.

Since SuccinctUhlmann is complete for avgUnitaryPSPACE (Theorem 3), this means
that avgUnitaryBQP ̸= avgUnitaryPSPACE is a necessary complexity-theoretic assumption
for computational quantum cryptography. This suggests that unitary complexity provides
the appropriate framework to establish a close link between complexity theory and quantum
cryptography, as recent work [34, 8, 41, 35, 38] has shown that traditional complexity theoretic
assumptions are not always linked to quantum cryptography in the way one would expect.

4.2 Quantum Shannon theory applications
Quantum Shannon theory studies the achievability and limits of quantum communication
tasks (see [58, 31, 47] for a comprehensive overview). While the information-theoretic aspects
of quantum communication tasks are well-understood, the complexity of implementing
these protocols has received remarkably little attention. Here, we study the computational
complexity of some fundamental tasks in quantum Shannon theory, namely noisy channel
decoding and compression of quantum states using our framework for unitary complexity
and our results on the Uhlmann transformation problem.7

7 We also note that in independent work after the publication of our results, Arnon-Friedman, Brakerski,
and Vidick have investigated the computational aspects of entanglement distillation [11], showing that
in general entanglement distillation is computationally infeasible assuming quantum commitments exist.
It would be interesting to connect their results to our framework for unitary complexity to build up a
more rigorous theory of the complexity of quantum Shannon tasks.
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Decodable channel problem

Consider a quantum channel N that maps a register A to a register B. Suppose that the
channel N is decodable, meaning that it is possible to information-theoretically (approxim-
ately) recover the information sent through the channel; i.e., there exists a decoding channel
D mapping register B back to register A such that DB→A′

(
NA→B(ΦAR)

)
≈ ΦA′R, where |Φ⟩AR

is the maximally entangled state. Note that the register R is not touched.
Important examples of decodable channels come from coding schemes for noisy quantum

channels: suppose K is a noisy quantum channel that has capacity C (meaning it is possible to
(asymptotically) transmit C qubits through K). Let E denote a channel that takes C qubits
and maps it to an input to K. For example, we can think of E as an encoder for a quantum
error-correcting code. If E is a good encoding map, the composite channel N : ρ 7→ K(E(ρ))
is decodable.

We define the Decodable Channel Problem: given as input a circuit description of a
channel N that maps register A to register B and furthermore is promised to be decodable,
and given the register B of the state (N ⊗ 1)(ΦAR), decode and output a register A′ ≡ A

such that the final joint state of A′R is close to |Φ⟩. Although it is information-theoretically
possible to decode the output of N , it may be computationally intractable to do so. In fact,
we can characterize the complexity of the Decodable Channel Problem:

▶ Theorem 9 (Informal). The Decodable Channel Problem can be solved in polynomial-time
up to inverse polynomial error if and only if Uhlmann can be solved in polynomial-time up
to inverse polynomial error.

This theorem is formally stated and proved as [13, Theorem 9.6]; since we do not expect
that Uhlmann is solvable in polynomial-time, this suggests that the Decodable Channel
Problem is computationally hard in general. The main idea behind the upper bound
(Decodable Channel Problem is easy if Uhlmann is easy) is that a channel N is decodable
if and only if the output of the complementary channel8 N c, when given register A of the
maximally entangled state |Φ⟩AR, is approximately unentangled with register R. Thus by
Uhlmann’s theorem there exists an Uhlmann transformation acting on the output of the
channel N that recovers the maximally entangled state. If Uhlmann ∈ avgUnitaryBQP, then
this transformation can be performed efficiently.

The proof of the lower bound (Decodable Channel Problem is hard if Uhlmann is
hard) draws inspiration from quantum commitments. As discussed earlier, the hardness of
Uhlmann essentially implies the existence of secure quantum commitments, and in particular
one where the hiding property is computational. From this, we can construct a hard instance
of the Decodable Channel Problem: consider a channel N that takes as input a single bit
|b⟩, and then outputs the commitment register of the commitment to bit b (and discards
the reveal register). The ability to decode this “commitment channel” implies the ability to
break the hiding property of the underlying commitment scheme, and therefore decoding
must be computationally hard.

Compression of quantum information

Another fundamental task in information theory – both classical and quantum – is com-
pression of data. Shannon’s source coding theorem shows that the Shannon entropy of a
random variable X characterizes the rate at which many independent copies of X can be

8 The output of the complementary channel can be thought of as the qubits that a purification (formally,
a Stinepring dilation) of the channel N discards to the environment.
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compressed [52]. Similarly, Schumacher proved that the von Neumann entropy of a density
matrix ρ characterizes the rate at which many independent copies of ρ can be (coherently)
compressed [51].

We consider the one-shot version of the information compression task, where one is given
just one copy of a density matrix ρ (rather than many copies) and the goal is to compress
it to as few qubits as possible while being able to recover the original state within some
error. In the one-shot setting the von Neumann entropy no longer characterizes the optimal
compression of ρ; instead this is given by a one-shot entropic quantity known as the smoothed
max-entropy [54]. What is the computational effort required to perform near-optimal one-
shot compression of quantum states? Our next result gives upper and lower bounds for the
computational complexity of this task:

▶ Theorem 10 (Informal). Quantum states can be optimally compressed to their smoothed
max entropy in polynomial-time if Uhlmann1−ϵ ∈ avgUnitaryBQP for some negligible ϵ.
Furthermore, if stretch pseudorandom state generators exist, then optimal compression of
quantum states cannot be done in polynomial time.

The upper bound (i.e., compression is easy if Uhlmann is easy) is proved using a powerful
technique in quantum information theory known as decoupling [19]. The hardness result for
compression is proved using a variant of pseudorandom states, a cryptographic primitive that
is a quantum analogue of pseudorandom generators [29].

4.2.1 Black-hole radiation decoding
In recent years, quantum information and quantum complexity have provided a new lens
on long-standing questions surrounding the quantum-mechanical description of black holes.
[46, 7, 22, 17, 53, 14, 60]. We consider applications of the Uhlmann Transformation Problem
to computational tasks arising from this research.

In particular, we consider the Harlow-Hayden black hole radiation decoding task [22],
which is defined as follows. We are given as input a circuit description of a tripartite state
|ψ⟩BHR that represents the global pure state of a single qubit (register B), the interior of
a black hole (register H), and the Hawking radiation that has been emitted by the black
hole (register R). Moreover, we are promised that it is possible to decode from the emitted
radiation R a single qubit A that forms a maximally entangled state |EPR⟩ = 1√

2 (|00⟩ + |11⟩)
with register B. The task is to perform this decoding when given register R of a system in
the state |ψ⟩.

Harlow and Hayden [22] showed that the decoding task is computationally intractable
assuming that SZK ̸⊆ BQP. However, precisely characterizing the task’s complexity (i.e.,
providing an equivalence rather than a one-way implication) appears to require the notions
of a fully quantum complexity theory. Brakerski recently showed that this task is equivalent
to breaking the security of a quantum cryptographic primitive known as EFI pairs [15]. We
reformulate this equivalence in our unitary complexity framework to show that black hole
radiation decoding (as formalised above) can be solved in polynomial-time if and only if
Uhlmann ∈ avgUnitaryBQP.

5 Summary and future directions

Computational tasks with quantum inputs and/or outputs are ubiquitous throughout quantum
information processing. The traditional framework of complexity theory, which is focused
on computational tasks with classical inputs and outputs, cannot naturally capture the
complexity of these “fully quantum” tasks.
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In this paper we introduce a framework to reason about the computational complexity
of unitary synthesis problems. We then use this framework to study Uhlmann’s theorem
through an algorithmic lens, i.e. to study the complexity of Uhlmann transformations. We
prove that variants of the Uhlmann Transformation Problem are complete for some unitary
complexity classes, and then explore relationships between the Uhlmann Transformation
Problem and computational tasks in quantum cryptography, quantum Shannon theory, and
high energy physics.

The study of the complexity of state transformation tasks is a very new field and we
hope that our formal framework of unitary complexity theory and our findings about the
Uhlmann Transformation Problem provide a useful starting point for a rich theory of the
complexity of “fully quantum” problems. Many questions in this direction have yet to be
explored. Throughout this paper, we have included many concrete open problems, which we
hope will spark future research in this new direction in complexity theory. Additionally, our
work suggests some high-level, open-ended future directions to explore:

Populating the zoo

An important source of the richness of computational complexity theory is the variety of
computational problems that are studied. For example, the class NP is so interesting because
it contains many complete problems that are naturally studied across the sciences [45], and
the theory of NP-completeness gives a unified way to relate them to each other.

Similarly, a fully quantum complexity theory should have its own zoo of problems drawn
from a diverse range of areas. We have shown that core computational problems in quantum
cryptography, quantum Shannon theory, and high energy physics can be related to each other
through the language of unitary complexity theory. What are other natural problems in
e.g. quantum error-correction, quantum metrology, quantum chemistry, or condensed matter
physics, and what can we say about their computational complexity?

The crypto angle

Complexity and cryptography are intimately intertwined. Operational tasks in cryptography
have motivated models and concepts that have proved indispensible in complexity theory
(such as pseudorandomness and zero-knowledge proofs), and conversely complexity theory
has provided a rigorous theoretical foundation to study cryptographic hardness assumptions.

We believe that there can be a similarly symbiotic relationship between quantum crypto-
graphy and a fully quantum complexity theory. Recent quantum cryptographic primitives
such as quantum pseudorandom states [29] or one-way state generators [41] are unique to the
quantum setting, and the relationships between them are barely understood. For example,
an outstanding question is whether there is a meaningful minimal hardness assumption in
quantum cryptography, just like one-way functions are in classical cryptography. Can a
fully quantum complexity theory help answer this question about minimal quantum cryp-
tographic assumptions, or at least provide some guidance? For example, there are many
beautiful connections between one-way functions, average-case complexity, and Kolomogorov
complexity [27, 26, 36]. Do analogous results hold in the fully quantum setting?

The learning theory angle

Quantum learning theory has also seen rapid development, particularly on the topic of
quantum state learning [1, 25, 18, 9]. Learning quantum states or quantum processes can
most naturally be formulated as tasks with quantum inputs. Traditionally these tasks have
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been studied in the information-theoretic setting, where sample complexity is usually the
main measure of interest. However we can also study the computational difficulty of learning
quantum objects. What does a complexity theory of quantum learning look like?

Traditional versus fully quantum complexity theory

While traditional complexity theory appears to have difficulty reasoning about fully quantum
tasks, can we obtain formal evidence that the two theories are, in a sense, independent of
each other? For example, can we show that P = PSPACE does not imply unitaryBQP =
unitaryPSPACE? One would likely have to show this in a relativized setting, i.e., exhibit an
oracle O relative to which PO = PSPACEO but unitaryBQPO ≠ unitaryPSPACEO. Another
way would be to settle Aaronson and Kuperberg’s “Unitary Synthesis Problem” [4] in the
negative; see [38] for progress on this. Such results would give compelling evidence that the
reasons for the hardness of unitary transformations are intrinsically different than the reasons
for the hardness of a Boolean function. More generally, what are other ways of separating
traditional from fully quantum complexity theory?
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