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Abstract
Linear matroid intersection is an important problem in combinatorial optimization. Given two
linear matroids over the same ground set, the linear matroid intersection problem asks you to find
a common independent set of maximum size. The deep interest in linear matroid intersection is
due to the fact that it generalises many classical problems in theoretical computer science, such as
bipartite matching, edge disjoint spanning trees, rainbow spanning tree, and many more.

We study this problem in the model of catalytic computation: space-bounded machines are
granted access to catalytic space, which is additional working memory that is full with arbitrary
data that must be preserved at the end of its computation.

Although linear matroid intersection has had a polynomial time algorithm for over 50 years,
it remains an important open problem to show that linear matroid intersection belongs to any
well studied subclass of P. We address this problem for the class catalytic logspace (CL) with a
polynomial time bound (CLP).

Recently, Agarwala and Mertz (2025) showed that bipartite maximum matching can be computed
in the class CLP ⊆ P. This was the first subclass of P shown to contain bipartite matching, and
additionally the first problem outside TC1 shown to be contained in CL. We significantly improve
the result of Agarwala and Mertz by showing that linear matroid intersection can be computed in
CLP.
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1 Introduction

1.1 Catalytic Computing
Catalytic computation was introduced by Buhrman et al. [13] in order to study the power of
used space. In this model, a space-bounded Turing machine is augmented with an additional
read-write tape, known as the catalytic tape. The catalytic tape is initialized adversarially
with some arbitrary content τ . The Turing machine may use this tape freely, with the
requirement that upon termination the catalytic tape must be reset to its original state τ .
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CL is the class of problems that can be solved by a catalytic machine with a work tape of
size O(log n) and a catalytic tape of size poly(n). CLP is the class formed by the additional
restriction that the machine must run in polynomial time.

Although it was earlier informally conjectured [22] that used space could not provide
additional computational power, Buhrman et al. [13] showed the surprising result that CLP1

is likely much stronger than L:

L ⊆ NL ⊆ TC1 ⊆ CLP ⊆ CL ⊆ LOSSY ⊆ ZPP

Following the work of [13], catalytic computation has been a subject of growing in-
terest, and many variants of the model have been studied, including non-deterministic and
randomized [15, 23, 17, 37], non-uniform [52, 55, 20, 21], error-prone [31, 28], commu-
nication [53], and many more [30, 10, 9, 14] (see surveys by Koucký [36] and Mertz [48]).
This interest in catalytic computation culminated in space efficient tree evaluation al-
gorithms by Cook and Mertz [18, 19, 20, 21], which recently led to the breakthrough result
TIME(t) ⊆ SPACE(

√
t log t) by Ryan Williams [59].

Despite this long line of work, however, the exact strength of catalytic computation
remains unclear. Of particular interest is the relationship between CL and the NC hierarchy.
Buhrman et al. [13] showed that TC1 ⊆ CLP, so the two natural questions which follow are:
1. Is NC2 ⊆ CLP? That is, can the TC1 inclusion of [13] be strengthened?
2. Is CLP ⊆ NC? That is, can CLP be shown to be contained in the NC (or equivalently TC)

hierarchy?
On the first problem, Alekseev et al. [4] recently made progress by showing that SAC2 can
be solved with O(log2 n/ log log n) free space and 2O(log1+ϵ n) catalytic space. On the second
problem, Agarwala and Mertz [1] recently presented a barrier by showing that bipartite
matching, which is currently incomparable to the NC hierarchy, is contained in CLP. This
was the first new problem shown to lie in CL, and thus CLP, since the decade old result
TC1 ⊆ CLP [13]. A natural open problem posed in [1] is to extend their framework to solve
harder problems in CLP. One such problem is linear matroid intersection.

1.2 Linear Matroid Intersection
A matroid, defined by Whitney [58], is a set-independence structure which naturally arises in
many combinatorial optimization problems. Formally, a matroid is a pair M = (S, I), where
S is some finite set and I ⊆ 2S is a collection of subsets of S called independent sets. The
independent sets are required to satisfy three properties: the empty set is independent, the
independent sets are downward closed, and the augmentation property. See the preliminaries
for a formal definition.

In the matroid intersection problem, one is given two matroids over the same ground set,
say M1 = (S, I1) and M2 = (S, I2). The goal is to find I ∈ I1 ∩ I2 of maximum size. This
problem is inherently challenging because while M1 and M2 are matroids, their intersection
(S, I1 ∩ I2) may not be. In this paper we work exclusively with a well studied class of
matroids known as linear matroids.

A linear matroid M = (S, I) is one where the elements are vectors of a vector space, i.e,
S ⊆ Fm, and the independent sets I are exactly the sets of vectors in S which are linearly
independent. The Linear Matroid Intersection problem is the matroid intersection problem
where the input matroids M1 and M2 are linear matroids.

1 Buhrman et al. did not define the class CLP in [13], but proved the equivalent statement that there is
a CL machine running in polynomial time which simulates TC1. The class CLP was defined later in
order to study the question of whether CL ⊆ P.
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Many important problems in combinatorial optimization are special cases of linear matroid
intersection. For example:

Bipartite maximum matching: Given a bipartite graph G, output a matching of
maximum size.
Rainbow spanning tree: Given an edge coloured graph G, output a spanning tree
consisting of distinctly coloured edges.
Edge disjoint spanning trees: Given a graph G, output two edge disjoint spanning
trees.

Bipartite matching, in particular, is closely related to linear matroid intersection. As
mentioned above, bipartite matching is a special case of linear matroid intersection. On the
other hand, algorithms for bipartite matching tend to influence algorithms for linear matroid
intersection. The augmenting paths framework for bipartite matching [41] led to polynomial
time algorithms for linear matroid intersection [3, 42], the isolation lemma framework for
bipartite matching [49] led to an RNC algorithm for linear matroid intersection [50], and
the Quasi-NC algorithm for bipartite matching [27] led to a Quasi-NC algorithm for linear
matroid intersection [32].

Recently, Agarwala and Mertz [1] showed that bipartite maximum matching is in CLP. It
is then a natural question to ask whether their techniques can be extended to work for linear
matroid intersection.

1.3 Isolation Lemma
A key part of this paper is the celebrated isolation lemma. Let S be a ground set and I ⊆ 2S

be any collection of subsets of S. The isolation lemma states that if one assigns polynomially-
bounded integer weights uniformly and independently at random to each element of S, then
the minimum weight set I ∈ I will be unique with high probability.

Since its introduction by Mulmuley, Vazirani, and Vazirani [49], the isolation lemma
has served as a key tool in designing randomised algorithms for a wide range of classical
problems [51, 43, 50, 32, 35, 54, 11, 34, 57, 7, 1, 6]. Because of this broad applicability, the
question of derandomizing the lemma has attracted significant attention [16, 7, 2, 33].
The work of Narayanan et al. [50] used the isolation lemma to obtain an RNC algorithm
for linear matroid intersection. In particular, given input matroids M1 = (S, I1) and
M2 = (S, I2), they need polynomially bounded weights w : S → Z such that the minimum
weight maximum sized common independent set I ∈ I1∩I2 is unique. Gurjar and Thierauf [32]
partially derandomized the isolation lemma for linear matroid intersection in Quasi-NC, but
obtain a weight assignment which has large quasi-polynomially (instead of polynomially)
bounded weights. It is a long-standing open problem to fully derandomize the isolation
lemma for linear matroid intersection in NC.

Agarwala and Mertz [1] made progress on this problem by providing a derandomization
for the case of bipartite matching in CL. It is then a natural goal to obtain a similar CL
derandomization of the isolation lemma for linear matroid intersection.

1.4 Our Results
In this paper we prove the following:

▶ Theorem 1.

Linear Matroid Intersection ∈ CLP

ITCS 2026
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This result is interesting for two reasons:
1. Linear Matroid Intersection is now, informally speaking, the hardest problem known to be

solvable in CL. The previous strongest inclusion was bipartite matching [1], which is a
special case of linear matroid intersection. Thus, our result constitutes a stronger barrier
against the CL ⊆ NC conjecture [36, 48].

2. This is the first algorithm for Linear Matroid Intersection which uses sublinear free space
and polynomial time with access to any additional resources, such as randomness, non-
determinism, or, in our case, catalytic space. As far as we are aware, the only other
sublinear space algorithm uses O(log2 n) space but runs in quasi-polynomial time, as a
corollary of the fact that Linear Matroid Intersection ∈ Quasi-NC2 [32].

Moreover, our algorithm, which is a natural extension of the algorithm of [1], derandomizes
the isolation lemma for linear matroid intersection in CLP.

1.5 Proof Overview

We present here a high-level overview of our proof. Our proof structure is largely inspired
by the techniques used to prove that maximum bipartite matching is in CLP [1], with extra
machinery needed to handle the more complicated structure of matroid intersection.

The core idea of the proof is to construct an isolating weight assignment on the catalytic
tape, and then apply the algorithm of of [50] to compute a maximum size common independent
set. Let M1 = (S, I1) and M2 = (S, I2) be the input linear matroids. We start by dividing
the catalytic tape into three sections:
1. A weight assignment W : S → Z,
2. A set of “reserve weights” used to modify W , and
3. A section used as catalytic space for the computation of catalytic subroutines.

Our algorithm proceeds iteratively with a counter k, starting with k = 0. At each step,
we maintain the invariant that the current weight assignment W induces a unique minimum
weight (or isolates a) size k common independent set Ik ∈ I1 ∩ I2. We then perform the
following steps:
1. First, we check if Ik is a common independent set of maximum size. If it is, we output Ik

as our solution.
2. If Ik is not a maximum size common independent, we check if W also isolates a size k + 1

common independent set Ik+1. If it does, we increment k by one and repeat the process
from step 1.

3. If W does not isolate a size k + 1 common independent set, we must start again with a
new weight assignment. This is the crucial step. We swap the weight of a special element
s, in the first section, with an arbitrary weight from the reserve section. We then use a
novel compression-decompression algorithm to compress the reserve section. We reset
our counter k to 0 and begin the process again with the modified weights.

This iterative process stops when either:
1. Step 1 is successful and we find a maximum sized common independent set through a

good weight assignment W ′ on the catalytic tape, or
2. We visit step 3 poly(n) many times, at which point we have freed up poly(n) space on

the catalytic tape through compression, and we may use this space to run a standard
polynomial-time algorithm for linear matroid intersection.
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We can then use our decompression algorithm to revert the catalytic tape to its original
state. This is an implementation of the compress-or-random framework introduced by Cook
et al. [17].

Our main contribution is a novel compression and decompression scheme. Note that if
our weight assignment W does not isolate a size k + 1 common independent set, then there
must exist at least two size k + 1 common independent sets I and I ′. We can thus find an
element s ∈ I \ I ′. We call s a threshold element. 2 Agarwala and Mertz [1] observe that,
in the context of bipartite matching, the weight of a threshold element can be deleted and
later reconstructed given s and k. However, linear matroid intersection differs from bipartite
matching in two ways:
1. In the case of bipartite matching, one can always ensure that s /∈ Ik (s is not in the

isolated size k matching). In the case of linear matroids, this is not always possible – all
threshold elements may be in Ik.

2. Agarwala and Mertz [1] use a structure known as the residual graph in their compression
and decompression procedure. The key property they use is that shortest paths in the
residual graph are in bijection with minimum weight size k + 1 matchings of the original
graph. We use a similar structure, known as the exchange graph, for matroids. However,
this bijection property no longer holds.

We handle both of these issues using inclusion and exclusion matroids. In particular, in
order to execute compression and decompression using a threshold element s, we need to
answer two questions:
1. What is the minimum weight of a size k + 1 common independent set containing s

(excluding the weight of s itself)? These independent sets are characterised by the
inclusion matroid.

2. What is the minimum weight of a k+1 common independent set forbidden from containing
s? These independent sets are characterised by the exclusion matroid.

Agarwala and Mertz [1] showed that, given a threshold element s, and both of the
aforementioned values, one can recover the weight of s as the difference of the first and
second value. Thus, our main contribution is a CLP algorithm which computes both of these
values.

1.6 Organization of the Paper
Our paper is divided into five main sections:

In Section 2 we formally introduce catalytic classes and matroids, and describe some
generic catalytic subroutines that we will use later. In Section 3 we present a CLP algorithm
which, given access to a weight function W which isolates a size k common independent
set, constructs and outputs the isolated set. This is largely based on the algorithm in [50].
In Section 4, we present a CLP algorithm which decides whether a common independent
set Ik is of maximum size. In Section 5 we present a CLP algorithm which either certifies
that W isolates a size k + 1 common independent set, or identifies a threshold element. We
need these algorithms in the case where Ik is not of maximum size. In Section 6, we present
our compression and decompression procedures, and describe the final CLP algorithm for
Linear Matroid Intersection.

2 The concept of threshold elements was introduced by Mulmuley, Vazirani, and Vazirani [49] in their
proof of the isolation lemma.

ITCS 2026
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2 Preliminaries

We use notation Z≤c to denote the non-negative integers of value at most c.
For n ∈ N, we use [n] to denote the set {1, . . . , n}.
Let G(V, E) be a graph, for any walk P of G, we define the hop-length of P to be the

number of edges in P . This is in order to distinguish from the weight of a walk when we
work with weighted graphs.

2.1 Catalytic Computation
Our main computational model in this paper is the catalytic space model:

▶ Definition 2 (Catalytic machines). Let s := s(n) and c := c(n). A catalytic Turing machine
with space s and catalytic space c is a Turing machine M with a read-only input tape of length
n, a write-only output tape, a read-write work tape of length s, and a second read-write work
tape of length c called the catalytic tape, which will be initialized to an adversarial string τ .

We say that M computes a function f if for every x ∈ {0, 1}n and τ ∈ {0, 1}c, the result
of executing M on input x with initial catalytic tape τ fulfils two properties: 1) M halts with
f(x) written on the output tape; and 2) M halts with the catalytic tape in state τ .

Such machines naturally give rise to complexity classes of interest:

▶ Definition 3 (Catalytic classes). We define CSPACE[s, c] to be the family of functions
computable by catalytic Turing machines with space s and catalytic space c. We also define
catalytic logspace as

CL :=
⋃
d∈N

CSPACE[d log n, nd]

Furthermore we define CLP as the family of functions computable by CL machines that are
additionally restricted to run in polynomial time for every initial catalytic tape τ .

Important to this work will be the fact, due to Buhrman et al. [13], that CLP can simulate
log-depth threshold circuits:

▶ Theorem 4 ([13]).

TC1 ⊆ CLP

The algorithm we present in this paper is in CLP. We do not explicitly argue this due to
the following theorem from Cook et al. [17], that any problem solvable independently in CL
and in P, can be solved in CLP.

▶ Theorem 5 ([17]).

CLP = CL ∩ P

Due to the fact that linear matroid intersection is known to be in P [26, 25, 24], the main
goal of this paper is to prove that there is a CL algorithm for Linear Matroid Intersection:

▶ Theorem 6.

Linear Matroid Intersection ∈ CL

We thus obtain Theorem 1 as a corollary of Theorem 6 and Theorem 5.
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2.2 Matroids
We denote by S ⊆ [n] a finite set, where n ∈ N.

▶ Definition 7 (Matroid). A matroid M is a tuple (S, I), where S is called the ground set,
and I ⊆ 2S is a collection of subsets of S, known as “independent sets”. The following
properties must hold for (S, I) to be a matroid:

∅ ∈ I. The empty set is independent.
If A ∈ I and B ⊆ A, then B ∈ I. The independent sets are downward closed.
If A, B ∈ I where |A| > |B|, then there exists x ∈ A \ B such that B ∪ {x} ∈ I.

The inclusion-wise maximal sets of I are referred to as the “bases” of M . The rank of M is
defined to be the size of the largest independent set in I:

rank(M) := max
I∈I

|I|.

In the rest of the paper, we will consider weighted matroids.
A weighted matroid is a matroid M = (S, I), where the elements of S are given integer

weights W : S → Z. The weight of an independent set I ⊆ S is defined to be W (I) =∑
s∈I W (s).

▶ Definition 8 (Common Independent Set). Let M1 = (S, I1) and M2 = (S, I2) be weighted
matroids with weights W : S → Z.

I ⊆ S is defined to be a “common independent set” of M1 and M2 if I ∈ I1 ∩ I2.
Additionally, we define mink(M1, M2) = min{W (I) | I ∈ I1 ∩ I2, |I| = k} to be the

minimum weight of a common independent set of size k, and Ik
min(M1, M2) = {I ∈ I1 ∩

I2 | W (I) = mink(M1, M2)} to be the set of minimum weight size k common independent
sets.

Naively, a matroid may have an exponential (in |S|) number of independent sets. A
fundamental challenge of formalizing computational tasks on matroids is in finding a succinct
description of the independent sets. In this work, we study a large class of matroids known
as linear matroids, which can be represented succinctly by matrices.

▶ Definition 9 (Linear Matroids). Let M = (S = {s1, . . . , sn}, I) be a matroid, and A be a
matrix of dimensions m × n over a field F. For i ∈ [n], let Ai ∈ Fm refer to the ith column
of the matrix A. A is a linear representation of the matroid M if:

∀I ⊆ [n], {si | i ∈ I} ∈ I ⇐⇒ {Ai | i ∈ I} is linearly independent over Fm

A matroid M is defined to be a linear matroid if it can be linearly represented by a
matrix A. For notational convenience, when no confusion arises, we will often refer to the
matroid M by its corresponding matrix.

▶ Definition 10 (Linear Matroid Intersection). The Linear Matroid Intersection problem takes
as input two linear matroids M1 = (S, I1) and M2 = (S, I2) in the form of their linear
representations, and outputs a maximum sized common independent set I of M1 and M2.

Let us now define for every matroid M = (S, I), and every element s ∈ S, two associated
matroids.

▶ Definition 11 (Exclusion and Inclusion Matroids). Let M = (S, I), W : S → Z be a weighted
matroid, and let s ∈ S.

ITCS 2026
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The exclusion matroid M − s is defined as M − s = (S \ {s}, {I ∈ I | s /∈ I) with weights
W ↾S\{s}.

The inclusion matroid M ↾s is defined as M ↾s= (S \ {s}, {I \ {s} | I ∈ I, s ∈ I}) with
weights W ↾S\{s}. 3

▶ Definition 12 (Membership Oracle). For a matroid M = (S, I), a membership oracle O
takes as input I ⊆ S and accepts if and only if I ∈ I.

A key property of linear matroids, and thus inclusion/exclusion matroids built from linear
matroids, is that membership can be decided in CL.

▶ Lemma 13. Given a linear matroid M = (S, I) and I ⊆ S, there exists a CL algorithm
which tests whether I ∈ I.

Proof. Testing whether I ∈ I involves only testing whether the linear representation of
M , when restriction to the columns of I, has rank |I|. This can be done in TC1 and thus
CL [5, 13]. ◀

▶ Lemma 14. Given a linear matroid M = (S, I), s ∈ S, and I ⊆ S \ {s}, there exist CL
algorithms to test whether I is independent for both the exclusion matroid M − s and the
inclusion matroid M ↾s.

Proof. For the exclusion matroid, I is independent if and only if I is independent in M . For
the inclusion matroid, I is independent if and only if I ∪ {s} is independent in M . Both can
be tested in CL using Lemma 13. ◀

From now on, unless explicitly stated otherwise, all matroids in this paper will be either
linear matroids, or inclusion/exclusion matroids built from linear matroids.

2.3 Graph Algorithms
We first show two weighted reachability problems that are in NL.

▶ Lemma 15. There exists an NL algorithm which, given a directed graph G = (V, E), vertex
weights l : V → Z≤poly(n), sets X1, X2 ⊆ V , and an integer L ∈ Z≤poly(n), decides whether
there exists in G an X1 − X2 walk of weight at most L and hop-length at most |V |.

Proof. We non-deterministically explore the graph with a walk. First, we non-deterministi-
cally pick the first vertex v1 of the walk. If v1 /∈ X1, we reject. Assume that at stage j the
algorithm has explored the walk {v1, v2, . . . , vj}. We store the last vertex vj , the weight of
the walk cw =

∑j
i=1 l(vi), and the hop-length j − 1. There are now three cases:

1. If vj ∈ X2 and cw ≤ L, we accept.
2. Else if j ≥ |V |, we reject.
3. Else, we non-deterministically pick a vertex vj+1. If (vj , vj+1) /∈ E, we reject. Otherwise

we continue to the next stage.

This procedure always terminates eventually because, if case 1 is never reached, then j

grows by 1 at each stage and eventually exceeds |V |, at which point case 2 is reached. It
accepts if and only if it finds a walk whose weight is at most L and hop-length at most |V |. ◀

3 The exclusion matroid is always a matroid by definition. The inclusion matroid is a matroid if and only
if s is not a loop. That is, {s} ∈ I. We will assume, without loss of generality, that this is always the
case.
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▶ Corollary 16. There exists an NL algorithm which, Given a directed graph G = (V, E),
vertex weights l : V → Z≤poly(n), sets X1, X2 ⊆ V , such that G does not have any negative
weight cycles with respect to l, decides whether there exists an X1 − X2 simple path of weight
at most L.

Proof. If all cycles in the graph have non-negative weight, then it is easy to see that there
exists a simple path of weight ≤ L if and only if there exists a walk of weight ≤ L and
hop-length ≤ |V |. Thus, we can simply apply Lemma 15 to solve this in NL. ◀

We deduce the following catalytic algorithm.

▶ Lemma 17. There exists a CL algorithm which, given a directed graph G = (V, E) with
vertex weights l : V → Z≤poly(n) such that G does not have any negative weight cycles with
respect to l, along with sets X1, X2 ⊆ V , computes the minimum weight of a simple X1-X2
path, or concludes that such a path does not exist.

Proof. Since NL ⊆ CL [13], the CL algorithm can simply iterate through all possible L,
starting from L = 0, in ascending order, and pick the first one such that Corollary 16 returns
true. If Corollary 16 does not return true for any L ≤

∑
v∈V l(v) = poly(n), then our CL

algorithm can conclude that there does not exist any X1-X2 path in G. ◀

Finally, we present a catalytic subroutine to find the minimum weight and minimum
weight hop-length simple cycle in a graph. This algorithm proceeds by a folklore reduction to
minimum weight bipartite perfect matching, and then uses the algorithm of [1] as a black-box.
See the full version of this paper for a proof.

▶ Lemma 18. There exists a CL algorithm which, given a directed graph G = (V, E) with
vertex weights l : V → Z≤poly(n), such that G does not have any negative weight cycles
with respect to l, along with a special vertex c ∈ V , computes a minimum weight minimum
hop-length simple cycle of G containing c.

3 Isolation Lemma and Minimum Weight k Linear Matroid
Intersection

Recent advancements in the complexity of linear matroid intersection rely on the isolation
lemma (see [49, 50, 32]). This lemma is crucial because it allows these problems to be solved
in parallel by demonstrating that a random weight assignment will, with high probability,
yield a unique optimal solution.

▶ Definition 19 (Isolation). Let U be a set and W : U 7→ Z. Let F be a family of subsets
of U . We say that W isolates a set S ∈ F from F if for all sets T ∈ F , T ̸= S, we have
W (T ) > W (S).

It was proven in [49], that given a bipartite graph, an edge e, and an edge weight
assignment W with the promise that W isolates a perfect matching M of G, there is an
LDET machine (where DET is the matrix determinant problem) which decides if e ∈ M . A
similar statement was proven for linear matroid intersection in [50].

Observing that DET ∈ TC1 ⊆ CL, it was proven in [1] that given a weight assignment W

which isolates a size k matching Mk of G, there exists a CL algorithm which outputs this
matching. In this section, we will prove the same statement for linear matroid intersection.

ITCS 2026



3:10 Linear Matroid Intersection Is in Catalytic Logspace

▶ Theorem 20 ([50]). There exists a CL algorithm which:
1. Takes as input weighted linear matroids M1 = (S, I1), M2 = (S, I2), W : S → Z≤poly(n)

with linear representations L1 and L2 respectively, both with dimensions m × n.
2. If the minimum weight perfect common independent set I (i.e. |I| = m) of M1 and M2 is

unique with respect to W , it produces as output the set I.

Proof. The only computationally heavy subroutines used in the algorithm of [50] are:
1. Computing the product of poly(n) × poly(n) dimension matrices with poly(n) bit entries.

This is in L ⊆ CL.
2. Computing the determinant of a poly(n) × poly(n) dimension matrix with poly(n) bit

entries. This is in GapL ⊆ TC1 ⊆ CL [47].
3. Interpolating the poly(n)-bit coefficients of a CL computable univariate polynomial of

degree poly(n). It is known that this reduces to multiplying the inverse of a poly(n) ×
poly(n) dimension Vandermonde matrix having poly(n) bit entries, with a poly(n) sized
vector consisting of poly(n) bit entries. Computing the inverse of a matrix reduces to
computing its determinant and its cofactors, so this is in TC1 ⊆ CL by combining the
previous two facts.

These facts combine to show that the algorithm described in Theorem 4.1 of [50] can be
implemented in CL. ◀

We now reduce the computation of an isolated size k common independent set to the
computation of an isolated perfect common independent set.

▶ Lemma 21. There exists a L machine which:
1. Takes as input weighted linear matroids M1 = (S, I1), M2 = (S, I2), W : S → Z≤poly(n)

with linear representations L1 and L2.
2. Computes weighted linear matroids M ′

1 = (S ∪ S′, I ′
1), M ′

2 = (S ∪ S′, I ′
2), W ′ : S ∪ S′ →

Z≤poly(n) such that if W isolates a size k common independent set Ik of M1 and M2, then
W ′ isolates a perfect common independent set I of M ′

1 and M ′
2 which satisfies I ∩ S = Ik.

The proof of this lemma is technical but not particularly insightful. See the full version
of this paper for a proof.

▶ Lemma 22. There exists a CL algorithm which, given as input linear matroids M1 =
(S, I1), M2 = (S, I2), W : S → Z≤poly(n), and k ∈ [|S|] such that W isolates a size k

common independent set I of M1 and M2, computes I.

Proof. We can simply apply the reduction in Lemma 21, and then the algorithm in The-
orem 20, in order to obtain I. ◀

Finally, let us present a slight modification of Lemma 22. Our compression and decom-
pression scheme will need to be able to compute an isolated size k common independent set
Ik without having access to the weight of a “compressed” element s. The following lemma
shows that this is possible in CL.

▶ Lemma 23. Let M1 = (S, I1), M2 = (S, I2), W : S → Z≤poly(n) be weighted linear
matroids, and k ∈ [|S|] be such that W isolates a size k common independent set Ik of M1
and M2.

Let s ∈ S be a “compressed” element and let b = I [s ∈ Ik].
There exists a CL algorithm which, given as input the matroids M1 and M2, k, the

element s, the compressed weight assignment W ↾S\s, and the boolean b, computes Ik.
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Proof. Let |W | =
∑

x∈S\s |W (x)|. Consider the following weight function W ′:

W ′(x) =
{

W (x) x ̸= s

|W | · (−1)b x = s

Clearly, W ′(x) ≤ poly(n), and Ik is the unique minimum weight size k common inde-
pendent set of M1 and M2 under weights W ′.

We can now simply apply the algorithm in Lemma 22 on M1, M2 with weights W ′ in
order to obtain Ik in CL. ◀

4 Maximum Common Independent Set, and the Exchange Graph

In the previous section, we showed that if a weight assignment W isolates a size k common
independent set Ik, we can compute Ik in CL.

Our goal is now to decide whether this set Ik is a maximum sized common independent
set. If it is, we can simply output it as our final solution.

In order to check if Ik is maximum, we will use a standard graph-theoretic tool from
matroid theory known as the exchange graph. This graph generalizes the use of residual
graphs and augmenting paths for maximum bipartite matching. For maximum bipartite
matching, maximality testing can be reduced to a s-t reachability problem in the residual
graph [8]. A similar statement is true for matroid intersection in the exchange graph.

▶ Definition 24 (Exchange Graph). Let M1 = (S, I1), M2 = (S, I2), W : S → Z be weighted
matroids, and let I ∈ I1 ∩ I2 be a common independent set.

The exchange graph EM1,M2,I = (S, E) is a vertex weighted directed graph. Let x /∈ I and
y ∈ I. The edge set E is defined as follows:
1. (y, x) ∈ E ⇐⇒ I − {y} ∪ {x} ∈ I1
2. (x, y) ∈ E ⇐⇒ I − {y} ∪ {x} ∈ I2.

The vertex weights l : S → Z are defined by:

l(s) =
{

W (s), if s /∈ I

−W (s), if s ∈ I

Furthermore, EM1,M2,I has two special vertex sets X1 and X2 defined as follows:

X1 = {x ∈ S \ I | I ∪ {x} ∈ I1}

X2 = {x ∈ S \ I | I ∪ {x} ∈ I2}

We observe that we can compute the Exchange Graph in CL.

▶ Lemma 25. There exists a CL algorithm which:
1. Takes as input weighted matroids M1 = (S, I1), M2 = (S, I2), W : S → Z≤poly(n) such

that membership testing for M1 and M2 can be done in CL, along with I ∈ I1 ∩ I2,
2. Computes the exchange graph EM1,M2,I .

Proof. There are four parts of E that the machine needs to compute: the vertices, the edges,
the vertex weights, and the special sets X1, X2:
1. The vertices of EM1,M2,I are simply S.
2. The vertex weight of any vertex x ∈ S is simply −W (x) if x ∈ I, and W (x) otherwise.
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3. The edges of G can be computed as follows: for x ∈ I and y /∈ I, the edge (x, y) is in the
graph if and only if I − {x} ∪ {y} ∈ I1. Since membership testing for M1 is assumed to
be in CL, this can be decided in CL. The inclusion of edge (y, x) can be determined in
the same way for M2.

4. X1 and X2 can be computed as follows: x ∈ Xi ⇐⇒ I ∪ {x} ∈ Ii. Again, this is simply
membership testing for M1 and M2.

This completes the proof. ◀

The exchange graph is a well-known and extensively studied object. Notably, the problem
of determining whether a common independent set I is of maximum size can be solved by
deciding s-t reachability in the exchange graph.

▶ Lemma 26 ([25, 26]). A common independent set I ∈ I1 ∩ I2 is of maximum size if and
only if there is no path from X1 to X2 in the exchange graph EM1,M2,I .

An immediate corollary of is the following:

▶ Lemma 27. There exists a CL algorithm which:
1. Takes as input weighted matroids M1 = (S, I1), M2 = (S, I2), W : S → Z≤poly(n) such

that membership testing for M1 and M2 can be done in CL, along with a size k common
independent set Ik of M1 and M2.

2. Decides whether a size k + 1 common independent set of M1 and M2 exists.

Proof. The following CL algorithm works:
1. Compute the exchange graph EM1,M2,Ik

(Lemma 25).
2. Test whether an X1 − X2 path in EM1,M2,Ik

exists. (Lemma 17).
Correctness follows directly from Lemma 26. ◀

5 Checking if W Isolates a Size k + 1 Common Independent Set

In the last two sections, we provided catalytic algorithms for computing an isolated size k

common independent set Ik, and then testing whether Ik is maximum. If not, we know that
a size k + 1 common independent set exists. Our goal in this section is to either certify that
W also isolates a size k + 1 common independent set, or to show how to compress (and later
decompress) the catalytic tape if it doesn’t.

5.1 More Facts About the Exchange Graph
We presented in Lemma 26 a connection between the paths in the exchange graph and the
existence of common independent sets of size k +1. We now present slightly deeper properties
about this connection:

▶ Theorem 28 ([12, 38, 39, 40, 29, 25, 26]). Let M1 = (S, I1), M2 = (S, I2), W : S → Z
be weighted matroids. Let I be a minimum weight, not necessarily unique, size k common
independent set of M1 and M2.

Let P be a minimum weight minimum hop-length path from X1 to X2 in EM1,M2,Ik
.

The following is known:
1. EM1,M2,Ik

does not contain any negative weight cycles.
2. Ik+1 = Ik∆P is a minimum weight size k + 1 common independent set of M1 and M2.
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Theorem 28 is described in detail in Section 41.3 of the textbook “Combinatorial Optim-
ization” by Alexander Schrijver [56]. 4

Additionally, in the case where W isolates a size k common independent set, we observe
that all cycles must have strictly positive weight.

▶ Lemma 29. Let M1 = (S, I1), M2 = (S, I2), W : S → Z be weighted matroids such that
W isolates a size k common independent set Ik of M1 and M2. EM1,M2,Ik

does not contain
any weight 0 cycles.

Proof. Lemma 41.5α from [56] states that if EM1,M2,Ik
contains a cycle C, then there

exists a size k common independent set I ′
k ̸= Ik such that either W (I ′

k) < W (Ik) or
W (I ′

k) ≤ W (Ik) + l(C). Thus, if there were a cycle C such that l(C) = 0, it would imply
that Ik is not the unique minimum weight size k common independent set. ◀

Now, we showed in Section 3 that, when W isolates a size k common independent set Ik,
we can construct Ik. We need to additionally compute, for any s ∈ S, the (not necessarily
unique) minimum weight size k common independent I+s such that s ∈ I+s, and similarly
the minimum weight size k common independent I−s such that s /∈ I−s. Note that either
I+s or I−s is Ik. In order to compute the other, we need the following fact:

▶ Lemma 30. Let M1 = (S, I1), M2 = (S, I2), W : S → Z≤poly(n) be weighted matroids
which admit a unique minimum weight size k common independent set Ik. Let s ∈ S.

Let C∗ be the minimum weight minimum hop-length cycle C in EM1,M2,Ik
such that s ∈ C.

Then I = Ik∆C∗ is a minimum weight size k common independent set of M1 and M2 such
that s ∈ I ⇐⇒ s /∈ Ik. That is,

Ik∆C∗ ∈ arg min
I∈{I∈I1∩I2 | |I|=k, s∈I∆Ik}

W (I)

Proof. First, we will show that Ik∆C∗ is a common independent set of M1 and M2. Lemma
41.5α from [56] states that if Ik∆C∗ /∈ I1 ∩I2, then there exists either a negative weight cycle
in EM1,M2,Ik

(which is impossible by Theorem 28), or there exists another cycle C ⊊ C∗ with
l(C) ≤ l(C∗). The latter would contradict the fact that C∗ has minimum hop-length amongst
the minimum weight cycles. Therefore, neither of these cases are possible, and hence Ik∆C∗

is necessarily a common independent set of M1 and M2. Moreover, (Ik∆C∗)∆Ik = C∗. Thus,
s ∈ (Ik∆C∗)∆Ik.

Now, we will prove the minimality of Ik∆C∗. Let I ′ ∈ I1 ∩ I2 be a size k common
independent set such that s ∈ I ′∆Ik. Theorem 41.5 of [56] shows that I ′∆Ik is the union of
disjoint cycles in EM1,M2,Ik

. Let these cycles be C1, . . . , Cm. Since s ∈ I ′∆Ik, there must exist
a cycle containing s, assume that it is C1. W (I ′) = W (Ik) +

∑m
i=1 l(Ci) ≥ W (Ik) + l(C1) ≥

W (Ik) + l(C∗). The second to last step was due to the fact that all cycles have non-negative
weight in EM1,M2,Ik

. The last step was due to the fact that l(C∗) is the minimum weight
amongst all cycles in EM1,M2,Ik

which contain s.
This completes the proof. ◀

4 Schrijver’s description is in terms of maximum weight common independent sets and uses the weight
function −l. However, it is simple to see that these descriptions are equivalent, simply by substituting
the matroid weights −w into Schrijver’s theorems.
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5.2 Threshold Elements
In order to handle the case where W does not isolate a size k + 1 common independent set,
we need to introduce the concept of threshold elements.

▶ Definition 31 (Threshold Elements). Let M1 = (S, I1), M2 = (S, I2), W : S → Z≤poly(n)

be weighted matroids which admit a unique minimum weight size k common independent
set Ik.

An element s ∈ S is a k + 1-threshold element if there exist two size k + 1 minimum
weight common independent sets, I and I ′, such that s ∈ I and s /∈ I ′.

The set of k + 1-threshold elements of M1 and M2 is denoted by T k+1.

▶ Lemma 32 (Threshold elements exist ⇐⇒ the minimum weight size k + 1 common
independent set is not unique). Let M1 = (S, I1), M2 = (S, I2), W : S → Z be weighted
matroids, and let k ∈ [|S|] such that W isolates a size k common independent set Ik of M1
and M2, and a size k + 1 common independent set of M1 and M2 exists. The following
statements are equivalent:
1. The minimum weight size k + 1 common independent set of M1 and M2 is not unique.
2. |T k+1| ≥ 1.

Proof. This trivially holds:
1. (1) =⇒ (2): Let I1 and I2 be minimum weight size k + 1 common independent sets

of M1 and M2. Any element s ∈ I1 \ I2 is a threshold element. Thus, |Ik+1
min | > 1 =⇒

|T k+1
M1,M2

| ≥ 1.

2. (2) =⇒ (1): By definition of T k+1
M1,M2

, for any s ∈ T k+1
M1,M2

, there exist X, X ′ ∈ Ik+1
min such

that X ̸= X ′. Thus, |T k+1
M1,M2

| ≥ 1 =⇒ |Ik+1
min | > 1

This completes the proof. ◀

The goal is therefore simply to decide whether a threshold element exists, and if it does
then to find one. In order to do this, first observe that we can define a threshold element in
terms of inclusion and exclusion matroids.

▶ Observation 33. s ∈ T k+1 ⇐⇒ mink(M1 ↾s, M2 ↾s) + w(s) = mink+1(M1 − s, M2 − s).

We will show that for any s ∈ S, both sides of this equation can be computed in CL.
Thus, we can simply iterate over all s ∈ S, compute both sides of this equation, and test if
equality holds – this suffices to both decide whether a threshold element exists, and to find
one if it does.

5.3 The Hunt for Threshold Elements
In this subsection, we will describe how to decide in CL if an element s ∈ S is a threshold
element, and thus how to find a threshold element if it exists. By the equation in Obser-
vation 33, this reduces to computing for a fixed s the weights a = mink(M1 ↾s, M2 ↾s),
b = mink+1(M1 − {s}, M2 − {s}), and then simply checking if b = a + w(s).

For this, let us first make the following observation:

▶ Lemma 34. There exists a CL algorithm which, given as input M1 = (S, I1), M2 =
(S, I2), W : S → Z≤poly(n) such that membership testing for M1 and M2 can be done in CL,
along with a minimum weight size k common independent set Ik, computes mink+1(M1, M2).
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Proof. The following algorithm works:
1. Compute EM1,M2,Ik

(Lemma 25).
2. Compute the minimum weight of an X1-X2 path in EM1,M2,Ik

(Lemma 17). Let it be L.
3. Output w(Ik) + L.

Correctness follows from Theorem 28. ◀

Now, note that mink+1(M1 − {s}, M2 − {s}) is simply the minimum weight of a size k + 1
common independent set of M1 and M2 not containing s. Lemma 34 tells us that in order to
compute this, it suffices to compute a minimum weight size k common independent set not
containing s – let such a set be I−s. Similarly, mink(M1 ↾s, M2 ↾s) is simply the minimum
weight of a size k + 1 common independent set containing s, but excluding the weight of s

itself. Lemma 34 tells us that in order to compute this, it suffices to compute a minimum
weight size k common independent set containing s – let such a set be I+s. Simply note
that either I+s or I−s is Ik. Lemma 30 implies that the other can be computed by finding
a minimum weight cycle C in EM1,M2,Ik

using Lemma 18, and then taking the symmetric
difference of Ik and C.

▶ Lemma 35. Let M1 = (S, I1), M2 = (S, I2), W : S → Z≤poly(n) be weighted linear
matroids which admit a unique minimum weight size k common independent set Ik. Let
s ∈ S be an element, and let b = I [s ∈ Ik] indicate whether s ∈ Ik.
Given M1, M2, W ↾S\s, k, s, b, there exists a CL algorithm which either:
1. Outputs a minimum weight size k common independent set I ′

k of M1 and M2 such that
s ∈ I ′

k ⇐⇒ s /∈ Ik, or
2. Certifies that such a common independent set does not exist.

Proof. Consider W ′ : S → Z≤poly(n) such that W ′(x) = W (x), for x ̸= s, and W ′(s) =
(1 +

∑
x∈S,x ̸=s |W (s)|) · (−1)b.

The minimum weight size k common independent set of M1 and M2 with respect to W ′

is unique and must be Ik. Thus, it can be computed using Lemma 22.
For every S1, S2 ⊆ S such that s ∈ S1 ⇐⇒ s ∈ S2, we have W ′(S1) ≤ W ′(S2) ⇐⇒

W (S1) ≤ W (S2). Thus, the minimum weight size k common independent set I of M1 and
M2 under W ′ such that s ∈ I ⇐⇒ s /∈ Ik is the same as that under W , and must be I ′

k

(though I ′
k need not be unique). The algorithm is fairly straightforward:

1. Compute Ik (Lemma 22).
2. Compute EM1,M2,Ik

under weights W ′ (using Lemma 25). Let the lengths be l′.
3. Compute a minimum weight minimum hop-length cycle C∗ of EM1,M2,Ik

containing s

under weights l′ (using Lemma 18). If no such cycle exists, certify the second case of the
statement.

4. Else, output C∗∆Ik.
The correctness of the algorithm follows from Lemma 30. ◀

▶ Lemma 36. Let M1 = (S, I1), M2 = (S, I2), W : S → Z≤poly(n) be weighted linear
matroids which admit a unique minimum weight size k common independent set Ik. Let
s ∈ S and b = I [s ∈ Ik].
Given M1, M2, W ↾S\s, s, b = I [s ∈ Ik], there exists a CL algorithm which either:
1. Outputs mink(M1 ↾s, M2 ↾s), or
2. Certifies that a size k common independent set of M1 ↾s and M2 ↾s does not exist.
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Similarly, there exists another CL algorithm which either:
1. Outputs mink+1(M1 − {s}, M2 − {s}), or
2. Certifies that a size k + 1 common independent set of M1 − {s} and M2 − {s} does not

exist.

Proof. First for the inclusion matroid. Note that any J ⊆ S \ {s} is a minimum weight size
k − 1 common independent set of M1 ↾s and M2 ↾s if and only if I = J ∪ {s} is a minimum
weight size k common independent set of M1 and M2 including s.

Thus, the problem of computing a minimum weight size k − 1 common independent set of
M1 ↾s and M2 ↾s reduces simply to computing I (or certifying that it does not exist). This
can be done as follows:
1. Compute Ik (Lemma 22).
2. If b = 1, we have I = Ik.
3. If b = 0, we can compute I using Lemma 35. If no such set exists, we can certify the

second case of the statement.

Now, we have J = I \ {s}, a minimum weight size k − 1 common independent set of
M1 ↾s and M2 ↾s. We can now:
1. Test if a size k common independent set of M1 ↾s and M2 ↾s exists (using Lemma 27). If

not, we can certify the second case of the statement.
2. Else, we can compute and output mink(M1 ↾s, M2 ↾s) (using Lemma 34).

For the exclusion matroid case, the algorithm is similar:
1. Compute Ik (using Lemma 23).
2. Compute a minimum weight size k common independent set I ′

k of M1 −{s} and M2 −{s}:
a. If b = 0, this is exactly Ik.
b. If b = 1, this is a minimum weight size k common independent set of M1 and M2

which does not include s. This can be computed using Lemma 35. If such a set does
not exist, we can certify the second case of the statement.

3. Test if a size k + 1 common independent set of M1 − {s} and M2 − {s} exists (using
Lemma 27). If such a set does not exist, we can certify the second case of the statement.

4. Compute mink+1(M1 − {s}, M2 − {s}) (using Lemma 34).
This completes the proof. ◀

Lemma 36 enables us to compute both sides of the equation in Observation 33. We now
need to check, for all s ∈ S, if s satisfies this equation. If it does, s will be our threshold
element.

▶ Lemma 37. There exists a CL algorithm which, given weighted linear matroids M1 =
(S, I1), M2 = (S, I2), W : S → Z≤poly(n) such that the minimum weight size k common
independent set of M1 and M2, Ik, is unique, and a size k + 1 common independent set of
M1 and M2 exists:
1. Computes s ∈ T k+1. Or
2. Certifies that the minimum weight size k + 1 common independent set of M1 and M2 is

unique.

Proof. For all s ∈ S, we will do the following test:
1. Compute Ik (Using Lemma 22).
2. Compute EM1,M2,Ik

(Using Lemma 25).
3. Compute a = mink(M1 ↾s, M2 ↾s) and b = mink+1(M1−{s}, M2−{s}) (Using Lemma 36).
4. If either a or b doesn’t exist, continue to the next s.
5. Else, check if b = a + W (s). If yes, then s ∈ T k+1, so we can output s and terminate.

Else, s /∈ T k+1, so we can continue to the next s.
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The existence of a threshold element s is guaranteed by Lemma 32 if and only if the
minimum weight size k + 1 common independent set of M1 and M2 is not unique. Thus, if
such an s is found, we can simply output it. If no such s is found, we can certify that the
minimum weight size k + 1 common independent set of M1 and M2 is unique. ◀

6 Final Algorithm

We are now ready to describe our compression and decompression algorithms.

▶ Lemma 38. Let M1 = (S, I1) and M2 = (S, I2) be linear matroids given as input.
Let (w, r, τ) be a catalytic tape where:
1. |w| = |S| ·10 log|S|. This section of the catalytic tape is interpreted as a weight assignment

w : S → Z≤|S|10 .
2. |r| = 10 log|S|. This section of the catalytic tape is interpreted as a “reserve” weight in

Z≤|S|10 .
3. |τ | = poly(n). This section of the catalytic tape has no special interpretation, it simply

catalytic space to be used by our catalytic subroutines.

There exist a pair of CL algorithms Comp and Decomp with the following behaviour:
1. Comp, when run on inputs M1, M2, k ∈ [|S|], s ∈ S with the catalytic tape containing

(w, r, τ), such that w does not isolate a size k + 1 common independent set of M1 and M2
(k is the minimum such size), and s ∈ T k+1, outputs nothing but changes the catalytic
tape to a string (w′, r′, τ) such that
a. w′(e) = w(e) for all e ̸= s, and w′(s) = r.
b. r′ = (08 log |S|−1, s, k, b = I [s ∈ Ik])

2. Decomp, when run on inputs M1 and M2 with the catalytic tape (w′, r′, τ) outputs nothing,
but returns the catalytic tape to its original state τ .

Proof. Comp simply swaps w(s) with r, and then writes (08 log |S|−1, s, k, b = I [s ∈ Ik]) in
the place of r.

We now focus on the Decomp procedure. Let us first make the following observation.

▶ Lemma 39. Let M1 = (S, I1), M2 = (S, I2), W : S → Z≤poly(n) be weighted linear
matroids such that the minimum weight size k common independent set of M1 and M2, Ik,
is unique, and a size k + 1 common independent set of M1 and M2 exists.

Given M1, M2, s ∈ T k+1, b = I [s ∈ Ik], and W ↾S\{s}: mink+1(M1, M2) − w(s) and
mink+1(M1, M2) can be computed in CL.

Proof. The following works:
1. For mink+1(M1, M2) − w(s), simply note that this value is exactly mink(M1 ↾s, M2 ↾s),

which can be computed using Lemma 36.
2. On the other hand, mink+1(M1, M2) is exactly mink+1(M1 − {s}, M2 − {s}), which can

be computed again using Lemma 36. ◀

Recall that r′ = (08 log |S|−1, s, k, b = I [s ∈ Ik]). Therefore, using Lemma 39, we can
compute a = mink+1(M1, M2) − w(s) and b = mink+1(M1, M2) from the information stored
in r′, and thus compute w(s) = b − a. Once we have w(s) on the work tape, we can swap r′

and w′(s), and then swap w′(s) and w(s). This is guaranteed to return the catalytic tape to
its original state.

This completes the proof. ◀
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We are now ready to present our final algorithm. The idea is to proceed in stages: in
each stage, if the weight assignment w on the catalytic tape isolates common independent
sets of all sizes, we can compute and output a maximum sized common independent set.
Else there exists k such that a size k + 1 common independent set exists, but is not isolated
by w. In this case we can use our compression procedure on the catalytic tape. After poly(n)
stages, we will have either solved the problem, or freed up polynomial space on the catalytic
tape, at which point we can run Edmonds’ polynomial time algorithm [25, 26, 24] directly
on the catalytic tape.

Let us present this CL algorithm in detail.

▶ Theorem 40 (Restatement of Theorem 6). Linear Matroid Intersection is in CL.

Proof. Let M1 = (S, I1) and M2 = (S, I2) be linear matroids given as input, and let us
define n = |S|.

Let T be the time taken by a strongly polynomial time algorithm A to solve linear
matroid intersection on M1 and M2 (we only need T to be a poly(n) upper bound, so it is
easy to compute in CL).

The catalytic tape is partitioned as follows:
The first section comprises of 10 · n log n bits. It is interpreted as n blocks of 10 log n bits
each, which correspond to a weight assignment W : S → Z≤n10 .
The second section will hold T · 10 log n bits. It is interpreted as T blocks of 10 log n bits
each, each block corresponding to an element of Z≤n10 . Let these be r1, . . . , rT

The final section τ has no special interpretation. It is simply catalytic space to be used
by our catalytic subroutines.

On the work tape we maintain two counters k ∈ [n] and j ∈ [T ]. k is initialised to 0 and
j is initialised to 1.

The algorithm iterates through k while maintaining the invariant that the weights W

isolate a size k common independent Ik of M1 and M2. At each step of the iteration, we do
the following:
1. Check maximality.

The algorithm first checks if Ik is a maximum sized common independent set of M1 and
M2 by computing it using Lemma 22 and then using the algorithm in Lemma 27. If it is
of maximum size, the algorithm simply outputs Ik.

2. Check if W isolates a k + 1-size common independent set.
If Ik is not a maximum sized common independent set of M1 and M2, the algorithm
checks if W isolates a size k +1 common independent set, or else finds a threshold element
s ∈ T k+1 using Lemma 37. If the algorithm does not find any threshold element, it can
simply increment k and return to step 1. Else, it proceeds to the next step.

3. Compression.
We have a threshold element s ∈ T k+1. We can now use the Comp procedure defined in
Lemma 38, with the catalytic tape (W, rj , τ). The weight of s on the catalytic tape is
replaced with rj , and more importantly the place of rj now has the first > 7 log n bits
equal to 0. We increment the counter j by 1, set k to 0, and return to step 1.

Each iteration either increments k or increments j, the latter of which increases mono-
tonically. If k reaches |S| at any point, we have a maximum sized common independent
set of M1 and M2 by definition, and step 1 will output this. Else, if j exceeds T , we have
compressed each ri for i ∈ [T ]. This means that the first 7 log n bits of each block ri are all
0s. This acts as free space, which we can use to run the algorithm A and solve linear matroid
intersection, and output the result. Once this is done, we can proceed to the next part.
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Decompression. The algorithm simply needs to revert the changes it made to the catalytic
tape via the Comp procedure. It does this by simply iteratively decrementing j, and then
running the Decomp procedure on M1 and M2 using the catalytic tape (w, rj , τ), until j

reaches 0, at which point the catalytic tape is fully restored. ◀

7 Conclusion and Open Problems

In this paper, we solve Linear Matroid Intersection in catalytic logspace by derandomizing the
isolation lemma, extending the bipartite matching result of [1]. We thus present the hardest
problem yet known to be in CL. A natural question is if we can solve harder problems in CL.
We briefly discuss two candidates:
1. Linear matroid parity. This problem admits a deterministic polynomial time algorithm [44,

45, 46], thus a CL algorithm may be the next logical step. Just as bipartite matching is a
special case of linear matroid intersection, non-bipartite matching is a special case of the
linear matroid parity problem.

2. Exact linear matroid intersection. This problem admits a randomized polynomial time
algorithm [49], but is not known to be in P. Thus, a CL algorithm for this would show a
strong barrier towards proving CL ⊆ P. Exact matching is a special case of this problem.

Additionally, it would be interesting if resources other than catalytic space, such as
nondeterminism, could lead to similar sublinear free space and polynomial time algorithms
for linear matroid intersection, or even bipartite matching.
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