New Bounds for Circular Trace Reconstruction

Arnav Burudgunte &
Department of Computer Science, Purdue University, West Lafayette, IN, USA

Paul Valiant =
Department of Computer Science, Purdue University, West Lafayette, IN, USA

Hongao Wang &
Department of Computer Science, Purdue University, West Lafayette, IN, USA

—— Abstract

The “trace reconstruction” problem asks, given an unknown binary string x and a channel that

repeatedly returns “traces” of x with each bit randomly deleted with some probability p, how many
traces are needed to recover x7 There is an exponential gap between the best known upper and lower
bounds for this problem. Many variants of the model have been introduced in hopes of motivating or
revealing new approaches to narrow this gap. We study the variant of circular trace reconstruction
introduced by Narayanan and Ren (ITCS 2021), in which traces undergo a random cyclic shift in
addition to random deletions.

We show an improved lower bound of Q(n®) for circular trace reconstruction. This contrasts
with the (previously) best known lower bounds of Q(n?) in the circular case and Q(n?/?) in the
linear case. Our bound shows the indistinguishability of traces from two sparse strings x,y that
each have a constant number of nonzeros. Can this technique be extended significantly? How hard
is it to reconstruct a sparse string  under a cyclic deletion channel? We resolve these questions by
showing, using Fourier techniques, that O(ne) traces suffice for reconstructing any constant-sparse
string in a circular deletion channel, in contrast to the best known upper bound of exp(O(n'/?))
for general strings in the circular deletion channel. This shows that new algorithms or new lower
bounds must focus on non-constant-sparse strings.
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1 Introduction

Given a binary string x and a fixed probability p, the deletion channel Del(z) deletes each
character in  with probability p and returns the remaining string, which is called a trace of
the deletion channel. The trace reconstruction problem asks: how many traces from Del(z)
are needed to recover x reliably. This problem has been studied extensively in various forms
and under various assumptions [3, 2, 6, 7, 15, 20]. In the standard setting, where the deletion
probability p is a constant and the original string x is an arbitrary binary string of length
n, there remains an exponential gap between the best known upper bound exp(O(n'/%))
and the best known lower bound Q(n?/?)) for worst-case reconstruction [6, 7]. In hopes of
narrowing this gap, many related problems have been proposed and studied, such as matrix
trace reconstruction [15], population recovery [2], and coded trace reconstruction [10, 4].
We study one such mild variant, the problem of circular trace reconstruction introduced
by [17]. In this problem, the original string = undergoes a random cyclic shift after deletion,
and the reconstruction algorithm must return any string which is cyclically equivalent to z.
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Circular trace reconstruction is known to be at least as hard as the linear version (essentially
a consequence of the data processing inequality). Also, the best known bounds in each model
are fairly similar: prior to our work, the best known lower bound was Q(n?) in the circular
model compared to Q(n?/?) in the linear model [6, 17]. The best known upper bound for
arbitrary strings is exp(O(n'/3)) in the circular model (assuming n can be written as a
product of two or fewer primes), compared to exp(O(n'/?)) in the linear model [7, 17].

1.1 Qur Contributions

We improve the lower bound for circular trace reconstruction from Q(n?) to Q(n®).

We prove this result by exhibiting two cyclically distinct strings x, y that have a constant
number of nonzero entries, yet which need Q(n5) traces to distinguish. This strong lower
bound motivates the general question: how difficult is it to reconstruct constant-sparse
strings x from circular traces? To what degree can this lower bound of Q(n5) be improved?

We resolve these questions almost-tightly by showing that O(n6) traces suffice to distin-
guish any two sparse circular strings. Our results imply that stronger lower bounds can only
be obtained from non-constant-sparse strings, and also that new algorithmic improvements
should focus on the non-constant-sparse case.

1.2 Technical Overview

We focus on the specific case of sparse circular strings, defined as binary strings which contain
k 1s for some constant k. This family of strings has the useful property that any k-sparse
string z is a cyclic shift of 10¥110%2 ...10%*; therefore, z can be represented as the integer
sequence (z1,...,2y), where z; specifies the number of Os (the “gap”) between the jth and
( 4+ D)th 1s in 2. With probability (1 — p)* the deletion channel will preserve all 1s in x,
yielding a trace & which can also be represented by a sequence of k£ gaps. Crucially, in
our setting of constant p, k, this probability (1 — p)k is constant. When this occurs, the
distribution over traces & depends only on the original integer sequence x1, ...,z of gaps in
x. Both our upper and lower bounds are based on properties of this integer sequence.

Cyclic Statistics. Our main technical tool is a family of shift-invariant functions which
we call cyclic statistics. At a high level, a cyclic statistic of a sequence =z = (x1,...,xx)
is a cyclically-invariant polynomial of the variables z1, ..., zy; the statistic is obtained by
summing a monomial function over all cyclic shifts of x. The order of this statistic is the
degree of the corresponding monomial. If two strings x and y are cyclic shifts of each other,
their cyclic statistics are clearly identical. Surprisingly, we prove that the converse holds for
order 6: if x and y are cyclically distinct, there exists a cyclic statistic of order < 6 in which
they differ. We give a lower bound showing that this result is nearly tight.

» Lemma 1 (Informal). Let z and y be two cyclically distinct integer sequences. Then x and
y differ in some cyclic statistic of order at most 6. Conversely, there exist integer sequences
x and y with identical cyclic statistics up to order 4.

We prove the upper bound in Lemma 1 using Fourier techniques (see Lemma 19 in
Section 3). We show that if  and y have identical cyclic statistics up to order 6, their Fourier
transforms Z and § must satisfy a certain system of sparse linear equations, each involving
6 or fewer variables. We then analyze this system and show that any solution Z,¢ has the
property that there exists an integer ¢ for which

&; =G exp (2m' : C]j) for all j € [k]. (1)
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By basic properties of Fourier transforms, this implies that y is a cyclic shift of z.

The significance of the order 6 stems from a number theoretic result. Our original
constraints involve an equation of two variables for each j € [k], but our analysis only applies
for j relatively prime to k. We show that each j € [k] can be written as the sum of 2 or 3
integers relatively prime to k, transforming our constraint into a 6-variable equation, which
implies Equation 1, given all cyclic statistics up to order 6 vanish.

The lower bound — that there exist z and y with identical cyclic statistics up to order 4 —is
proved directly. We provide a pair of sequences of length 12 satisfying this property, obtained
via computer search: z¢;y = (0,2,3,2,1,1,1,1,2,3,2,0) and the sequence y(;) = 3 — z(j).

Cyclic statistics are preserved in expectation by the cyclic deletion channel, leading to
our algorithmic results. They also characterize the distribution of traces obtained from the
deletion channel, from which we obtain our information-theoretic lower bound. We give a
brief overview of this connection and our results below.

Lower Bound. In order to build our lower bound, we relate the probability distribution
over traces of x to the cyclic statistics of (x1,...,zx). Roughly, we show that the probability
of generating a trace Z from x can be expressed as a polynomial in n of degree L whose
degree L — m coefficient depends only on the order m cyclic statistics of . We use this fact
to show that if two cyclically distinct strings x and y have identical cyclic statistics up to
order m, the Hellinger distance between the distributions of the traces generated from x and

y is O(n~"~1). Therefore, it requires Q(n™*1) samples to distinguish the two distributions.

» Theorem 2 (Informal version of Lemma 33). Let (z1,...,25) and (y1,...,yk) be two
sequences that are permutations of each other and have identical cyclic statistics up to order
m. Then for any constant deletion probability p, any algorithm which distinguishes the strings

z = 10" 10m e 10" gnd y = 1071072 107

requires Q(nm“) traces from a cyclic deletion channel.

By Lemma 1, there exist two cyclically distinct sequences x and y with identical cyclic
statistics up to order 4. Plugging the corresponding strings into Theorem 2, we obtain our
Q(n®) lower bound for circular trace reconstruction.

Upper Bound. We build an algorithm that can recover any k-sparse string = using O(nﬁ)
samples from the deletion channel, showing that our techniques from above cannot be
extended to yield a significantly stronger lower bound.

» Theorem 3 (Informal version of Theorem 26). Let x and y be two cyclically distinct
constant-sparse binary strings of length n. Then there exists an algorithm which, for any
constant deletion probability p, distinguishes x from y using O(nﬁ) traces from a cyclic
deletion channel.

As explained above, our algorithm exploits the fact that the retention probability ¢ := 1—p
is a constant. Therefore, with constant probability, no 1 is deleted in x. Conditioning on
this, every trace & can be expressed as a sequence of binomial random variables; that is,
Z = (&#1,...,%x) with Z; ~ Bin(z;,¢). By Lemma 1, any two cyclically distinct sequences
x and y differ in some cyclic statistic of order at most 6. As all cyclic statistics of integer
sequences are integers, the difference between = and y in this statistic is at least 1. Thus we
aim to estimate cyclic statistics from traces to within constant error.
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A naive estimator is the empirical average of a certain cyclic statistic of the traces.
However, this naive algorithm requires (n'!) samples. This is because, in the worst case,
each Z; may have mean and variance both (n). Thus the variance of the product of 6 such
random variables may be Q(n'!). However, instead, if we can shift the binomials such that
they become random variables whose absolute value is O(y/n), the absolute value of their
product will be bounded by O(n?) leading to variance O(n%). We accomplish this by greedily
partitioning the set of expected gaps {qz;} into clusters, so that all elements in the same
cluster are O(y/n)-close to each other and Q(y/n)-far from all other clusters. Since each
binomial is tightly concentrated around its expectation, we can map each Z; to the correct
cluster with high probability, and subtract the cluster center from &; to obtain a random
variable whose absolute value is bounded by O(y/n) with high probability.

A final hurdle is that subtracting cluster centers may erase any differences in the cyclic
statistics of  and y. See the discussion at the start of Section 4 and Example 22 for more
algorithmic intuition, and discussion of why cyclic statistics mod £ are needed to yield a
O(n6) algorithm. See Algorithm 1 and Theorem 26 for our main algorithmic result.

1.3 Structure of the Rest of the Paper

In Section 1.4 we discuss related work. Section 2 introduces the key definitions used in
this paper. The rest of the paper consists of three technical sections that may be read
independently, in any order. Section 3 builds tools to analyze cyclic statistics, leading to
our characterization that “any two cyclically distinct strings =,y must differ in some cyclic
statistic of order m < 6.” Section 4 contains our algorithmic results, using the characterization
of Section 3 to give an algorithm that distinguishes any constant-sparse strings with O(nf)
traces. Section 5 shows our lower bounds, based on a Hellinger distance analysis, showing
that two strings x,y that are permutations of each other and have identical cyclic statistics
up to order m require Q(n™ 1) traces to distinguish.

1.4 Related Work

The trace reconstruction problem was introduced in [16, 3]. [3] shows strong results for
reconstructing random strings z, in contrast to the worst-case setting we consider here. [14]
gives an algorithm for the (worst-case) trace reconstruction problem with constant deletion
probability using exp(O(n'/?)) traces. This result was improved independently by [11]
and [18], which present an algorithm using exp(O(n'/3)) traces. The state of the art is [7],
providing an algorithm using exp(O(n'/?)) traces.

On the lower bound side, [3] provides a Q(n) bound, showing that distinguishing 0"10"~!
from 07~ 110™ requires (n) traces. [13] improved the lower bound to Q(n®/*) by replacing
the 0’s in the previous strings by alternating 01010101 ..., and [6] tightened this analysis to
yield Q(n3/2), the best known lower bound, but still exponentially far from exp(O(n'/?)).

Restricting the class of algorithms to yield improved lower bounds, [11] shows that
all “mean-based” algorithms require exp(Q(n'/3)) samples to reconstruct strings. Here, a
mean-based algorithm is any algorithm that only uses the empirical means of individual bits
of the traces. Extending this line of work, [9] considers “k-mer-based” algorithms which rely
on counting the occurrences of contiguous k-bit strings (where “mean-based” algorithm are
the case k = 1). [9] shows that, even for k up to n'/®
exp(2(n'/?)) samples to reconstruct the string. All known algorithms for the worst-case
trace reconstruction problem are k-mer-based, including the algorithm presented by [7]. More
recently, [8] strengthened this result to show an analogous exp(Q(n'/?))-sample lower bound
for all statistical query (SQ) algorithms whose queries are “O(n'/%)-local” Thus if there is

, any k-mer-based algorithm requires
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an algorithm using fewer than exp(nl/ 5) samples, it must use “non-local information.” We
point out that the algorithm of the present paper, though we are in the rather different
setting of sparse and circular trace reconstruction, looks at more global properties of the
input (see Algorithm 1 and Theorem 26).

As the general worst-case trace reconstruction problem still has an exponential gap, much
work has developed and investigated variants of the problem. [15] investigates many different
variants, including matrix reconstruction and trace reconstruction for sparse strings. Most
relevant to our work: in the regime where k and p are both constants, they analyze the “trivial”
algorithm of directly estimating the size of each gap, giving an O(nlogn) upper bound.
(Directly estimating the size of each gap does not work in our circular trace reconstruction
setting, since each trace gets randomly cyclically shifted, and thus a gap in a trace could have
come from any of the k gaps in the original string, and thus we cannot aggregate statistics
about any individual gap.) [1] provides an algorithm using O(nlogn) samples for the trace
reconstruction problem for “separated” strings, which means the number of 0’s between two
1’s is at least polylog n. The work of [12] and [21] shows that when the string is confined in
a known Hamming ball or an edit distance ball of radius k, there are algorithms that can
recover the string with nO®) traces. [19] investigates the average-case trace reconstruction
problem, that is, when the string x is uniformly randomly chosen instead of adversarially
generated. They show that, in contrast to the worst-case, it only requires exp(O(log'/% n))
traces in the average case. [10] investigates the coded version of the trace reconstruction
problem, that is, if we code the original string with a high-rate error-correction code, how
many traces do we need to recover it? [4] shows that the coded trace reconstruction is nearly
equivalent to the average-case trace reconstruction problem, and exp(O(log'/3(1/¢)) traces
are enough to reconstruct the string.

The work of [17] introduces the circular trace reconstruction problem. In this problem,
the traces are generated by passing through a deletion channel and then undergoing a random
cyclic shift. This problem aims to recover the string or any of its cyclic shifts. They show, via
a reduction, that this problem is at least as hard as the linear trace reconstruction problem
and provide a exp(O(n'/?)) upper bound when 7 is a prime or a product of two primes in
the worst-case, and a n@»(1)
Q(n?). This lower bound comes from showing the indistinguishability of two constant-sparse
strings whose cyclic statistics cancel up to order m = 2; the current paper extends this
construction to m = 4 and shows this is almost the best possible.

upper bound for the average case, along with a lower bound of

2 Definitions

We study traces of k-sparse binary strings, meaning the set of binary strings with k nonzeros;
we assume k is bounded by a constant. For sequences © = (z1,...,zx) and y = (y1,.. ., Yx),
we say y is a cyclic shift of x if there exists an integer ¢ such that z; = y;4. for all j € [k],
interpreting indices mod k. If no such c exists, then we say x and y are cyclically distinct.
Every k-sparse binary string x is a cyclic shift of some string of the form 10** ... 10%*.
For our analysis, it will often be useful to represent each string as an integer sequence
x = (21,...,2x), where x; corresponds to the number of zeros in the “gap” between the 4th
and j + 15% 1s in x. In this paper, we will generally use the integer sequence representation
of x; when we require the binary string instead, we will explicitly write £ = 10 ... 10%*.
We use [k] to refer to the set of integers {1,...,k} and Bin(z, ¢) to denote a binomial
random variable with z trials and success probability q. For two probability measures
u and v over a set €2, the Hellinger distance between p and v is defined as dy(u,v) =

VZweo (Vi) — Vo)
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Most of the technical analysis of this paper concerns understanding properties of “cyclic
statistics” of sequences x1, ..., x, which we define here:

» Definition 4. Let iy,... i, € [k], and ¢ be a divisor of k (with £ = 1 allowed). This
defines a cyclic statistic mod ¢ of x = (x1,...,7) € Z* defined by Si, i, .0(x) =
Z?ﬁl Tiy+je - Ti 50, (Where all indices are interpreted mod k). When ¢ =1, we refer to
the function as merely a cyclic statistic and write S;, ., (x).

Problem definitions. We investigate the problem of recovering a string from its traces
generated by a circular deletion channel, which is defined as follows.

» Definition 5 (Circular deletion channel). Fizp € (0,1). A circular deletion channel, denoted
Del(z) takes as input x € {0,1}" and induces the probability distribution defined by the
following process:

1. Delete each bit in x independently with probability p to yield a string .

2. Return a uniformly random cyclic shift of .

In this paper, we focus on the case where p is a universal constant. We are now ready to
define the (circular) trace reconstruction problem.

» Definition 6 (Trace reconstruction problem). Let z € {0,1}". Given sample access to traces
generated by the deletion channel Del(x), an algorithm A which returns x’ solves the trace
reconstruction problem if, with probability at least 2/3, x’ is a cyclic shift of .

» Definition 7 (Distinguishing problem). Let z,y € {0,1}" with x and y cyclically distinct.
An algorithm A distinguishes x from y if, given sample access to a deletion channel Del(z),
A returns x with probability at least 2/3 when z is a cyclic shift of x, and A returns y with
probability at least 2/3 when z is a cyclic shift of y.

» Remark 8. We note that the two problems above are nearly equivalent for k-sparse
strings in the sense that an O(f(n)) upper bound for the distinguishing problem implies an
O(f(n)logn) algorithm for reconstruction. This is due to the following standard technique.
Suppose algorithm A distinguishes all pairs z,y € X with probability at least 2/3 using f(n)
samples. To reconstruct an unknown string z, we draw O(f(n)logn?*) = O(f(n)logn)
samples from the deletion channel Del(z), and test each possible pair of cyclically distinct
strings x, y against each other using .A. By a Chernoff bound, A will return a valid answer
on each pair with probability 1 —O(1/n2*). Since there are O(n*) cyclically distinct k-sparse
strings of length n, all O(n?*) tests will succeed with constant probability, in which case we
return the unique string 2z’ which is chosen by A against all other candidates.

3 Cyclic Statistics Characterize Cyclically Distinct Sequences

We begin by studying cyclic statistics of integer sequences, a key component of our upper
and lower bounds. The goal of this section is to answer the question: given two cyclically
distinct integer sequences x and y, what is the smallest value of m such that there exists a
cyclic statistic S;, ... ;. satisfying S;, . (z) # Siy.. i, (y)? We show m < 6 always suffices.

Our proof relies on the Fourier transforms of x and y, denoted & and ¢ respectively. We
partition the Fourier coefficients £; into equivalence classes based on ged(j, k). We show that
for each equivalence class, the Fourier coefficients in x are jointly zero or nonzero together.
Notably, as it turns out, for any = and y with matching second-order cyclic statistics, § has
identical pattern of zeros and nonzeros as & (see Lemma 13).
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Armed with this insight, we restrict our analysis to the set of nonzero Fourier coefficients
in z and y, and define a set of variables {z; = % log %} for each index j with nonzero
Fourier coefficients in & and §. We show that equivalence of cyclic statistics (up to order 6)
imposes a system of linear constraints on the variables z;, and that any set of solutions must
be strictly real and there exists an integer c¢ such that z; = % mod 1 for all j. It follows
immediately that Z; = §; exp (2m’ . %) for all j. By basic properties of Fourier transforms,
this implies that x is a cyclic shift of y, proving our upper bound.

The organization of this section is as follows. In Section 3.1, we relate cyclic statistics
to the Fourier transform and prove that for any = and y with identical cyclic statistics up
to order 6, & and § have the same pattern of zeros and nonzeros. In Section 3.2 we set up
several number theoretic results necessary to analyze the system of linear constraints. Finally,
in Section 3.3, we apply these facts to the set of variables {z;} defined above to obtain the
main result of this section, Lemma 19, which states that any two cyclically distinct strings

x,y must differ in some cyclic statistic of order m < 6.

3.1 Cyclic Statistics and the Fourier Transform

Suppose two integer sequences x and y have identical cyclic statistics up to order m. We
show this implies an equivalence between certain m-way products of Fourier coefficients.

» Lemma 9. Let x and y be two integer sequences of length k with identical mth order
cyclic statistics. Consider their Fourier transforms & and §. For any m-tuple i1, ..., iy, with
114 +1im =0 mod k, we have Z;, - Zi,, = Yiy ** Vi, -

Proof. Letting j5 = jo — j1 mod k..., ., = jm — j1 mod k, and interpreting indices mod k:

k—1 k—1
2mi ;o 2mi ;o
A A . ==—J1t1 J K3
Ty oo By, = E Tj ek E Ty, ek Imim

Jj1=0 Jm=0

k—1 k—1 k—1
2mi ;s 2mi (3 4 i\ 2mi (i N
P N K21 o t Ugtin)iz | . ) Tt Um i )im
E Zj € E Ljh+i1€ Ljpn+ir©
=0

j1=0 4=0

k—1 k—1

27ri(-/- o1

=t (Jgiz+-+ip,im) e ) )
E , € " 1Ty 441 -+ Ll +it

Ghseesdtn=0 j1=0

k—1
62;” (]’éi2+--.+.7‘;nim)‘5‘0 5 1 (.’E)
E : sJgoees m

Ghseesdimm =0

where the exponential terms vanish in the second-to-last equality because i1 + - -+ + i, =
27

0 mod k and so e F 11 ... % d1im = 1. Since S0.34,..d0, (x) = 80,4440, (y) for all j5,..., 4/,
by assumption, we have that the corresponding m-way products of Fourier terms are equal. <

Lemma 9 implies that for any i1, ..., 1, satisfying i, + - -+ 4+ i, = 0 mod k, if the Fourier
coefficients Z;,,...,%;,, are nonzero, then ¢;,,...,%;, must be nonzero as well. We now
partition the elements of [k] into equivalence classes based on their ged with k.

m

» Definition 10. Let a be a divisor of k. We define G, = {j € [k] : ged(j, k) = a}.

We show that for a single integer sequence x, the Fourier coefficients of x in each G, are
either all zero or all nonzero, allowing us to analyze them together. This can be shown using
a well-known property of cyclotomic fields: for every primitive dth root of unity of form
wg = €>™/? the Galois group Gal(Q(wq)/Q) is isomorphic to (Z/dZ)* = {j € {0,...,d—1} :
ged(j, k) = 1}, the multiplicative group of integers mod d. The isomorphism is specified by
Fact 11.
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» Fact 11. Let d € N and let wy = €*™/% be a primitive dth root of unity. Consider Q(wq),
the field extension of Q generated by wq. For all a € (Z/dZ)*, there exists an automorphism
04 € Gal(Q(wq)/Q) such that 0,(wq) = wi.!

» Lemma 12. Let x be an integer sequence of length k with Fourier transform &. For any
a€ k] and j,j' € Go, if ; =0, then &;; = 0.

Proof. Suppose £; = 0. Let d := g and consider the a primitive dth root of unity wq = €27/,
The jth Fourier coefficient of x is given by

Z zge (2mi/k)j Zx o(2mi/d)-(d/k)-jt _ Zx w(J/a )

Let z be a sequence of length d generated by interpreting each index of x mod d and summing
together all elements that map to a given location (In other words, 2; = >/ /—; mod a Te-)

Then the Fourier transform of z at location £ is given by

8y = wa”“” waa/a)/modd) wa(ﬂ/a)f %;

=0 =0
Similarly, £;:/, = &;,. Because z is an integer sequence, Z;/, and Z;/, are elements of the
Cyclotomlc ﬁeld ( Wa/a). Choose b € (Z/dZ)* such that bl = % mod d. By Fact 11, there
exists o, € Gal(Q(wq)/Q) such that o} (wy) = Wb, Therefore we have

d—1 d—1

A A b(j l j 4 A A

Tj' = Zb-(j/a) mod d = E k2 'wd(]/a) = g Z¢ - Op (wff/a) ) = 0b(25/a) = op(8;) =0
=0 =0

as desired. <

Consider two sequences = and y with identical second order cyclic statistics. As a simple
consequence of Lemmas 9 and 12, Z and ¢ are jointly zero or jointly nonzero everywhere in
the indices belonging to a single G,,.

» Lemma 13. Let x and y be two integer sequences of length k with identical second order
cyclic statistics. Then for each o € [k], either (1) &; # 0 and §; # 0 for all j € G4, or (2)
2;=9; =0 forall j € G,.

Proof. Suppose &; # 0 for some j € G,. By Lemma 12, we must have &, # 0 for all j' € G,.
Note that k — j € Gq, so Zx—; # 0. Moreover, j + (k — j) = 0 mod k, so by Lemma 9, we
have §; - gx—j = & - Zx—; # 0. This requires that §; # 0. Applying Lemma 12 to y, we have
that ¢ is nonzero for all indices in G, proving the first statement.

If z; = 0, then similarly §; - gx—; = ;- Tx—; = 0, requiring that either §; = 0 or gr—; = 0.
By Lemma 12, Z and §j must be zero everywhere in G, proving the second statement. <«

3.2 Number Theoretic Prerequisites

Recall that our goal is to analyze a system of constraints involving the nonzero Fourier
coefficients of x and y, where the constraints arise from the assumption that  and y have
identical cyclic statistics up to order 6. These constraints will turn out to take the form

L For more on cyclotomic fields, see https://en.wikipedia.org/wiki/Cyclotomic_field.
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zj, + -+ zj,, €Z, for a certain set of complex valued variables {z;} and certain m tuples
15+, Jm- We wish to show that any set of variables satisfying these constraints must be
strictly real and form an arithmetic sequence mod 1. In Lemma 16, we show this is true; we
apply this fact in Section 3.3 to show that x and y are cyclically equivalent.

Before proving this relation, we require certain number theoretic facts. First, we show
that for any integer d and j € Z/dZ, j can be written as a sum (mod d) of either 2 or 3
numbers relatively prime to d. Here and below, we use Z/dZ to refer to the cyclic group of
integers modulo d, represented as the set {0,...,d — 1}.

» Fact 14. The following facts are true for any prime power p* and integer j:
If p # 2, there exists a pair by, by € [p?] that are relatively prime to p such that by + by =
j mod p®*. Also, there exists a triple by, ba, bg € [p®] that are relatively prime to p such
that by + by + b3 = j mod p®.
If p=2 and j is even, there exists a pair by, by € [p®] that are relatively prime to p such
that by + by = 5 mod p*.
If p=2 and j is odd then there exists a triple by, ba, bs € [p] that are relatively prime to
p such that by + by + bz = j mod p®.

Proof. First, consider the case in which p # 2. At least one of j — 1,5 + 1 must be
relatively prime to p® since their difference is 2, which itself is relatively prime to p. Since
ji=G -1 +4+1modp* j=(G+1)+ (p* — 1) mod p*, and both 1 and p® — 1 are relatively
prime to p®, at least one of these two expressions expresses j as the sum of 2 numbers both
relatively prime to p®. Similarly, at least one of j —2, j+2 must be relatively prime to p® since
their difference is 4, which itself is relatively prime to p. Thus since j = (j—2)+1+1 mod p®
and j = (j+2)+ (p* — 1) + (p® — 1) mod p*, and since both 1 and p® — 1 are relatively
prime to p%, at least one of these two expressions expresses j as the sum of 3 numbers both
relatively prime to p°.

For the case of p = 2, we note that if j is even, then j — 1 is relatively prime to 2 and
thus we express j = (j — 1) + 1. Otherwise, if j is odd, then j — 2 is relatively prime to 2%,
and we express j = (j —2)+ 1+ 1. <

» Lemma 15. Let d € N. The following is true for all j € Z/dZ:
If d is even and j is odd, then j can be written as the sum mod d of 3 numbers relatively
prime to d.
Else j can be written as the sum mod d of 2 numbers relatively prime to d.

Proof. Consider the prime factorization of d: d = pi* - ... py*. Given j € Z/dZ, we use
the Chinese remainder theorem to express j via its residues mod pj*, for each prime factor
pi. Define j; = j mod p]*. We note that j is relatively prime to d if and only if each j; is
relatively prime to its corresponding prime power p;*.

We use Fact 14 (and the Chinese remainder theorem) to canonically represent each
j € Z/dZ as the sum mod d of either 2 or 3 numbers that are each relatively prime to d. If
either d is odd or j and d are both even, we represent j as the sum of 2 numbers, by applying
Fact 14 to represent each j; as j; = bf.l) + bl(»2) mod p;* with bgl) and bgz) relatively prime
to p’*. By the Chinese remainder theorem, the system, b(*) = bl(»l) mod pi*,Vi € [{], has a
unique solution b") relatively prime to d; similarly, there exists a unique b relatively prime
to d satisfying b(?) = bl(?) mod p¢* for all i. Finally, b + b3 = j mod d, which proves the
first case. If j is odd and d is even, we use the analogous procedure to represent j as the
sum of 3 numbers relatively prime to d, which proves the second case. <

30:9

ITCS 2026



30:10

New Bounds for Circular Trace Reconstruction

Using the representation given by Lemma 15, we analyze the system of complex-valued
linear equations described at the beginning of this subsection.

» Lemma 16. Let d € N and z; € C for each j € [d] relatively prime to d. Suppose that for
every m < 6, and any m-tuple (j1,...,Jm) relatively prime to d satisfying j1 + -+ + jm =0
(mod d), we have zj, + ---+ z;, € Z. Then there exists an integer ¢ such that for all j
relatively prime to d we have zj — %j €.

Proof. For all j € Z/dZ, let [[j]] denote the canonical representation of j given by Lemma 15
as the sum mod d of either 2 or 3 numbers relatively prime to d (so [[f]] is a set of size 2
or 3). Let z[; denote the sum of the 2 or 3 corresponding variables. For convenience, we
write the set d — [[j]] .= {d — j’ : j’ € [[§]]}. Then the conditions of the lemma imply the
following set of conditions:

Vj relatively prime to d : z; + z4—; € Z,
Vj relatively prime to d : 2 + za—; € Z,
Vi eZ/dZ : Z[[) + 21+ Za—[[j+1]] € Z

To see the implication, it suffices to show that the left hand side of each constraint is a sum of
at most 6 real variables whose indices are relatively prime to d. For all j with ged(j,d) = 1,
we have ged(d — j, d) = 1, so the first constraint satisfies the condition. For all j, z[;;;; can be
written as a sum of 2 or 3 variables whose indices are relatively prime to d, so the second
constraint requires at most 4 variables. Finally, if d is odd, the representation [[j]] comprises
2 variables for all j, in which case the third constraint requires 5 variables. If d is even, the
values j and j + 1 comprise 1 even number and 1 odd number, and d — [[j + 1]] has the same
parity as j + 1, resulting in at most 6 terms.

Note that these three sets of conditions collectively imply that zj;); + 21 — z[j41)) € Z
for all j € Z/dZ. Therefore, any set of solutions z|;; must form an arithmetic sequence
of increment z; plus some integer, i.e., z;)] — j21 € Z for all j. Therefore, dz; € Z, which
requires that z; is a multiple of % (and is therefore real). Writing z; = § for some integer
¢, we have zj;)) = % mod 1 for all j € Z/dZ. Finally, the first and second conditions imply
that z; = z[;) for all j relatively prime to d, which proves the lemma. |

The following technical lemma is used in the proof of the main result of this section,
Lemma 19. Intuitively, in the proof of Lemma 19 we aim to show that variables zg, ..., zx_1
form an arithmetic sequence. Instead we show that, for each value o, those z; with index j
satisfying ged(j, k) = a form an arithmetic sequence of increment c¢,. We use the following
lemma to show that this implies there is a consistent arithmetic sequence across all j, with
some increment c.

» Definition 17. For a positive integer a € N and prime number p, define the p-adic valuation
of a to be vy(a) = max{l € Z>q : p | a}.

» Lemma 18. Let k € N and A C [k]. Let cq € Z for each o € A, and suppose the following
are true for all pairs a,a’ € A:

1. lem(o, o) € A.

2. (car — €q) + lem(a,@’) = 0 mod k

Then there exists ¢ € Z such that (¢ — co)a =0 mod k for all o € A.

Proof. Consider the prime factorization of k, k = pi* ...p,*. For each i € [¢], we will show
there exists ¢; satisfying the desired property mod p;’, and conclude the lemma by the
Chinese remainder theorem.
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Fix ¢ € [¢]. Define a; to be the element of A with the lowest p;-adic valuation: «; =
argminge 4 vp, (). Let ¢; be an integer satisfying (¢; — ¢a,)a; = 0 mod p;’,
any o’ € A. By a well-known property of p-adic valuations, we have v,, (lem(d/, ;) =
(o)

and consider

max{v,, (a’), vy, (@)} = vp,(a’). The prime power p;” divides o/, so it also divides

lem (o', ;). Therefore, we have the following two facts:

(Ca, — Car)p""*) = 0 mod p (by assumption (2) of the lemma)

(c; — cai)p;’”(a"’) = 0 mod p;* (by definition of ¢;)

Using the fact that v, () > v,, (@) to combine the two equations, we have (¢;—cq/)p, " @) =
VP,‘, (a/) A

0 mod p{. Finally, we multiply both sides by the integer o/p, to yield (¢; — cor ) =
0 mod p§*. Choosing ¢; = ¢,, for all i, the equation above holds for all pairs 4, «. We now
wish to find ¢ such that ¢ = ¢; mod py* for all i. Such an integer ¢ is guaranteed to exist by

the Chinese remainder theorem, which completes the proof. |

3.3 Main Characterization
We now prove the main result of this section.

» Lemma 19. Let x and y be two integer sequences of length k with identical cyclic statistics
up to order 6. Then x and y must be identical up to a cyclic shift.

Proof. It suffices to show that there exists an integer c such that £; = g; - exp (2m’ . %) for
all j € [k]. By Lemma 13, this property holds for all j where &; = 0. Therefore, we consider
only the divisors a such that the Fourier coefficients are nonzero everywhere in G, for both

x and y. For all j with nonzero Fourier coefficients £; and §;, define z; := ﬁ - log (;—j),
where log is the unique complex-valued function satisfying e'°¢* = z and Imlog z € (0, 27]
for all z € C\{0}. To prove the lemma, we show that there exists an integer ¢ such that for
all j with £; # 0 and §; # 0, Imz; =0 and z; = % mod 1.

Fix a € [k] and let d = g Note that for all j € G, ged (%, d) = 1. Therefore,
each j € G, corresponds to a unique number relatively prime to d. Consider any m-tuple

1, -+, Jm € Gg such that %—i——f—%’ = 0 mod d. By Lemma 9, we have z;, +...+2; € Z.

Applying Lemma 16 (and using the fact that £ = da), there exists an integer ¢, such that

— Cal
="k
We have shown that for all G, with nonzero Fourier coefficients, we can write kz; =

for all j € G, we have z; — % € Z. In other words, z; is real and z; mod 1.
coj mod k. We will now show that this is true for a single consistent integer ¢ = ¢, across
all a. Consider a@ # o/ where # and {j are nonzero everywhere in G, U G.. Let ¢4, Co
respectively be the corresponding coefficients, and ¢ = lem(«, o’). Since ¢ is a multiple of a,
Lemma 15 implies that we can write £/« as a sum mod k/« of 2 or 3 numbers relatively
prime to k/«. Multiplying by «, we can write £ as a sum mod k of 2 or 3 numbers whose
ged with k is «; denote this representation as [[¢]]. Since £ is also a multiple of o/, it must
also have a representation [[£]]" as a sum mod k of 2 or 3 numbers whose ged with & is o’.
We write z[) and 2y to denote the sum of the variables corresponding to the indices

in [[¢] and [[¢'] respectively, and use the convention that k — [[{]] = {k —j : j € [[{]}.

Since £ + ka;J = 0 mod 2 for all j € G, we have 2y + zx_[¢) = 0 mod 1 for all £. From
the previous paragraph, we have that the sum of the elements in [[{]] equals the sum
of the elements in [[¢]]" mod k. We thus conclude the condition that ¢ has a consistent
coefficient in both representations, as z(g = z(jg), and reexpress this as a sum of 4 to 6

coefficients, moving everything to the left-hand side, as 2] + 2x_[jg)y = 0 mod 1. Recall
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that [[¢]] only contains indices j with ged(j, k) = «, and the corresponding variables z; satisfy
kzj = coj mod k. Similarly, [[¢]]" only contains indices j* with ged(j’, k) = o/, and each zj
satisfies kzjs = corj’ mod k. Therefore, the constraint (cos — ¢o)f = 0 mod k holds for any
pair of a, &’ € A C [k], where A = {« : %, § are nonzero everywhere in G, }.

Applying Lemma 18, there exists ¢ € Z, such that (¢ — ¢,)ae = 0 mod k for all « € A.
Therefore, for every a € A, for every j € G, caé = caa% mod k. Notice that by definition,
Z is an integer and thus, for every o € A, for every j € G4, ¢j = coj mod k. Therefore, for
every j where %;, §j; are nonzero, we have kz; = coj = ¢j mod k. Dividing by k, we have

=< ; S ) i
z; = 7 mod 1 for every j where Z;, §; are nonzero, as desired. |

4 Upper Bound

We now give an algorithm for distinguishing any two cyclically distinct strings with a constant
number of 1s. Given Lemma 19, a naive approach for testing whether a set of traces is
generated from z or y is to identify a cyclic statistic in which = and y differ, and then
estimate this statistic from traces. For a string with & 1s, the deletion channel will preserve
all 1s with constant probability; a resulting trace can be represented as a sequence of k
“gaps,” for which we can compute cyclic statistics. In particular, for a string © = (21, ..., k)
and retention probability g := 1 — p, a trace can be represented as a sequence of binomial
random variables & = (%1, ..., %), where &; ~ Bin(z;, ¢).

Unfortunately, computing a cyclic statistic of & requires multiplying up to 6 of these
binomial random variables. In the worst case, we might have z; = Q(n) for all j, causing
our estimator to have variance roughly n'!. Since cyclic statistics are integers, we may need
to estimate the desired cyclic statistic to within constant error, and thus the naive algorithm
would require Q(n'!) samples.

We give a more efficient algorithm using the following insight: while the product of 6
independent binomials with 2(n) trials each has variance roughly Q(n!!), the variance is
considerably lower if each binomial is shifted to have mean O(y/n). To accomplish this,
we preprocess x and y by greedily grouping the values qx1,...,q%k, qy1, ..., qys that are
within O(\/ﬁ) of each other into a cluster. When processing a trace Z from either x or y,
we compute the cluster center closest to each element Z;, and subtract that center from %;.
Because the gap sizes Z; are highly likely to be within 0(\/5) of their expectations, we can
find the “correct” cluster with high probability. The resulting estimator has variance O(nﬁ).

Of course, subtracting an arbitrary sequence s from the observed trace Z raises another
concern: the sequences qxr — s and qy — s might now be cyclically equivalent, erasing any
differences in their cyclic statistics. We circumvent this problem with a slightly different
estimator which only considers cyclic statistics mod £ where £ is chosen so that s is preserved
by a cyclic shift of £.

The remainder of this section is organized as follows. In Section 4.1, we give an algorithm
for generating a well separated partition of the expectations gqx1,...,qZk, qy1,-..,qyr. In
Section 4.2, we show that cyclic statistics mod ¢ are preserved by subtraction of a sequence s
invariant to cyclic shifts of £. Finally, in Section 4.3, we present our cyclic statistics-based
algorithm and prove its correctness.

4.1 Determining Centers

As a preprocessing step, our algorithm partitions the means of 2k binomial random variables
(the gaps in traces from x and y) into well separated clusters. For our purposes, clusters are
considered to be well separated if they are Q(y/nlogn) far apart; we give a formal definition
below.
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» Definition 20. Let x1,...,z; € R and C > 0. Then a function ¢ : R — [k] is a C-separated
partition of x1, ...,z if it satisfies the following:

1. For any j,j" € [k], if c(z;) # c(zj7), then |qx; — qxj| > 2C/nlogn.

2. For any j,j' € [k], if c(z;) = c(z;/), then |qx; — qxj| < 2Cky/nlogn.

3. Forallz e R, ¢(z) =c (argminzj:je[k] |z; — x|

We show that a C-separated partition exists for any C > 0 and 1, ...,z € R. The proof
is constructive: we give a greedy algorithm for producing a C-separated partition of a fixed
set of points x1,...,x,. The algorithm starts by assigning each point to its own cluster; it
then iteratively merges clusters which violate the separation condition. When no violations
remain, we prove that the algorithm has obtained a C-separated partition.

» Lemma 21. Let z1,...,z € [n], and C > 0. Then there exists a C-separated partition of
Tlyeeey Tk

4.2 Uniqueness of Cyclic Statistics

As discussed at the beginning of this section, our goal is to reduce the variance of our estimator
by shifting each binomial random variable %1, ..., Z; by a value which is within a constant
of its mean. In particular, let ¢ be a C-separated partition of qzx1,...,qxk, qy1,- - -, qyk, and
s = (¢(qz1), ..., c(qry)). The binomial random variables concentrate tightly around their
expectation, allowing us to approximately recover the partition of x and y generated by the
partitioning algorithm with high probability. The logical approach is therefore to estimate
cyclic statistics of x — s.

Unfortunately, this introduces a second problem. If z and y are distinct after applying the
partition ¢ elementwise, then they can be distinguished simply by recovering the partition.
But if  and y appear similar under the partition — that is, s, = (¢(gx1),...,c(qrg)) is
a cyclic shift of s, = (c(qy1),...,c(qyx)) — then z — s, might be a cyclic shift of y — s,,
resulting in identical cyclic statistics and thus a failure to distinguish z from y.

» Example 22. Consider the case where k = 6, and where the sequence of shifts/clusters s, =
sy follows the pattern s, s’, ', s, s, s'. Further, let z = (g +0, % +1, %—1—2, 240, %/—t— 1, % +2)
and y = (% + 1, %/ + 2, %/ + 0, 5 + 1,%/ + 2,%/ + 0). In this case, when we sample from
Del(z) or Del(y), once we subtract s, = s,, we get two 6-tuples that are cyclically identical;
however, algorithmically, we would hope to be able to distinguish traces from z vs y, since
the alignment between the sequence of shifts s, = s, vs the sequence of offsets (0,1,2,0,1,2)
differs for x vs y. The right thing to do here, after subtracting s, = s, is to look at cyclic
statistics mod 3.

This motivates our general strategy of looking at cyclic statistics mod ¢, where £ is the
smallest period of repetition of the shift sequence.

» Definition 23. A sequence s = (s1,...,s;) € R is symmetric mod ¢ if for all j € [k],
S5 = S(j+£) mod k-

» Definition 24. Let z = (v1,...,7%) € Z*, i1,...,im € [k], and £ be a divisor of k.
For a sequence s = (s1,...,s,) € R¥, the function Si . i «(x —s) = Z?ﬁl(xiﬁjg -
Siytje) -+ (Tip,4je — Si,4e) 18 an m-th order cyclic statistic mod ¢, shifted by s.

We show that for any period ¢ and set of shifts s that repeats mod ¢, there is a < 6-th
order statistic that differs on z,y, when shifted by s and taken mod ¢. We prove this
by starting with Lemma 19 that guarantees the existence of a statistic of order < 6 that
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Algorithm 1 TEST-CYCLIC-TRACES.

Input: k > 0;z,y € N¥; g € (0,1); sample access to deletion channel
Output: x or y

1 C + absolute constant determined by Lemma 27
2 ¢ + PARTITION(qZ1, ..., qTk, qY1, - - -, qYi; C)
3 5, (clqur)...,clgzr)), s,  (elay)....clay))
4 if s, is a cyclic shift of s, then
5 return TEST-SIMILAR-TRACES(k, z, y, ¢, Sz, C)
else
6 Draw O(1) traces from the deletion channel
7 Z < any trace with exactly k 1s
8 if ¢(Z1),...,c(Zk) is a cyclic shift of s, then return z else return y

distinguishes = from y; we show this implies existence of a distinguishing statistic of the same
order mod ¢. Taking the distinguishing statistic of smallest order lets us subtract off any

sequence s that is symmetric mod ¢, without modifying the discrepancy between x and y.
This yields:

» Lemma 25. Let x and y be two cyclically distinct integer sequences of length k. Let {
divide k, and let s = (s1,...,8%) € RF be a sequence that is symmetric mod . Then there
exists i1, ..., im € [k] with m <6 such that

1S4y sims (T = 8) = Sy (Y = 8)| =[Sy, ise(®) = Sy ine(y)] = 1.

4.3 Our Algorithm

We are now ready to describe our proposed tester, Algorithm 1. Given two candidates x and
Y, a trace Z from the deletion channel can be described as a sequence of binomial random
variables Z1,. .., Zx, each of which has an expectation in the set {qz1,...,qxk, qy1, ..., qUr}
The algorithm begins by preprocessing the strings x and y to create a C-separated partition ¢
of the expectations (Line 2). We then consider the sequences s, and s, created by applying
¢ elementwise to x and y. We design two tests for two separate cases:
If s, is a cyclic shift of s,, then traces from x and y appear relatively similar. In this case,
we invoke a subroutine (Algorithm 2), which determines a shifted cyclic statistic in which
x and y differ, then estimates this statistic from traces. Owing to the shift, the resulting
estimate has low variance, allowing us to estimate the cyclic statistic from O(n®) traces.
If s, and s, are cyclically distinct, then the algorithm can reliably distinguish x and y by
examining only a single trace whose 1s are intact. Therefore, we draw a constant number
of traces, choose an arbitrary trace Z with k 1s (Line 7), and cluster the gaps according
to c¢. For C large enough, the resulting sequence will with high probability correspond
exactly to either s, or s,.
Combining the results from each case yields our overall upper bound. We now state and
prove the main result of Section 4. Our proof relies on Lemmas 27 and 28 in Section 4.3.2,
which prove the correctness of Algorithm 2.

4.3.1 Proof of Upper Bound

» Theorem 26. Let x and y be two cyclically distinct k-sparse binary strings of length n.
Then Algorithm 1 distinguishes x from y with probability > % for sufficiently large n, using
O(n®log'? n) traces from a cyclic deletion channel.
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Proof. We analyze Algorithm 1 to show the theorem. We consider two cases:
Case 1: s, is a cyclic shift of s,. In this case, we invoke Algorithm 2, which draws
O(n®log'? n) returns the correct answer with probability at least 2/3, by Lemma 28.

Case 2: s, is not a cyclic shift of s,. Then we draw 7' = log(1/4)/log(1 — ¢*) = O(1) traces.
With probability 3/4, at least one trace Z will contain exactly k 1s. Suppose Z ~ Del(z).

Due to Lemma 27, with probability at least 1 — O(n™'?), we have ¢(Z;) = c(qz;) for
all j € [k]. Therefore, c(Z) = s,, and the algorithm returns z with probability at least
3/4 — O(n=1%) > 2/3 for large enough n.

In both cases, the number of traces T is bounded by O(n®log'*n). |

4.3.2 Distinguishing Similar Strings

We now handle the case in which s, = s,, i.e.,  and y are cyclically equivalent under the
C-separated partition ¢ constructed in Algorithm 1. We build an estimator based on shifted
cyclic statistics and show that O(n®) traces suffice to distinguish x from y. In particular,
let ¢ be the minimum value such that s, and s, are symmetric mod ¢. For each j € [k],
let P; == {z; : c(qzj) = j} U{y; : c(qy;) = j}. Define the function g : [k] — R to be
the average of the points in cluster j; that is, g(j) = \lel Zzer gz. The algorithm chooses
the smallest value of m for which there is an order m cyclic statistic S;,, . 4,..¢ such that
Sivroimie(@) # Siyine(y). We call a trace Z useful if it satisfies the following conditions:
1. There are exactly k 1s in Z.
2. For all j € [k], |Z; — g(c(Z)))| < (4k +1)Cy/nlogn.
Intuitively, the second condition says that the gaps in Z can be matched up with cluster
centers as we expect. Suppose there are T’ useful traces. Our estimator will apply the
statistic Sy, . i,..e(x) to all the useful traces after subtracting out their cluster centers:

Lk

fivyooims(2) = o - (Ziyie — 9 (c(Ziy440)) - Giprie — 9 (c(Zi,,142))) (2)

4

~

We define f = = 2 s useful(s) Jit,imie(Z) as the average of the above equation over useful

traces. We show that, for any set of ©(nf) traces from a string 2, |f — Sy, i .0(2)| < 1/3
with probability at least 2/3, which implies an efficient tester.

The main result of this subsection requires the following lemma, which roughly states
that we can recover clusters from a random trace with high probability.

» Lemma 27. Let z1,...,20; €N, g € (0,1), and Z; ~ Bin(z;,q) for all j € [k]. Then there
exists an absolute constant C > 0 such that, for any C-separated partition ¢ of qz1,.. ., qzop,
1Z; —qz;| < Cy/nlogn and c(Z;) = c(qz;) for all j € [k] with probability at least 1 — Oy (n=19).

Proof. Fix j € [k]. Let ¢ be a C-separated partition of ¢z1, ..., ¢z,. By a Chernoff bound,
there exists a constant C' such that |Z; — gz;| < Cy/nlogn with probability at least 1 —n
When this occurs, the following holds for all j* € [k] with ¢(gz;/) # c(qz;):

Z; — qzjr| > laz; — qzj/| — |Z; — qzj] > 2Cv/nlogn — Cy/nlogn = Cy/nlogn > |Z; — qz]

In this case, clearly ¢(2;) = ¢(qz;). The contrapositive of this is that, if ¢(Z;) # c(qz;), we
must have |Z; — ¢qz;| > Cy/nlogn. Taking a union bound over the k random variables, the
probability that this occurs for some j € [k] is at most kn=10, as desired. |

We are now ready to prove the correctness of Algorithm 2.

—10
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Algorithm 2 TEST-SIMILAR-TRACES.

Input: k> 0;2,y € NF: g € (0,1); s € RF; C' > 0; sample access to deletion channel
Output: x or y

1 £ + minimum value such that s is symmetric mod ¢

2 Let S;, .. i,..¢ be the statistic from Lemma 25

3 Draw T = O(nSlog'? n) traces 21, ..., 2(7) from the deletion channel

4 Let f be the average of f, i .¢(3®)) (from Equation (2)) for all useful traces ()

5 return argmin,c, .y f=Si iz — %g(s))

» Lemma 28. Let x = (x1,...,2%) and y = (Y1,-..,Yx) be two cyclically distinct
binary strings of length n, and q € (0,1). Let ¢ be a C-separated partition of
qT1s- - 4Tk, QY1 - - -, Yk, and suppose ¢(qx1), . .., c(qry) is a cyclic shift of c(qy1), - - -, c(qyg)-
Then for sufficiently large C and n, there exists an algorithm (Algorithm 2) which distin-
guishes = from y with probability at least 2/3 using T = O(n® log'? n) traces from a cyclic
deletion channel.

Proof. Fix C to be the constant determined by Lemma 27. Let Z denote the set of use-
ful traces (defined at the top of Section 4.3.2). The first usefulness condition holds with
probability exactly ¢* for each trace. By Lemma 27, we have |Z; — gz;| < Cy/nlogn and
c(2;) = c(qz;) with probability at least 1 — O(n~1?). In this case, we have |Z; — g(c(%;))| <
1Z; — qzj| + lgz; — g(c(Z5))| < Cy/nlogn + 4Ck+/nlogn, which is precisely the second con-
dition. Therefore, for large enough n, each trace falls in Z with constant probability. By
a Chernoff bound, |Z| = Q(T') with probability 1 — o(1). For each Z € Z, the algorithm
computes fi, ;. .¢(2), where fi, ;. is defined in Equation (2). Let A be the event that
zZ € Z and ¢(Z;) = c(qz;) for all j € [k]. Conditioned on A, it is possible to compute f(Z)
precisely, since we can choose a consistent cyclic shift of s and match Z to that shift up to
symmetry. We therefore have

K/t
E[(f(2) | A]=E qim > Givrie = 9(e(gzia450)) - - Girse = 9(e(@Zi450))) | £0m7)
. ke ”
= > B[z — 9(e(gzi1ie)] - Bl e — 9(e(qzi,150))] £ O

(2,5 are independent)
k/e
1 / 4
= (@Zitge = 9(i450)) - (QZim 450 — 9(Sipre)) £ O™

Jj=1

1 _
= Siy,imse(z — ;9(5)) +0(n™")

where the £O(n~?) term in the first line comes from the O(n~'°) probability that there are
k 1s in Z but event A fails; this is multiplied by the universal O(n%) bound on |f(Z)| for
m < 6.

By Lemma 27, A holds with probability at least 1 — O(n~1%) conditioned on #z € Z.
Additionally, the second condition implies that for all 2 € Z, we have |f(2)| < £ (4k +

= gqm

1)6C%n3 log® n. Combining these facts and applying the law of total probability yields

n?log®n

E[f(2)[2€ 2] = Siy, imu(z — ;9(8))’ <0 (nm + ”_4> =o(1)
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Combining the bound on |f(2)| with Hoeffding’s inequality, we have

2|2

Pr[‘f—E[f(ﬂzeZ)]’ > i] < 2exp

2
16]2| - ( b (4k + 1)5C%n3 log® n)

qm

|Z]
=2exp | - k2 12(712,,6 |12
16 = (4k + 1)12C12nSlog " n

By our choice of T, we have |Z| = Q(n®log'?n) with probability 1 — o(1). Therefore, for
an appropriate choice of constants, the above equation is bounded by 0.1 4+ o(1). By the
triangle inequality, the following holds for large enough n with probability at least 0.8:

ff Sivrerimit(Z — %g(s))‘ < % +0o(1) < % By Lemma 25, there must exist a statistic

it —2g(s)) =S4y imit (Y — %g(s))‘ > 1 (namely, the statistic

chosen on Line 2). Therefore, if 2 = x, the algorithm returns = with probability at least 0.9
(Line 5). The same is true for y, which completes the proof. <

5 Lower Bounds

Our goal in this section is to upper-bound the distance between the distributions Del(x)
and Del(y) for two strings x,y with that are permutations of each other and have identical
low-order cyclic statistics, which will yield a lower bound for the number of traces needed
to distinguish these strings. We first analyze the probability of observing a given trace a
from Del(x), viewed as a polynomial in n. We show that the higher-order coefficients of this
polynomial depend on the lower-order cyclic statistics of x. Using this fact, we bound the
distance between probabilities from Del(z) versus Del(y). We conclude by providing two
strings x, y with identical cyclic statistics up to order 4, proving our Q(ns) lower bound.

» Lemma 29. Let x = 107211072 10" %k with x* an integer upper bound on x1, ..., Ty,
and let a be any cyclic shift of 1090102 ...10% . Then for a circular deletion channel Del(x)
with deletion probability p, letting n' = pn, and letting b; = aj —n(1 —p) for j € [k], we have,
for Sym(x;n,p, b, x*) some symmetric function of x1,...,xk, that depends on n,p, b, x*, that

k k
PI‘J?NDel(x)[j = a] = Sym(:r, n,p, b7 I*) Z H (’ﬂ/ - bj+i + h)a (3)

where all indices are taken modulo k.

Proof. Since all cyclic shifts of a trace have equal probability under the deletion channel,
we assume without loss of generality that a = 109110%2...10% . By definition of a circular
deletion channel, and letting |al, |z| denote the length of the underlying binary strings a, x
respectively, we have

k
N 1 n+x; zl—lal la
Pr; peis)[Z =a] = — g I | ( _‘7) plzl=lalglal (4)

where indices are taken modulo k. We point out that the terms outside the parentheses,

ﬁpm"“'q'a‘ are a symmetric function of z (depending only on |z|), and thus can be absorbed
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into the initial Sym(z;n,p, b, z*) term in the lemma statement. We slightly refactor each
binomial term as

n+xj n! ) x*
( ) T ail(n e —agyy)! (H(n+ h>> I[I (n—ai;+n)

Qi s
i+J h=1 h=z;+1

We thus need only consider the sum over ¢ of the product over j of the above expression.
The first term Wm does not depend on x so is by definition symmetric in x and
can be absorbed into the initial Sym(z;n,p,b,z*). The next term, [[,”,(n + k), when we
take its product over all j, becomes a symmetric function of x1, ...,z and can thus also be
absorbed into Sym(xz;n,p,b,x*). The final term becomes the last term in Equation 3, after

noting that n — a;4+; = n’ — b1, by definition of n', b. <

The only non-symmetric portion of Equation 3 is the expression inside the sum, which is

*

x

kK
ZH H (n' = bjti+h). (5)
i=1j=1h

1h=x;+1

Thus, when we compare traces from Del(x) versus Del(y) for sequences z,y that are
permutations of each other, it is this last term that will distinguish between them. We
now view this term as a polynomial in n’, and show that the high-order coefficients of
this polynomial can be expressed in terms of low-order cyclic statistics of z. Thus for two
sequences x,y with identical low-order cyclic statistics, we expect the distributions of Del(z)
versus Del(y) to have high-order terms in n’ that exactly cancel, leading to our main lower
bound.

» Lemma 30. Ezpression 5 when viewed as a polynomial in n' of degree L = 2521 x* -y,
for any m > 0 has ptmm coefficient that is a linear combination of degree < m cyclic
statistics of x, each multiplied by some symmetric function of x (possibly depending on

n7p7b7x*)'

Proof. Define S to be the set of pairs (j, h) such that j € [k] and h € {z; +1,...,2*},
where |S| = L as defined in the lemma. Thus the main expression of the lemma equals
PO [ nyes(n = bj4i + ). In particular, the coefficient of n'"~™ in this expression can
be found by multiplying the non-n’ parts of all combinations of m distinct terms:

k
o> (i=bji) e (h —bj40) (6)

i=1 distinct (j1,h1),
wos(mshm) €S

For each fixed i, this expression is a symmetric polynomial of the terms (h — b;4;) for
(j,h) € S, and we thus use Newton’s symmetric polynomial identities to conclude that we
may reexpress this expression for fixed 7 as a linear combination of products of “power
sums” of these terms; the power sum of degree ¢ is defined as Z(j,h)es(h —b;+4)". Namely,
Equation 6 can be expressed as some linear combination of the following expressions, where
4y ...,Ls are some positive integers that sum to m:

SII > (b ™)
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We break down the inner sum of this expression using the definition of S, and the binomial
expansion (across different powers t), as

Lr

S -t =33 () on zh

(§,h)eS Jj=11=0
For any exponent t, we consider the final sum as a degree ¢ 4+ 1 polynomial in z;, with
notation Ppyq(z;) := Y 5 _ z; 1’ Thus Equation 7 equals

Xk: ﬁ Xk: (f:)(—bi+jr)er_trptr+1(%»)

t1=0  ty=04=1r=1 \j,=1

We split the product by whether, for each r, we have t,. = £,., since when this is true the
expression simplifies significantly (note that we also move the sum over ¢ to the right, past
the first parenthetical, which does not depend on i):

£y £ k
S (I St (S X ()b Rt

t1=0 ts=0 \re[s]:it,=£, jr=1 i=1 re[s)it, <l jr=1

The first parenthetical is clearly a symmetric function of z1,...,z,. To analyze the second
expression, we apply a variable substitution in the inner sum, replacing j, with j,. — . For
any fixed tuple tq,...,ts, the last parenthetical equals

S X ()R

i=1 re[s]it, <t jr=1

We view the product as a polynomial in the variables x1_;, ..., xx—_;, which we denote as
Q(x1-i, ..., Tk—;); the degree of this polynomial is thus bounded by > ., _, (¢, + 1), which
is at most )¢, = m. Crucially, the sum over i now equals Zle Q(x1—4y...,x—;), which,
since we sum a degree m polynomial over all cyclic shifts of z1, ..., zg, is thus clearly a linear
combination of cyclic statistics of degree < m.

In conclusion, Equation 7 is thus a sum of cyclic statistics of = each time some symmetric
function of z. Thus, the coefficient of n’ E=min Equation 5, being a linear combination of
expressions of the form of Equation 7, is also a sum of cyclic statistics of x each time some
symmetric function of x, as desired. |

We now directly compare the probabilities of getting a certain trace a from Del(z) versus
Del(y).

» Lemma 31. Let x = 10"T%110" %2, 10" and y = 10"T¥1107" %2, . 10" ¥, Suppose
(z1,...,2k) @s a permutation of (y1,...,yr) and that the two sequences have matching
cyclic statistics up to some order z > 1. Let a = 10%110%---10%. Ifa; —n(l —p) €
[-Cv/nlogn,Cy/nlogn| for all j € [k] then for sufficiently large n,c depending on C, k, p,
and z* = max{xy,...,2} we have

Pripeyz)[ T = a]
Prngel(y)[g = CL]

€ {1 - (clogn/n)%l, 1+ (clogn/n)%
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Proof. As above, define b; = a; — n(1 — p) and define n’ = pn. Since z* upper bounds
x1,...,Tk, we have that z* upper bounds ¥1,...,y, too, since they are a permutation of
r1,...,2;. By Lemma 29, we have

k k x
Pr; peo| = a] = Sym(w;n,p,b,a*) > [ TI 0 =bji+h)

and the corresponding expression for y. Let Dy = Zle H?:r Hf;zjﬂ(n’ —bjyi+h)

and Dy = Zle H?:r Hz;yﬁl(n’ — bj+; + h). Because (y1,...,yx) is a permutation of
(z1,...,2k), we have
- k k z*
PriNDel(w)[x = a] Zz 1 Hj 1 Hh zj+1(n/ - bj+i + h) _ Dy D1 — Dy

- = — =1+
PI‘gNDel(y)[y = a] 21 1 H] 1 Hh y7+1( bj+7; + h) Do Doy

It remains only to show that DlD;Z)D? € { (clogn/n)= > , (clogn/n) 21]

Let L := ko™ — Z?Zl xj. Then Dy, Dy are both degree L polynomials in n’ with leading
coefficient k. For m > 1 we now bound the contribution of the terms of degree < L — m.
By assumption, each b; € [-Cy/nlogn,Cy/nlogn]; thus for ¢’ = C + z* and n > 2
we trivially have that | — b; + h| < C’/nlogn, for h € {1,...,2*}. Thus by definition
of Dy, Do, the contribution of the n'"~™ term to either D, or Dy has magnitude at most
k(rﬁ) (C”W)mn’Lﬂn. We bound ('rl?;) < L™, and also bound L < kx*. We use these
bounds to bound the contribution to D1 or Do of all terms of degree < L —min n': this is
bounded by the geometric series k>~ (kz*C’'v/nlogn)n’ L=t We choose n large enough

so that each term of this series is at most l of the previous term, namely, we choose n so

that l;gfn > 3’“”pc Because the ratio of terms is < 1 , the i = 0 term of the series is at least
twice as large as the sum of magnitudes the remalnlng terms combined, so that, since the
i = 0 term of Dy is k(n')*, we conclude that Dy > %kn’L. Second, the sum of the series

starting with the ¢ = m term has magnitude at most % times the ¢ = m term, namely,

. i —m kx* /21 =z
k> (ka*C'y/nlogn)'n'"~ g k(ka™ C'y/nlogn)™n' ™™ = gknw <<wc>gn>

p°n

i>m

We now invoke Lemma 30, which says that the n’ L=m coefficients of Dy, D5 respectively
are linear combinations of degree < m cyclic statistics of x,y respectively, times symmetric
functions of x,y respectively. The assumption that x,y are permutations of each other
means that all symmetric functions of x equal the corresponding symmetric functions of
y; the assumption that x,y have identical cyclic statistics up to order z further implies
that the n'“~™ coefficients of Dy, Dy must be identical for m < z. Thus we bound |D; —
Ds| by plugging in the bounds of the previous paragraph starting at the first nonzero

degree, m = z + 1: |Dy — Do < 2- 3kn b (%) = . Combining with our lower

2
bounds from above that Dy > %kn , and setting ¢ = 6%, we conclude LHD;;D? €

[ (clogn/n) = , (clogn/n) ;1} as desired. <

We use the following bound relating the Hellinger distance between pu,v to the TV distance
between t samples from p or v.

» Lemma 32 (Lemma A5 in [13]). Let p and v be probability measures with dg(u,v) < 1/2.

Then 1 — Dpy(pt,v') <e if t < glgi((lifsu))'
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» Lemma 33. Let x = 1072110722, 1072 gnd y = 10"TY110™1Y2...10" Y be two strings
where (x1,...x) and (yi,...,yx) are permutations of each other and have identical cyclic
statistics up to order z. Then any algorithm which distinguishes Del(x) from Del(y) with
probability 2 requires Q(n*t/log® ™ n) samples.

Proof. Let pg represent Del(x) conditioned on deleting only Os; with v defined correspond-
ingly for Del(y). The distributions pg, v are only supported on traces that are cyclic shifts
of a = 10%110% - .- 10%*, for some gaps ay, ..., ak.

As above, define b; = a; —n(1 — p). We point out that, by a standard Chernoff bound, we
have b; € [-C+/nlogn, Cy/nlogn| with probability at least 1 —n~(*+190) for some universal
constant C' (assuming z is a constant).

Combining Lemma 31 with this Chernoff bound yields the following bound on the Hellinger
distance between pg and vg:

a2 (o, vo) = Z (\/Ho(loal...lO%)—\/1/0(10a1...10“k))2

al,...,a)
1 2
= 1- pf)k Z (\/Pra’NDel(z) [ =a] — \/Pra/NDel(y) [a" = a])
Alyeny ag
2
e~ (3+100) 1 , Pra’wDel(gc)[a/ = a)
< + Pr, . a =alll-
(1—p)* (1—p)k " Eke Del(y) | | Pro pei(y)|d = d

[n(1—p)—C+/nlogn,n(l—p)+C+/nlogn]
-0 log*ttn
- nz+1

We can generate a sample from Del(x) by first sampling from pg and then passing the
sample through a second channel which deletes only 1s (and similarly for Del(y) and vyp).
By the data processing inequality, the second channel cannot increase the Hellinger distance

between 1o and vy, so we have dy(Del(z), Del(y)) < dg(po, o) = O (loiilln) Applying

n?

%) traces to distinguish x from y with

Lemma 32, we conclude that one requires €2 (1ogz

constant success probability. |

Finally, we provide two strings that have identical cyclic statistics up to 4-th or-
der, and whose gaps are permutations of each other. They are the sequence x(j) =
(0,2,3,2,1,1,1,1,2,3,2,0) and the sequence y(;y = 3 — x(j). Thus, distinguishing these

. . 5
two strings requires Q(lo’g’—dn) traces.
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