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—— Abstract

In this work, we consider “decision” variants of a well-known monogamy-of-entanglement game by
Tomamichel, Fehr, Kaniewski, and Wehner [New Journal of Physics '13]. In its original “search”
variant, Alice prepares a (possibly entangled) state on registers ABC; register A, consisting of n
qubits, is sent to a Referee, while B and C are sent to Bob and Charlie; the Referee then measures
each qubit in the standard or Hadamard basis (chosen uniformly at random). The basis choices are

sent to Bob and Charlie, whose goal is to simultaneously guess the Referee’s n-bit measurement

§

a perfect parallel repetition theorem. We consider the following “decision” variants of this game:
Variant 1, “XOR repetition”: Bob and Charlie’s goal is to guess the XOR of all the bits of

z. Ananth et al. [Asiacrypt '24] conjectured that the optimal advantage over random guessing

outcome string z. Tomamichel et al. show that the optimal winning probability is cos®” (Z), following

decays exponentially in n. Surprisingly, we show that this conjecture is false, and, in fact, there
is no decay at all: there exists a strategy that wins with probability cos? (%) = 0.85 for any n.
Moreover, this strategy does not involve any entanglement between Alice, Bob, and Charlie!
Variant 2, “Goldreich-Levin”: The Referee additionally samples a uniformly random n-bit string
r that is sent to Bob and Charlie along with the basis choices. Their goal is to guess the parity
of r-x. We show that the optimal advantage over random guessing decays exponentially in n for
the restricted class of adversaries that do not share entanglement. A similar result was already
shown by Champion et al. and Cakan et al.; we give a more direct proof.
Showing that Variant 2 is “secure” (i.e., that the optimal winning probability is exponentially
close to %) against general adversaries would imply the existence of an information-theoretically
“unclonable bit”. We put forward a reasonably concrete conjecture that is equivalent to the general
security of Variant 2.
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1 Introduction

Monogamy of entanglement is a fundamental property of quantum information that captures
the inability of a quantum system to be maximally entangled with two systems at once.
This property is often studied through the framework of monogamy-of-entanglement games
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(or monogamy games, for short), in which it manifests as a non-trivial upper bound on the
winning probability. Monogamy games have found many applications throughout quantum
cryptography, including some of the first proofs of security of quantum key distribution (via
uncertainty relations) [12, 14], as well as in position verification [13], unclonable encryption [7],
and copy-protection [10, 11]. In a monogamy game, Alice prepares a state pagc, where
register A consists of some fixed number n of qubits, while B and C can be of arbitrary
dimension; she sends A to the Referee, and B and C to her teammates Bob and Charlie
respectively; the Referee performs a measurement on A, sampled from a known family of
possible measurements, obtaining some outcome z; the Referee reveals the measurement
choice to both Bob and Charlie, whose goal is to simultaneously guess the measurement
outcome x (without communicating with each other).

In the simplest monogamy game, Alice sends a single qubit to the Referee, who measures
it in either the standard or the Hadamard basis, chosen uniformly at random. It turns
out that the optimal strategy for this game does not require any entanglement across the
three registers: Alice simply sends the state cos g [0) + sin T [1) to the Referee, and Bob
and Charlie deterministically guess 0. It is easy to see that this strategy achieves a winning
probability of cos?(%).

In [13], Tomamichel et al. consider the parallel repetition of this game, i.e. A is an n-qubit
register, the referee samples measurement bases independently and uniformly at random
for each qubit, and Bob and Charlie are required to guess the entire n-bit outcome string.
They show that the optimal winning probability follows a perfect parallel repetition theorem,
i.e. it not only decays exponentially in n, but it is exactly coszn(%). This result has found
several applications throughout quantum cryptography.

Despite the importance of monogamy games, we still lack the answer to some seemingly
basic questions. One example is the following. The monogamy game from Tomamichel et
al. [13] can be thought of as a search-based game, where the goal is to guess the entirety of
the measurement outcome string x. Does a “search-to-decision” reduction exist? In other
words, is there a way to transform a search-based monogamy game with exponentially small
winning probability into a decision-based game, where Alice and Bob need to guess only a
single bit, in such a way that the advantage is still exponentially small (over %)’7 The answer
to this question is not known. In fact, it is not known whether a decision-based game with
this property exists at all. Thus, in this work, we are motivated by the following question:

Does there exist a decision-based monogamy-of-entanglement game where the optimal
winning probability is exponentially close to % (in the number of qubits n)?

This state of affairs is, in a way, made even more unsatisfying by the fact that we know
of candidates that plausibly satisfy the desired property, but we are missing a proof. An
affirmative answer to this question would immediately imply the existence of an “unclonable
bit”: an information-theoretically secure unclonable encryption scheme for a single bit. More
precisely, the latter notion, put forward by Broadbent and Lord [7], refers to a (private-key)
encryption scheme with quantum ciphertexts that satisfies the following property: it is
impossible for an adversary to process a ciphertext into two parts, each of which allows
recovery of the plaintext given the secret key. Existing unclonable encryption schemes either
satisfy a weaker search-based notion of security [7, 2], or are only proven secure in the random
oracle model [3, 4]. Finding a provably-secure unclonable encryption scheme that satisfies
the gold standard of “indistinguishability”-based security in the plain model remains elusive.
Botteron et al. [6] propose a candidate that they prove has exponentially decaying advantage
up to certain constant values of n based on the NPA hierarchy. In exciting recent work [5],
Bhattacharyya and Culf get close to the goal, by describing a scheme that provably achieves
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inverse-polynomial indistinguishability-based security (just short of the desired negligible
security). They do this by describing a “decision”-based monogamy game where the optimal
winning probability is inverse-polynomially close to % Given how fundamental the primitive
of an “unclonable bit” appears to be, its connection to monogamy games, and the number of
attempts in recent years, the problem of constructing it has arguably earned its place among
the most interesting open questions in quantum cryptography.

1.1  OQOur contributions

We consider the following “decision” variants of the [13] monogamy-of-entanglement game,
and show the following results.

Variant 1 (“XOR repetition”). This is analogous to the game described at the start, except
that Bob and Charlie’s goal is to guess the XOR of all the bits of  (rather than the entire
string ). A bit more precisely, Alice prepares a state pagc, where register A consists of n
qubits; she sends A to the Referee, and B and C to Bob and Charlie respectively; the Referee
measures each of the n qubits in the standard or Hadamard basis (chosen independently and
uniformly at random) - denote this choice by a string 6 € {0,1}"; Bob and Charlie, upon
receiving 0, must guess the XOR of all the bits of x.

The trivial strategy, where Bob and Charlie guess the same uniformly random bit, achieves
a winning probability of % Ananth et al. [1] conjectured that the optimal advantage over %
decays exponentially in n.! Surprisingly, we show that there is no decay at all: there exists
a strategy that wins with probability cos? (%) =~ 0.85 for any n. Moreover, this strategy
does not involve any entanglement between Alice, Bob, and Charlie! The strategy takes the
following simple form: Alice sends a n-qubit pure state |1} to the Referee, and sends nothing
to Bob and Charlie; upon receiving 6, Bob and Charlie return a deterministic guess (which
is a fixed function of §). We find this quite remarkable: there exists a fixed n-qubit state |1/}
(in fact, as we will see, an orthonormal basis of states of this kind) such that, no matter what
the string of basis choices 6 is, the XOR of the n measurement outcomes is “COSZ(%)-biaSGd”
towards either 0 or 1 (which of the two values the XOR is biased towards may depend on 6).

» Theorem 1 (informal). For any n, the optimal winning probability in the “XOR repetition”
game (Variant 1) is cos®(%). Moreover, there is an optimal strategy where pagc is such that
A is unentangled with BC.

Variant 2 (“Goldreich-Levin style”). This is analogous to the above, except that the
Referee additionally samples a uniformly random n-bit string r that is sent to Bob and
Charlie along with the basis choices. Their goal is to guess the parity of r - z.

We show that the optimal advantage over % decays exponentially for strategies that do
not involve any entanglement between Alice, Bob, and Charlie. A similar result was already
shown in [9, 8], but we give a more direct proof.?

! This was also the guess of one of the authors of [13] in an email correspondence over five years ago.

2 Technically, [9, 8] consider the closely-related notion of "unclonability” (or “no-telegraphing”) games
rather than monogamy games. A proof of security for a monogamy game implies security of the
corresponding "unclonability” game. While it is possible the reverse is also true, this equivalence is not
known.
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» Theorem 2 (informal). For any n, the optimal winning probability in the “Goldreich-Levin
style” game (Variant 2) is at most % + 0.93™ for strategies where pagc ©s such that A is
unentangled with BC.

As a byproduct of our more direct analysis, we arrive at a somewhat concrete conjecture
(Conjecture 8) that is equivalent to an exponential decay even against general strategies. For
further details, see Section 5.2.

2 Notation

For strings x,0 € {0,1}", we denote |2%) = Ricin] |2%), where [0%) and |1%) are
respectively the +1 and —1 eigenvectors of Pauli Z (if 6; = 0) and of Pauli X (if 6, = 1).
We write |0Y) = % |0) + ﬁ 1) and 1Y) = % |0y — ﬁ |1). These are respectively
the 41 eigenvectors of Pauli Y. For a string y € {0,1}", we use the notation |y¥) =
|(y1)Y)® - ®@|(yn)Y). Moreover, we write  to denote the string obtained by flipping
all of the bits of y.

For x € {0,1}"™, we write parity(z) to denote the XOR of all the bits of z.

3 The “XOR repetition” monogamy-of-entanglement game

We counsider the following game XORMonogamy(n), parametrized by some n € N.

Alice prepares a state pagc on registers ABC, where A is an n-qubit register, and B and C
are of arbitrary dimension. Alice sends A to the referee, and B and C to Bob and Charlie
respectively.

Referee samples 6 < {0,1}", and measures in the basis {|z%)},c(0,137-

Bob and Charlie both receive 6. They also respectively receive registers B and C. Bob
and Charlie output bits b and b’ respectively (by performing local operations on their
registers).

The game is won if b = b’ = parity(x), where the latter denotes the XOR of all the bits
of x.

Optimal strategy for n =1

When n = 1, there is a well-known strategy achieving a winning probability of cosz(g) ~ 0.85:
Alice sends to the referee the single-qubit state |¢) = cos(F)[0) +sin(F) [1), and nothing to
Bob and Charlie (i.e. B, C are empty). It is straightforward to see that, regardless of whether
the Referee measures in the standard or Hadamard basis, the probability of outcome 0 is
COSQ(%). Thus, Bob and Charlie can always guess 0, and win with probability cosz(%)‘ This
strategy turns out to be optimal.

There are three more optimal strategies that do not use entanglement, corresponding to
the states [¢)) = cos(a) [0) + sin(a) |1) for a = 3T, 5T ‘and —%. For each of these states, and
for each choice of basis 6 € {0,1}, there is one outcome that occurs with probability cos®(%).
Thus, Bob and Charlie, who receive 6, can again win with probability cos?(%) by guessing
that outcome.

3.1 Strategies achieving cos?(g) for general n

In this section and the next, we prove Theorem 1, namely that the optimal winning probability
(over any quantum strategies) in the game XORMonogamy(n) is cos*(%) for any n, and that
the optimal strategy is in fact semi-classical (i.e. Bob and Charlie are unentangled with
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Alice, and they answer deterministically). We start by giving an informal description of the
optimal strategy, and why it achieves a winning probability of cos ( ). We then describe
the family of optimal strategies formally in Theorem 3, and provide a formal proof that this
family achieves cos ( ). We argue optimality in Section 3.2.

One might naturally expect an exponential decay of the advantage over random guessing.

Surprisingly, there is no decay at all: the optimal strategy achieves the same winning
probability as in the n = 1 case (i.e. cos*(%)). The starting point to understand the
optimal strategy is to notice first that, up to a global phase, the optimal single-qubit state
cos (§ ) |0) +sin (§) 1) is equal to the state

oY)+ —eiE 1Y

S0+ et i)

where recall that |0Y) = f |0) + \/5 1) and |1Y) = f |0) — \}5 |1) are respectively the £1
eigenvectors of Pauli Y. Now, consider the following n-qubit generalization of this state:

) = 25 011"+ e I
The claim is that |¢) is optimal. Note that this means that i) has quite a remarkable
property: for all basis choices 6§ € {0,1}", the XOR of the n measurement outcomes is
“cos?(%)-biased” towards either 0 or 1 (depending on 6), i.e. there is one particular value that
the XOR takes with probability cos?(%).

A bit informally, the following is the reason why the claim is true. For any 6 € {0,1}",
let Xy denote the observable corresponding to taking the XOR of the outcomes from a
measurement in the basis . Then, consider the two-dimensional subspace

S = span{[0¥) """, 11")¥"} .

Observe crucially that S is invariant under the action of Xy (this is because the latter is a
tensor product of single-qubit Pauli X and Z - so applying Xy flips |OY>®" to |1Y)®"
viceversa, up to a global phase). Now consider the isomorphism between S and C? such that
|OY>®n — [0Y) and |1Y>®" + [1Y). Then, this isomorphism must map Xy to either X or Z,
since Xy is the observable that flips \OY>®H |1Y>®" and vice versa, up to a phase. Thus,
overall, the isomorphism maps [¢) to the optimal single-qubit state cos(g)[0) +sin(F)[1),
and it maps Xy to either X or Z, i.e. to either a standard or Hadamard basis measurement,
both of which are cos?(%)-biased. It turns out that there is not only one optimal state 1)),
but 2"t such states, which form two orthonormal bases.

Recall that, for a string y € {0,1}", we use the notation [y¥) = |(11)¥) @ -+ @ |(yn)Y)
(where |0Y) and [1Y) are the eigenvectors of Pauli ), and we write § to denote the string
obtained by flipping all of the bits of y. Moreover, recall that parity(z) denotes the XOR of
all the bits of z.

and

» Theorem 3 (Optimal strategies for the XOR monogamy-of-entanglement game). For any
y € {0, 1}" let

1

where the notation is deﬁned right before this theorem. Then, for all 0 € {0,1}"™, the following
holds: with probability COSQ(g) ~ 0.853 over performing a measurement of |p,) in the 6 basis,
the outcome string x is such that parity(z) is

y-0 mod 2 if|#|=0,1 mod4 (1)
y-0+1 mod 2 if |#]=2,3 mod 4’

41:5
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Moreover, let

_ L

) = i )

% iy
— —e¢ 4
Vﬂy> 7 |y
Then, for all§ € {0,1}™, the following holds: with probability cosz(g) ~ 0.853 over performing
a measurement of |p,) in the 6 basis, the outcome string x is such that parity(zx) is

-0 mod 2 if |0 =0,3 mod 4

y-0+1 mod 2 if|f]=1,2 mod 4’

Proof. We will show first that the above holds for the states |¢,) = % lyY) + %ei% ly¥).
The proof for the states [¢,) = % lyY) — %e’% |yY) is similar.

Define Y = (=1)¥Y @ I where y; is the first bit of y. Then, for any 6 € {0,1}",
define Xg =Wy, @ --- @ Wy

Zif 6, =0
W, =
Xifg, =1

where

n)

Notice that observable Xy “measures” exactly the parity of the outcome string resulting
from a measurement in the basis 6. This is because the eigenvectors of Xy are precisely the
states |2?), with eigenvalue +1 if parity(z) = 0, and —1 if parity(z) = 1. Thus, for any state
|y, Tr |:X9 ) <w|} is the expectation of parity(z), where x is the outcome obtained from

measuring [¢) in the basis 6.
Now, consider the two-dimensional subspace

S =span{ly”), 17"}

Notice that S is invariant under both ¥ and Xy. This is because |y¥), |7¥) are respectively
+1 and —1 eigenvectors of Y, and moreover

Xoly¥) = (=1)»7- il |y") 3)

Xoly") = (=177l yY) (4)
where the phase arises from the different action that the (single-qubit) Z and X have on the
eigenvectors of Y.

We now consider the restrictions of Y and )Z'g to subspace S. Denote these by }7\ s and
Xols. Since |p,) = % lyY) + %ei% |g¥) € S, we have

Te[ o loy) (ol | = Tr[Kols o) (] ] - (5)

Consider the isomorphism U : S — C? such that U |yY) = |0Y) and U |y¥) = [1Y) (this is
an isomorphism since it preserves inner products). Then,

1 1 .
Ulpy) = NG 10¥) + ﬁe“ 1Y), and (6)
UY|sUt =Y, (7)

where the latter follows from the fact that, by the definition of Y, [y¥) and |5Y) are
respectively the 4+1 and —1 eigenvectors of Y|s. Now, what is U Xg|sU'? This depends on
the parity of y - # and the value of || mod 4.
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When |0] =0 mod 4, Equations (3) and (4) become
Xoly¥) = (~1)"* |
Xolg") = (1" ") = (=1)" " |y") .
where the last equality is because y-0 =y -0+ 1" -0 =y -0, since [#| =0 mod 4 (and

hence also mod 2). This implies that UXy|sUT = (—1)¥"Z, since Z is the unique linear
operator mapping |[0Y) to [1¥), and 1Y) to |0Y). Combining this with (5) and (6), this

implies
Te [ Ko ly) (el | = Tr[ Kols liey) il (8)
= (-1 | Z |6) (@], (9)
where [¢) = \OY) f % ]1Y). Thus, measuring observable on Xy on |¢,) gives

identical statlstlcs as measuring observable (—1)¥"Z on |#). Crucially, notice that, up to
a global phase, |¢) = cos g |0) +sin § [1), which is the state that yields an optimal attack
in the single-qubit monogamy game. Thus, when performing a measurement in the basis
6 on state |¢,), the probability that parity(z) = 0, where z is the measurement outcome,
is precisely

1T (B loy) (ol | 1+ (—1PTe[Z16) (0]

2 2

The latter is equal to cos? g when y-6 =0 mod 2, and 1— cos? g When y-6 =1 mod 2.
When || =1 mod 4, Equatlons (3) and (4) become

Xoly") = (=1)"7%|5")
Xolg") = —(=1)"%ily") .
This implies that UXy|sUT = (=1)¥®X. Thus, the probability that parity(z) = 0 is

LT [Zolo) (o] 1+ (70T [X 16) (0]
2 B 2 '

The latter is equal to cos? S wheny-0 =0 mod 2, and 1 — cos? g wheny-0 =1 mod 2.
When |0] =2 mod 4, Equations (3) and (4) become

Xoly") = (=) g")
Xolg") = (=) y") .

This implies that UXy|sUT = (=1)¥9+1Z. Thus, the probability that parity(z) = 0 is

1T ley) oyl | 1+ (12T 2 10) (9]
2 - 2 '

The latter is equal to cos? S wheny-0=1 mod 2, and 1 — cos? g wheny-0 =0 mod 2.
When |f] =3 mod 4, Equations (3) and (4) become

Xoly") = (=) i|g")
Xolg") = (=1 " ilyY) .

ITCS 2026
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This implies that UXy|sUT = (1)1 X. Thus, the probability that parity(z) = 0 is

LT[ ley) oyl | 1+ (C1P T X [0) (0

2 2

The latter is equal to cos® & when -6 =1 mod 2, and 1 —cos® £ when y-6 =0 mod 2.

Putting things together, since the above holds for any 6,y € {0,1}", we get the statement of
the theorem. Note that in this argument it is crucial that the operator Y is independent of
6, and so it is the same state |p,) that satisfies the desired property for all 6.

The statement for the states |¢,) = % ly¥) — %e’% |yY') is proven similarly, with the
difference that the same isomorphism U (defined right before Equation 6) now maps [y,) to
% |0Y) — %ei% |1¥), which is equal to sin Z |0) — cos Z |1) up to a global phase. The latter
is another optimal state for a single-qubit strategy. |

Notice that the 2" 1! states in {|¢,)} and {|¢,)} form two orthonormal bases, each comprising
half of the states from each family.

» Remark 4. Note that the families of strategies described here cannot be lifted to the game
where the challenger additionally samples a uniformly random r € {0,1}™ (which is revealed
to Bob and Charlie together with 6), and Bob and Charlie have to guess r - 6. The step in
the above argument that one cannot get to work is to argue that the subspace S is invariant
under )N(g. This is because one now needs to consider the operator )?977., defined analogously
to X except that it acts trivially at all locations where r is 0. However, notice that now
X, |y¥) = |(y®r)Y), up to a global phase. Since r can be any string, one cannot find a
fixed 2-dimensional subspace that is invariant under all )?97,« and Y. In fact, as we prove
in Theorem 7, the optimal winning probability at this game is exponentially close to % (for
semi-classical strategies).

» Remark 5. There is a symmetry that allows one to derive the “optimal states” {|¢,)} and
{|1y)} assuming one just knows that |pgn) is optimal. The symmetry is the following: for
any a,b € {0,1}", the set of states {|z%) : x,0 € {0,1}"} is invariant, up to global phases,
under the action of X%Z°. Thus, since the state |¢gn) satisfies the property of Theorem 3,
XaZ"|pon) must also satisfy it, up to modifying the function that predicts the most likely
parity outcome. A straightforward calculation then shows that the most likely parity outcome
is as in (1).

» Remark 6. The 2"*! optimal states {|¢,)} and {|¢),)} are actually the only ones. While we
do not provide a proof here, this can be shown with some work starting from the expressions
derived in Sections 5.1 and 5.3 (specialized to the case of r = 1™ and semi-classical strategies).

3.2 Proof of optimality

The fact that no strategy (even fully quantum) can achieve a higher winning probability
than cosz(%) in XORMonogamy(n), for any n, follows straightforwardly from the fact that
cos? (%) is optimal for XORMonogamy(1), i.e. the original game of [13] when n = 1 (note that
when n = 1, guessing the parity of a string is equivalent to guessing the entire string so the
two games coincide).

Formally, suppose for a contradiction there was a strategy S for XORMonogamy(n)
winning with probability p > COSQ(%). Let pagc be the state used by this strategy, where

A is an n-qubit register. We will construct a strategy for XORMonogamy(1) winning with
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the same probability p. The strategy is simple. In short, Alice creates the state pagc for
strategy S, and sends only the first qubit of A to the referee; she simulates the actions of the
referee on the remaining n — 1 qubits. More formally:

Alice creates papc (the state used by strategy S for XORMonogamy(n), where A is an
n-qubit register). She sends only the first qubit A; to the referee (she keeps the other
n — 1 qubits As...y). For ¢ € {2,...,n}, Alice samples 6; < {0, 1} uniformly at random
and measures register A; in the basis corresponding to 6;. Denote the outcome by z;.
Alice sends the concatenations 6s]| - - - ||0,, and za|| - - - ||z, to both Bob and Charlie, along
with registers B to Bob, and C to Charlie.

The referee for XORMonogamy(1) samples 61 < {0, 1} uniformly at random, and measures
register A; in the basis corresponding to #,. Denote the outcome by x;.

Bob and Charlie receive 61 from the referee (as well as s||---||0,, z2|| - ||zn, and
registers B and C respectively from Alice). Let 6 = 6;]|---||0,,. Bob measures register
B according to “Bob” in strategy S on input 6. Let b be the outcome. Bob returns
b=b To @ -+ @B x,. Similarly, Charlie measures register C according to “Charlie” in
strategy S on input 6. Let b’ be the outcome. Charlie returns V=t ®ro®  ®p.

Since strategy S succeeds with probability p > COS2(%) in XORMonogamy(n), the strategy

above is such that b = b =z, ® - @ x, with probability p. This implies that we have
b =10 = z; with probability p, which is a contradiction.

4 The “Goldreich-Levin style” monogamy-of-entanglement game

We consider the following game GLMonogamy(n), parametrized by some n € N.

Alice prepares a state pagc on registers ABC, where A is an n-qubit register, and B and
C are of arbitrary dimension. Alice sends A to the referee.

Referee samples 6,7 < {0,1}", and measures in basis {|2”)},e(0,1}7-

Bob and Charlie both receive § and r. They also respectively receive registers B and C.
Bob and Charlie output bits b and b’ respectively.

The game is won if b= =r -2 mod 2.

We now describe the general form of a strategy in GLMonogamy(n), as well as corresponding
expressions for the optimal winning probability.

Fully quantum strategies

A fully quantum strategy for Alice, Bob, and Charlie is specified by a state |v)yg¢ (this can
be taken to be pure without loss of generality), and families of projective measurements

{{P07. P{"}:0,r € {013}
on register B, and
{{@07.Qy 0. e 0,1y}
on register C, where {P" P?"} is the measurement that Bob performs on B upon receiving

0,r, and similarly {Q", Q%"} for Charlie on C.

ITCS 2026
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Optimal winning probability

For 0,r € {0,1}", define the projection

mr =37 3 k) e P 0 Q) (10)

b x:r-x=b

Note that, for a strategy specified by a state |v) zgc, and projections {Pbe’r} on B, and {Q(Z’T}
on C, its winning probability is precisely

E [0 o) | = (o] E T Jo) .

Thus, the optimal winning probability in GLMonogamy(n) is

Popt(n) = max (W ET®" |v) =  max  max (v| E %" |v) . (11)
AR QT O (P)7rAQy™y o) O

We will at first restrict our attention to “semi-classical” strategies, defined as follows.

“Semi-classical” strategies

Using the notation introduced above to describe general strategies, we say that a strategy
is “semi-classical” if |v) \gc = |u)p ® |W)gc, for some |u), and |w)ge, and, moreover, for all
6,7, it holds that Pg’T7P19’T € {0g, Iz} and Qg’r, f’r € {0c, Ic}. In words, Bob and Charlie
both return the output of a deterministic function of # and r. Without loss of generality, we
can assume that they answer according to the same deterministic function of 6 and r (this is
because a strategy where Alice and Bob answer using different functions performs at most as
well as the strategy where they both answer according to Alice’s function). Therefore, for
any “semi-classical” strategy, there exists some function ¢ such that

0 0
Py = Q" = 0p—cioir) - -
In this note, we prove the following.

» Theorem 7. The optimal winning probability in GLMonogamy(n) for semi-classical
strategies is at most

1
- +0.93".
5 +

This theorem is proved in Section 5.

5 Security against “semi-classical” strategies

The first part of the proof (Section 5.1) applies to general strategies. In particular, Conjecture
8, which we state at the end of Subsection 5.1, is equivalent to the winning probability in
GLMonogamy(n) being exponentially close to % for all fully quantum strategies.

In the second part (Section 5.3), we restrict our attention to “semi-classical” strategies, and
we complete the proof of Theorem 7. The distinction between the game XORMonogamy(n)
(whose optimal winning is cos*(%) from Theorem 3) and GLMonogamy(n) becomes clear
here, as it enables the use of Parseval’s identity at the right time to bound the operator norm
of a certain operator.
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5.1 Rewriting the optimal winning probability
From Equation (11), our goal is to bound

Popt(n) =  max  max (v| E I |v) | (12)
(B pAQyy Iy O

where TI7 = 57, " |2 (2| @ P/ @ QU and |v) is a normalized state.
For the rest of this subsection, we will fix some {Pbe’r} and {Qg’r}. Let |v) =
> ik ik ) a k) Let vy = (v Eq,r %" [v). Then,

Yo = Z Qik * Q1 YVigkl s
i,k,3,1
where ;i1 = (i (klgc Eo,r 1O7 [§) 4 [)gc - We now proceed to compute simpler expressions
for the «;;jx. We first introduce some notation.
Notation

For an operator A, we use write || A|| to denote its operator norm. For a given 6 € {0,1}",
we use the notation C = {i:60; =0}, and H = {i : ; = 1}. For a string « € {0,1}", and a
subset S C [n], we write zg to denote the sub-string of = corresponding to indices in C'.

Fix some 1, j, k,l. We have

vignt = B (il (KT [7) D)

=EY X (Gllah) @1l (kBT 2 Q)T I
b xmrez=b
1 en-(ig®j r r
=E> o S (1) nsin (k) BT e QT )
b To=ic=jc
T THTH=TC ic®b
1 xp-(i j T T
=E> g biemic Do (P BT 0 QR (13)

o,r .
b TH: TH-TH=TC tcDb

We can simplify the above expression further thanks to the following lemma.

» Lemma 1. Let N € N. Let r,u € {0,1}" with r # 0V, and let b € {0,1}. Then,

ON=14f 4y = N

> ()T = N (b ifu =1

z€{0,1}N: r-a=b 0 otherwise

Proof. The first two cases are easy to verify directly. We prove the last case, namely that

2ore{0 3N ramp(—1)T =0if u ¢ {0V, 7}. Let v € {0,1}" be any string such that r - v = b.

Then, notice that the set {x : -2 = b} is equal to the set {z' + v : r- 2’ = 0}. Thus,
Z (_1)a:~u — Z (_1)(x/+v)~u
z€{0,1}N: r-z=b z/€{0,1}V: r-z'=0

D D (S

2/ €{0,1}N: r-a’=0

It is straightforward to verify that the latter is non-zero if and only if u is orthogonal to the
subspace S = {2’ : r - 2’ = 0}. Notice that S is (N — 1)-dimensional, and so S+ must be
I-dimensional. Thus, it is exactly St = {0V, 7}, as desired. <
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Before applying Lemma 1 to Equation (13), it will be convenient for us “restrict” our analysis
to the uniform distribution on (6, r) conditioned on (6,r) € S, where

S={@,r):|H >1 A ryg#0H}, (14)

This is convenient because it helps ensure that the hypothesis of Lemma 1 is satisfied, and
leads to a simpler expression. Now, notice, that

(10,1} x {0,13")\ S = {(6,7) : [H]| =0 Vv (|[H|>1 A ryg =0")}.

Moreover,

(O,r): [H| =0 v (JH|>1 A rH—oH)}—Z(Z> _on.

k=1
Thus,
22n _9n

So, the restriction to (6,7) € S has only a negligible effect: more precisely, going back to
the expression (12) that we are trying to bound, notice that, for any state |v) g (and any

(P} AQY),
(o] ETI*" Jo) = Pr[(6,r) € S]- (] E 1”7 o)

T

[(8,m)€S
+££[(97T)¢S}-<v| E %" o)
(6,r)¢8
<@ E " vy + 27" (15)

(0,m€eS

(where the last line is by the fact that TI%" is a projection and so E o,r 197 has operator
:(0,r)¢S
norm at most 1). Similarly, we have

(v] gETHG’T [v)y > (v] QH% " o) — 27", (16)
’ (6,1)€S

Thus, from here on, we will focus on bounding

max (v] E II%7 |o) .
[V} ac T
(8,r)es

As before, for most of the rest of the proof, we will fix some arbitrary families of projections
{PY"} on B and {Q!"} on C.
Now, define

Yijkt = (il a (klgc ;ET 1 PN
(0,1)€S

(i.e. Yijr is defined analogously as v;;x; except that the expectation is taken over (6,r) € S).
With an analogous calculation as for v;;x; (just replacing the distribution that we are taking
the expectation over), we obtain

~ 1 z-(i 1 o,r 0,r
G = B D gmmbiemic >, (GO kBT e QT

(0,r)ES b TH: rH-TH=TC 1c Db
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Applying Lemma 1, we get

~ 1 - ro-t 0,1 0,7
Yijkl = 0E7 olH]| L2l '6’ic:jc : (6iH:jH + 6’iH:J'HEB’I'H ' (_1) © CEDb) : <k| Pb & Qb |l>
(6,mes b
1 ro-i g,r 0,r
= B (ims + gmtoonn (17O - (BT 0 @ )
(0,r)es P
1 o,r o,r
=50 (K E Y RTeQ (17)
(6,mes b
1 re-i 6,r o,r
F2OE bjeenn - (7 (DB 0 Q07 ) (18)
(6,1)€S b

~(1) ~(2)
Vijit T Vijk o

where ﬁz(;,il equals the expression in line (17), and %(fgl equals the expression in line (18).

Now, let [v) = >, | cik [i)p |k)gc. Then, notice that

W BTl = 37 @ g gk Y T g (19)
(0,1)€S iK1 ikl
Crucially, observe now that
> @ oAl = WO )
ik, 5,0
where
1 I T
WO =_IoEY B o).
b
Observe also that
> @i oA = W)
ik,j,l
where
1 N
W = S (e My, (20)
,J
and
1 rei 0,r o,r
M; ;= 9 OET 5i:jea(ocrH) S(=1)rete Z(_l)bpb Q" . (21)
(0,1)€S b
Plugging these into Equation (19), we have
(W E T o) = (v] WO o) + (| W o) . (22)

(0,meS

Now, recall that we wish to show that

1
Popt(n) = H|13>X (v] eE mner lv) < B +€(n),

ITCS 2026
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for some exponentially small function e. By Equations (15), (16), and (22), this is equivalent
to showing

1
ma (v W fo) + (| W o) < 5+ (),

for some exponentially small function e.
Let |v) be an arbitrary vector. We can write [v) = >, i) [vs)gc, for some un-normalized
vectors |v;) (that are not necessarily orthogonal), such that >, || |v;) |*> = 1. Then,

1 o,r 6,r 6,r 0,r
@I = (570 SR 0 QL v = B, 5 (il B 0 Q" ) (23)

We will now derive a similar expression for (v| W) |v). Recall the expression for W) from
(20) and (21). For convenience, we rewrite W(?) as

W= 3N i) (ioAl®Ma,
i,A€{0,1}m

where

1 re-t 6,r o,r
Mi A = Mm@A = 5 GE 5A:Oc7'H : (*1) ote Z(*l)bpb b2y Qb7 .

)
T

(8,1)€S b
We can further rewrite
N 1 . . ,
Mia=5 > Pr (0] (-1 Y (-1)'F) 0 Q" (24)
o' (0,1)eS b
:A:OCT'H

where we are using the shorthand notation

Pr 0= Pr [(0.6)=(0.0").
(0,)€S [(0,7)€S

We will keep using similar notation from here on.
For some fixed 6’,r’, we have the following:

_ Prg, [(0,r) = (0',7") A (0,7) € 5]
0r Pro..[(6,7) € 5]

As we have calculated earlier, Pry ,.[(8,7) € S] =1 — 27", Thus, we have

ron 1 . gl
££ [9,7“]—71727n gf[(e,r)—(Q,r)/\(Q,r)ES]
(0,r)eS

= (1+46(n)) -571:[(977“) =(0,7") A (0,r) € S].

where, for convenience of notation, we have defined §(n) = % Now, note that

Pro.[0/,7'] if (¢/,7) € S

Ef[wﬂ") =(0,7") A (0,7) € S] = {O if (6,7) ¢ S
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So,

NS
(0,r)€S

0 i@, )¢S

Substituting the latter into Equation (24) and simplifying (as well as dropping the prime
superscripts on 6’ and '), we obtain

AT 1 —2n r-i b po,r 0,r
Mia=73-2 (14 6(n Z Z crictb pir e QYT

A= OcTH

Now, again, consider an arbitrary vector |v) = >, [i) 5 |[vi)gc, for some un-normalized vectors
|v;). We have

(W W® ) = Z (03] My a [viga)

i, A
1 —2n rc-t T T
=5 27 (LH0m) D] D0 DD (i BT @ Q) visa)
i,A 6,r b
:A:OcT‘H
1 T T
=527 (14 3m) DT (e il BT © Q) loieioer)
i,0,r,b

= (1 +5 Eerbz( 1 retieth 1|P07 ®Qb |Uz@(UCTH)>

< By 2011 | B 9 Q5 )+ (), (26)

where the last line follows by a triangle inequality and Cauchy-Schwarz (and the fact that
> llvi) [|> = 1). By an analogous calculation, we also have the lower bound

)) —d(n) (27)

(0l W o) > Eg Y (=1)7H (oi] BT 0 Qp
Thus, putting (23), (26), and (27) together, we have that the problem of showing

1
Po(n) < 5 + (),

for some exponentially small function e, is equivalent to proving Conjecture 8, stated in the
next subsection.

5.2 A conjecture implying an information-theoretically “unclonable bit”
By combining (23), (26), and (27), we have that the following conjecture being true is
equivalent to the optimal winning probability in the game GLMonogamy(n) (described at
the start of Section 4) being exponentially close to % for fully quantum strategies.
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» Conjecture 8. There exists an exponentially small function € : N — [0, 1] such that the
following holds. For all n € N, for all families of projections {Pbe’r}gme{o,l}n7b€{071} and
{Qz’r}97T€{071}'ru,b€{0’1}, respectively on registers B and C of arbitrary dimension, such that
Pg’r + Pf’r =1 and Qg’r + Qf’r =1 for all 0,r, and for all vectors |v;), i € {0,1}", on BC,
such that Y, || |vi) [|? =1,

i r i r r 1
E Z 1}1|P0 ®Q |v’ +E9sz < c+b ‘Pbe, ®QZ’ |vi@(OCT’H)>§ 5"_6(”)’

77‘7

where, for a given 0, we let C ={i:60; =0} and H ={i: 0; =1}.

In the next section, we prove this conjecture for “semi-classical” strategies (recall that we
defined “semi-classical” strategies in Section 4).
5.3 Continuing the analysis for semi-classical strategies

To prove Conjecture 8 for semi-classical strategies, we proceed in two steps.
1) We will first show that

1
max E (vi] Pbe’r ® Qz’r lvi) < 5
o) 3, i) l|2=1 6:mb < 2
2) We will then show that
max rb Z yre: zc+b |Pb9,r ® Qz,r |Ui®(OCTH)>

lvi):y . Hlvi>|\2:1

is exponentially small in n.
Step 1 is straightforward, and does not use the hypothesis that the strategy is “semi-classical”.
We have

1
max E v; por ® Or v;) = = E (v; por ® Oor V; 28
o) lllva) [2=1 embzi:< 1By @@ ) =3 am< |%: b OO ) (28)
]‘ s T
<SE Wl BT e v) (29)
b

1
<SED el (30)

1
<z 1
<3 (31)

where the second inequality follows from the fact that ), Pbe T ® QZ’T is a projection, along
with one application of Cauchy-Schwarz.
We now proceed to step 2. From Equation (27), recall that

s B DI il B 00 vigocrin) < s (o] W o) +0(n),
where
WO = 3" ) (i0Al® Ma,
i,Ae{0,1}"
~ 1 5, yrevi b b, 0,r
Mi,A:§'22 . 1+5 Z Z criot Pbr®Qb 5

A= Oc’I‘H
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and 0(n) = 2~

We will now use the hypothesis that the strategy is semi-classical. Thus, there exists a

function ¢ such that, for all 6, r,
0,7 6,r
P =@, = 5b26(9ﬂ’) I

Thus, we can write

— 1 )
Mia=5-2""(1+6(n)) > (-1reier@nrgr. (32)
2 6,r
:A:dcrH

Notice that W is Hermitian, so maxj,, (v| W® |v) = [[W@]|. We will aim to bound
[W®|| by leveraging the following lemma.

> Lemma 2. Let A=}, |i) (j| ® M;; where the M;; are any linear operators, and the |i)
vectors form an orthonormal basis. Then,

1
2
lal < (3 Ia)2)
4,

(where || Al is the operator norm of A).

Proof. Recall that [|All = maxp). =1 [|4v) |- This implies that |A[? =
max|):(jy=1 |4 [v) [[>. Now take any unit norm |v). We can write it as [v) = 3_.[7) ® |v))
for some (un-normalized) vectors |v;) such that > || |v;) | = 1. Then,

lafe) ? = | 30 @ Myl
[ e ()]
DY P3|
< Z (fjan—j 03} 1)*
< Z <i 1251 Hes) 1)
< Z <i 1M35117) - (31 To) 1)

where the first inequality follows by a triangle inequality; the second inequality follows from
the fact that [|[Mwv]| < ||M]| - || |v) ] for all operators M and vectors |v); the third inequality
follows by an application of Cauchy-Schwarz; and the last equality follows from the fact that

> o) 1P =1. <

Applying Lemma 2, we have

W) < (3 10%a12)" (33)

i,A

‘ 2
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Now, fix some ¢ and A. Then, from Equation (32), we have

_ 1 .
HMi,AH _ 5 . 27271 . (1 + 5(71)) . Z (71)Tc~lc+c(0,r)

0,r
AOcTH
=5 (L dm) | YD (ayeietrean
0:Ac=0c TC
<5 (Ledm) YD (S o(-ayeeetrean)
0:Ac=0¢c | Tc

where the last line is by a triangle inequality.
Now, combining the latter with Equation (33), we have

W2 < (1M A2
iA

9 (14 6(n Z( )

2
A \0:Ac=0¢ )

_ 2.274n. 1+6 Z Z Z Z 'rc “ictc(0,rcAmr) Z(_l)r i +e(, 7‘ JAgr) ,

0:Ac=0c i ",
0":Acr =001

<

z Tc ic+e(0,rcAp)

rc

| =

where in the latter expression, we used C’ and H' to denote the subset of indices where ¢’ is
respectively 0 and 1. Now, by Cauchy-Schwarz, we have

W < 4 271 (14 6(n Z > Z(Z(—l)m'ic“””cAw)Q

0:A0=0¢ ) ro
0":0 1 =0p
Z(Z(—l) b irteld AH/>>2
v N
e Z 3 ZZ(Z rcmc(ammf
9Ac el ig iC
0":A 1 =00

2
S (S
i, Nl

(34)

where in the last equality we just broke up the two sums over ¢ into sums over iy and i¢,
and over i, and iy, respectively, as this will help us shortly.

The crucial step now is to invoke Parseval’s identity (which follows immediately from the
unitarity of the Fourier transform), in the following form.

» Lemma 3 (Parseval's identity). Let N € N. Let f: {0,1}¥ — R. Then,

> (X <—1>Z‘T-f<r>)2=2" > 02

1€{0,1}N “ref{0,1}N re{0,1}N
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Continuing from (34), we now apply Lemma 3 twice: once for the sum over ic with
= |C|, and f(r¢) = (=1)°®7e21) and once for the sum over i, with N = |C’|, and
Frp) = (=1)¢@ e 8a) - We obtain

WO < L 27 (14 (m)? Syt s
9A( =0¢ iH rc
0":A =00

1 —4n ’ !
=1 9—4 1 +4(n XA: Z \/2lH|+2(C] . Z \/OIH'|+2]C|
T

0:Ac=0¢ 0":A =00

1 k k
- i L2 (14 6(n)? SOY Y veramy ) T
: P

0:Ac=0c A |0]=j J'=00/:A0i=00/ A |07|=5"

1 2= (1 k . k o
=2 (1 6() <k>z S 2rYy 3 2/

k=0 7=0 9:Ac=0c A |0]=j J'=00AGi=00r A |07|=5"
k k
1 s 2% (1 K\ Lije AN
:Z.Q .(1+5(n)) . Z ; Y Z i .9J
k=0 j=0 j’=0

Now, using the binomial identity >, ('})z' = (z 4+ 1)™ for all m € N and = € R, we can
simplify the above further to obtain

2 (o) (5 a0

k=0

Iw®)? <

270 (14 6(m)” - (V2 1)+ 1)"

(s (550)"

Taking square roots on both sides, we have

<

N N N N

1 6.83\n/2 1
W < 2 (146(n) - (T) <3 (1+6(m)-093". (35)
Let popt-semi-classical (1) denote the optimal winning probability for semi-classical strategies.
Putting everything together from Equations (31) and (35), we have that, for semi-classical
strategies,

1 1 1
popt—semi—classical( ) 5 + H|la>X< | W(Q) ‘U> < 5 + 5 . (1 + 6(7’1)) -0.93™.
Now, recall that we defined d(n) = % < 1, for all n > 1. Thus, for semi-classical

strategies,

1
Popt-semi-classical (Tl) < 5 +0.93".

—— References

1 Prabhanjan Ananth, Vipul Goyal, Jiahui Liu, and Qipeng Liu. Unclonable secret sharing.

In International Conference on the Theory and Application of Cryptology and Information
Security, pages 129-157. Springer, 2025.

2 Prabhanjan Ananth and Fatih Kaleoglu. Unclonable encryption, revisited. In Theory of
Cryptography Conference, pages 299-329. Springer, 2021. doi:10.1007/978-3-030-90459-3_
11.

41:19

ITCS 2026


https://doi.org/10.1007/978-3-030-90459-3_11
https://doi.org/10.1007/978-3-030-90459-3_11

41:20

The Curious Case of “XOR Repetition” of Monogamy-Of-Entanglement Games

10

11

12

13

14

Prabhanjan Ananth, Fatih Kaleoglu, Xingjian Li, Qipeng Liu, and Mark Zhandry. On the
feasibility of unclonable encryption, and more. In Annual International Cryptology Conference,
pages 212-241. Springer, 2022. doi:10.1007/978-3-031-15979-4_8.

Prabhanjan Ananth, Fatih Kaleoglu, and Qipeng Liu. Cloning games: A general framework for
unclonable primitives. In Annual International Cryptology Conference, pages 66-98. Springer,
2023. doi:10.1007/978-3-031-38554-4_3.

Archishna Bhattacharyya and Eric Culf. Uncloneable encryption from decoupling. arXiv
preprint arXiv:2508.19125, 2025.

Pierre Botteron, Anne Broadbent, Eric Culf, ITon Nechita, Clément Pellegrini, and Denis
Rochette. Towards unconditional uncloneable encryption. arXiv preprint arXiv:2410.23064,
2024.

Anne Broadbent and Sébastien Lord. Uncloneable quantum encryption via oracles. In 15th
Conference on the Theory of Quantum Computation, Communication and Cryptography, 2020.
Alper Cakan and Vipul Goyal. Unbounded leakage-resilient encryption and signatures.
Cryptology ePrint Archive, 2024.

Jeffrey Champion, Fuyuki Kitagawa, Ryo Nishimaki, and Takashi Yamakawa. Untelegraphable
encryption and its applications. arXiv preprint arXiv:2410.24189, 2024.

Andrea Coladangelo, Jiahui Liu, Qipeng Liu, and Mark Zhandry. Hidden cosets and applic-
ations to unclonable cryptography. In Annual International Cryptology Conference, pages
556-584. Springer, 2021. doi:10.1007/978-3-030-84242-0_20.

Eric Culf and Thomas Vidick. A monogamy-of-entanglement game for subspace coset states.
Quantum, 6:791, 2022. doi:10.22331/Q-2022-09-01-791.

Masato Koashi. Unconditional security of quantum key distribution and the uncertainty
principle. In Journal of Physics: Conference Series, volume 36, page 98. IOP Publishing, 2006.
Marco Tomamichel, Serge Fehr, Jedrzej Kaniewski, and Stephanie Wehner. A monogamy-
of-entanglement game with applications to device-independent quantum cryptography. New
Journal of Physics, 15(10):103002, 2013.

Marco Tomamichel and Anthony Leverrier. A largely self-contained and complete security
proof for quantum key distribution. Quantum, 1:14, 2017. doi:10.22331/Q-2017-07-14-14.


https://doi.org/10.1007/978-3-031-15979-4_8
https://doi.org/10.1007/978-3-031-38554-4_3
https://doi.org/10.1007/978-3-030-84242-0_20
https://doi.org/10.22331/Q-2022-09-01-791
https://doi.org/10.22331/Q-2017-07-14-14

	1 Introduction
	1.1 Our contributions

	2 Notation
	3 The ``XOR repetition'' monogamy-of-entanglement game
	3.1 Strategies achieving cos^2(frac{pi}{8}) for general n
	3.2 Proof of optimality

	4 The ``Goldreich-Levin style'' monogamy-of-entanglement game
	5 Security against ``semi-classical'' strategies
	5.1 Rewriting the optimal winning probability
	5.2 A conjecture implying an information-theoretically ``unclonable bit''
	5.3 Continuing the analysis for semi-classical strategies


