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—— Abstract

We initiate a formal study of fairness for the k-server problem, where the objective is not only to

minimize the total movement cost, but also to distribute the cost equitably among servers. We first
define a general notion of («, 3)-fairness, where, for parameters a > 1 and 8 > 0, no server incurs
more than an a/k-fraction of the total cost plus an additive term 3. We then show that fairness
can be achieved without a loss in competitiveness in both the offline and online settings. In the
offline setting, we give a deterministic algorithm that, for any € > 0, transforms any optimal solution
into an (a, B)-fair solution for & = 1+ ¢ and 8 = O(diam - log k/¢), while increasing the cost of the
solution by just an additive O(diam - klog k/¢) term. Here diam is the diameter of the underlying
metric space. We give a similar result in the online setting, showing that any competitive algorithm
can be transformed into a randomized online algorithm that is fair with high probability against an
oblivious adversary and still competitive up to a small loss.

The above results leave open a significant question: can fairness be achieved in the online setting,
either with a deterministic algorithm or a randomized algorithm, against a fully adaptive adversary?
We make progress towards answering this question, showing that the classic deterministic Double
Coverage Algorithm (DCA) is fair on line metrics and on tree metrics when k = 2. However, we
also show a negative result: DCA fails to be fair for any non-vacuous parameters on general tree
metrics. We further show that on uniform metrics (i.e., the paging problem), the deterministic
First-In First-Out (FIFO) algorithm is fair. We show that any “marking algorithm”, including the
Least Recently Used (LRU) algorithm, also satisfies a weaker, but still meaningful notion of fairness.
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1 Introduction

The k-server problem, introduced by Manasse, McGeoch, and Sleator [50], is central to the
theory of online algorithms. In this problem, k servers move within a metric space to serve a
sequence of requests, and the goal is to minimize the total movement cost. In particular,
the algorithm is presented with an input sequence o = (071, ...,0r) consisting of T requests,
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each corresponding to a point in the metric space. At time ¢t € {1,...,T}, it must move
some server to request oy, incurring a cost equal to the distance moved by that server. The
challenge is to decide which server to move at each step in order to minimize the total
movement cost. In the online setting, such a decision is made without prior knowledge of
forthcoming requests.

Over the past three decades, the k-server problem has served as a fundamental benchmark
for studying online decision-making and competitive analysis, with deep connections to paging,
metrical task systems, and beyond [32, 17, 16, 43, 33, 46]. Many variants on the problem,
including those where server costs are weighted or determined by different metric spaces
[12, 7, 8, 45, 23, 12], or where requests have both pick-up and drop-off locations [28, 20, 24]
have been studied. The problem has also been investigated under advice complexity, where
the algorithm receives some information about the input in the form of some error-free bits
of advice [31, 55, 14, 35], and more recently under learning-augmented frameworks with
predictions, where additional information is provided, but may be erroneous [48, 6, 5, 25].

Fairness for k-server. The k-server problem can be motivated by scenarios where a service
provider dispatches mobile agents to client locations, aiming to minimize the total travel
distance. In such settings, it is also important to consider a notion of fairness: ideally,
the workload should be balanced to avoid overburdening any single server. Similarly, in
distributed systems and cloud platforms, k& virtual machines (servers) offering identical
services may need to migrate between nodes to handle incoming requests [21, 4, 29]. In such
domains, in addition to minimizing the total migration cost, it is important to ensure that
this cost is distributed fairly among servers.

Fairness has been studied in a wide range of offline and online decision-making problems.
Examples include various forms of clustering [1, 49, 40, 30], matching [36, 37, 2], scheduling
[3, 52, 38, 15], selection problems like knapsack [54, 47, 34], and the secretary problem [41, 10].
A common interpretation of fairness involves ensuring proportional balance across different
groups or agents. For instance, fair clustering methods may consider colored points and seek
to minimize the standard clustering cost while ensuring that all colors are approximately
equally represented in each cluster [1, 40]. Similarly, fair class matching considers settings
where vertices are associated with agents, aiming to maximize the number of matched vertices
while ensuring that each agent is proportionally represented in the matching [37, 36, 58].

More closely related to k-server, Singh et al. [56] study the k-FOOD problem, where
requests are defined by source-destination pairs and associated pickup time windows, ef-
fectively enforcing deadlines for serving a request. In the standard version of the problem,
the objective is to minimize the total distance traveled by all servers, while in the fair
variant, the goal is to minimize the maximum distance traveled by any server. [56] establishes
NP-hardness of the offline version of both the standard and fair versions — hardness stems
primarily from additional constraints such as time windows and deadlines. Note that these
constraints are not present in the classical k-server formulation, and the offline version of the
problem is solvable in polynomial time [16].

Martinez-Sykora et al. [51] study a food delivery problem with fairness constraints that
aim to minimize the range of waiting times across servers — they formulate this problem as
an ILP and demonstrate that it can be solved on small input instances, but do not show
that it is tractable in general. Ong et al. [53] study algorithms for ride scheduling that aim
to ensure fairness to customers (i.e., requests rather than servers) — they focus primarily
on experimental evaluation rather than theoretical guarantees. Chiplunkar et al. [22] study
online competitive algorithms for a min-max fairness objective for k-paging, which is a special
case of k-server, again focusing on fairness across requests rather than servers.
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Despite the vast literature on fairness in algorithm design, including on problems related
to k-server, perhaps surprisingly, little work has directly addressed fairness in the k-server
problem itself. The original work by Manasse, McGeoch, and Sleator [50] proposed the
Balance Algorithm (BAL), which selects a server to move at each step by greedily minimizing
the maximum cost incurred across all servers after that step. This algorithm is explicitly
motivated by fairness and was shown to be k-competitive on metric spaces with k + 1
points [50]. Unfortunately, however, BAL fails to achieve a bounded competitive ratio on
general metrics. Thus, to the best of our knowledge, the question of designing algorithms for
the k-server problem that are both fair and competitive has remained entirely open.

The well-studied paging problem is a classical special case of the k-server problem in which
the underlying metric space is uniform — i.e., all pairwise distances are equal [57, 39]. Paging
models the behavior of caches in operating systems, memory hierarchies, and web caching.
A fault occurs when a request arrives for a page (vertex) that is not currently stored in one
of the k cache slots (servers). In the k-server interpretation, each cache slot corresponds to a
server, and each fault corresponds to moving a server to the requested vertex at unit cost.
Classical deterministic paging algorithms include FIRST-IN-FIRST-OUT (FIFO) and LEAST-
RECENTLY-USED (LRU). In this interpretation, FIFO moves the server that has not moved
for the longest time, while LRU moves the server whose most recent movement occurred
farthest in the past. Both FIFO and LRU achieve the optimal deterministic competitive
ratio of k for paging [57]. This close connection between paging and the k-server problem
motivates our later analysis of the fairness properties of FIFO, LRU, and marking algorithms
on uniform metrics.

Full version

Due to the ITCS page limit, the conference submission omits several technical proofs and
additional discussion. A full version of this paper, containing all appendices and complete
proofs, is available on arXiv.

1.1 Qur Contributions

In this work, we initiate a formal study of fairness as an objective for the k-server problem.
Our contributions are summarized below.

1.1.1 («, B)-Fairness Definition

We start by formalizing a natural notion of fairness for the k-server problem: we say that a
deterministic algorithm A is (a, §)-fair on request sequence o if no server pays cost greater
than « - %]f’a) + B, where cost(A, o) is the total cost paid by all servers to serve o. A
perfectly fair algorithm, in which all servers pay identical costs, would have & = 1 and g = 0.

For randomized algorithms, we distinguish between ez-ante and ez-post fairness [9]. Ex-
ante fairness means fairness in expectation — i.e., a randomized algorithm A is («a, §)-ex-ante
fair on request sequence o if no server has an expected cost greater than « - w + 5.
Via a simple random swapping strategy, it is easy to achieve (1, diam)-ex-ante fairness while
maintaining competitiveness. Here diam denotes the diameter of the underlying metric
space. Suppose we start with an algorithm over the given metric space, with expected cost
E[cost(A, )] on input o. At the beginning of the algorithm, we randomly permute the server
identities, swap the server positions according to the permutation, and reassign the workloads
of the servers going forward according to the permutation as well. Then, after the additive
< diam cost paid per server for the initial swap, by symmetry, all servers have exactly the

same ezpected cost, equal to w.
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The above approach, however, is not very compelling. While the servers have the same
expected cost up to a small additive factor after the initial random swap, the cost distribution
of the servers may still be very unfair for any given choice of swap. Thus, throughout the
paper, we adopt an ezx-post notion of fairness for randomized algorithms. Specifically, we say
that a randomized algorithm A is («, 5)-fair on a request sequence o if, with high probability
over its random choices, every server incurs cost no larger than « - %ICA’U) + 3. The exact
probability for which the bounds holds will naturally impact the achievable « and (.

While we focus on (o, 8)-fairness in this work, we show that it either encompasses or can
be easily reduced to other natural notions of fairness, e.g., multiplicative fairness in which
all servers pay cost within a fixed multiplicative factor of each other, or additive fairness,
in which all servers pay cost within a fixed additive factor of each other. We discuss such
alternative definitions along with reductions and connections between them in the full version
of the paper.

1.1.2 Offline Fairness

Our first contribution is to show that, in the offline setting, («a, 8)-fairness is achievable
without significant loss in competitiveness. In particular, in Section 3 we prove:

» Theorem 1 (Theorem 11 Restated). For any k-server input sequence o over a metric space
with diameter diam and any € > 0, there is an offline solution for o that is («, B)-fair for

a=14+ecand =0 (M) , and has total cost bounded by OpPT(c) + O (M> ;

g
where OPT(0) is the offline optimal cost. Further, this fair solution can be computed in
polynomial time.

That is, we can achieve fairness up to an @ = 1 4 ¢ factor while paying just a small additive
factor S and a small increase in the optimal offline cost, which is a function of &, diam and
1/e, but importantly, independent of the input length and the offline optimal cost.

Proof overview. To prove Theorem 1, we introduce an algorithm (Algorithm 1) that takes
any optimal solution for an input sequence ¢ and transforms it into a fair solution through a
sequence of pairwise server swaps. A pairwise swap is a modification to a solution sequence
in which, at a given time z, two servers exchange positions in the metric space, and at all
times after z, they serve the requests previously served by the other server.

Our algorithm proceeds in rounds, iteratively improving the fairness of the initial solution.
At each round, it identifies the server H that currently pays the highest cost and the server L
that currently pays the lowest cost. It further identifies a time step such that, if the servers
are swapped at this point, their loads will be nearly balanced. We prove that, as long as the
solution is not yet («, 3)-fair, after any server participates in at least two swaps, the maximum
server load is decreased by a multiplicative factor ~ 1 +¢. Thus, after O(log, . k) = O(%)
swaps per server, the maximum load is decreased from potentially as high as k times the
average load to at most (1 + ¢) times the average load. Since each swap itself incurs additive

cost < 2 - diam, this leads to our bound of « =1+¢, 8 =0 (m) and our increase in

cost over OPT(o) of O (M)

It is not hard to see that our swapping algorithm runs in polynomial time, and thus,
since an offline optimal solution for k-server can be computed in polynomial time [16],
(a, B)-fairness is achievable in polynomial time. This contrasts with recent work on related
fair scheduling problems, which have proven to be computationally hard [56, 51].
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1.1.3 Online Fairness using Randomization

Our second contribution shows that («, 8)-fairness can also be achieved for online k-server
using a randomized algorithm against an oblivious adversary —i.e., where the request sequence
o is chosen ahead of time and may not depend on the decision of the algorithm (this is the
standard setting that randomized algorithms for online k-server are studied). In particular,
in Section 4 we prove:

» Theorem 2 (Theorem 12 Restated). For any fized v > 0 and € > 0, there is a randomized
online k-server algorithm that, on any fixed input sequence o over a metric space with diameter
diam achieves (o, 3)-fairness for o = 1+ ¢ and § = O(c(o)"/ 1Y) . diam) with probability
1—k-exp (—Q (75—1 ~c(0)1/('y+1))). Further, the total cost incurred by the algorithm is

at most c(o) + O(k - ¢(o)/1+7) . diam). Here, c(o) is the best-known cost achievable by a
randomized algorithm over the given metric space, e.g., ¢(c) = polylog(k,n) - OpT(c) for
n-point metrics [11, 18].

To interpret Theorem 2, consider the simplified setting with v = 1 and € = 1. The theorem
shows that (c, 3)-fairness is achievable with a = 2, 3 = O(c(o)'/? - diam), and cost increase
O(k - ¢(o)'/? - diam) with probability 1 — k - exp(—(c(0)/?). For sequences where ¢(o) is
large, this probability is very close to 1, and both 8 and the cost increase are o(c(o)), and
thus negligible compared to the total cost. Thus, Theorem 2 is analogous to Theorem 1,
establishing that in the online setting, strong fairness is achievable without significantly
impacting competitiveness. The parameter «y, which does not appear in the offline result,
balances a tradeoff between  and the cost increase against the success probability.

Proof overview. To prove Theorem 2, we use the randomized server-swapping technique, in
a similar way to the approach described in Section 1.1.1 for achieving ex-ante (i.e., expected)
fairness. However, to give an algorithm that is fair with high probability on any input
sequence, we make a series of swaps instead of one, randomly permuting the servers at each
swap. We argue via concentration inequalities that the servers have similar total loads with
high probability.

The difficulty is determining how often to swap — too many swaps increase the cost of
the original algorithm too much, but too few swaps mean that fairness is not guaranteed
with high probability. To balance this trade-off, we introduce a phase-based algorithm

(Algorithm 2) that swaps anytime the total cost incurred increases by a large enough factor.

As an example, in the case when v = 1, the algorithm swaps after incurring a total cost of 1,
then after incurring an additional total cost of 2, then after incurring an additional total cost
of 3, and so on. It makes s swaps after incurring total cost roughly > 7 _; s = Q(s?). Thus,
after incurring cost ¢(o), the algorithm has made O(c(0)'/?) swaps, and incurs total cost
at most O(c(0)*/?) between each swap. This enables us to argue that both the additional
additive cost associated with the swaps and the imbalance in server loads are bounded by
O(c(0)'/?) with high probability and thus negligible in comparison to the total cost c(c). We
trade off the success probability and the cost increase through the parameter v in Theorem 2
— roughly choosing phase ¢ with cost increase ¢ so that the total cost incurred after s swaps
is Q(s!T7). Increasing v leads to fewer swaps, but a lower probably of successfully satisfying
the fairness guarantee.
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Table 1 Summary of deterministic fair online algorithms for different metrics.

Metric Algorithm | Competitive Ratio Fairness Reference

Line DCA k [26] (1,0(k - diam)) Theorem 3

Tree with k = 2 DCA k(= 2) [26] (1.5,1.75 - diam) Theorem 4

Uniform Metrics (paging) FIFO k [57] (1,1) Theorem 6
Metrics with k& + 1 points | BALANCE k [50] (1, diam) Proposition 8

1.1.4 Towards Deterministic Online Fairness

Theorems 1 and 2 establish that fairness is achievable for the k-server problem in both the
offline setting and the online setting using randomization against an oblivious adversary. It
is straightforward to verify that Theorem 2 also holds for an adaptive online adversary that
can change its input based on the server locations at each round but is unable to distinguish
servers based on their IDs (and thus, cannot tell if a random swap of the servers has occurred).
However, it remains open if fairness can be achieved against stronger online adversaries or,
potentially, deterministically. For example, the following is open:

Is there a deterministic online k-server algorithm that is O(k)-competitive on general
metrics while also being («, 8)-fair for « = O(1) and 8 depending only on k and diam?¢

Towards progress on the above question, in Section 5, we investigate fairness properties of
several widely studied deterministic online k-server algorithms that are competitive on certain
classes of metrics. In particular, we consider fairness of the Double Coverage Algorithm
(DCA), which is known to be k-competitive on tree metrics. We also study the fairness of
several k-competitive deterministic algorithms that apply to uniform metrics — i.e., to the
classic paging problem. These include the First-In First-Out (FIFO) algorithm, and any
marking algorithm, encompassing e.g., the Least Recently Used (LRU) algorithm.

1.1.4.1 Tree Metrics

We first show two positive results for DCA. We prove that the algorithm is strongly fair for
line metrics (i.e., tree metrics whose underlying graph is a line). In particular:

» Theorem 3 (Theorem 14 Restated). The DCA algorithm run on any input sequence o over
a line metric with diameter diam gives a solution in which the absolute difference between
the cost paid by any two servers is O(k - diam).

Theorem 3 implies that DCA is (1, O(k - diam))-fair on line metrics. The proof is fairly
straightforward: on a line, servers can be ordered from left to right. We can readily establish
that no algorithm aiming to minimize total cost (including DCA) will ever change their
relative ordering. Thus, each server moves left and right, always serving requests that land
between itself and its adjacent left and right neighbors (or one of the endpoints of the line).
DCA couples the movements of adjacent servers: whenever a request lands between two
servers, both move towards it. Due to this coupling, we can argue that the cost difference
between neighboring servers depends only on their net movement, which is bounded by diam.
Telescoping across all k-servers yields a maximum overall gap in costs of O(k - diam).

We also prove that DCA is (a, §)-fair for the 2-server problem on general tree metrics,
for « = O(1) and 8 = O(diam). In particular:

» Theorem 4 (Theorem 15 Restated). The DCA algorithm run on any input sequence o over
a tree metric with diameter diam for the 2-server problem is (1.5,1.75 - diam)-fair.
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We prove Theorem 4 by splitting the total cost paid by each server into the diverging
cost, when the server is moving away from the other server, and the converging cost, when
the server is moving towards the other. We show in the complete version of the paper that
these costs both comprise a constant fraction of the total cost paid by the server. Since DCA
couples converging costs (when one server moves towards the other, the other server moves
as well), this allows us to argue that the servers pay the same costs up to roughly a constant
multiplicative factor.

Despite the above positive results, we show that, surprisingly, DCA can exhibit substantial
unfairness on general tree metrics, forcing one server to do a majority of the total work.

» Theorem 5 (Theorem 16 Restated). There is a tree metric and an input sequence o over
this metric on which DCA oulputs a solution in which a single server pays cost Q(k- OPT(0)),
where OPT(o) is the offline optimal cost for request sequence o.

Note that DCA is known to be k-competitive on general tree metrics and thus it incurs total
cost < k- OPT(c). Theorem 5 shows that a constant fraction of this cost can be incurred by
just a single server, and thus DCA is not («, 8)-fair for any o = o(k) and fixed 5.

The hard case is a tree metric that is similar to a line: the tree consists of a line of major
nodes, each of which connects to a very close by minor leaf node. Requests alternate between
midpoints on the line and nearby minor nodes, repeatedly forcing the leftmost server to
traverse the entire structure, past other servers which have been moved to minor nodes so
that they can be “passed”. This causes the leftmost server to incur cost Q(k - OPT), despite
DCA being k-competitive overall.

1.1.4.2 Uniform Metrics

We next turn our attention to uniform metrics — where all points have the same distance
from each other. This variant of k-server is also know as the paging problem. We prove
several positive results for existing algorithms. For simplicity, assume that the metric is
scaled so all points are at distance 1 from each other. First, we prove that the classic First-In
First-Out (FIFO) algorithm, which is known to be k-competitive on uniform metrics [57],
achieves essentially the strongest possible notion of fairness: since the algorithm simply
“cycles through” servers (i.e., cache positions) to serve any incoming request that is not
already covered (i.e., to cover any cache miss), all servers pay the same cost, up to an additive
factor of one. Formally,

» Theorem 6 (Theorem 17 Restated). FIFO is (1,1)-fair.

We next observe (Theorem 18) that the popular Least Recently Used (LRU) algorithm
does not enjoy such a strong fairness guarantee: there are input instances where one server
pays essentially all of the cost of the algorithm (i.e., one cache slot is reloaded for essentially
all cache misses seen). However, LRU, and in fact any of the broader class of marking
algorithms, still achieves an interesting notion of fairness: no server pays cost greater than
OpT(0) on request sequence o. Le., no server pays more than what the average cost per
server might be on a worst-case input sequence with competitive ratio k. Formally:

» Theorem 7 (Theorem 19 Restated). For any marking algorithm for the k-server problem
on uniform metrics, the cost incurred by any given server on input o is at most OPT(c).

This result contrasts e.g., with Theorem 5, which shows that for DCA on general tree metrics,
one server may pay up to k times the optimal offline cost. The proof follows a similar
approach to how marking algorithms are proven to be k-competitive: we argue that between
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any two cache misses that cause the same cache position to be reloaded, at least k unique
files must be requested. Thus, the sequence containing these two misses must cause at least
one miss even for the optimal offline solution. Iterating this argument, no cache position
(i.e., server) has more faults than OPT(o) over the full input sequence.

1.1.4.3 Metrics with k£ 4+ 1 Points

Finally, we consider metrics with k 4+ 1 points, which have been widely studied in the
literature on the k-server problem. It is known that no deterministic algorithm can achieve a
competitive ratio better than k on any metric with k + 1 points [50]. It is also well known
that the BALANCE algorithm matches this optimal competitive ratio [50]. Recall that this
algorithm is inherently fair: it always moves the server whose total cost, after potentially
serving the current request, is minimum among all servers. We can therefore conclude the
following:

» Proposition 8. BALANCE is a (1,diam)-fair algorithm for metrics with k + 1 points.

1.2 Roadmap

The remainder of the paper is organized as follows. Section 2 introduces the k-server problem
and formalizes our (a, 8)-fairness notion. We explore alternative notions of fairness in a
longer version of this paper. Section 3 presents our offline («, 8)-fair algorithm and Section 4
presents our randomized online algorithm. Section 5 evaluates the fairness of deterministic
algorithms for particular metric spaces, such as DCA, FIFO, and LRU. We conclude the
paper with open questions in Section 6.

2 Problem Setup and («, B)-Fairness

In this section, we formally define the k-server problem and introduce notation used through-
out the paper. We then define the central fairness notion that we consider.

The k-server problem. The k-server problem is defined over a metric space (M, d) with
k servers, labeled 1,...,k, initially located at positions s1(0),...,s,(0) € M. At each time
stept =1,2,...,T, arequest oy € M arrives. The algorithm must choose one server to move
to the requested location, incurring a cost equal to the distance moved — i.e., d(s;(t — 1), o)
if server ¢ is moved and was previously at position s;(t — 1). The total cost is the sum of the
costs over the full sequence of requests o = (o1, ...,07).

Cost notation. Let A be a k-server algorithm. For a fixed request sequence o, let ¢;(A4, o, 1)
denote the distance that server ¢ moves at time ¢ under algorithm A, and define ¢;(4,0) =
Zle ci(A,o,t) as the total cost incurred by server i. The total cost of the algorithm is
cost(A, o) = Zle ci(4,0).

We denote by OPT(c) the minimum total cost achievable by any offline algorithm on
input 0. When A and o are clear from context, we will sometimes drop them as arguments,
using ¢;(t), ¢;, cost, and OPT to refer to the above quantities.

Competitive ratio. An algorithm A is said to be c-competitive if there exists a constant
C > 0 (possibly depending on k and on the underlying metric space) such that for all
input sequences o, cost(A, o) < ¢-OpT(0) + C. For randomized algorithms, we consider the
expected cost and say that A is c-competitive in expectation if E[cost(A, 0)] < ¢- OpT(0) + C.
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The k-server problem is typically studied in the online setting, where an algorithm must
make its decision at time ¢ after seeing request o, but before seeing any later requests. It
is well known that no deterministic online algorithm can achieve competitive ratio < k for
general metrics [44]. This lower bound is matched on tree metrics by the well-known Double
Coverage Algorithm (DCA) [27], and up to a constant factor by the Work Function Algorithm
(WFA), which is 2k — 1 competitive on general metric spaces [44, 42], and k-competitive on
line metrics, star metrics, and metric spaces with &+ 2 points [13]. For randomized algorithms
against an oblivious adversary, the best known upper bounds are polylogarithmic in k£ and
n [11, 18]. Recently, the long-standing conjecture that O(log k) is achievable was disproved;
the randomized competitive ratio is now known to be Q(log® k) in some metrics [19].

(o, B)-Fairness

We now define our central fairness notion, which requires that no individual server incurs
significantly more than its proportional share of the total cost.

» Definition 9 ((«, 8)-Fairness). Let A be a k-server algorithm, and let w(o) be a reference
cost baseline associated with request sequence o. We say that A is («, B)-fair with respect to
w if for all input sequences o and all servers i € [k],

a-w(o)

CZ(A7U)§ T_Fﬂa (1)

where ¢;(A, o) denotes the total cost incurred by server i under algorithm A on input o.

Randomized case. A randomized algorithm A is («, 8)-fair with probability 1 — § with
respect to w if for every input sequence o,
a-w(o)

Pr VZG[]{J], CZ(A;U)ST"_ﬂ >1-46. (2)

When 6 < 1/poly(k,|o|), we simply say that A is («, 8)-fair with high probability.

Note that our general definition allows fairness to be expressed relative to a chosen baseline
w, such as the optimal offline cost OPT(o) or the algorithm’s own total cost, cost(A, o).

» Remark 10 (Fairness v.s. Competitiveness). We remark that when w(o) = cost(4, o), (a, f)-
fairness is not an interesting notion unless the algorithm A is also required to have a bounded
competitive ratio. Otherwise, we could have all servers move in synchrony and achieve perfect
fairness, but at the cost of competitiveness. Roughly speaking, in the online setting, given
an algorithm A that is o competitive, and assuming that each time a server moves to serve
request o; we move all other servers an equal amount (but do not change their positions),
then we have a perfectly fair algorithm that is « - k-competitive. Thus, we will always look
for fair algorithms that beat this trivial baseline.

3 A Fair Offline Algorithm

We first show that in the offline setting, we can obtain a solution that is both near-optimal in
cost and provably fair across servers. In particular, we design a transformation (Algorithm 1)
that takes any (possibly unfair) optimal offline solution and converts it into a solution that is
(1 + ¢, B)-fair for 8 = O(diam - logk/ec). The conversion increases the total cost by, at most
an additive constant. The key idea is to redistribute cost among servers using a sequence of
pairwise swaps that gradually balance the load. The transformation is simple, deterministic,
and black-box — it does not require any specific structure of the underlying optimal solution.
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» Theorem 11 ((1 + ¢, 8)-Fair Transformation for Offline k-Server). Consider any k-server
input sequence o of length T' over a metric space of diameter diam. Let {s;(t)}ic[k)ser) be a
sequence of server positions that achieves optimal cost on this input sequence.

For any € > 0, Algorithm 1 takes {si(t)}icm,teir) @s input and returns a modified
sequence of positions {3;(t)}icix),ceir) that is (1 + ¢, B)-fair with respect to OPT(c), for f =

0] (m) Moreover, the total cost of the output solution is OPT(c) + O (w) .

€

Proof Sketch. Algorithm 1 iteratively reduces the maximum server cost in the input solution
by performing a series of swaps between the maximum and minimum cost servers. Each
swap exchanges the servers’ remaining work from a chosen time z onward. Using a balancing
lemma (as proved in the full version), we show that there is always a choice of a swap that
reduces the cost difference between the swapped servers to at most an additive diam factor.
These swaps each add at most 2 - diam to the total cost of the new algorithm. Further, note
that if the solution is not yet fair, the maximum server load is at least ~ 1 + € times as large
as the minimum. This allows us to argue that after a swap, both servers’ costs are less than
the previous maximum cost by roughly a 1/(1 4+ O(e)) multiplicative factor (details in the
full version). We also observe that the maximum server load always decreases with a swap
and that non-swapped servers retain their cost (details in the full version). We proceed by
considering any window of k 4+ 1 swaps. By the pigeonhole principle, at least one server must
appear twice as the maximum-cost server in a swap. This server’s cost must have decreased
by a &~ 1/(1+ O(g)) factor between these two swaps. Thus, we can argue that the maximum
cost drops by a factor of at least (1 + ¢) every k + 1 rounds (details in the full version).
Repeating this process for O (k -logy . k) =0 (@) swaps to reduce a potential initial

multiplicative imbalance for & to (1 4 ¢) yields a solution satisfying (1 + ¢, §)-fairness. Full
details and formal proofs of all lemmas and claims appear in the full version on arXiv. <«

4 A Fair Randomized Online Algorithm

We next show how to achieve fairness with minimal loss in competitiveness in the online
setting with a randomized algorithm. Similar to Algorithm 1, we assume access to some
existing online k-server algorithm A with bounded competitive ratio, but potentially with no
fairness guarantees. We use a series of random server swaps to balance the servers’ loads and
make the algorithm fair.

At each swap point, we randomly permute all server identifiers, swap the server positions
according to the permutation, and reassign the workloads of the servers going forward
according to the permutation as well. Thus, between swaps, by symmetry, the expected
cost incurred by all servers is the same. Via concentration inequalities, as long as we swap
sufficiently often, we can prove that all servers pay similar costs with high probability,
establishing («, /3)-fairness. The key challenge is determining how often to swap — too many
swaps will increase the cost of the original algorithm too much, but too few swaps will
mean that fairness is not guaranteed with high probability. To balance this trade-off, we
introduce a phase-based algorithm (Algorithm 2) that swaps anytime the total cost incurred
has increased by a large enough factor. We prove the following:
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Algorithm 1 Offline Fair k-server via Pairwise Swapping.

Input: Optimal server positions {s;(t)}ic[r,+c[r] With corresponding cost allocation
{ci(t) }iek) te[r) and parameter e
Output: Modlﬁed sequence of positions {3;(t) }iex) te[r) satisfying (1 + ¢, B)-fairness.
1 Set round counter 7 < 0

2 Initialize §EO) (t) < s;(t) and c( )( t) < ¢;(¢t) for all i € [k],t € [T]

38 B+ 2 (14e¢)-diam- (3 +1og%k)
4 while max;¢ S c(r)( t) > w + /5 do
5 Let H, < arg max;e[x Z 1 Alr) (t) ; // Heaviest-loaded server
Let L, < argmin;c(y Zt:l 5 )(t) ; // Lightest-loaded server
7 Let z € [T] be the any index such that the difference in the total costs of H, and
L, after a swap at time z become less than diam ; // Such a z always

exists (check the full paper for more details)

Initiate current cost/locations for all i, ¢: (TH)( t) él(-r)(t)7 §§T+1)(t) — §Z(-r)(t)

9 for t > z do

10 ‘§(Hrj_1)(t) — éﬁ? (t), §$}+”(t) — §(Hr3(t) ; // swap positions after z
11 é(Hr:rl)(t) — é(T)( t), A(Tfl)(t) — égf(t) ; // swap costs after z
12 ég:rl)(z+ 1) «+ d(A(TH)(Z +1), §§§f“(z)) ; // swap penalty
13 égjl)(z +1) « d(A(TH)(z +1), §(Lrjl)(2)) ; // swap penalty

14 Update round: 7 <—r +1

15 return {A(T (t)} and {A(T )}

» Theorem 12 (Randomized Online Fairness Guarantee). Let A be any online k-server algo-
rithm and let o be any request sequence. Then, Algorithm 2 with input A and parameter v > 0
satisfies: for any e > 0, with probability at least 1 — k - exp (fQ (i—zk - cost(A, 0)1/(7+1))> ,
each server incurs cost at most

(1+¢e)- % +0 (cost(A, o)/ O+ diam) :

Further,  the total cost across all servers is bounded by cost(A,o) +
O (cost(A,o)V/O+D) . k- diam).

In terms of (a, 8)-fairness, Theorem 12 implies that Algorithm 2 is (a, 8)-fair with respect
to cost(A,0) for a =1+¢, 8= O (cost(4, o)t/ (D). diam) with high probability. It pays
total cost penalty O (cost(A, U)l/(’Y—H) k- diam). Both 8 and this total cost increase grow
sublinearly in cost(A, o), and can be regarded as lower order. The success probability depends
on k, v, and &, but tends to one as cost(A, o) tends to infinity.

Proof Sketch. Algorithm 2 divides the input sequence into phases, with each phase ending
once the base algorithm A accumulates cost at least ¢y = €7 (line 7). At the start of each
phase (line 8), the algorithm applies a random permutation to the server identities and
exchanges their positions. This guarantees that the expected share of the phase cost is
uniformly distributed across servers, regardless of their prior history.
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Algorithm 2 Online Fair k-Server via Phased Random Swapping.

Input: Online request sequence o = (01,09, ...), k-server algorithm A, initial server
configuration (s1(0), ..., sx(0)), phase exponent v > 0

1 Initialize: phase number ¢ <— 1, phase budget ¢y < ¢7, and cumulative cost U, < 0.
2 Reposition servers via a random permutation m,: for all i € [k], set 5;(0) < sx,(;)(0)

where 7y is chosen uniformly at random.
3 foreach request o, do
4 Serve o; using algorithm A on servers labeled before repoistion‘{sﬂz_l(i)(t)}.
Update Uy — Uy + cost(A, t).
if Uy > ¢y then

L+ LC+1, ¢+ 07 and Uy <+ 0.

Reposition servers via a random permutation 7,: for all ¢ € [k], set

w I O o«

5i(t) <= 8z,(i)(t) where 7 is chosen uniformly at random .

Let m denote the number of phases. Since each phase contributes ¢, = ¢7 cost and
Sy 0 =O(mY 1Y), we have: m = © (cost(A)/(FD) . Thus, each server’s expected cost is:

E[Cz] _ COSZ(A) + O (m . dlam) _

COSZ(A) ) (Cost(A)l/("H-l) -diam> .

To show high-probability fairness, we apply a concentration inequality to the random
variables equal to each server’s cost per phase. Each of these variables is upper-bounded
by ¢¢, with maximum phase cost ¢, = m? = © (cost(A)V/(’H'l)). Thus, we can bound the
total variance of these random variables by 02 = O (3 ¢7/k).

Applying Bernstein’s inequality with these upper bounds gives that each server’s
total cost remains (1 + ¢) close to its expectation with probability at least 1 —

exp (_Q (% i COSt(A7O')1/(’Y+1)))~ A union bound over all k servers gives the final high-
5
probability guarantee: with probability at least 1 — k- exp (—;—2 -Q (cost(A, 0)1/ ('H‘l))), for

all i € [k],
t(A
i <(l+¢)- cosk( ) +0 (cost(A)l/("’“) ~diam) .
Full details of the proof appear in the full version of the paper. |

» Remark 13 (Extension to ID-Oblivious Adversary). We remark that Theorem 12 also holds
when o is generated by an ID-oblivious adaptive adversary — i.e., an adversary that can pick
o based on the positions of the servers at rounds ¢’ < ¢, but not on their identities. At the
start of each phase, Algorithm 2 applies a random permutation to the server IDs without
changing their overall set of positions. As a result, an ID-oblivious adversary observes the
same sequence of positions under Algorithm 2 as under the base algorithm A, and thus, the
analysis for the oblivious adversary case carries through unchanged.

5 Towards Deterministic Online Fairness

A central open question left by our randomized fairness result is whether fairness can be
achieved by deterministic online algorithms, or against fully adaptive adversaries that observe
server identities. In this section we study the fairness properties of classical deterministic
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k-server algorithms on specific metric classes. Our focus is on the Double Coverage Algorithm
(DCA) on tree metrics and on deterministic paging algorithms (FIFO, LRU, and marking
algorithms) on uniform metrics. These algorithms are well-studied from a competitive-
analysis perspective, and analyzing their fairness properties gives insight into what kinds of
fairness may be achievable deterministically.

5.1 Fairness of the DCA on Special Cases

The Double Coverage Algorithm (DCA) works on a tree metric and moves all “unblocked”
servers that do not have another server on their path to the request point, each at a uniform
speed towards the request until the request is served.

We first show that, owing to the inherent fairness of moving all unblocked servers at the
same time, the algorithm is fair on line metrics for any k& and general tree metrics for k = 2.
However, we also show a strong negative result: DCA can be highly unfair on general tree
metrics for general k.

We begin with our positive result showing that DCA is (1, O(k - diam))-fair with respect
to OPT on line metrics for any value of k.

» Theorem 14. Let o be any request sequence over a line metric with diameter diam,
and let ¢; denote the total cost incurred by server i when serving o using DCA. We have
max; jex |¢i — ¢j| = O(k - diam). Thus, DCA is (1,0(k - diam))-fair on line metrics.

Proof Sketch. Since DCA never moves servers past each other on the line, we can fix a
unique labeling of the servers as 1,...,k based on their initial positions from left to right.
The double coverage approach ensures that, for each request, the two closest servers move
toward the request at equal speed until one of them reaches it. Therefore, every time server
1 moves to the right, it is matched by an equal leftward movement by server i + 1, and vice
versa. This gives the recurrence:

R; =L;11, where R; is server ¢’s rightward movement and L; is its leftward movement.

The total cost for server i is ¢; = R; + L;. Letting d; = R; — L; be the net movement of
server t,

cit1— ¢ = Liy1 + Rip1 — (Li + Ri) = Rip1 — Ly = diy1 + d;.

Since all movement is along a line of diameter diam, we have |d;| < diam for all . Therefore,
the cost difference between adjacent servers is bounded by:

lciv1 — ¢il < di] + |diy1| < 2 - diam.
By summing the pairwise differences across all k£ — 1 server pairs, we conclude that:
for any 4,5 € [k] |¢; — ¢;| < 2(k —1) - diam,
as claimed. See the full version for complete proofs. |

We next show that DCA is (o, 8)-fair for a = O(1) and 8 = O(diam) for any tree metric
in the special case of k = 2.

» Theorem 15. DCA is (1.5,1.75 - diam)-fair for any tree metric when k = 2.
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Proof. Fix an input o. For each server, let con;(c) denote the total distance moved by 4
while “converging” towards the other server (moving i closer to the other server). Similarly,
let div; (o) denote the total distance moved by i while “diverging” away from the other server.
For example, when a request is made on the shortest path between ¢ and ¢/, the distance
moved by any of the two servers contributes to con;(c). When ¢ moves away from the other
server (and the other server does not move), the distance moved by i contributes to div;(c).

Intuitively, for two servers the divergence and convergence terms directly reflect how their
mutual distance changes over time: when they diverge the servers move farther apart, and
when they converge they move closer together. Since their separation can never exceed the
diameter of the metric (nor become negative), the total amount by which divergence can
exceed convergence, or vice versa, is necessarily bounded by diam.

Formally, for any input sequence o, with £ = 2 and any server 4, the following inequality
holds (see more details on the proof in the full version of the paper).

—diam < div;(0) + divy/ (o) — 2con;(o) < diam. (3)

Since each unit move of a server i either increases or decreases its distance to the other
server, we can write: ¢; = con;(0) + div;(o). Furthermore, by the definition of DCA and
the nature of converging moves, we have con;(c) = con; (o) since both servers move towards
each other at the same pace during converging moves (this argument fails for k > 2, when one
server can be blocked from moving by some third server). Therefore, using the inequalities
in (3) we can conclude that:

¢; = coni(0) + div;(0) < 3 - coni(o) — divy (o) + diam
< 3-con;(o) + diam
)+ 1.5 - con; (o) + diam

=1.5-con;(o
< 1.5-con;(c) 4+ 0.75 - (div;(o) + divy (o)) + 1.75 - diam.

Substituting the definitions of ¢; and ¢;; and the fact that con; (o) = cony (o) into the previous
bound yields:

cost(DCA, o)

¢; <0.75-¢;, +0.75 - ¢y +1.75-diam < 1.5 - + 1.75 - diam. <

5.2 Unfairness of DCA on General Tree Metrices

We next show that, unfortunately, the positive results of Theorems 14 and 15 cannot be
extended to the full range of settings where DCA is k-competitive. In particular, DCA
can fail to satisfying any reasonable notion of fairness on general tree metrics for general k,
assigning the majoring of work — in fact, Q(k - OrT(o)) work — to just a single server.

» Theorem 16. There exists a tree metric and a request sequence o on that metric such
that, when the Double Coverage Algorithm (DCA) is run on o, some server incurs cost
Q(k - Op1(0)), where OPT(c) denotes the cost of the offline optimal solution.

Proof Sketch. We construct a tree where k 4+ 1 major nodes form a path (the “spine”), and
each major node has an attached minor leaf at distance ¢, for arbitrarily small . Label the
spine nodes {1,2,...,k + 1} and place servers, labeled s1, s2,. .., s, initially at positions
1,3,4,...,k+ 1 respectively, skipping 2 to create a gap. The goal is to force s; to move from
the start to the end of the spine, incurring cost Q(k), while all other servers (and the offline
optimal solution) incur cost just O(1). The hard request sequence proceeds in repeated steps:
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First, issue a request at position 2, causing both servers s; and ss at positions 1 and 3
to move toward it, perturbing the distances by an arbitrarily small amount so that s
arrives first and actually serves the request.

Next, request the minor leaf connected to 2. This forces s, to move off the spine, freeing
up position 2. s; is “blocked” by s3 and does not move.

Now, issue a request at position 3; s; at position 2 and sz at position 4 move toward it,
and again the other server (now s3) serves the request and is sent off the spine.

This pattern repeats: server s; slowly moves right, passing each server one by one while
the others are diverted off the main path. After k steps, s1 incurs cost (k) while all other
servers incur cost just O(1 + ¢). See Figure 1 for an illustration.

Further, the offline optimum can serve all spine requests using just one server move of
length 1 (s; moves to position 2 in the first step), and handle minor leaf requests with
e-moves. Thus, OPT(c) = O(1 + ¢k), and so, setting ¢ arbitrarily small, s; pays costs
Q(k - OPT(0)), as desired. See the full version for full details, and an argument that this
hard sequence can be repeated to apply to settings where OpT(o) is arbitrarily large in
comparison to k and the metric space diameter. |

51 S22 S3

Sl 53

S2
S1

Sz S3

Figure 1 Hard instance for Theorem 12. Top: Initialization of server positions on the spine.
Middle: Requests 1-2 move s1 one step to the right and push sy off the spine via a minor leaf.
Bottom: Requests 3—4 repeat the process with s3, and so on, forcing s; to traverse the entire spine
while all other servers incur O(1) additional cost.

5.3 Uniform Metrics and Paging

Finally, we consider the fairness of deterministic k-server algorithms on uniform metrics,
where we scale all distances to be 1 for simplicity. This setting is equivalent to the classical
paging problem, where the k servers correspond to the k memory cells of a cache. A fault
occurs when a requested page is not currently in the cache, equivalently, when a request is
made to a node (page) without a server located on it. The objective of minimizing total
server movements thus becomes equivalent to minimizing the number of faults.

Given this equivalence, we adopt the terminology of paging. To simplify the discussion,
we restrict our attention to lazy paging algorithms, which evict a page only when a fault
occurs and the cache is full. Non-lazy algorithms, such as Flush-When-Full, are also relevant
in the k-server context,

We start with a strong positive result concerning the First-In-First-Out (FIFO) algorithm,
which evicts the page that has been in the cache the longest. It is well known that FIFO is
k-competitive [57]. We now show that FIFO also guarantees the strongest notion of fairness.
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» Theorem 17. FIFO is (1,1)-fair on uniform metrics.

Proof. Let A and B be two servers (memory cells), and let a;, b; denote the indices of the
ith faults in the input at A and B, respectively. Suppose the first fault at A occurs before
the first fault at B. By the FIFO rule, for any 7, we have

a; <b; < a4 < bi+1.

This implies that the number of faults at A exceeds that of B by at most one. Applying this
logic to all pairs of servers yields the (1, 1)-fairness guarantee. |

Thus, FIFO is not only optimally competitive (among deterministic algorithms) but also
optimally fair. One may ask whether other paging algorithms, such as Least-Recently-Used
(LRU), which is also k-competitive [57], share this fairness property. The following theorem
shows that they do not. Recall that LRU evicts the page in the cache that has been least
recently used.

» Theorem 18. There exists a request sequence o on a uniform metric such that under LRU,
one server incurs cost Q(cost(LRU, o)) while all other servers incur only O(1). Consequently,
LRU does not satisfy («, 5)-fairness with respect to its own total cost for any o = o(k) and
any B = o(cost(LRU, 0)).

Proof. We construct an input where a single server incurs (almost) all the cost incurred by
LRU. Consider the input sequence

(a,1,2,... k—1,8,1,2,...,k—1)™.

By the LRU rule, pages 1,2,...,k — 1 remain in the cache throughout at positions 2,...,k
(i.e., covered by servers s, ..., s;). The first cache location (server s;) experiences faults at
requests to 8 and after repeating the sequence at requests to a. Thus, all of the algorithm’s
cost beyond the initial k£ — 1 “cold misses” (the faults before the cache becomes full) is borne
by this single server. <

Despite the above negative result, one can show that LRU, and more generally all marking
algorithms, guarantee a weaker but still meaningful fairness property: each server incurs a
cost no more than the optimal offline solution. That is, they are (1,0)-fair with respect to
k- OPT(0), the potential highest cost paid by the algorithm on a worst-case input where it
is k-competitive. We explore this notion further in the full version of paper where we call it
acceptable fairness.

A marking algorithm works as follows On a hit, the requested page is simply marked.
On a fault, if all pages are already marked, all marks are cleared; then an unmarked page is
evicted and the requested page is inserted and marked. LRU fits this framework because its
notion of “least-recently-used” exactly corresponds to the unmarked pages: a page loses its
mark precisely when it has not been requested among the most recent k distinct requests,
matching the classical marking definition.

» Theorem 19. For any marking algorithm on a uniform metric, the cost incurred by each
server on input sequence o is at most OPT (o).

Proof. We use the standard phase-partitioning technique. Fixing the input sequence o, define
the first phase as the maximal prefix of ¢ containing k£ distinct pages. Define subsequent
phases recursively on the remainder of the sequence. Let m, denote the number of phases.
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Then OPT(0) > m,, since each phase introduces k + 1 distinct pages and thus forces at least
one fault for OPT. On the other hand, in each phase, any server of a marking algorithm
incurs at most one fault: after its first fault in a phase, its page is marked and remains
protected for the rest of the phase. Thus, each server pays cost at most OPT(c). <

6 Conclusion

In this work, we have introduced a formal definition of («, 8)-fairness for the k-server problem,
and shown that it is achievable without significantly compromising competitiveness in both
the offline setting and the online setting with a randomized algorithm against an oblivious
adversary.

The central open question left by our work is whether fairness can be achieved on general
metrics via a deterministic online algorithm with a competitive ratio of O(k). Or with
a randomized algorithm against an adaptive adversary. Even a partial resolution of this
question, e.g., on just tree metrics or with an algorithm that is just o(k?) competitive rather
than O(k)-competitive, would be interesting. In the full version of the paper, we discuss
some reductions between different notions of fairness that may be helpful in tackling this
open problem.

Our results naturally extend to the egalitarian cost model, where the cost of an algorithm
is defined as the maximum distance traveled by any server, instead of the sum of distances

traveled (the utilitarian model). In this setting, the optimal egalitarian cost satisfies OPT, =

OpT
% -

Let A be an (a, b)-fair algorithm that is c-competitive under the usual (utilitarian) cost
model. For its egalitarian cost, we can write A, < £ A+b. Since A < c¢- OpT, it follows that

Ae < = (¢-OpPT) +b=ac- OrT, + b.

ESl S

Therefore, an (a,b)-fair algorithm that is c-competitive under the utilitarian cost model
becomes an (ac)-competitive algorithm in the egalitarian model.

A final remark concerns the appearance of the parameter diam in some of our additive
fairness bounds. In our analysis, diam denotes the maximum separation ever created between
any two servers during the algorithm’s execution — not the diameter of the metric space
or of the request set. Under the standard assumption that all servers start at the same
location, this quantity is always bounded by the algorithm’s own movement cost. Thus the
dependence on diam is not fundamental: it can be removed entirely by absorbing diam into
the multiplicative term at the expense of a slightly larger constant factor. We present the
cleaner additive-multiplicative form in the main statements, but both formulations could be
equivalent up to constant factors.

Beyond the classic k-server problem, it would also be interesting to consider (a, 5)-fairness
for other important generalizations, e.g., metrical task systems [17].
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