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—— Abstract

Calibration is a critical property for establishing the trustworthiness of predictors that provide

uncertainty estimates. Multicalibration is a strengthening of calibration which requires that predictors
be calibrated on a potentially overlapping collection of subsets of the domain. As multicalibration
grows in popularity with practitioners, an essential question is: how do we measure how multicalibrated
a predictor is? Blasiok et al. [4] considered this question for standard calibration by introducing the
distance to calibration framework (dCE) to understand how calibration metrics relate to each other
and the ground truth. Building on the dCE framework, we consider the auditability of the distance
to multicalibration of a predictor f.

We begin by considering what are perhaps the two most natural generalizations of dCE to
multiple subgroups: worst group dCE (wdMC), and distance to multicalibration (dMC). Using wdMC
and dMC as a guiding path, we argue that there are two essential properties of any multicalibration
error metric: 1) the metric should capture how much f would need to be modified in order to be
perfectly multicalibrated; and 2) the metric should be auditable in an information theoretic sense
(i-e., with some finite sample complexity). We show that wdMC and dMC each fail to satisfy one of
these two properties, and that similar barriers arise when considering the auditability of general
distance to multigroup fairness notions (e.g. multiaccuracy or low-degree multicalibration). We
then propose two (equivalent) multicalibration metrics which do satisfy these requirements: 1) a
continuized variant of dMC; and 2) a distance to intersection multicalibration, which leans on
intersectional fairness desiderata.

Along the way, we shed light on the loss-landscape of distance to multicalibration and the
geometry of the set of perfectly multicalibrated predictors. We also demonstrate that the loss surface
of any metric which captures how much f would need to be modified to be perfectly multicalibrated
often satisfies a local minima are global minima property. Our findings may have implications for
the development of stronger multicalibration algorithms, as well as multicalibration auditing more
generally.
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Auditability and the Landscape of Distance to Multicalibration

1 Introduction

Model calibration is an essential requirement in settings where trustworthy machine-learned
predictions are used [9, 2]. Calibration requires that among all samples given score p € [0, 1]
by a predictor f, exactly a p-fraction of those samples have positive label. However, an
arbitrary predictor f — such as a neural network — may not output the exact same prediction
p more than a handful of times, which makes directly measuring the true calibration error
difficult. Instead, for much of the modern history of machine and deep learning, the (binned)
expected calibration error (ECE) has been the most popular metric used to measure calibration
[21, 47]. Nonetheless, numerous works have pointed to shortcomings of ECE [4, 32, 5, 35].
For example, a small perturbation to the predictor f can wildly change the ECE of f with
respect to a ground truth distribution D. In response to this, the calibration community
has developed a dizzying array of alternative metrics such as kernel calibration error [39, 36,
kCE], B-calibration error [34], Smooth ECE [6, snECE], and more [40, 41].

In order to provide firmer theoretical grounding for alternatives to ECE, [4] introduced
an elegant unified framework for understanding the usefulness of calibration metrics. They
posit that, in lieu of the ultimate goal of obtaining better calibrated predictors, the underlying
desiderata for calibration error metrics should be: low error implies a predictor can easily be
post-processed to be calibrated, and high-error the opposite. They do this by introducing the
distance to calibration error (ACE) of a predictor f, which measures the minimal distance
f would need to change (in a suitable ¢; metric space of predictors) in order to obtain a
calibrated predictor.! Different calibration metrics such as ECE or kCE are then understood
as approximations to the dCE of f with varying degrees of usefulness.

Simultaneously and relatedly, model multicalibration has emerged as a recent quantity
and tool from the algorithmic fairness literature [25]. Put simply, multicalibration posits that
a predictor should be calibrated on a potentially rich, overlapping collection of subgroups
of the data distribution. For example, a risk-predictor used by a bank to inform lending
decisions [2] should be calibrated when conditioned on legally protected subgroups of the
population such as particular races, residents from certain geographic area, individuals older
than 67, etc. [46].

Although multicalibration originated as a tool within the fairness community, techniques
and tools from the broader multi-group viewpoint have recently received attention in the
theoretical computer science community more generally [20, 19, 43]. In particular, the
multi-group literature has been used to obtain guarantees in omniprediction [18, 16, 42],
robustness to distribution shift [29, 48], loss prediction [15], and more [12, 23]. On the
empirical side, these algorithms have been found to be useful in improving the calibration of
text and image classifiers [24, 3, 48], and even LLMs [11, 37].

As we start applying and measuring the effectiveness of multi-group post-processing
notions in the wild, the very question of measuring multi-group calibration has become
salient. Practitioners applying standard (non-multi) calibration metrics have a relatively
good understanding of when different metrics such as ECE or smECE should be used based
on the context and desired measurement properties [4, 6]. Practitioners of multicalibration,
however, do not yet have much guidance on choice of measurement metrics. For example,
prior proposed theory utilizes worst group, discretized ¢; calibration errors [25, 23]. That is,
they consider the subgroup of the domain with the highest discretized ¢; calibration error as
the multicalibration metric of interest. The empirically-minded works of [24] and [30] utilize
worst-group unweighted smECE, while even others use kernel calibration error notions [38].

L This is non-trivial in part because the set of calibrated predictors is non-convex.
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Given the smorgasbord of options directly extending from the standard calibration literature,
our goal is to provide firm theoretical footing to practical advances in multicalibration. In
particular, we ask:

(1) When can we measure the distance of a predictor to the nearest multicalibrated
predictor?
(2) More broadly, when are distance to multi-group calibration notions efficiently auditable?

The first question (1) seeks to understand if the distance to calibration notion of [4] can
directly be extended to multicalibration. A positive result could potentially provide grounded
recommendations to practitioners measuring and utilizing multicalibration algorithms in
practice. In addition, answering the question in any capacity also requires building a deeper
understanding of the geometry of the set of multicalibrated predictors. This is because any
distance to multicalibration notion is fundamentally a metric which measures the distance
from a predictor f to the set of multicalibrated predictors for a ground truth distribution.
Natural follow-up questions abound: What does this set look like? Is measuring the distance
to this set feasible, and does the set have nice properties relative to the ground truth
distribution?

In addition, answering (1) may help uncover properties of the loss surface of multicalibra-
tion in the metric space of all predictors. Many multicalibration post-processing algorithms
happen to be boosting algorithms which combine and collect predictors into complicated
sequences of updates [25, 23]. Can other types of algorithms which operate more like gradient
descent on the loss surface of predictors exist? Boosting algorithms such as the one described
in [25] can be viewed as a form of functional gradient descent. We are instead asking: are
there algorithms which apply gradient updates directly on the predictor f (instead of some
surrogate space), decreasing its multicalibration error at each step?

The second question (2) seeks to build upon three multi-group notions related to multicali-
bration: low-degree multicalibration [20], multiaccuracy [33, 38], and calibrated multiaccuracy
[7, 17, 42]. We may be able to extend distance to multicalibration to these weaker multi-group
fairness notions, unlocking many possible questions about the geometry and auditability of
each of these special sets of predictors. Directions (1) and (2) are both important since they
formally define the multi-group calibration evaluation problem, and may eventually allow for
the development of more powerful algorithms for multi-group post-processing in a variety of
domains.

1.1 Notation and Background

Fix a feature space X’ with finite (but large) cardinality |X| = n, and define the label space
as Y = {0,1}. Define a predictor as a function f : .S — [0,1] for an arbitrary set S C X.
Let Fx = [0,1]?* denote the set of all predictors on X. We sample example-outcome pairs
(x,y) i.i.d. according to joint distributions D over X x ). Equivalently, we can view this
as first sampling x from a marginal distribution Dy over the domain X, and then sampling
y ~ Bernoulli(p*(x)) for some ground truth p* € Fy. We further assume that each Dy is
supported on all of X. We will denote the set of all such distributions as A(X x }).

» Definition 1 (Calibration). A predictor f : X — [0, 1] is perfectly calibrated with respect
to a distribution D over X x Y if for every v € Im(f), we have:

E D[y |f(x):11} = .

(x,y)~

We denote the set of all such predictors cal(D).
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Calibration is a well studied property of predictors which output uncertainty estimates
in [0,1]. Calibrated predictions are useful in a broad variety of settings spanning online
learning [44], collaboration [8], conformal prediction [31], and classification with neural
networks [21]. The task of measuring calibration has given rise to its own line of research
(see [45] for a survey). In particular, a variety of calibration metrics now exist: kCE [39],
smECE [6], ECE, etc. In order to derive an understanding of this veritable smorgasbord, [4]
define the notion of distance to calibration error (ACE) of a predictor f.

Before proceeding, we establish notation. For a distribution D over X x) and f,g : X — R,
we let

1/p
1= (5, [if0ap]) " and (.0 = 1f = gl
Given H C [0,1]%¥, we define the £,-distance to H as follows.
tp(f, H) = inf £,(f,h)

Notice that in our context, the £; metric and norm differ slightly from the traditional norms
and metrics on RI*! because we weigh each coordinate by the marginal distribution Dy.

» Definition 2 (Distance to Calibration Error [4]). For f : X — [0,1] and a distribution D
over X x Y, we define

dCEp(f) :=ti(f,cal(D)) = inf {1(f,9).

g€cal(D)

Note that cal(D) is finite [10] and hence closed under the topology induced by the ¢,
metric for any p > 1; we can therefore replace the inf with a min in the definition of dCE.?
As in [4], our presentation focuses on the ¢; metric.

The definition of dCE is based on measuring how far a predictor f is from perfect
calibration. This allows for [4] to understand and characterize calibration metrics like ECE
which are used in practice. In particular, they show that ECE can be understood to give an
upper bound on dCE, which implies that if ECE is small, the predictor is truly close to being
perfectly calibrated (a soundness condition on the distance to the set of perfectly calibrated
predictors). On the other hand, large ECE does not guarantee that the predictor is actually
far from being calibrated (i.e., does not satisfy completeness). Similar completeness and
soundness guarantees can be derived for other proposed calibration metrics.

Generalizing to Multicalibration

Let a collection C = {S,..., Sk} with S; C X be given. Multicalibration is a strengthening
of calibration which requires a predictor to be simultaneously calibrated when conditioned
on each S; € C. To formalize this within the notation of dCE, we require restrictions of
predictors, distributions, and metrics. It will be useful to generalize some of the objects
already introduced. For f : X — [0,1] and S C X, we let D|g denote the distribution D
conditioned on x € S; this is equivalent to conditioning Dx on x € S and drawing y according
to ground truth p*|s. We will sometimes use a conditional version of the ¢, norm and metric:

p,S+

1/p
= (5, [60P]) " and flstig) =1 g

2 Finiteness of cal(D) was also used and pointed out in [4].
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Y Global Minimum
Local Minimum

% Global Minimum

Figure 1 (Left): Proposition 5 demonstrates that the worst-group distance to calibration error

function (wdMC) contains local minima which are not global minima in the space of all predictors.

That is, there are predictors f which appear locally not improvable in terms of worst-group calibration
error, but which can be improved with a large enough change. (Right): Conversely, Proposition 7
demonstrates that all local minima are global for dMC, even though the loss landscape may be
NnoN-Cconvex.

We slightly abuse notation by writing ¢ |s(f, g) when the domain of f and g contain S.

We will sometimes say that a predictor f € Fx is calibrated on (or with respect to) S;
formally, we mean that f|g is calibrated w.r.t. D|g.

» Definition 3 (Multicalibration). Given a collection C = {Si,..., Sk} with each S; C X, a
predictor f : X — [0,1] is said to be perfectly C-multicalibrated (or just multicalibrated) if f
is perfectly calibrated with respect to S; for all i € [k]. We denote the set of such predictors
as mcalg (D).

We remark that p* is always in the set mcale (D) for the distribution D that it defines (the
ground truth is perfectly calibrated on any subset). However, mcalc (D) is most interesting
when it contains predictors other than p*. Lastly, note that multicalibration says nothing
about how f needs to behave on elements of X not covered by C. Even even when C does
cover X, a predictor need not be calibrated over X to be perfectly C-multicalibrated. It is
therefore without loss of generality to assume that C is a cover of X, i.e. |J; S; = X. We will
nevertheless stipulate when this condition is required.

1.2 Summary of Contributions
1.2.1 A Practical Error Notion

Motivated by practitioners [24, 30], we begin by defining a straightforward ways to measure
the distance of f to multicalibration. Let a subgroup collection C be given. In Section 2.1, we
first introduce the worst-group distance to calibration error, denoted by wdMCec(f). This is
defined as the maximum over all subgroups of how far f is from being calibrated in terms of
dCE, when restricting f and the distribution D to only that subgroup. Importantly, wdMC¢

is also weighted by the “size” (mass) of each subgroup S; in the marginal distribution Dx.

This weighting ensures that a vanishingly small group will not have disproportionate impact
on the multicalibration error, which intuitively would make it difficult to audit.?

3 Consider a subgroup which appears with exponentially small probability in Dy, but introduces a high
calibration error for f. Such a subgroup would not be detectable in a polynomial number of samples,
yet would maximize an unweighted wdMC.
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We then discuss the loss-landscape viewpoint of multicalibration error notions. The
metric wdMC : Fx — R>( maps from the space of predictors to real numbers; in particular,
it defines a loss surface. Multicalibration algorithms can be viewed as traversing this loss
surface. In order for gradient-based multicalibration algorithms to be effective, a reasonable
requirement on the loss surface is that local minima are global minima. If this were not the
case, then any such algorithm could get stuck in a sub-optimal local minima and not be able
to improve the multicalibration error. Existing boosting-based multicalibration algorithms
do not have this issue, and can drive the objective functions as low as desired with enough
samples [23, 25].

Unfortunately, in Proposition 5 we demonstrate that low wdMC does not imply that a
predictor is close to being perfectly multicalibrated. In particular, we exhibit a multicali-
bration auditing instance — a distribution D, subgroup collection C, and predictor f to be
audited — for which wdMC(f) = ¢, but f is at a local minima which is not global. That is,
the closest predictor f which has wdMC(f) < /2 is Q(1) distance away from f. This is
illustrated in Figure 1.

1.2.2 Local and Global Minima

Using wdMC, we have developed one natural requirement for any multicalibration error
metric: all local minima should be global minima. To directly address this, in Section 2.2
we introduce another multicalibration error metric: distance to multicalibration (denoted
dMCec(f)). This metric is defined exactly as the distance from f to its projection onto the set
of perfectly multicalibrated predictors defined in Definition 3. In Proposition 7, we show that
dMC does indeed satisfy this property, since it is a function which computes the distance of
f to a set. The set of perfectly multicalibrated predictors is actually a union of finitely many
affine subspaces of F, and since dMC is defined with the ¢; metric, the loss landscape itself
turns out to be piecewise-linear.

Next, we turn to auditing or computing dMC¢(f). Throughout most of our presentation,
we are concerned with information-theoretic auditability, which asks whether we can compute
the metric or quantity of interest with any finite number of samples.* In Proposition 9, we
demonstrate a pathology of dMC which makes it impossible to audit in this information
theoretic sense. We construct a simple instance for which determining whether dMC¢(f) =0
or dMCe¢(f) > C for a constant C' > 0.2 requires finding the ezact value of the ground truth
predictor p*(x) on some point x € X'. This is impossible with any (finite) number of samples,
and hence, dMC is in general, inauditable. Near the end of Section 2.2 and in [10], we show
that similar instances exist for distance to low-degree multicalibration [20] and calibrated
multiaccuracy [7], two recently proposed relaxations of full multicalibration which may be of
interest to the community.

1.2.3 Stepping Towards Auditability

The pathology exhibited in Proposition 9 arises precisely because a minuscule change in the
ground truth p*(z) on one particular point x can cause the dMC¢(f) to rapidly change by a
constant. That is, dMCe(f) is not Lipschitz in the ground truth predictor p*. Armed with
this intuition, we seek new multicalibration error notions which can simultaneously satisfy
two conditions:

4 We also sometimes consider statistical auditability, (i.e., can we compute the metric in a number of
samples polynomial in |C| = k?) and will explicitly state when this is the case.
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| — dMCe (/) (In-auditable) /

/ For o > 0,
mecale(Dy )| =1
0al | meale(Dy)|

Ata = 0,
| mcale(Dy)| = 2
°

dMCe(f)

0
Value of «

Figure 2 An illustration showing that the distance to multicalibration error (dAMC) of a predictor
f can be a non-continuous function of the ground truth predictor p*. Here, p* is parameterized by a
parameter a. For small enough a > 0, any finite number of samples is not enough to determine
whether @« = 0 or @ # 0. Since dMCe¢(f) = 0 if a = 0, and dMC¢(f) > 0.3 otherwise, this
demonstrates an information-theoretic barrier to auditing dMC. This happens because the number
of multicalibrated predictors | mcale(p*)| grows to two at a = 0, but for an « > 0, there is only
a single multicalibrated predictor (given by p*). Since dMCec(f) measures the distance of f to
mcalc (p*), it experiences an induced discontinuity. See Proposition 9 for details.

(1) All local minima of the loss landscape induced by the metric are global minima;

(2) When holding f, D, and C fixed, the metric is Lipschitz in the ground truth function p*.
We note that (1) can be viewed as a form of a soundness condition relative to the distance
of f to the set of perfectly multicalibrated predictors. On the other hand, (2) provides a
necessary condition for information-theoretic auditability of the metric using samples from D.
If (2) was violated by non-Lipschitzness or C-Lipschitzness for some very large C, then
arbitrarily small changes in the ground truth p* could induce very large changes in the
multicalibration metric. This would then require approximating p* arbitrarily well in order
to get any good estimate on the metric.

With these two basic requirements in hand, in Section 3.1 we examine why the non-
Lipschitzness used in the instance of Proposition 9 occurs. Intuitively, there is a measure-zero
set of “rogue” ground truth predictors which are the points of discontinuity of dMCec(f).
This is illustrated in Figure 2, where a point-wise discontinuity causes dMC to change by a
constant. To rid ourselves of this, we introduce a continuized distance to multicalibration
error metric, which we denote by dMC (Definition 11). At a high level, dMC is defined by
carefully smoothing the dMC over a sequence of local neighborhoods around the ground
truth predictor p*.

1.2.4 Suitable Metric(s)

In Theorem 13, we show that dMCe (f) satisfies properties (1) and (2). Our proof of this is
presented in Section 3.3 with lemmas developed in Section 3.2. Interestingly, the proof relies
on yet another multicalibration error metric: the distance to intersection multicalibration
error, denoted by dIMC¢(f). This metric is simply defined as dIMC¢(f) := dMCz(c)(f),
where Z(C) is the set of all intersections of sets from C. Measuring notions of fairness for
intersections of subgroups is an important and difficult problem in the fairness community
more broadly [14, 26], and hence, dIMC may be of independent interest.

48:7
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In Proposition 20, we demonstrate that for all subgroup collections C (which are covers of
the domain X'), distributions D, and predictors f, we have that dIMCe¢(f) = dfl\Z(/]c (f). This
reveals the surprising fact that smoothing dMC by removing the point-wise discontinuities
is equivalent to measuring a strong, intersectional distance to multicalibration error notion.
Using this fact, we can think of dfl\Eac(f) as exactly the ¢; distance from f to the nearest
predictor which is multicalibrated over C and all intersections of groups in C.

In Lemma 19, we show that there is a disjoint partition J(C) of the domain X (defined
in Definition 18) for which dMC z¢)(f) = dMCgz)(f) = dIMCc¢(f). Why is such a disjoint
partition helpful? In Lemma 17, we show that if the collection C is disjoint, then dMCec/(f)
reduces to a weighted sum of dCE (Definition 2) with respect to each subset in the collection C.
It follows that dAIMC¢(f) is a weighted sum of dCE with respect to each set in J(C). Since
dCE satisfies property (2) in that it is Lipschitz with respect to the ground truth function
p* (Lemma 10), the disjointness of J(C) implies this carries through to dIMC. Using this
interpretation, in Theorem 15 we show that dIMCe¢(f) — equivalently, (1/1\716c( f) — satisfies
both desiderata (1) and (2) of a multicalibration error metric, completing the proof of
Theorem 13.

1.2.5 (In)auditability of dMC and dIMC

In Section 3.4, we discuss auditability of dIMC (equivalently, cﬁ\\/[_é) using the perspective
developed in Section 3.2. In particular, we make use of the fact that dIMC is equivalent to a
weighted average of dCE over the disjoint partition of X defined by J(C).

By statistical auditability of dCE ([4]), dIMC should be statistically feasible to audit.
Nonetheless, the partition J(C) which we chose can turn out to have too many sets. In
particular, it could be the case that |7(C)| = ©(2/°!), meaning that auditing dIMC could
require checking the dCE of exponentially many restrictions of f. Since a majority of the
density in Dy could be placed on sets that we never sample, in Proposition 23 we demonstrate
an example where we cannot distinguish whether dIMCe¢(f) = 0 or dIMCe¢(f) = 0.5 using
poly(|C|) samples. On the flip side, Proposition 26 shows that when J(C) satisfies certain
“nice” conditions — such as sufficient mass on a small number of sets in J(C), or C itself being
relatively small or constant — there is hope for a statistical (and computational) auditability
result of dIMC in poly(|C|) samples. This is noteworthy because in the practice of fair
machine learning, we often expect there to be a small number of subgroups relative to the
size of the domain X.

1.2.6 Distance to Multiaccuracy

Given the nature of the results presented in Section 3.4, in Section 4 of the full version [10]
we ask: Is there a natural relaxation of full multicalibration for which a “distance to” notion
18 statistically auditable? To address this, we define and analyze the weakest relaxation of
multicalibration: multiaccuracy [33]. Multiaccuracy asks that a predictor f be unbiased
over a collection C. We begin by introducing wdMA¢(f) as a “worst-group bias” of f on
a collection C (this is defined analogously to wdMC for multicalibration). We also define
dMAc¢(f), which measures the distance of a predictor f to closest perfectly multiaccurate
predictor (analogous to dMC).

We demonstrate that the loss landscapes of both functions are convex, which implies
that all local minima are global minima. Interestingly, we then show that wdMA and dMA
are different quantities, and wdMA¢(f) fails to satisfy that “low error implies f is close to
a multiaccurate predictor”. In particular, we exhibit an instance for which a predictor f
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has wdMA¢(f) = €, but the distance ¢ (f, f) from the predictor f to any predictor f with
wdMAc(f) < ¢/6 is Q(e - dI°l), where the constant d > 1 is the square root of the golden
ratio. This emerges because the construction used in the proof uses a subgroup collection
based on the Fibonacci recurrence. By highlighting this undesirable property of wdMA, this
instance further motivates the definition of dMA.

Lastly, we close by providing a linear program for computing dMA¢(f) exactly given
perfect information on the average value of p* over each subgroup. The program has 2 - |X|
variables (to model the closest multiaccurate predictor to f), and O(n + k) constraints (to
ensure that the modeled predictor is unbiased on each group). We leave open the question of
statistically and computationally feasible auditing of dMA.

1.3 Related Work

We remark that we are not the first to study distance to multicalibration error. Given that
it is a natural generalization of distance to calibration error (dCE, [4]), the recent work [13]

shows that achieving low distance to multicalibration in an online setting may be intractable.
This may translate to impossibility results in the offline setting via online-to-batch reductions.

In general, we are interested in understanding whether we can even measure notions of
distance to multicalibration error, let alone achieve them. This distinction between our work
is discussed further in Remark 8 within Section 2.2.

There is also recent empirical work on measuring multicalibration in practice. In [22],
the authors propose using a worst-group calibration error notion which weighs groups by
the signal-to-noise ratio of the predictor restricted to that group. They demonstrate the
superiority of their measurement method in a variety of practical settings. Their framing
stands in parallel to how we define wdMC, which weighs groups by their size. Indeed, [22]
emphasize the importance of not having multicalibration metrics being thrown off by a very
small group for which f is poorly calibrated or inaccurate on. This further aligns with the
results of [24], who found that the worst-group calibration error is often determined by small
groups in the data distribution.

2 A Loss Landscape Approach to Multicalibration Measures

In Section 2.1, we formally define the worst-group distance to calibration error notion
which has been used in prior work (wdMC). In Section 2.2, we introduce our distance to
multicalibration notion, dMC, which satisfies two properties that we argue are important for
any multicalibration metric. Finally, we close with an obstruction to auditing dMC, and how
this relates to auditability of the standard (non-multi) calibration metric of dCE [4].

2.1 Measuring Multicalibration via Worst-Group Distance to Calibration

The most common way to measure multicalibration in both theory [25] and practice [24] is
worst-group calibration error. To model this within the framework of [4], we consider an
analogous definition: worst-group distance to calibration, denoted as wdMC.

» Definition 4 (Worst-group Distance to Calibration Error). Let a subgroup collection C =
{S1,...,Sk} with S; C X and a predictor f : X — [0,1] be given. We define the worst-group
distance to calibration error wdMCec/(f) as:

wdMCe(f) := max (P[S] - dCEp|4(fls)) -

SecC
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The metric wdMC is a natural way to generalize dCE to multiple subgroups. In particular,
a small overall wdMC implies that on each subgroup S € C, there is a perfectly calibrated
predictor g : S — [0,1] for which ¢;|s(f,g) is small.> Put differently, f has small (distance
to) calibration error when restricted to each subgroup, which is precisely the optimization
objective of most multicalibration post-processing algorithms. Nonetheless, these post-
processing algorithms usually use notions like worst-group ECE or ¢, calibration error,
instead of worst-group distance to calibration error [23, 25].

We proceed by viewing Fx as a compact subset of a |X|-dimensional vector space and
wdMC : Fx — R>( as a continuous hyper-surface — or loss landscape — over this space. One
can view multicalibration post-processing algorithms as optimizing over this loss landscape
(or some parameterized representation of it). Given the limited use of direct gradient-based
methods in multicalibration algorithms, a natural question is whether this loss landscape
presents any barriers to tried-and-true continuous optimization techniques.

A very basic property of this loss-landscape would be that there are no local minima which
are not global. Such a property would guarantee that if we could perform gradient steps, we
would not stumble upon a sub-optimal solution. Unfortunately, via a simple example, we
first demonstrate that wdMCe¢(f) does not satisfy this property. In fact, it’s possible for a
local minimum to be far from any predictor improving on this local minimum by a constant
fraction. The proof is deferred to [10].

» Proposition 5. Take ¢ > 0 sufficiently small. There exists a distribution D € A(X X
V), subgroups C = {Sy,S2}, and predictor f such that f locally minimizes wdMCc and
wdMCc(f) < e, but for any [ satisfying wdMCec(f) < €/2, it holds that £1(f, f) € Q(1).

The intuition for Proposition 5 is conveyed in Figure 3. In particular, Proposition 5
exhibits a distribution D, collection C = {S1, S2}, and predictor to be audited f which is
e-close to being calibrated on both groups S; and S (and further, f is a local minimum
of wdMCec(f)). However, the only place where the sets calg, (D) and calg, (D) intersect is
actually very far from f. As a bottom line, Proposition 5 demonstrates that measuring the
worst-group calibration error does not tell us anything about the minimum a predictor f may
be required to change — in the geometry of the ¢, metric space — in order to be converted
into a predictor with lower error.

Proposition 5 may seem somewhat counter-intuitive given the results we have on achieving
multicalibration via post-processing algorithms. Works such as [25, 23] provide theorems
which can drive down the worst-group calibration error of a predictor f to & with O(m)
examples for arbitrarily small .6 Proposition 5 does not contradict these results precisely
because multicalibration post-processing algorithms do not give guarantees on how much the
input predictor f may be required to be changed at different error thresholds. Importantly,
it instead demonstrates that there exist certain thresholds € at which the predictor f may be
required to change drastically in order to achieve a worst-group calibration error below a
constant fraction of €.

For technical reasons, we define wdMC with a normalization term based on the subgroup size. We note
that our main result for wdMC, presented in Proposition 5, can be extended to a variant of wdMC
which is simply the non-weighted, absolute worst group dCE. However, this non-weighted version has
little hope of being auditable, since subgroups with very small mass in Dx may drive up the worst-group
dCE in unpredictable ways.

Note that these algorithms objective functions are often a discretized, ¢; worst-group calibration error
notion, not the worst-group distance to calibration error wdMC that we consider.
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08 cals, (D)
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Figure 3 A visual illustration of the difference between wdMC and dMC. The example pictured
is detailed in the proof of Proposition 9, setting o = 0.1. The green lines represent the set of
predictors calg, (D) calibrated with respect to Si, and the blue lines are predictors from the set
calg, (D) calibrated with respect to Sz. In this example, the predictor f is calibrated with respect
to S1, and has small worst-group calibration error wdMC, represented by the dotted distance of
f to the closest predictor calibrated on S3. However, f is far from p*, which is the only predictor
which is simultaneously calibrated on S1 and S2. Hence, f has low wdMC but high distance to the
nearest multicalibrated predictor, which is measured by dMC.

2.2 A Nicely Behaved Multicalibration Error Loss Surface

Proposition 5 directly motivates our next question: Is there a multicalibration error metric
whose loss surface has the property that any local minima are global minima? If such a
metric existed, it would suggest the possibility of gradient-based algorithms that optimized
this metric directly to find multicalibrated predictors.

We will argue that such a metric exists, but at a cost. To start, we consider another
multi-group analog of dCE.

» Definition 6 (Distance to Multicalibration Error). Let a predictor f, distribution D €
A(X x Y), and subgroup collection C be given. We define the distance to multicalibration
dMCec(f) as

dMCep(f) = inf  4i(f,9).

g€mecale (D)
When clear from context, we omit the distribution subscript and write dMCe(f).

The main difference between wdMC and dMC is that the latter considers “perfect”
predictors to be those that are calibrated on all subgroups in C simultaneously. This is
illustrated with an example in Figure 3. Furthermore, in [10] we show that wdMC is always
upper bounded by dMC.

Just as cal(D), mcal¢(D) is generally not convex. Neither is it true that dMC(f) is
convex in f. However, we demonstrate that dMC does satisfy the property that all local
minima are global minima.

» Proposition 7. Let D € A(X x Y), C C 2%, and f € Fx. All local minima of dMCec are
global minima.

We note that this claim is a special case of a much more general fact about distances
to sets in normed vector spaces; we leave this generalization to the appendix of the full
version [10].
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2.2.1 On the Geometry of dMC and Perfectly Multicalibrated Predictors

In addition to nice minima, dMC behaves more nicely than wdMC with respect to its
decomposition into convex functions.

In particular, take C = {S1,...,Sk}. Given a subset S C X, and a predictor g : S — [0, 1],
let A, C [0,1]* be a subset of predictors such that for all g’ € A,, we have ¢'|s = g. Note
Ay is an affine subspace of R¥ intersected with [0,1]¥. In particular, Ag is compact and
convex. Hence, wdMC can be seen as the maximum over finitely many minimums of convex
functions.

M = inf  P[S,]- f1]s
wdMCe(f) s e [Si] - t1ls,(f,9)

= 1 E A 1
gjg)égecgl(%'si) 1(f7 !]) ( )
In contrast, dMC is the minimum of finitely many convex functions from [0, 1]* — R.
We know mcale (D) is a finite set (see full version [10]), and therefore we can write dMC as
follows:

dMCcp(f) = min )fl(f’g)- (2)

g€mecalc (D

When using ¢; norm, both wdMC and dMC are piecewise linear functions. The decomposi-
tions seen in Equation (1) and Equation (2) provide intuition for some of the results that
follow.

» Remark 8 (Auditability of dMC). While Proposition 7 and the decomposition in Equation (2)
suggests that we can optimize dMC to obtain good solutions, it has been shown in restricted
contexts that achieving low dMC may be difficult. [13] show that minimizing dMC — which
they refer to as “strong” distance to multicalibration error — may be impossible in a general
online setting, and online-to-batch results suggest that this may hold even in the offline
setting. The hard instance that they present uses a number of groups k on the order of
the size of the domain |X|. We find reason to be even more pessimistic; we demonstrate an
instance on which dMC cannot even be audited in a property testing sense, as studied in the
calibration context by [28]. Even with only two groups, each with a size given as a constant
fraction of the domain, we find an information-theoretic barrier: discontinuities w.r.t. p*.

» Proposition 9. There exists a domain X, subgroups C C 2%, a predictor f € Fx, and
family of distributions Dy € A(X x Y) for o € [0,.2] such that dMC¢ p, (f) > .3 if a > 0,
and dAMCe¢ p,(f) =0, but TV(Dy, D,) € O(c).

Proof. Let X = {x1, 22,23} and C = {57, S2}, where S = {21, 22}, and So = {22, z3}. Let
the marginal distribution Dy be the uniform distribution. For a fixed « € [0,0.2], we define
the ground truth distribution p* as:

p*(x1) = 0.8, p*(x2) = 0.2, p*(x3) = 0.8 + a.

Define f : X — [0,1] by f(xz) = 0.5 for all z € X.

There are two predictors (up to restriction by S7) which are perfectly calibrated with
respect to Sy. The first one being p*|s,, and the second one being the predictor g such that
g(x1) = g(z2) = 0.5. Similarly, there are two predictors (up to restriction by S) which are
perfectly calibrated with respect to Sa: p*|s, and h where h(z3) = h(x3) = 0.5 + a/2.
Case 1. If o > 0, then g(x2) # h(x2), thus p* is the only predictor which is both calibrated

with respect to S; when restricted to S7 and calibrated with respect to So when restricted

to So. It follows that AMCe(f) = ¢1(f,p*) > C for some constant C' > 0.3.
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Case 2. If & = 0, then we have that f|s, = g and f|s, = h. In this case, there are two
multicalibrated predictors, p* and f, and therefore, dMCc(f) = 0.

Finally, note that

11 1 11 1 «
TV(Do, Da) = 5 §£);[y = 1lzs] — ggi[Y— Hzs]| + B} gg’;b’ = 0lzs] — 57])}’;[3’ = Ofzs]| = 3
The discontinuity which emerges due to this example is illustrated in Figure 2. |

The result above has immediate no-free-lunch implications. Let ¢ € (0,0.3], and suppose
one has a hypothesis test which, given a finite i.i.d. sequence (x1,y1),...,(Xm,ym) for
x; ~ D and y; ~ Ber(p*(x;)) and unlimited oracle-query access to f, can determine whether
dMC¢(f) = 0 or dMC¢(f) > e with probability at least 1 — § > 1/2, for any D chosen
from {D, : a € [0,0.2]}. By Proposition 9, this implies that for any a € (0,0.2], one can
distinguish between Dy and D, with probability at least 1 — §. By Le Cam, however, we
have that

20 > 1—TV(DF™, DZ™) > (1 - O(a))™.

Since we can take any a > 0, no such test exists. Crucial in this setup is the requirement
that a multicalibration test must succeed with a finite number of samples dependent on
the family of distributions from which D is chosen. Fundamentally, this barrier arises from
discontinuities that occur within such a family.

We remark that a similar counterexample exists to Proposition 9 when we place additional
natural requirements on C which at first glance may appear get around the counterexample.
In particular, in Corollary 21 we will demonstrate an instance where: (1) X'\ S € C of each
Sec, (2) X eC,and (3) |X| is arbitrarily large but Proposition 9 still holds.

Proposition 9 showcases that an arbitrarily small change « in the ground truth labeling
function p* can both (1) alter the size of the set mcalc(D) of C-multicalibrated predictors for
the distribution D; and (2) add a new multicalibrated predictor in a totally different region
of the prediction space Fx (see Figure 2). This is unfortunate news, since it shows that even
when the marginal Dy is held fixed, there are discontinuities in dMC with respect to p*. This
discontinuity highlights another key desirable property of any “distance to” notion: when
holding the marginal Dy fixed, the metric should be continuous with respect to changes in
the ground truth p*. This is a core requirement for auditing to be possible, since it implies
that we do not have to obtain the ezact ground truth p* to audit for the calibration notion.
It is relatively straightforward to see that the original dCE definition of [4] satisfies this
property.”

It will be useful to establish additional notation. Let D € A(X x )). For a predictor
p € Fx, we let D), denote the distribution induced by drawing x ~ D, and y ~ Ber(p*(x)),
and define dCEp ,(f) := dCEp, (f). We may now consider continuity notions with respect
to different ground truths.

» Lemma 10. Let D € A(X x ) and f € Fx. Then dCEp(f) is 1-Lipschitz with respect
to the ground truth p*. That is, for p1,ps € Fx, we have

| dCEp,p, (f) = dCEp p, (/)| < &a(p1; p2)-

We leave the proof to the appendix in the full version [10].

7 Indeed, this also follows from the fact that dCE is approximately auditable in the “prediction-access”
model of [4].
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2.2.2 Extension of Proposition 9 to Other Multi-group Notions

The works [20, 7] showcase the utility of weakening the full multicalibration definition
by relaxing the conditioning on f(z) in the definition of calibration. This is done by, e.g.,
restricting the dependence to various degree polynomials, and combining it with other notions
like global calibration. A natural question is whether we can circumuvent the pathology
exhibited in Proposition 9 by weakening the notion of multicalibration considered. In the
appendix of the full version [10], we show that similar counter-examples exist for two weaker
distance to multi-group notions: distance to low-degree multicalibration and distance to
calibrated multiaccuracy. Both remain impossible to audit due to discontinuities with respect
to the ground truth.

2.2.3 Lipschitzness of wdMC

It is not difficult to see that wdMC is also 1-Lipschitz in p*. By definition, of wdMC, we
have wdMCc(f) = max; P[S;] - dCEp|4 (f). The observation follows from that fact that
dCEp s, (f) is 1-Lipschitz and the maximum function is 1-Lipschitz for the supremum norm.

3 Continuized Distance to Multicalibration Error

The example in Proposition 9 demonstrates that there are circumstances where dMC is
impossible to audit or even approximate. In Section 3.1, we introduce a variant of dMC, the
continuized distance to multicalibration error, (Tl\\/I/C) Carefully smoothing the dMC over a
sequence of local neighborhoods, AMC is 1-Lipschitz in the ground truth labeling function p*,
satisfying a key property for the information-theoretic tractability discussed in Section 2.2.
We examine this notion over the course of Sections 3.2 and 3.3, via an equivalence to a
new distance notion, the distance to intersection multicalibration error. Unfortunately, in
Proposition 23, we show that auditing dMC (and dIMC) remains statistically hard with only
a number of samples from D which is polynomial in the domain size n = |X'| and subgroup
collection size k = |C|. However, for the common scenario in practice with a constant number
of groups k, we show that dMC (and dIMC) are both statistically and computationally
feasible to audit, and provide a recipe for doing so via access to a dCE auditing oracle.
We defer most proofs to the full version [10].

3.1 Smoothing Away Discontinuities of dMC

The reason that dMC is not auditable is that the set mcale (D) does not continuously vary with
p*. In particular, recall the example given in Proposition 9 where p* is parameterized by «.
Whenever a > 0, p* ended up being the only multicalibrated predictor, and dMC¢(f) > 0.3.
However, when we change a to be ezactly zero, f suddenly also becomes a multicalibrated
predictor, and dMC¢(f) drops to zero by definition. This also demonstrates that even the
cardinality of the set mcale(D) is not constant with slightly changing p* (see Figure 2).

At a high level, we argue that a = 0 is a special case for the ground truth p* that induces
agreement between groups. This is because at o = 0, p* looks identical when conditioning on
the groups S7 and S. This in turns adds another predictor f to the multicalibrated predictor
set mcale (D), which drops the distance dMC from 0.3 to 0. We will eventually show that
these discontinuities, for example at a = 0, can only ever lower the dMC. Intuitively, this
occurs because the mcale (D) momentarily expands, which makes the ¢; distance of any
predictor to the set shrink.
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Working with the fact that all discontinuities have their image below the local neighbor-
hood of dMC, it is natural to introduce a continuized version of dMC, which we refer to
as dAMC. In this continuized version dfl\/\[é7 we remove all discontinuities of dMC by taking
the supremum of AMCec(f) over a sequence of neighborhoods around the ground truth p*,
effectively removing these lower discontinuities.

As above, we will need specify metrics with respect to varying ground truths and subgroup
collections. Let D € A(X' x)). For a predictor p € Fx, recall that D,, denotes the distribution
induced by drawing x ~ D, and y ~ Ber(p*(x)). We let dMC¢ ,(f) := dMC¢ p, (f). When
p*
introduce the continuized metric.

is clear from context, we omit the associated subscript. We are now ready to formally

» Definition 11 (Continuized Distance to Multicalibration Error). Let B:(p) be the closed
ball of ¢1-radius € around the predictor p € [0,1]*.%2 We define continuized distance to
multicalibration error as follows:

ch\?[/CQp*(f) = lim sup dMCc,(f).
e—0F pEB:(p*)

There are a few important things to note about the definition of dMC. First, notice that
since p* € B.(p*) for all € > 0, it is always the case that dMCe¢ - (f) < dfl\EE?CJ,* (f). Second,
as a sanity check, we note that dMC is not simply measuring distance to the ground truth
p*. Rather, we wish for dMC to rule out “bad” multicalibrated predictors which induce
discontinuities in the metric, and account for the remaining “good” multicalibrated predictors.
The following proposition demonstrates that dMC is not pathological in this sense, measuring
distances to multicalibrated predictors other than p*.

» Proposition 12. There exists distribution D with gro%truth p* and subgroup collection
C, and predictor f # p* such that £,(f,p*) = Q1) and dMC¢ - (f) = 0.

Finally, and most importantly, AMC seems impossible to compute a priori as its definition
relies heavily on knowledge of p*. Surprisingly, in Proposition 20, we show that this is
actually not the case: computing AMC is equivalent to computing distance to the nearest
predictor which is calibrated with respect to all intersections of groups in C. This provides a
path towards auditability of dMC in some common scenarios discussed further in Section 3.4.

We are now prepared to discuss the properties of AMC. Tn Sections 2.1 and 2.2, we argued
that there were two essential requirements for multicalibration error metric: local minima
are global, and lipschitzness in the ground truth labeling function p*. The main result in
this section is that AMC indeed satisfies both.

» Theorem 13. Let D € A(X x Y), subgroup collection C, and f € Fx be given. Assume
that C covers the domain X. Then, dMCec ,+(f) satisfies the following:

1. All local minima are global minima.
2. dMCec p+ (f) is 1-Lipschitz with respect to the ground truth p*.

The proof of Theorem 13 is presented in Section 3.3 and crucially relies on the equivalence
between the continuized and intersection distance notions, which we examine in Section 3.2.

8 We remark that the open ball can work as well, at the expense of longer proofs.
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3.2 Distance to Intersection Multicalibration Error
As in the statement of Theorem 13, we will assume that C covers X throughout this section.

» Definition 14 (Distance to Intersection Multicalibration Error). Let D € A(X x Y) with
ground truth p*, subgroup collection C, and predictor f € Fx be given. Let Z(C) be the
intersection closure of the set C. Fxplicitly,

I(C)—{ﬂS:AQC A A;A(ZJ}.

SeA

Then, we define the distance to intersection multicalibration error, dIMC, as follows:
dIMCe p- (f) := dMCzc) p= (f)-

Before proceeding, we note that dIMC in fact satisfies the two desiderata of distance to
multicalibration metrics.

» Theorem 15. Let the distribution D, subgroup collection C, and predictor to audit f be
given. Assume that C covers the domain X. Then, dIMCc ,+(f) satisfies the following:

1. All local minima are global minima.

2. dIMCe¢ ,+(f) is 1-Lipschitz with respect to the ground truth p*.

Since dIMC is a special case of AMC, the first criteria of Theorem 15 comes directly from
dMC. The second comes from the nontrivial fact that multicalibration on Z(C) is equivalent
to multicalibration on a disjoint cover of X, defined in Definition 18; then by Lemma 17.

As a first step to proving Theorem 13, we will show that surprisingly, dMC and dIMC
are equivalent almost everywhere in the space of ground truth predictors (Proposition 16).
That is, for most practical scenarios, we can treat them as equivalent quantities.

» Proposition 16. Let a subgroup collection C = {S1,..., Sk} be given. Let P C Fx be the
set of ground truth predictors p* such that dMCc p+(f) # dIMCc p+ (f) for some f € Fx.
Then P is contained in a set of Lebesque-measure zero.

As results that follow will demonstrate, intuitively, the set of points where dIMC and dAMC
differ is exactly the “bad” ground truths p* that block auditability in Proposition 9. Viewed
another way, Proposition 16 says that these “bad” ground truths constitute a measure-zero
subset in the space of all possible ground truths. In other words, most of the time the
multicalibrated predictor g € mcale(D) for which AMCe(f) = ¢1(f, g) is also multicalibrated
on the intersections of subgroups in the collection C.

Proposition 16 also implies that any properties of dMC will also, for most ground truths
p*, be true for dAIMC. In particular, our next result shows that dMC is 1-Lipschitz when
restricted to disjoint covers of X. Combining this with a particular choice of disjoint cover
then allows us to demonstrate that dAIMC is 1-Lipschitz.

» Lemma 17. Let D € A(X x )), subgroups C, and predictor f € Fx be given. If C is a
disjoint cover of X, then dMCc¢ ,+ is 1-Lipschitz with respect to p*. That is, for any two
ground truth labeling functions p1,ps € Fa:

[dMCe.p, (f) = dMCe p, ()] < 41 (p1,p2)-

We still require two additional ingredients to show that dIMC is Lipschitz. First, we
need to have a way of converting Z(C) to a disjoint cover. Then, we need to show that AMC
on the chosen disjoint cover preserves its value even though we have changed the subgroup
collection. The following choice of partition is sufficient.
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» Definition 18. Let subgroup collection C = {S1,...,Sk} be given. Define the partition
generated by C as:

({0 () s}

We know that J(C) is in fact a partition of X’ because for all z € X, there is a unique A C C
such that for all ¢ € [k] we have x € S; if and only if S; € A. The following lemma shows
that we can convert between Z(C) and J(C) without losing any information on the set of
multicalibrated predictors. This is key, since Z(C) is not in general a partition.

» Lemma 19. Let C be a disjoint cover of X. For any distribution D with ground truth labeling
distribution p*, we have that mcalzcy(D) = mcal ) (D). Furthermore, dIMCc ,-(f) =

dMCzc) p(f) = dAMCz(c) p+ (f)-
We may now prove Theorem 15.

Proof of Theorem 15. To see property (1), notice that dIMC is simply defined as dMC for
the particular subgroup collection Z(C). Therefore, (1) is true via Proposition 7.

To prove Lipschitzness of dIMC (property (2) of Theorem 15), notice that by Lemma 19,
we can define dIMCe - (f) as dAMC 7(cyp+(f). Since J(C) is a collection of disjoint sets
which cover X', by Lemma 17, we know dIMC is 1-Lipschitz in p*. |

3.3 Completing the Proof of Theorem 13

In Theorem 15, we showed that dIMC satisfies both 1-Lipschitzness and local minima are
global minima. The following proposition demonstrates that the two notions dIMC and dMC
are equivalent, which therefore implies Theorem 13 as a corollary.

» Proposition 20. For D € A(X x Y) and f,p* € [0,1]%, we have dIMC¢,-(f) =
dMCe p+ (f)-

Proof of Theorem 13. This follows from the equivalence of AMC and dIMC in Proposi-
tion 20, and the properties of dAIMC given in Theorem 15. |

Discussion and Implications

The equivalence between dMC and dIMC may have implications that go beyond our pur-
poses. To start, because J(C) is a disjoint cover of X', mcal 7(¢)(D) is precisely the set of
predictors f defined by f|s, € cal(D
a decomposition of the continuized metric.

s,) for each i. Applying total expectation, one obtains

cmc(f) = dMCy ) (f)

= min 4 (f,
g€mcal 7 (c)(D) 1(1:9)

min Z P[S] - l1]s(f, 9)

g€mcal 7 (c) (D)

SeJ(C)
= Y P[S] min fis(f,9)
S€7(0) g€cal(D|s)
= Y P[S]-dCEp,(f).
SeJg(C)
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This property will be particularly useful for the purpose of auditing. This decomposition
comes at a cost, however: |J7(C)| may be exponential in |C|.

We also can use the notion of intersection multicalibration to show a strengthened version
of Proposition 9, which extends to settings where C is closed under set compliments, X € C,
and |X| is arbitrarily large. As in Proposition 9, all groups are a constant fraction of the
domain.

» Corollary 21. Let N € N. There exists a domain X such that |X| > N, subgroups C,
predictor f € Fx, and family of distributions D, € A(X x Y) for o € [0,0.1] such that
dMCe - (f) =0, dMC¢c p, (f) > 0.2, and TV(Dy,D,) < .

Corollary 21 demonstrates a discontinuity in dMC analogous to that of Proposition 9,
confirming that the information-theoretic barrier to auditing this measure do not disappear
asymptotically, even with additional structural assumptions on C.

We close this section by relating all of the notions thus far introduced.

» Proposition 22. For D € A(X x)), C C 2%, and f € Fx, we have the following hierarchy:

wdMCp ¢(f) < AMCp e (f) < AMCp¢(f) = AIMCp ¢ (f) = dMCp_ (o)

3.4 Auditability of dMC and dIMC

Though Theorems 13 and 15 show that testing dMC may be tractable in restricted contexts,
it is not hard to construct instances on which computing this notion — or even distinguishing
between the case where dMC = 0 or dAMC > 0.5 — requires exp(k) samples. Such instances
arise due to the same mechanisms that make intersectionality guarantees in algorithmic
fairness difficult to audit [27]. Consider, for example, a case in which J(C) is exponentially
large in k£ = |C|. On such an instance, auditing dMC may require more knowledge of p* than
is statistically tractable. We demonstrate this fact in the following result.

» Proposition 23. Let k > 2. There exists a domain X, subgroup collection C = {Sh,..., Sk},
predictor f € Fx, and distributions {D;}Y € A(X x Y) such that:
1. dMCe¢ p,(f) =0 and dMC¢ p,(f) = 0 5 for alli > 1;

2. For m < 2872 we have TV(D§™, Z LDP™) € O(m?/2F).
Proof. For chosen k, let X = {0,1}*~! and C = {S;}F P U{{0}} for S; := {(x1, -~ ,z1_1) €
X @ x; = 1}, Let f(z) = 0.5 everywhere. Let Dx be uniform over X. Define Dy =
Dy @ Ber(0.5). Next, for each T' C X of cardinality 22, take pr(x) = L[z € T] and define
Ds by drawing y ~ Ber(pr(x)). We index these distributions D; for ¢ € [N] where N := (n/Z)’
and n := 2¥=1. One observes that [7(C) is the set of all 2°~! singletons, and hence, mcalc (D)
consists of only the ground truth p*. It follows that Cmc,m (f) = ¢1(f,0.5) = 0 and
dMCe p, (f) = 0.5 for all i > 1.

Next, note that by birthday paradox, a sequence of samples ((x;,y;))]* admits repeats
with probability at most m(m — 1)/2n. Hence,

N

m 1 m
ng;[%yﬂ *;N Hl}f[%yj
j= i= j=

1 m—1 1
TV (D[(J@m7§ Np;@m) < TTL("an ) + 5 z :
i ((z5,9;))7"
x; distinct
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on 2 (H g’;W)
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Note that for a sequence ((z;,y;))7* with all distinct x;, there are exactly (n/2 ™) sets
S C X of cardinality n/2 that contain all ;. Hence, by definition of the D;,

N 1 s (n72_1nm) i 53—

ZNHPx],yJ]_W: 11 h

i=1" j=1""' n/2 £=0
Moreover,

I it T () (252

Fixing some ((z;,y;))7" such that each z; is distinct, we have the following inequality:
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To conclude, there is an absolute constant C' > 0 such that TV(DF™, >, +DE™) < Cm? /2.

<

Proposition 23 exhibits a statistical barrier to auditing dMC when limited assumptions
are made on how the ground truth p* is chosen. Suppose D is chosen with probability
1/2 to be Dy, and with probability 1/2 is chosen uniformly from {D;}}. The TV bound
in Proposition 23 implies that auditing in this setting with constant advantage requires
a number of samples exponential in k. We leave it to future work to examine reasonable
constraints on p* under which auditing can be done with efficient sample complexity (e.g.
restriction to classes of bounded VC dimension).

» Remark 24. We remark that in the above proof, the difference between d/l\\/l_éc,po(f) =0
and (Tl\\/I/Cc’Di (f) = 0.5 corresponds to distinguishing between the cases where the constant
predictor f(x) = 0.5 correctly estimates that the ground truth p* is 0.5 on every z, or f is
incorrect and p* is always 0 or 1 on each x. In turn, these two cases model all uncertainty in
f being aleatoric vs. epistemic respectively. Aleatoric uncertainty is ¢rreducible uncertainty

in the data. On the other-hand, epistemic uncertainty is — also known as “model uncertainty”
or reducible uncertainty — captures deficiencies in the modeling capabilities of the predictor.

As discussed in [1], predictors trained from only samples of the form (x,y) may not be able
to distinguish between these two types of uncertainties. [1] therefore propose higher order
predictors, which are able to distinguish between aleatoric and epistemic uncertainty since
they are trained with “k-snapshots”: samples of the form (x,y1,y2,...,¥x) constructed by

i

first sampling x ~ Dy, then sampling y; o p*(x) from the ground truth labeling function p*.
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This represents, for example, asking multiple doctors to label a patient X-Ray as containing
a broken bone or not. Such an approach may provide workarounds of roadblocks within
multicalibration auditing. We leave exploration to future work.

Next, we exhibit a loose sample complexity upper bound for estimating dMC when J(C)
is not too large and none of its elements have too small of a probability mass. We start by
estimating a weighted version of dCE for conditionals D|g. The following lemma uses tools
developed in [4].

» Lemma 25. Let D€ A(X x)), S€2¥\ 0, f € Fx, and &,6 > 0. There is an estimator
fi such that, given a sequence of m = O(e~%log(1/9)) samples ((f(x;),y;))jey for i.i.d.
(x5,¥;) ~ Dlsg, it holds with failure probability at most § that

fi —e <dCEp|(f) <4V +e. (3)

» Proposition 26. Let D € A(X' xY), f € Fx, andC C 2%\ 0. Suppose J(C) = {S1,...,S¢}
and v = minge 7y P[S] > 0. Let e € (0,7] and 6 > 0. There is an estimator 0 such that,
given a sequence of m = O(£*e=2y~1log(£/8)) samples (f(x;),y;, (L1[x; € Si])le);’;l for
i..d. (x5,y;) ~ D, it holds with failure probability at most 6 that

§—c < dMCe(f) < 4V1h + /5.

4  Conclusions and Future Work

Our work broadly demonstrates barriers to auditing the distance to multicalibration notions.
However, it also reveals that in certain restricted settings which may be useful to practitioners,
distance to multicalibration can be audited (Section 3.4). Indeed, the fact that the continuized
distance to multicalibration error dMC introduced and developed throughout Section 3 is
exactly measuring an intersectional [26] analogue of distance to multicalibration error is
surprising and useful. However, this also means that for any setting with many subgroups in
the collection C, auditing the continuized distance is difficult.

The instance used to exhibit in-auditability of dMC in Proposition 23 seems wholly due
to the fact that the ground-truth has, in some sense, a “maximal” complexity. In particular,
one can ask if “simpler” ground truths p* give rise to positive auditability results. One can
imagine restricting the allowable ground truth distributions to, for example, those with low
VC dimension. This complexity restriction may demonstrate other settings where positive
auditability results emerge.

Our preliminary foray into distance to multiaccuracy, available in Section 4 of the full
version [10], also reveals interesting subtleties. In particular, we show that the worst-group
bias quantity wdMA exhibits the following interesting property: Even if wdMA¢(f) = e,
the predictor f may need to change by some amount exponential in the collection size k
in order to reach some f with wdMA¢(f) < /6. This holds in spite of all local minima of
wdMA being global minima; this suggests that there can be large “basins” with low slope
near the minima of the loss surface of wdMA. Taken together, this demonstrates that dMA
and wdMA are indeed different quantities, and suggests further motivation for finding a
statistically and computationally efficient way to audit dMA.

More generally, auditing for AMA may require a better understanding the geometry of the
space of multiaccurate predictors. It can be shown that the set macc(D) is affine subspace
of [0,1]%, which lends some nice properties. For example, if f is perfectly multiaccurate
with respect to the ground truth p*, then p* is perfectly multiaccurate with respect to the
distribution given by a ground truth with f. The same cannot be said for multicalibration.
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Lastly, extending to settings beyond finite X’ is especially interesting since the sets of

calibrated or multicalibrated predictors would no longer be finite, an important assumption
used throughout our proofs.
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