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—— Abstract
We study the d-dimensional knapsack problem. We are given a set of items, each with a d-dimensional
cost vector and a profit, along with a d-dimensional budget vector. The goal is to select a set of items
that do not exceed the budget in all dimensions and maximize the total profit. A polynomial-time
approximation scheme (PTAS) with running time n®(%/) has long been known for this problem,
where ¢ is the error parameter and n is the encoding size. Despite decades of active research, the
best running time of a PTAS has remained O(nrd/ dfd). Unfortunately, existing lower bounds only
cover the special case with two dimensions d = 2, and do not answer whether there is a n°(8)_time
PTAS for larger values of d.

In this work, we show that the running times of the best-known PTAS cannot be improved up
to a polylogarithmic factor assuming the Exponential Time Hypothesis (ETH). Our techniques are
based on a robust reduction from 2-CSP, which embeds 2-CSP constraints into a desired number of
dimensions. Then, using a recent result of [Bafna Karthik and Minzer, STOC’25], we succeed in
exhibiting tight trade-off between d and ¢ for all regimes of the parameters assuming d is sufficiently
large. Informally, our result also shows that under ETH, for any function f there is no f (g) no(2).
time (1 — €)-approximation for d-dimensional knapsack, where n is the number of items and 6 hides

. . . d
polylogarithmic factors in .
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1 Introduction

In the 0/1-Knapsack problem, we are given a set of items, each with a cost and a profit,
together with a budget. The goal is to select a subset of items whose total cost does not exceed
the budget while maximizing the total profit. Knapsack is one of the most studied problems
in combinatorial optimization. Indeed, a polynomial-time approzimation scheme (PTAS) for
the problem [28, 48] was among the first PTASes to have ever been discovered in the field, and
is often the first PTAS taught in computer science courses (see e.g. [50, Section 3.1] and [13,
Chapter 35.5]). While such a PTAS has been known to exist since the 70s [28, 48], the problem
remains an active topic of research to this day [23, 37, 32, 33, 46, 9, 27, 16, 42, 12|, with the
best known (fully) PTAS that gives a (1 — £)-approximation in time O(n + 1/¢2) [42, 12].
This running time is essentially tight assuming (min, +)-convolution cannot be solved in
truly sub-quadratic time [15, 36].
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On the PTAS Complexity of Multidimensional Knapsack

Numerous generalizations of Knapsack have been considered over the years. One of the
most natural and well-studied versions is the so-called d-dimensional knapsack problem. Here
each cost is a d-dimensional vector. The problem remains the same, except that the total
cost must not exceed the budget in every coordinate. The problem is defined more formally
below.

» Definition 1 (d-Dimensional Knapsack).
Input: An instance T = (I,p, ¢, B) consisting of:
a set of items I,
a profit function p: I — N,
a d-dimensional cost function ¢ : I — N9,
a d-dimensional budget B € N%.
Solution: A subset S C I such that for all j € [d] it holds that c;(S) := > ,cg¢;(i) < By.
Objective: Find a solution of mazimum profit, where the profit of S is p(S) := > ;. g (7).

Multidimensional (vector) knapsack is the family of d-dimensional knapsack problems for
all d > 1. The study of d-dimensional knapsack dates back to the 50s [40, 43, 49] and it has
been used to model problems arising in many contexts, including resource allocation, delivery
system, budgeting, investment, and voting (see the survey [18] for a more comprehensive
review). Given its importance, there have been several algorithms and hardness results devised
for the problem over the years. We summarize the main theoretical results below. We note
that many heuristics for the problems have been proposed (e.g., [2, 5, 6, 31, 38, 47, 3, 51, 45]),
although these do not provide theoretical guarantees and thus will be omitted from the
subsequent discussions.

On the hardness front, the decision version of the Knapsack problem (d = 1) generalizes
the Subset Sum problem, which is one of Karp’s 21 NP-complete problems [29]. The d =1
case admits a fully polynomial time approzimation scheme (FPTAS), i.e., a PTAS that runs
in time (n/E)O(l). In contrast, for d = 2, it has also long been known that no FPTAS exists
unless P = NP [34, 41]. This has more recently been strengthened in [35], who show that,
even when d = 2, the problem does not admit an efficient PTAS (EPTAS), i.e., one that
runs in time f(e) - n®™) time, assuming W[1] # FPT. This in turn was improved by [26] to
rule out any PTAS that runs in time n°(1/¢) even for d = 2, assuming ETH. Recently, [20]
established a lower bound for exact algorithms for the d-Dimensional Knapsack problem,
based on a hypothesis concerning multi-dimensional (max, +) convolutions.

Meanwhile, on the algorithmic front, a PTAS for d-dimensional knapsack with running
time n°(4/¢) was first described by Chandra et al. [10]', not long after a PTAS for Knapsack
was discovered in [28, 48]. The d-dimensional knapsack has been a challenging research
topic ever since: over the past nearly 50 years, all improvements on Chandra et al’s PTAS
come just in the constant in the exponent [19, 8], with the best running time known being
O(nl?/¢1=4) [8]. Unfortunately, this barrier cannot be explained by aforementioned existing
lower bounds. For example, they do not rule out an n®(@+1/2)_time PTAS. This brings us to
the main question of this paper:

Is there a PTAS for d-dimensional knapsack with running time n°(4/€) 2

L Strictly speaking, Chandra et al’s algorithm is for the unbounded version where each item can be picked
multiple times. However, it can be extended to the bounded case too [44].
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1.1 Our Results

Our main result is the resolution of the above question in the negative, up to a polylogarithmic
factor in the exponent. Unlike previous lower bounds [35, 26] which focused on two dimensions
d = 2, or a non-parametrized number of dimensions [11], our lower bound gives a nearly
tight trade-off between d and %, for all regimes of g. In the following results, n denotes the
encoding size of the instance.

» Theorem 2. Assuming ETH, there are constants A,dy € N, such that for any d > dy
and any € € (0,1) the following holds. There is no (1 — €)-approximation algorithm for

d-dimensional knapsack that runs in time O (nr/ log* 7"), where n is the size of the input and

r=d,
For example, Theorem 2 implies that there is no algorithm which for every sufficiently large
d and any e < 1 returns a (1 — €)-approximate solution for a d-dimensional knapsack instance
in time no(d+é), orn (g), or even no((d+%)2_5) for any § € (0,1) (by setting d = 1).
Additionally, as the lower bound in Theorem 2 considers specific values of d and ¢, the result
also rules out algorithms with running time of the form f(d,¢) - n'/ log” 7 {61 an arbitrary

function f.

1.2 Technical Overview

Existing lower bounds for d-dimensional knapsack can be crudely partitioned into three

categories.
First, lower bounds for d = 2 dimensions [34, 41, 35, 26]. The basic technique in this
setting is to reduce Subset Sum, known to be computationally hard in various settings
(e.g., [14, 1]), to 2-dimensional knapsack. In broad terms, each number in the Subset
Sum instance corresponds to an item. One dimension imposes an upper bound by the
target value on the original sum, while the second dimension guarantees that the original
sum is higher than the target value using a clever cost construction. However, these
constructions are only useful for d = 2 using an extremely small £, and cannot be used to
reveal the asymptotic hardness of d-dimensional knapsack for larger values of d.
The second category of lower bounds considers the setting where d is arbitrarily large, as
can be seen in [11]. The lower bound in [11] relies upon a reduction from independent
set which uses a fairly high number of dimensions. In particular, the result in [11] rules
out the existence of a constant approximation for multidimensional knapsack, where the
number of dimensions is part of the input. However, it is unclear whether the approach
in [11] can be adapted to yield lower bounds for fixed d and e.
The third type of lower bounds deals with the parameterized complexity of the problem.
In [25] the authors show that multidimensional subset sum does not have a parameterized
algorithm when the parameter is the number of dimensions d, even if the items’ costs are
encoded in unary. The result is based on a reduction from the 2-constraint satisfaction
problem (2-CSP, see definition in Section 2), which embeds each edges of the 2-CSP
instance into two dimensions.
The core ideas of the reduction in [25] can be easily extended to multidimensional knap-
sack. Combined with recent hardness-of-approximation results for constraint satisfaction
problems [4, 21, 39, 22|, this extension can be used to establish lower bounds on the
running time of any (1 — ¢)-approximation algorithm for multidimensional knapsack with
fixed € > 0. However, such results are limited for a fixed ¢ > 0, and will not lead to the
result in Theorem 2.
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We build upon the existing reduction form 2-CSP [25], and extend it to attain a lower
bound which works for every sufficiently large d and every . The core novelty of our reduction
lies in a technique which embeds multiple constraints of the 2-CSP instance into a constant
number of dimensions. To do so, on certain dimensions, the weights of the items are viewed
as multidigit numbers on the basis of a large number Q, and each constraint is mapped into
a specific digit.

Crucially to attain hardness of approximation results, our reduction is approximation
preserving. However, the quality of the approximation preservation depends linearly on the
used ratio between constraints and variables in the CSP instance. Combined with the recent
hardness of approximation results for 2-CSP by Bafna Karthik and Minzer [4], this leads to
a lower bound which works for every sufficiently large fixed value of d and any e.

Organization

We start with some preliminary definitions in Section 2. Then, in Section 3 we give our
reduction from 2-CSP to VK and in Section 4 we prove our main lower bound for VK. An
older version of this paper, with additional results, is given in [17].

2 Preliminaries

Basic definitions

For an instance Z of a maximization problem II, let OPT(Z) be the optimum value of Z and
let |Z| denote the encoding size of Z. For a set S, a function f: S — N, and a subset X C S
we use the abbreviation f(X) =) .y f(z). For some a € (0, 1), an a-approzimate solution
for Z is a solution for Z of value at least oo - OPT(Z). For all t € N let [¢] = {1,2,...,t}.
Throughout this paper, let log be the logarithm with the natural logarithm base.

d-dimensional knapsack

For short, for any d > 1 we use d-VK to denote d-dimensional (vector) knapsack (see the
formal definition of d-VK in Definition 1). We also use VK to denote the collection of
d-VK instances over all d > 1. For some d € N and a d-VK instance Z = (I,p, ¢, B), let
W(Z) = maxc[q) Bj be the maximum budget of the instance. For any d € N and d € [d],
we may assume w.l.o.g. that every d-dimensional knapsack instance is also a d-dimensional
knapsack instance by adding extra d — d dimensions with zero budgets and zero costs for all
items.

Graph theory definitions

For every graph G let V(G) and E(G) denote the set of vertices and edges of G, respectively.
We assume that all graphs G considered in this paper are simple directed graphs with no
anti-symmetric edges. For a vertex v € V(G) we use Adj(v) to denote the set of adjacent
edges to v in G. For some A € N, a graph G is A-bounded degree if the degree of each vertex
in G is at most A.

3-SAT and ETH

Our lower bounds are conditioned on ETH. Before we state these, recall the standard 3-SAT
problem.
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» Definition 3 (3-SAT).
Input: ¢ = (V,C), where V is a set of variables and C is a set of disjunction clauses of
three variables or negation of variables in V.
Assignment: A function s:V — {0,1}.
Objective: Find an assignment satisfying a mazimum number of clauses. Let SAT(¢)
be the maximum number of clauses in C satisfied by a single assignment to ¢.

Next, we state ETH [24].

» Conjecture 4 (Exponential-Time Hypothesis (ETH)). There is a constant § > 0 such that
there is no algorithm that given a 3-SAT formula ¢ on n variables and m clauses can decide
if SAT(¢) = True in time O (2°™).

2-CSP

We prove the hardness of VK via a reduction from 2-CSP, defined formally below.

» Definition 5 (2-CSP).
Input: II = (G, 3, {7 }eer(q)) consisting of
A directed constraint graph G.
A finite alphabet set . Without the loss of generality, we always assume that ¥ =
{1,...,n} for somen € N.
For each edge e = (u,v) € E(G), a constraint m, : ¥ x ¥ — {0,1}.
Satisfied edges: Fore = (u,v) € E(G), we say that that e is satisfied by (o,,0,) € EX X
if and only if (0, 0,) = 1.
A solution: A function ¢ : V(G) — X.
Value: The value of a solution ¢ : V(G) — X is defined as the relative number of
satisfied edges:

{e = (u,v) € E(G) | e (p(u), p(v)) = 1}
|E|

val(p) :==

Objective: Find a solution with mazimum value.

For a 2-CSP instance II, we define by val(IT) the value of an optimal solution for II. In

the proof of our main result, we use a recent hardness of approximation result for 2-CSPs [4].

In the following, we state a slightly stronger version of the result from [4]. We have verified
with the authors that this stronger formulation does indeed follow from their work [30].

» Theorem 6 ([4]). Assuming ETH, there is a constant kg € N such that the following holds.
For every constant £ > 0 there exist C > 0 and A € N such that for every fixed k > ko there

k/ log® k) that takes as input a 2-CSP instance II on a

is no algorithm running in time O (n
constant degree A bipartite reqular graph with k vertices over an alphabet of size n and can
distinguish between the following two cases:

(Completeness) val(Il) = 1.

(Soundness) val(Il) < &.

We remark that a recent work of [22] yields a slightly worse running time, but allowing for
sub-constant soundness compared to Theorem 6.

50:5

ITCS 2026



50:6
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3 A reduction from 2-CSP to VK with Varying Dimensions

In this section, we give our main reduction from 2-CSP to VK. As we will see in the next
section, this implies our main result (Theorem 2). Besides the 2-CSP instance, the reduction
also considers an additional integer parameter F' in addition to the 2-CSP instance II. The
reduction embeds multiple edges of the 2-CSP instance into a constant number of dimensions.
The parameter F' determines how many edges are embedded within a constant number of
dimensions. Increasing F' reduces the number of dimensions of the resulting instance but also
weakens the soundness guarantees of the reduction. Thus, F introduces a trade-off between
the number of dimensions and the approximation ratio.

» Lemma 7 (Dimension Embedding Reduction). There is a reduction 2-CSP — VK that, given
a 2-CSP instance II whose constraint graph G = (V, E) is a A-bounded degree graph and
F € [1,|E|], returns in time O <|H|5) an instance ZI1, F) = (I, p, ¢, B) of d-VK such that
the following holds.

1. The number of dimensions is d =4 - [%—‘ .

2. |Z(I)| =0 (|H|5).
3. (Completeness) If val(Il) = 1, then there is a solution for Z(I1, F') with profit 8 - |E|.
4. (Soundness) For every q € N, if there is a solution for Z(IL, F) of profit at least

8- |E| —q, thenval(Ill) > 1 —2- A F - L.

Before the formal construction, we provide a high level intuitive description. For this
entire section, let Il = (G, 3, {7 }ecr) be a 2-CSP instance, where G is of bounded degree
A for some fixed constant A, and let F € [1,|E|]. In addition, let n € N such that
¥ = {1,...,n}. In the following, we describe a reduction that creates the reduced VK
instance Z(II, F) = (I, p, ¢, B).

The construction of the reduced instance can be intuitively summarized as follows. The
instance has two types of items. The first type contains all pairs of a vertex in G and an
assignment for the vertex, and the second type contains all triplets of an edge and a feasible
assignment for both of its endpoints. The profits, costs, and budgets are defined so that
a feasible solution S C I for this VK instance with a sufficiently high profit satisfy the
following: for most vertices v € V and for all of their adjacent edges e = (u,v) € E it holds
that (i) exactly one item (v, 0,) is selected to S corresponding to an assignment of o, to
the vertex v, and (ii) exactly one item of the form (e, oy, 0,) is selected to S, preserving
the assignment of o, to v. From here, it is easy to construct an assignment for the original
2-CSP instance with relatively high value.

The non-trivial part is to enforce the above using the definition of profits, costs, and
budgets. Recall that the reduction receives the parameter ' which controls the number
of dimensions. We define four sub-constraints for each edge e € E and call D the set of
sub-constraints over all edges. We define a partition Dq,..., D, of D into r constraints, with
up to 4 - F sub-constraints in each constraint (with possibly fewer sub-constraints in the last
constraint). For each ¢ € [r], we make an embedding of Dy into only two dimensions, thus
having overall d = 2 - r dimensions of the VK instance.

The construction of the items’ costs consists of two levels. The first level associates a
weight with each item, where the weight has a dimension for every sub-constraint. The
weight function ensures that if a set of items has a weight of exactly m = 3 - n in every
dimension, then the set of items represents a solution for the 2-CSP instance of value 1.
On its own, this level is similar to the reduction in [25]. The second level generates the
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actual costs. Here, each constraint Dy (a subset of sub-constraints) is associated with two
dimensions. The first dimension encodes the weights of the sub-constraints as a |Dy| digit
number on the basis of a large number Q, where each sub-constraint in D, is assigned to
a digit. The second dimension is used to enforce the property that if a solution contains
multiple items associated with the sub-constraints in Dy, then the weight associated with
each sub-constraint must be exactly m = 3 - n.

The Reduction from 2-CSP to VK

We proceed with the formal description of Z(II, F). As the reduction is relatively long, we

describe each parameter (the set of items, profits, costs, and budgets) in separate paragraphs.

The Items

The set of items contains all pairs of a vertex in G and a possible assignment to the vertex,
as well as all edges in G and a satisfying assignment to the endpoints of the edges. Formally,
let I = Iyy U Ig be the set of items, where

Iy =V x¥
and
IE = {(6701,02) eExYxX | 7T€(O'170'2) = 1}

For any i = (v,0) € Iy and i’ = (e,01,02) € Ig, with a slight abuse of notation, we use
the unified notation for the first entry of the item, corresponding for a vertex or an edge,
respectively, by

(i) = v, u(i') =e.

Before describing the remaining components of the reduction, we use the following definition
of constraints.

Constraints

Our reduction associates four sub-constraints with every edge e € E of the 2-CSP instance,
and bundles 4 - F' sub-constraints into a single constraint. More formally, a sub-constraint is
a tuple x = (e, j,8) € E x {1,2} x {1,2}, where e = (u1, uz) is the edge of the sub-constraint,
J selects u; as the endpoint of e associated with the sub-constraint x, and s can be viewed
as a sign selector. In our reduction, a constraint is a subset of sub-constraints.

Let Fy,..., E, be an arbitrary partition of F such that |E,| = F for all £ € [r — 1] and

|E.| < F; thus, r = [%—‘ and |Ey| < F for all £ € [r]. Define Dy = Ep x {1,2} x {1,2} as

the ¢-th constraint. We also define D = E x {1,2} x {1,2} as the set of all sub-constraints.

In particular, Dq,..., D, is a partition of D.

We define the following auxiliary parameter — the number of sub-constraints in which a
vertex or an edge participates within a constraint. This parameter relates to both the profits
and costs of the items. For all £ € [r] and v € V define

#sub(l,v) =2 - |Adja(v) N Byl
and for every e € E define

4, if e € By,

0, else.

#sub(l,e) = {

50:7
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Intuitively, the values #sub({,v) and #sub(/,e) can be viewed as the number of sub-
constraints in Dy in which v and e participate. An illustration of the above is given in
Figure 1.

i3 = (6, 01, 02)

Figure 1 An illustration of two sub-constraints (e, 1,s), (e,2,s) (on the left), and three items
i1,1%2,13 on the right. The edges in the figure between a sub-constraint and an item ¢ € {41, 2,43}
indicate that u(i) participates in the sub-constraint.

Profits

Define the profits p : I — N by p((v,0)) = 2 - deg(v) for every (v,0) € Iy and p((e, j, s)) =4
for every (e, j,s) € Ig.

» Lemma 8. For every S C I and { € [r], we have p(S) =D e, Dies #sub(l, u(i)).

Proof. It holds that

p(8) = > p(i)

€S

= Z 2 - deg(v) + Z 4
(v,0)eSNTy (e,j,8)ESNIE

=> 3 2 |Adjgw)NEl+ > > 4
Lelr] (v,o)eSNIy Lelr] (e,4,8)€SNIE s.t. e€Ey

= Z Z #sub(4,v) + Z Z #sub(/, e)
Lelr] (v,o)eSNIy Lelr] (e,§,s)ESNIE s.t. e€Ey

= > > #sub(l, u(i)
Le(r] €S

The second equality holds since for every e € E there is exactly one ¢ € [r] such that
e € Fy. |
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Next, we define the costs and budgets of the reduced VK instance. As a building block, we
use the following definition of a | D|-dimensional weight function. Informally, each dimension
of the weight function corresponds to a sub-constraint in D, and can be interpreted as the
cost of an item on the specific sub-constraint.

Weights

Let m = 3 - n. Define the weight function w : I — NP such that for every x = (¢/,j,s) €
E x{1,2} x {1,2} = D, where ¢ = (u1, u2), define the x-dimension w, as follows.
For every (v, o) € Iy define
0, if v # uy,
wy((v,0)) =< o, ifv=wujand s=1 (1)
m—o ifv=wu;ands=2.
For every i = (e, 01,02) € I define
0, ife#¢,
wy (i) = 4 0}, ife=¢ and s =2 (2)
m—o; ife=¢ ands=1
Notice that the weight of an item (v,0) € Iy in w, equals to o if v is the endpoint of e
associated with y and s = 1; on the other hand, for s = 2 the weight the item receives is
the complement: m — o, considering m as a large number, strictly larger than any ¢’ € X
(recall that ¥ = {1,...,n} and m = 3 - n). The weight of an item (e, 01,02) € Ig is defined

reciprocally to the above, using o; if s = 2, and the complement m — o; if s = 1. From here,
we get the following result.

» Lemma 9. Let ¢ : V — X such that val(p) = 1, and let
S =A{(v, () [veViu{le,ou), ) |e=(uv) € E}.
Then, for every x € D it holds that w, (S) = m.
Proof. Note that S C I since for every e = (u,v) € E it holds that m.(p(u), p(v)) =1 as
val(¢) = 1. For any x = ((u1,u2),7,8) € D, we have

Wy (S) = wy (uj, p(u, Wy, (w1, u2), @(u1), (u)) = plug) +m = plu;) 821:m,
x () = wy (g, 0(uz)) + wi((u1, uz), p(ur), p(uz)) {m_(p(uj)w(uj) oo

Thus, it holds that w, (S) = m for every x € D. <

Additional Parameters for the Costs and Budgets
Define a sufficiently large parameter as
Q=3-F2.m-(|[V|+|E|)- |5

Recall that |II| is the encoding size of the 2-CSP instance II. In addition, define M = Q* ¥
where the reason for the selection of these parameters becomes clear in the proofs later on.
The following observation holds since m, F, |V|, |E|, |X| are bounded by |II|.

» Observation 10. Q <6 [I1|° and M < (6 |11])***".
We proceed to define the costs and budgets of the reduced VK instance.

50:9
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C(&l)(i) Wy (Z) =m-=o Wyo (Z) =0 wX:z(i) =0 Wyy (1) =0

ordg(x1) =1 ords(x2) =2 ords(x3) =3 ordg(x4) =4

Figure 2 A partial illustration of the cost function in the reduction. The figure shows the cost
of item ¢ = (v,0) € Iy in dimension (4, 1) for some ¢ € [r]. The sub-constraints in the constraint
D, are Dy = {x1, X2, X3, x4} where x1 = (e,j = 2,58 = 2), jzs = (e,7 = 2,s = 1), e = (u,v), and
X2, X4 are sub-constraints corresponding to edges not adjacent to v. Thus, #sub(¢,v) = 2. The
sub-constraints are ordered by x1, X2, X3, X4 so that orde(x1) = 1, orde(x2) = 2, etc. The cost of ¢ in
dimension (£, 1) is wy, (1) + wy, (7) - Q3. Considering this cost as a base-Q number, the first digit is
m — o and the third digit is ¢. This is illustrated as the gray area in the figure, depicting the 4-digit
number in base-Q.

Costs

The reduced instance will have d = 2 -  dimensions and without the loss of generality, the
dimensions correspond to the set [r] x {1,2}, i.e., a pair of dimensions for each constraint
Dy. We define the cost function ¢ : I — NIFX{12} a5 follows. For every £ € [r], let
ords : Dy — [|D¢|] be an arbitrary bijection, that will be used to order the sub-constraints in
each constraint arbitrarily into disjoint bits in the costs (and budgets). Let i € I and for
(4,t) € [r] x {1,2} define

Ce (i) = > xen, Wx(i) - Qerde), ift=1,
' M - #sub(l, u(i)) — 3, cp, wx (i) - Qerde(x)  if t = 2.

Observe that #sub(¢, u(i)) = {x € D¢|w, (i) > 0}, which implies that the costs in
dimensions (¢,2) are non-negative. For each ¢ € [r], and t = 1 the cost c(y4) (i) encodes the
weights w, (%) of all the sub-constraints x € D,. The encoding simply views the cost as an
| Dg|-digit number on the basis of Q, where the sub-constraint y € D, is assigned to the
ordy(x)-digit. The costs c¢)(i) for ¢ = 2 are used as a complement to the costs in the ¢t = 1
dimension. The two dimensions (¢,1) and (¢,2) are later used together to ensure properties
of high profit solutions. We give an illustration of the costs in Figure 2.

The next observation will be helpful throughout this section.

» Observation 11. For any S C I and ¢ € [r], we have
(i) Cz,l(S) = erm wx(S) . Qorde(x)
(i) coa(S) =M - Y cg#sub(l, p(i)) = 3o, e p, wy(S) - Q).

Budget
We define the d-dimensional budget B € NI"*{1:2} for every dimension (¢,t) € [r] x {1,2} by

B, = 1 X en,m- QY ift=1,
ot = ) .
8- M|-Ee| =Y cp,m- Q4N ift =2

This completes the definition of the reduced instance Z (II, F'). To simplify the presenta-
tion, when II, F' are clear from the context, we may discard II, F' from the notations.

Clearly, given a 2-CSP instance IT with a constraint graph G and F' € [1,|E|], the instance
Z(IL, F) can be constructed in time |II|°(Y). Next, we prove some basic properties of the
reduction.
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» Lemma 12. For any 2-CSP instance Il = (G, X, {me}ecr) and F € [1,|E|] the following
holds.

1oa=4-[H].

2. |z F)| <O ().

Proof. The first property clearly holds as a simple observation from the construction of the
reduced instance. For the second property of the lemma, note that the largest number in the

costs/profits/budgets of the instance Z(II, F'), i.e., W (Z(II, F)), is bounded by 8 - M - | E,|.
In addition, from Observation 10 it holds that M < (6 |[II|)***. Thus,

W(Z(ILF)) <8-M-|Be| <8-M-|H| <8-(6-[II[)*"" - 1T < (48 [1T))**"

Therefore, the reduced instance Z(II, F') can be encoded in space

O(|1]-d-log W (Z(IL, F))) = O <(|V| |Z] + |- ) '—f,' F- 1og|H|) <o (),

This shows the second property of the lemma. |

We also use the following auxiliary result.

» Lemma 13. The following properties hold:
For every L € [r] : Y . cyup #sub(f,a) = 8 - |Ey|
Z[e[r] Zaequ #SUb(Ea a) =38 |E|

Proof. For a boolean valued expression A, define 14 = 1 if A is true and 14 =0 if A is
false. For the first property of the lemma, for all £ € [r] it holds that

Z #sub({,a) = Z #sub(¢,v) + Z #sub(/, e)

acVUE veV ecE

> 24 |Adig(v) VB + ) 4 lecg,

veV eckE

> 8- leer,

ecE

=8 |Eyl.

Since F71,..., F, is a partition of E, the second property follows from the first property. <

We give below the completeness and soundness of the reduction. We start with the
former, which is (relatively) straightforward.

» Lemma 14 (Completeness). For any 2-CSP instance Il = (G, X, {metecr) and F € [1,|E]],
if there is a solution ¢ : V. — X for II such that val(¢) = 1, then there is a solution for
I(II, F) of profit 8 - |E|.

Proof. Let ¢ : V — X be a solution for II satisfying that for every e = (u,v) € E it holds
that e (p(u), p(v)) = 1. We use ¢ to define a solution for the VK instance Z(II, F') as
follows. Define

S ={(v, o)) | veViu{le,¢(u),p))|e=(uv) e E}.
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Note that for every v € V' it holds that (v, ¢(v)) € Iy. In addition, for every e = (u,v) € E it
holds that 7. (¢(u), ¢(v)) = 1 by the definition of ¢; thus, (e, p(u), p(v)) € Ir. We conclude
that S C I and is therefore well-defined. From Lemma 8 and the second item of Lemma 13,
the profit is equal to

Z Z #sub(¢,a) =8 |E|.

Le[r] a€eVUE

To conclude, it remains to prove that S is a solution for Z(II, F); i.e., that all budget
constraints are satisfied. To see this, first notice that for any x = (u1,us,5,8) € D, by
Lemma 9 we have

wX(S) =m Vx € D. (3)

Let (¢,t) € [r] x {1,2} be a budget constraint. Consider the two cases depending on t:
t = 1. In this case, (3) and the first item of Observation 11 yield

cen(S) = Z wy () . Qorde(0) — Z m- Q) = B, ,.

XED; XE€D,

t = 2. In this case, the first item of Observation 11, we have

cen)(S) =M - Z#sub(ﬁ,u(i)) - Z wy () - Q)

i€sS X€Dy

=M - Z#sub (0, (i Z m - Qorde(x)
€S xX€Dy,

=M- Z #sub({, a) — Z m - Qorde0)
a€VUE XED,

=8- M- |E| — Z m - Qode(x)

XED,
= By.

The second equality uses (3). The fourth equality uses the fact that for every v € V and
for every e € E there is exactly one item in S in which v and e form the first coordinate.
Thus, S is a feasible solution for Z(II, F') and this completes the proof. <

For the soundness, we prove that given a solution to the reduced instance Z(II, F'), we
can construct a solution for IT with roughly the same value/profit. Before that, we give a
couple of useful properties over the weights w of any solution of Z(II, F):

» Lemma 15. Let S be any solution for Z(I1, F'). Then, for any £ € [r], the following holds:
(i) 2icg #sub(f,pu(i)) < 8- |E.
(1) If > ;cq #sub(l, u(i)) = 8 - |Eyl, then wy(S) =m for all x € Dy.

To prove this, we use the following fact that an integer can be uniquely represented in
base-N.

» Observation 16. Let N € Nand z1,...,2n, A € {0,..., N—1} be such that 3,1, x; Nt =
Diem A Nt. Then, for alli € [n] it holds that z; = A.

Proof of Lemma 15. Since S is a solution for Z(II, F),

M -8-|E)|=By1+ Bea > cen(S) +ce2(S) =M - Z#Sub(ﬁ,,u(i)), (4)
ic€S
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where the last equality follows from the two items of Observation 11. Thus, Item (i) of the
lemma holds by diving the two sides of the inequality by M > 0.

To prove Item (ii) of the lemma, note that for (4) to be an equality rather than just an
inequality, we must have By 1 = ¢¢,1(5), since By1 > ¢p1(S) and By > ¢¢,2(S) (recall that
S is a solution). Therefore,

Z m - Qorde() — Bi1=ce1(S) = Z wy, (S) - Qorde(x). (5)

X€ED; xX€Dy,

Observe that w;(S) < |I|-m < Q due to our choice of the parameters m and Q. From this,
(5), and Observation 16, we can conclude that w, (S) = m for all x € D, as required. <

Using Lemma 15, we can give the second direction of the reduction.

» Lemma 17 (Soundness). For any 2-CSP instance II, F € [1,|E|], and g € N, if there is a
solution for Z(I1, F') of profit at least 8 - |E| — q, then there is a solution ¢ for II such that

_ 2:A-q-F
val(p) > 1 B

The soundness proof goes, in high level, as follows. Given a solution S for Z(II, F) with
relatively high profit, we define the set of tight constraints of S as all £ € [r] satisfying
> icg #sub(f, u(i)) = 8 - |Ey|. We denote by V* the set of vertices v € V' whose all of their
adjacent edges belong to a set Ey such that ¢ is tight. We show that every v € V* induce
the following property: There is exactly one (v,0,) € S, and for every e € Adj(v) there is
exactly one (e,01,02) € S, such that o; = o, where e = (u1,u2), j € {1,2}, and v = u;.
Therefore, we can define an assignment ¢ by setting ¢(v) = o, for vertices v € V*, and
define the assignment of other vertices v’ € V'\ V* arbitrarily. Finally, we can easily show
that every constraint (u,v) € V* x V* of the CSP instance II is satisfied by ¢ immediately by
the definition of Ig. Since S has a relatively high profit, it follows that |[V*] is large implying
that most of the constraints are tight and therefore we have constructed an assignment for II
with a relatively high profit.

Proof. Let ¢ € N such that there is a solution S for Z(II, F') of profit at least 8 - |[E| — q.

For every e € E, let £(e) € [r] be the unique index satisfying that e belongs to Ey). In
addition, let

T:{ée[r]

be the set of tight constraints of S. Define

S #tsub(l, u(i)) = - IEZ|}

i€S

V* = {v eV ’ Ve € Adjz(v): Le)eT } (6)

as the set of vertices satisfying that all of their adjacent edges belong to tight constraints.

The set V* satisfies the following crucial property.

> Claim 18. For every v € V* there is exactly one o, € ¥ such that (v,o0,) € S. Moreover,
for every e = (u1,u2) € Adjs(v) there is exactly one (01, 02) € %2 such that (e, 01,02) € S
and o; = 0, where j € {1,2} satisfies v = u;.

Proof. By (6), it holds that ¢(e) must be tight for every e € Adjs(v), that is,

> #sub(t(e), u(i) = 8- |Eye).

i€S

50:13

ITCS 2026



50:14

On the PTAS Complexity of Multidimensional Knapsack

Let e = (u1,u2) € Adjg(v) and let x1 = (e,4,1), x2 = (e, 7,2) where j € {1,2} is the unique
index such that u; = v. Thus, as x1,x2 € Dy(e), by Item (ii) of Lemma 15 it holds that
Wy, (8) = m and wy,(S) = m. Observe that there can be at most one o, € ¥ such that
(v,0,) € S: assume towards a contradiction that there are (v,0,),(v,0.) € S such that
oy # o), then it follow that

Wy, (S) > wy, (v,04) + Wy, (v,0,) =3 n—0,+3-n—0,=4-n>3 -n=m,

where first equality follows from the definition of w,, (1) and the second inequality holds as
04,0, < n. The above inequality is a contradiction that w,, (S) = m.

Analogously, if there are (e,01,02), (e, 07, 0%) € S where (01, 02) # (01, 04) then it would
follow that

wy,(8)>3-n—0;+3-n—-0;>4-n>3-n=m,

where the first inequality uses the definition of w,, (2), and the second inequality follows
from 0;, 0} < n. The above inequality is a in contradiction to wy, () = m. Therefore, there
is at most one items of the form (e,o1,02) in S.
On the other hand, if for all o, € 3 it holds that (v,0,) ¢ S, then since there is at most
one (01, 02) € X2 such that (e, 01,02) € S we also have
Wy, (S) <maxoc=n<3-n=m.
oex
The inequality holds since we assume that there is no o, € ¥ it holds that (v,0,) ¢ S, and
we have shown above that there is at most one (o1, 02) € X2 such that (e,01,02) € S. The
above contradicts the fact that w,,(S) = m. Similarly, if for all (1,02) € X? it holds that
(e,01,02) ¢ S, then it follows that
wy, (S) <maxoc=n<3-n=m
ocy
The above equation is a contradiction that w,, (S) = m.
Overall, we have established that there is exactly one o, € ¥ such that (v,0,) € S and
there is exactly one (o1, 02) € ¥2 such that (e,o0q,02) € S. Therefore, it remains to prove
that 0; = 0,. Observe that

Wy, (S) = le((”U, UU)) + w)m((e’ala 02)) =0y +3-n— 0j-

Since wy, (S) = m = 3 - n, we conclude that o; = 0,,. The statement of the claim follows.
<

For all v € V* denote by o, € ¥ the unique symbol satisfying that (v,o0,) € S; by
Claim 18 it holds that o, is well defined for every v € V*. Define ¢ : V — X by ¢(v) = g,
for every v € V*, and for every v € V' \ V* define ¢(v) arbitrarily as some symbol in ¥. We
start with the following claim.

> Claim 19. For every e = (u,v) € E such that u,v € V* it holds that 7. (o(u), p(v)) = 1.

Proof. Let e = (u,v) € E such that u,v € V*. Thus, it follows that ¢(u) = o, and p(v) = oy,
where oy, 0, are the unique symbols such that (u,0,) € S and (v,0,) € S, respectively,
by Claim 18. Moreover, as e € Adjg(v) and e € Adj,(u), by Claim 18 it follows that
(e,0u,0,) € SN Ig. Since Iy = {(e,01,02) € EX X X X | me(01,02) = 1} it immediately
follows that m.(p(u), (v)) = me(ow, 0p) = 1 as required. <

It remains to give a lower bound on the value of ¢. To do so, we need the following upper
bound on the number of non-tight indices ¢ € [r].
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> Claim 20. |[r]\ 7] <gq.

Proof. First, from Lemma 8, we have

Z Z#Subﬁ (i

Lelr] i€S

—Zz#subﬁu Z Z#subﬁu

LeT €S ée[r]\T i€S

= s El Y Y b))

€T LE[r\T i€S

Now, for every ¢ € [r] \ T, it holds that ), g #sub({, u(i)) # 8 - |E|; by Item (i) of
Lemma 15 and the fact that #sub assigns only integral value for each item, we have that
ZieS #sub(?, u(i)) < 8- |E¢| — 1. Plugging this into the above, we get

S)<Y 8B+ Y (8Bl -1)=) 8- [E~|W\T|=8|E| -] \T],

LeT Le[r\T Ler]

Finally, the claim follows since we assume that p(S) > 8- |E| — q. <

To conclude the soundness proof, observe that
{v eV | de € Adj,(v) s.t. L(e) € [r] \T}‘

Z 2 |Ef

[r\T

. Z - 7

VAV =

| A

=|[\T]-2-F
<2.q-F.
The first inequality holds as every e € E such that £(e) € [r] \ T can add up to 2 vertices (its

endpoints) to V' \ V*. The second inequality holds as |E;| < F' due to the construction of
the partition Fy, ..., E,. of E. The last inequality uses Claim 20. Hence,

{e = (u,v) € B[ (p(u), ¢(v)) = 1}

val(p) = T
S He = (u,v) e EN(V* x V*)}
= Bl
L le=(up) € B\ x V)]
2]
LAV
1 g
2.A-q-F
1 g

The first inequality follows from Claim 19. The second inequality holds since G has a
maximum degree A; hence, for each v € V' \ V* there are at most A adjacent edges that
do not belong to V* x V* and we conclude that |E\ (V* x V*)| < A - |V \ V*|. The last
inequality follows from (7). By the above inequality, the soundness proof follows. <

The above lemmas give the statement of the reduction.

Proof of Lemma 7. The proof follows from Lemma 12, Lemma 14, and Lemma 17. |
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4 Proofs of the Main Lower Bound

In this section, we prove Theorem 2 relying on the reduction presented in Section 3 and the
strong lower bound for 2-CSP of [4], formalized in Theorem 6.

» Theorem (2). Assuming ETH, there is a constant dy € N, such that for any d > dy
and any € € (0,1) the following holds. There exists a constant A > 0 such that there is no
(1 — €)-approxzimation algorithm for d-dimensional knapsack that runs in time O (nr/ log™ T) ,
where n is the size of the input and r = g.

Proof of Theorem 2. The proof can be summarized in high level as follows. First, we define
a set of parameters. Then, relying on these parameters, we assume towards a contradiction
the existence of an approximation algorithm VK-ALG for d-VK, for a sufficiently large d
(see the concrete definitions below). Then, based on the existence of VK-ALG we give a
reduction called CSP-ALG from 2-CSP to d-VK. Finally, we use the reduction to reach a
contradiction to the existing lower bound for 2-CSP, given in Theorem 6. For readability,
the proofs of the technical claims within the proof are deferred to Section 4.1.

Assume that ETH holds. Define £ = % and let ¢ > 0 and A € N be the constants
promised by Theorem 6 for the error parameter £. Let A = C'+1. We define several constants
as follows. Let kg be the constant promised by Theorem 6. Let B = 10 - 2048 - A? and let ko
be the integer promised by the following claim.

> Claim 21. There is an integer ko2 > ko such that for every k&’ > ks the following holds.
k’
e 2 10.
Bk K
log® k’ < log® k' *

Let dy = 4096 - A2 - ky. Assume, towards a contradiction that there are d > dy and
¢ € (0,1) such that there is a (1 — &)-approximation algorithm VK-ALG for d-dimensional
knapsack that runs in time O (NT/ log” T), where N is the size of the input and r = g. To
reach a contradiction to Theorem 6, we define the following reduction from 2-CSP on specific
parameters. Define d’ = %7 and define k = {%J. It holds that k is sufficiently large by
the following claim.

According to Theorem 6, in the following we will consider only 2-CSP instances with &
variables and m = A - k constraints. Define F' = [4;,"1. The following claim shows that F'
satisfies the conditions of Lemma 7.

> Claim 23. F € [m]and d>4-[%].

Recall that by Theorem 6 there is no algorithm running in time O (nk/ log® k) that takes

as input a 2-CSP instance IT on a constant degree A bipartite regular graph with k vertices
over an alphabet of size n and can distinguish between the following two cases:
(Completeness) val(II) = 1.
(Soundness) val(Il) < &.

By our assumption, there is a (1 — ¢)-approximation algorithm VK-ALG for d-dimensional
knapsack that runs in time O (N r/ lOgA”"), where N is the size of the input. Using VK-
ALG, we define the following algorithm CSP-ALG that decides between the above two
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cases on 2-CSP instances with k variables on bipartite regular graphs of degree A. Let
II= (G, %, {7e}tecr), where G = (V, E), be such a 2-CSP instance and define CSP-ALG on
IT as follows.

1. Compute the reduced d-VK instance Z(II, F') using Lemma 7
2. Execute VK-ALG on instance Z(II, F') and let p be the profit of the resulting solution
3. Ifp>8-|E|-(1—e¢): Decide val(Il) = 1 and else decide val(IT) < &.

By Claim 23 and Lemma 7, the number of dimensions of the instance Z(II, F) is at most
d, and recall we can treat this instance as a d-VK instance by padding the extra dimensions
in the cost vectors with zeros for all items. We conclude with the following two claims that
the existence of the above algorithm is a contradiction to Theorem 6.

> Claim 24. For every given 2-CSP instance II = (G, X, {7.}ecr) on a constant degree A
bipartite regular graph with & vertices, Algorithm CSP-ALG correctly decides if val(IT) = 1
or val(IT) < &.

Proof. Observe that Z(II, F)) is a well defined d-VK instance by Lemma 7 and Claim 23.

Consider the following cases to show that CSP-ALG correctly decides II.
If val(IT) = 1. Then, by Lemma 7 there is a solution for Z(II, F') with profit 8 - |E/|; thus,
as VK-ALG is a (1 — ¢)-approximation algorithm, it follows that p > 8- |E|- (1 —¢) and
consequently CSP-ALG decides val(IT) = 1.
If val(IT) < £&. We use the following claim.

> Claim25. 1—-2-A-F- 8‘@"5 > €.

Then, by Claim 25 it follows that

8- |E| €

valIl) < § <1—-2-A-F-
B

Therefore, by Lemma 7, for ¢ = € - 8 - |E|, there is no solution for Z(II, F) with profit at
least 8- |E| —q=8-|E|-(1—¢). Hence, p < 8- |E|- (1 —¢) and consequently CSP-ALG
decides val(II) < &.

The above two cases suffice to conclude the proof of the claim. <

In the following, we analyze the running time of CSP-ALG.

> Claim 26. For every given 2-CSP instance II = (G, X, {7.}ecr) on a constant degree A
bipartite regular graph with k vertices, Algorithm CSP-ALG decides II in time O (n””/ log® k),
where n is the size of the alphabet.

Proof. We first bound the running time of Step 1 of the algorithm, that constructs Z(II, F')
(note that F' does not depend on II). Let n = |X|. The running time of this step is O (|H|5)

by Lemma 7. Note that the encoding size of II can be bounded by [II| = O (n2) since for each
e € E we can encode . using O(n?) bits, and there are m = A - k = O(1) such functions
(recall that k is fixed for CSP-ALG and is not part of the input to the algorithm). Thus, the
running time of Step 1 is

o () =0 ((n)°) =0 ).
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In addition, Step 2 can be computed in time
1o} (|I(H,F)|T/IOgA r) -0 <|H|5r/ log” r) -0 (nlo.r/ log#A r) —0 (nlo'(2048'A2-k:)/logA r)

-0 (nB»k/logA k) -0 (nk/logc k) .

The first equality follows from |Z(II, F)| = O (|H\5) by Lemma 7. The second equality
holds since the encoding size of II is bounded by |II| = O (n2) as explained above. The third

equality uses that k = Lmj = {m} thus, r < 2048 - A? - k. The fourth inequality

follows because r > k > 1 and by the monotonicity of the function logA 2 in the domain
[1,00) (recall that A > 1 since C' > 0). The last equality uses Claim 21 as k > ko.
Thus, overall the running time of CSP-ALG on instance II can be bounded by

0 (nw) L0 (nk/ log® k) -0 (nk/logc k) '
The equality follows from the fact that lochk > 10 from Claim 21, using that k > ko. <

By Claim 24 and Claim 26 we reach contradiction to Theorem 6 and the proof of the
theorem follows. |

4.1 Deferred Technical Proofs

We give below the deferred proofs of the technical claims used throughout the proof of
Theorem 2.

> Claim 21. There is an integer ko > kg such that for every k&’ > ko the following holds.
kl
v 10.
Bk’ K
log® k’ < log® k' *

Y

Proof. Let k1 € N be the minimum integer satisfying that for every k' > k; it holds that

longlk’ > 10. Clearly, there is such an integer since C is fixed. Recall that B = 10 - 2048 - A2

and define ko = max {ko, ki, eB}. Since ko > €, it follows that log ks > B; thus, logA ko >

B- logc ko and for every k' > ky it holds that bg'Tk;c, < logk%c/k, a required. <
> Claim 22. k> ko > ko.
Proof. Since we have

d—lzd’zilz @=2048-A2-k2,

5 2 2
it follows that m > ko; thus,

/ /
- L-wi-NJ = E-QOZS-A2 = k2 2 ko.

The claim follows. <

> Claim 23. F € [m]and d>4-[%].
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—_

Proof. Since d’ > %0 > 4, it follows that F < m. For the second direction, F' = (4('[,”] >
as we round up and m = A -k > 1 (using that &’ > % > 1024 - A?). Thus, F € [m]. In
addition,

4. [% —4. Mf}qﬂ SJ'IH —4. ﬁﬂ g4-2'4d/ —92.d =d.

d’ d’

The above gives the statement of the claim. <

> Claim25. 1-2-A-F. 8'@'5 > €.

Proof. Recall that %/ >d > %“ > 2048 - A% Thus, k = L.l()‘éﬁ

J > 1 and it follows that

& &
> .
L-lOM-A?J =512 A?

Thus, using the definition of F' = |—4'§""1:

4'A[d7'J

8-|E| € c1024-A7
2.A-F. 2 = _16.A-F-e=16-A- )
7| € 7 €
A'[i.mgi;.Az‘J 128-A2.d e 1
<16-A-4-2. : e< <z
= & TS1024-A2 462
Therefore,
8-|E|-¢ 1
1-2-AF. 557 =
BT
The proof follows. <
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