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—— Abstract
In modern applications of geometric algorithms, it is often unrealistic to assume that the input
representation fully captures all relevant aspects of the problem, because the input data is often
large and dynamic. To address this challenge, we consider the notion of average sensitivity, which
is defined as the average earth mover’s distance between the output distributions of the algorithm
when run on an input and the same input with one point removed, where the average is over removed
points and the distance between two outputs is measured using the symmetric difference size.

We start by showing that a number of classical problems from computational geometry, in
particular the convex hull, Delaunay triangulation, and Voronoi diagram problems, are “simple”
from the viewpoint of average sensitivity by proving tight bounds for the average sensitivity of any
algorithm for these problems. Then, we continue by constructing an algorithm with low average
sensitivity that computes, for any € > 0, a set of (1/3 + €)n guards for the art gallery problem. This
is the main technical contribution of this work, which combines algorithms from computational
geometry with results from the theory of local computation algorithms (LCAs) and property testing.
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1 Introduction

In modern applications of geometric algorithms, it is often unrealistic to assume that the
input representation fully captures all relevant aspects of the problem, because the input
data is often large and dynamic. For example, when modeling a surface using a Delaunay
triangulation of a sample point set, the input sample may not include all the points necessary
to capture all important features of the surface.

For this reason, it is important to design algorithms that can give a useful solution for a
problem on the “real” input set by solving it on only a subset. Here, “useful” means that
the output of the algorithm when applied to the subset should be close to the output of
the algorithm that we would have gotten if we had access to the real input set. The notion
of average sensitivity was introduced to formalize this type of algorithmic stability [13, 18].
Since then many algorithms with low sensitivity have been proposed for graph problems [18],
dynamic programming problems [8, 9], clustering problems [15, 19], and learning problems [5].

Average sensitivity for geometric algorithms, where the input is a point set, can be defined
as follows. For a point set P and a point p € P, we denote by P — p the set P\ {p} obtained
from P by deleting p. Let A be a deterministic algorithm that, given a point set P, outputs a
set — typically consisting of points or edges — denoted as A(P). Then, the average sensitivity
of A is the average
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where A denotes the symmetric difference. One can define the average sensitivity of
randomized algorithms in a similar way. For a randomized algorithm A we denote by
A(P) its output distribution on P. Let EMD(A(P), A(P — p)) be the earth mover’s distance
between A(P) and A(P — p), where the distance between two outputs is given by the
symmetric difference size. More precisely, EMD(A(P), A(P — p)) = infp E¢, y)ep|rAyl,
where the infimum is taken over all joint distributions over pairs of outputs of A whose
marginals are A(P) and A(P — p). Then, the average sensitivity of A is given as the average

% S EMD(A(P), A(P - p)). @)

peEP

The output specification varies for each problem, and we will review it in each section. We
also note that the average sensitivity with respect to the deletion of multiple points can be
bounded using the average sensitivity defined above [18].

Results

In this work, we initiate a systematic study of average sensitivity of geometric algorithms.
We first consider a number of classical geometric problems and show tight bounds for the
average sensitivity of any algorithm to solve them.

» Theorem 1. The average sensitivity of any algorithm that computes
the convex hull of a point set in R% in general position is ©4(n™~1), where m = |d/2],
the Delaunay triangulation of a point set in R? in general position is ©4(n™~1), where
m=[(d+1)/2],
the Voronoi diagram of a point set in R in general position is ©4(n™1), where m =
[(d+1)/2].
These problems are frequently used as subproblems in solving more complex geometric prob-
lems, and hence proving bounds for their average sensitivity is crucial for designing algorithms
with low average sensitivity for more complex problems. Theorem 1 is a combination of
Theorems 3 and 5 and Corollary 6, which will be discussed in Section 2.
Next, we consider the art gallery problem and construct an algorithm with low average
sensitivity for computing a small set of guards.

» Theorem 2. For any e > 0, there exists a randomized algorithm for the art gallery problem
that, given a polygon P of n wvertices, computes the allocation of at most (1/3 + &)n guards
that cover P with average sensitivity poly(e~!).

We note that [n/3] guards are sometimes necessary [1], so in general this is the best one can
hope for. Theorem 2 asserts that, up to a slight approximation, this can still be achieved
while guaranteeing constant average sensitivity.

2 Convex Hulls, Delaunay Triangulations and Voronoi Diagrams

In this section, we consider algorithms for classical geometric problems and show that their
average sensitivity is low.
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2.1 Convex Hulls

Recall that a subset S of R? is called convez if for every p,q € S the line segment between p
and ¢ is contained in S. The convex hull problem is to compute, given a set P of points in
R<, the conver hull conv(P) of P, which is defined as the smallest convex set containing P [2,
Chapter 1]. For defining the average sensitivity of algorithms for the convex hull problem, a
set P in R? is taken as input and the entire combinatorial structure of the convex hull is
taken as output. Hence, the size of the symmetric difference between outputs is defined as
the sum of the sizes of the symmetric differences of the sets of k-faces for all k =0,...,d —1.
For convenience, we assume that the input set P is in general position, i.e., no d 4+ 1 points
lie on a common hyperplane.

» Theorem 3. The average sensitivity of any algorithm that computes the convex hull of a
point set in R? in general position is ©4(n™~1), where m = |d/2].

Proof. We start by proving the upper bound. Let P be a point set in R? in general position
and let p € P. Let K = 9conv(P) be the polytope bounded by the facets of conv(P).
Because P is in general position, K is a simplicial complex. Throughout the proof, we will
use the so-called Upper Bound Theorem [12], which states that the number f;(P) of k-faces
of K satisfies

d—1
fe(P) = 0q(n™), and Y fi(P) = Oq4(n™).
k=0

Let starg(p) := {0 € K | p € o be the star of p in K and let linkg(p) :={oc € K |p &
0,0 U{p} € K} be the link of p in K. To bound the average sensitivity, we separately bound
the number of disappearing faces, i.e., faces in conv(P) \ conv(P — p), and the number of
appearing faces, i.e., the faces in conv(P — p) \ conv(P).

To bound the number of disappearing faces, observe that the faces that disappear when
deleting p are exactly the faces in stary(p). Summing over p and double-counting by
dimension, we see that

d—1 d—1
> Istarg(p)| =Y (k+1)fu(P) = Od(ka(P)> = Oq(n™).
peP k=0 k=0

Now, we bound the number of appearing faces. Let Ry (p) denote the set of ridges in
the link of p, i.e., (d — 2)-faces of linkk (p). Because K is a polytopal (d — 1)-sphere, every
ridge o of K is contained in ezactly two facets of K. If o € linkg (p), then one of those two
facets is {p} U o (which lies in stark (p)) and the other facet, call it ooy, is disjoint from

p. Deleting stark (p) turns its interior into a “hole” whose boundary is precisely link x (p).

New facets can only appear in this hole. Moreover, because K’ := @ conv(P — p) must be a
(d — 1)-sphere again, each ridge can be associated to only one new facet. Note that one new
facet could (and usually will) be associated to multiple ridges. It follows that the number of
new facets can be bounded by |Rx(p)|. Because P is in general position, each new facet is a
(d — 1)-simplex, so the total number of the faces contained in it is

Sd~:§( d ):2d—1
: i+ .

Jj=0

Hence, the total number of new faces of all dimensions is at most s4|Rx (p)|. Summing over
p and using the fact that every ridge is contained in exactly two facets (hence in the links of
exactly the two vertices that complete the ridge to those facets) we obtain
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Figure 1 Assume that the number of interior vertices is n — 3. Deleting the rightmost vertex
causes n — 2 vertex changes and n edges changes.

Z sa| Rk (p)| = 2sqfa—2(P) = Oa(n™).

peEP

Because the total number of disappearing faces and appearing faces is Og4(n™), we conclude
that the average sensitivity is Og(n™1).

Let us now turn to the lower bound. Let P be the vertex set of a neighborly (e.g., cyclic)
d-polytope with n vertices. Such polytopes are simplicial and satisfy fq_1(P) = O4(n™) by
the Upper Bound Theorem. For any vertex p € P, all facets of 9 conv(P) that contain p
must disappear after deleting p. Summing over p and dividing by n, we see that the average

sensitivity is at least

1 _1(P
- Z #{facets containing p} = ddel() =0q(n™),
peP

where the first equality follows from the fact that every facet has exactly d vertices.
This proves the matching 4(n™~!) lower bound, and finishes the proof. <

» Remark 4. We remark that the worst-case sensitivity, i.e., the maximum size of the
symmetric difference of A(P) and A(P — p) over p can be (n), even when P is in R2.
Specifically, deleting the rightmost vertex in Figure 1 causes all n — 3 interior vertices to
become extremal points. This leads to n — 2 vertex changes and n edge changes.

2.2 Delaunay Triangulation

Next, we consider the planar Delaunay triangulation problem. Let P be a set of points in R¢.
A triangulation of P is a subdivision of the convex hull of P into simplices with the points of
P as its vertices. A triangulation is called a Delaunay triangulation if the circumscribed ball
of every simplex does not contain any points of P in its interior [2, Chapter 9]. The average
sensitivity of an algorithm for the Delaunay triangulation problem is defined by taking as
input a point set P in R? and as output the set of edges in the Delaunay triangulation.
Again, we assume the input point set to be in general position.

» Theorem 5. The average sensitivity of any algorithm that computes the Delaunay triangu-
lation of a point set in R? in general position is ©4(n™ 1), where m = |(d +1)/2].

Proof. Recall that the problem of computing the Delaunay triangulation of a point set P
in R? can be converted to the problem of computing the convex hull of a set of points in
R4*+1 [2, Chapter 11]. More precisely, by lifting each point (x1,...,24) € P to the point
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(z1,...,24,27 + ... + 22) on the paraboloid x411 = 2% + ... + 22 in R4"!, computing the
convex hull of the resulting point set and projecting the lower convex hull back to R?, one
obtains the Delaunay triangulation of P. As the average sensitivity of any algorithm that
computes the convex hull in R4 ig @d(nu‘“‘l)/ 2J_1) by Theorem 3, it follows directly that
the average sensitivity of any algorithm that computes the Delaunay triangulation in R? is
Og4(nl@+1/21=1) a5 well. <

2.3 Voronoi Diagram

Delaunay triangulations are closely related to Voronoi diagrams [2, Chapter 7]. Given a set
P of points in R%, the Voronoi cell of p € P is the set of points in R? for which p is the

closest point of P. The Voronoi diagram of P is the set of Voronoi cells for each of its points.

It is well known that a Voronoi diagram is dual to the Delaunay triangulation of the same
point set: vertices of the Delaunay triangulation correspond to cells in the Voronoi diagram
and there is a Delaunay edge between two vertices if and only if the corresponding Voronoi
cells are adjacent. The average sensitivity of an algorithm for the Voronoi diagram problem
is defined by taking the set P in R? as input and the set of Voronoi edges as output.

Duality between Delaunay triangulations and Voronoi diagrams allows us to conclude
immediately that:

» Corollary 6. The average sensitivity of any algorithm that computes the Voronoi diagram
of a point set in R? in general position is ©4(n™™1), where m = [(d +1)/2].

3 Art Gallery Problem

In this section, we consider the art gallery problem [14, 2]. Defining the average sensitivity
for the art gallery problem requires some technical care, which we defer to Section 3.1. The
goal of this section is to show Theorem 2, which we restate for convenience:

» Theorem 7. For any e > 0, there exists an algorithm for the art gallery problem that,
given a polygon P of n vertices, computes the allocation of at most (1/3 + €)n guards that
cover P with average sensitivity poly(e~1).

A standard algorithm for the art gallery problem that finds |n/3] guards covering the entire
polygon is as follows: first, triangulate the polygon using one of many known algorithms [3,
4, 17]. This gives a 3-colorable triangulated planar graph. Second, color the vertices of the
triangulation with three colors [7]. Finally, take as set of guards all vertices of the color
that occurs least. Since all triangles have exactly one vertex of the chosen color, the entire
polygon is guarded.

In Section 3.2, we show that a standard triangulation algorithm has a low average
sensitivity. Then in Section 3.3, we design an algorithm with low average sensitivity that
finds a set of guards of size (1/3 + ¢)n. To compute the set of guards, we first partition
the triangulated graph into constant-sized parts by deleting a small fraction of edges. This
can be done by applying an algorithm converted from a local computation algorithm (LCA)
for the partition problem [6, 16] using the general transformation given in [18]. Then, we
compute a 3-coloring for each part using an arbitrary deterministic algorithm. With a special
care of the vertices incident to the deleted edges, we can compute a set of guards of size
(1/3 4+ ¢)n from the 3-coloring.

In this section, we will use bold symbols to denote random variables. Also for a positive
integer n, let [n] denote the set {1,2,...,n}.

53:5
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Figure 2 Left: removing the bottommost vertex introduces the dashed edge. The resulting
collection of edges and vertices is still a valid polygon. Right: removing the bottommost vertex
introduces the dashed edge which crosses two of the existing edges. The resulting collection of
vertices and edges is no longer a polygon.

3.1 Average Sensitivity

In this section, we formally define the average sensitivity for the art gallery problem.

Usually, a polygon P is defined as a collection of n vertices vy,...,v, and n edges
v1V9,...,U,v1 such that no pair of non-consecutive edges intersect. Here, however, we define
a polygon as the closed finite region of the plane bounded by these vertices and edges,
following [2, Chapter 3]. We say that a point p € P sees or covers or guards a point y € P if
the line segment xy is completely contained in P. The art gallery problem is to determine
the minimum number of “guards” that cover P entirely. In other words, we want to find a
set S of points in P of minimum size such that any point in P is covered by at least one
point of S.

The average sensitivity of an algorithm for the art gallery problem is defined by taking the
polygon P as input and the set of guards as output. In this case, we have to be careful for two
reasons. First, the polygon P —v; obtained after deleting v; from P should not be understood
as the setwise deletion P\ {v;}, but as the polygon with vertices v, ..., v;—1,0i41,. .., v, and
edges v1V2, ..., Vi—1Vit1,- .-, Upv1. Second, P might contain some vertices that we cannot
remove without introducing crossing edges (see Figure 2). This means that the collection
of vertices and edges obtained after deleting such a vertex is no longer a polygon. Since it
does not make sense to consider the art gallery problem on such collections of vertices and
edges, we will only consider the removal of vertices for which the result is again a polygon.
We call such vertices admissible. For all other vertices, we set the symmetric difference
in Equation (1) or the earth mover’s distance in Equation (2) to be equal to zero.

3.2 Polygon Triangulation

To start our construction of a stable-on-average algorithm for the art gallery problem, we
describe an algorithm for computing a triangulation of a polygon from the literature [2,
Chapter 3]. This algorithm already has a low average sensitivity, as we will show in Lemma 8,
So we can use it as it is.

Many algorithms for triangulating a polygon subdivide the polygon into pieces which can
be triangulated more easily [2, 3, 4, 17]. Here, the easier to triangulate pieces are typically
monotone. A polygon is called monotone with respect to a line £ if its intersection with
any line orthogonal to ¢ is connected. In particular, a polygon is called y-monotone if it is
monotone with respect to the y-axis (see Figure 3).

To triangulate a y-monotone polygon P, we consider the vertices in order of decreasing
y-coordinate [2, Chapter 3.3]. We keep a stack S of vertices that have been encountered but
may still need more diagonals, ordered from lowest y-coordinate (top of the stack) to highest
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Figure 3 Left: a y-monotone polygon. Right: not a y-monotone polygon.

Figure 4 Triangulation of a y-monotone polygon, in which diagonals are shown dashed.

(bottom of the stack). Every time we encounter a new vertex v, we add diagonals from v

to elements in 9, starting at the top of the stack and continuing until we can add no more.

These diagonals split of triangles and we update S accordingly (see Figure 4). For further
details, we refer to the literature [2, Chapter 3.3].

To subdivide a polygon into y-monotone pieces, we use a so-called trapezoidation of the
polygon [3, 17]. Assume that our polygon P is embedded in R?, so that we can use intuitive
notions like left, right, horizontal, vertical and so on. Starting from each vertex of P, we
draw two horizontal rays, one towards the left and one towards the right, each extending

until it hits an edge of P. If a ray never hits an edge of P we just extend it indefinitely.
For a vertex v we call the union of these two horizontal rays the horizontal extension of v.

The polygon P together with the union of the horizontal extensions of its vertices forms a
plane graph, which we call the trapezoidation of P. All faces of the trapezoidation have two
horizontal sides, so we can indeed call them trapezoids. From the trapezoidation we obtain a
subdivision of the polygon into y-monotone pieces by removing all trapezoids that do not
lie in the interior of the polygon and adding diagonals between any two vertices within a
trapezoid that do not lie on the same side. We note that each of the y-monotone pieces
resulting from this subdivision has a special form: its boundary consists of two y-monotone
polygonal chains, one of which is a single edge.

» Lemma 8. The average sensitivity of the above algorithm for computing a triangulation of
a given polygon is O(1).

Proof. Denote the above algorithm by A and let P be a polygon. Consider any diagonal e
in A(P). We will show that e is not a diagonal of A(P — v) for O(1) vertices v of P.

53:7
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Figure 5 Subdividing a polygon into y-monotone pieces: the horizontal extensions are indicated
by dotted line segments, diagonals between vertices on different sides of a trapezoid are indicated by
red, dashed line segments.

First, assume that e is contained in the interior of the monotone polygon M computed
in the course of running A4, i.e., it is not one of the diagonals that separates two monotone
polygons. Deleting a vertex in P\ M does not affect M, so it does not affect e either.
Therefore, we only need to consider deletion of the vertices of M. Denote the vertices of M
by v1,...,v; in order of decreasing y-coordinate and let e = (v;,v;) for some 1 <14 < j < k.
We claim that e is a diagonal of A(P — vy) for £ & {1,4,5 — 1,4, k}.

Consider any vertex vy € M. Clearly, deleting v; or v; makes it impossible for (v;,v;) to
exist, so assume henceforth that ¢ ¢ {i,j}. We note that by the triangulation algorithm for
monotone polygons, e is a diagonal of A(P) if and only if e is a valid diagonal of P, i.e., it
does not cross any side of P, and v; is in the stack S(v;) when handling v;. This means that
e is not a diagonal of A(P — v,) if and only if e is not a valid diagonal of P — v, or v; is not
in the stack S¢(v;) when handling v;. Here, S(v;) denotes the stack when handling v; in
the process of triangulating M, whereas S¢(v;) denotes the stack when handling v; in the
process of triangulating the monotone polygon M, containing v; and v; after deleting v,.

Assume that e is not a valid diagonal of P — vy, i.e., e crosses a side of P — vy or is itself a
side of P — vy. Since e is a valid diagonal of P, clearly e is also a valid diagonal of P — vy
if P C P — vy. Therefore, P — vy C P. We observe that P\ (P — vy) is a triangle (see
Figure 6). The only possibly affected diagonal is (vg—_1,ve+1), which is a diagonal in P,
but a side of P — v,. Hence, in this case { = j — 1.

Assume that v; is not in Se(v;). Let vp, be the element in S(v;) below v;, i.e., the element
to which a diagonal is drawn after all diagonals to v; are drawn. The element v; is
removed from the stack as soon as a diagonal is drawn to v,. The fact that v; is not in
Sg(’l}j) implies that there exists v € M, which is handled before v; and from which there
is a valid diagonal to v; and vy,.

It is straightforward to see that v is not some vertex of M, since otherwise v; would also
have been removed from the stack before handling v; when triangulating M. Hence, v is
a vertex in My \ M. When deleting v, from M, only the sides (vy_1,vp) and (ve, vey1)
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Figure 6 Deleting vertex v, removes the two sides having v¢ as an endpoint and introduces the
dashed side (ve—1,ve+1). It is assumed that the inside of P is to the left of the drawn sides. Left:
P C P —wv. Right: P—v, C P.

Um+1

Figure 7 Diagonal (v,vp) of M, crossing a side (Vm,vm+1) of M implies that one of (vm,vs) and
(Vm+1,vn) is a diagonal of M (in this case, (Um+1,vs) is a diagonal).

(counting modulo k) are removed; the remaining sides of M are also sides of M. Therefore,
My \ M only contains vertices with y-coordinate between the y-coordinates of vy_1 and
vgy1. 1t follows that £ = 1 or £ = k or ¢« < £ < j. Since the cases { = 1 and ¢ = k are
already mentioned in the claim, we continue by assuming that ¢ < £ < j.

Since v is not contained inside M, the diagonal (v, vy,) in M crosses some side of M, say
(Vms V1) with ¢ <m < j —1 (see Figure 7). This means that at least one of (v, vp)
and (vp,+1,vp) is a valid diagonal of M. However, (v,,,v,) is not a diagonal of M for
it <m < j — 1. Therefore, the only possibility is that (v,,+1,vs) is a valid diagonal with
m=j—1, ie., diagonal (v,vp) in M, crosses side (v;_1,v;) of M. Hence, (v,v) is only
a valid diagonal of M, if side (v;_1,v;) is removed, which happens exactly when ¢ = j —1.
Recall that we already treated the case £ = j at the start.

Second, assume that e is a diagonal that separates two monotone polygons, say M; and
Ms. Tt can be shown by a similar reasoning as before that e ¢ A(P — v) for only a constant
number of vertices v in each of M; and Ms. Moreover, deletion of a vertex in P\ (M7 U M>)
does not affect e. Hence, the total number of vertices v for which e ¢ A(P — v) is O(1),
which is what we wanted to prove. |

3.3 Set of guards on 3-Colorable Triangulated Planar Graphs

Let G = (V, E) be the graph obtained by triangulating the input polygon, where V' consists
of the vertices and FE consists of the edges in the triangulation. Note that G is a 3-colorable
planar graph. Standard algorithms for finding a set of at most |n/3] guards in G first

ITCS 2026
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compute a 3-coloring of G and then place guards on the vertices with the least occurring
color [2, 7]. However, these algorithms do not have low average sensitivity, as the next
example illustrates. We emphasize that throughout this example we assume that polygons are
triangulated using the algorithm described in Section 3.2 and that a 3-coloring is computed
using either of [2, 7]. Therefore, the lower bound for the average sensitivity might not
necessarily hold when another triangulation algorithm is used, or, more generally, when a
different algorithm for finding a set of at most [n/3| guards in P is used (for example one
that does not rely on computing triangulations).

» Example 9. Consider the parallelogram containing 3n vertices on each of its long sides as
in Figure 8. The dashed lines indicate that the pattern of 3 vertices left and right repeats in
the middle and the dotted lines represent diagonals of the triangulation. The letters R (red),
B (blue) and G (green) indicate the 3-coloring of the triangulation. Deleting a vertex causes
the triangulation to change, which also changes the (deterministic) 3-coloring of the vertices
and the resulting set of guards. We will show that the average sensitivity of the guard set
is Q(n). First, observe that in the 3-coloring before deletion of a vertex the number of red,
blue and green vertices is equal. Therefore, the algorithm could have chosen any of these
sets as the set of guards:
Assume that P is guarded by the set of blue vertices. It is straightforward to show that
deleting a green vertex v changes the color of all red vertices below v to green and vice
versa (the blue vertices stay blue). Moreover, after deletion of v the set of green vertices
becomes the smallest. As the set of guards changes from the set of blue vertices to the
set of green vertices (which were originally red), the symmetric difference of the guard
sets before and after deletion of v is proportional to the number of blue and red vertices
below v in the original triangulation. Applying this argument to the deletion of any of
the ©(n) green vertices in the top half of the polygon leads to the desired ©(n) bound for
the average sensitivity.
If P is guarded by the set of red vertices, we can use the same argument, but now we
consider the deletion of blue vertices.
If P is guarded by the set of green vertices, we can use the same argument. In this case,
deleting vertices of any color works.
Hence, no matter which color was used for the set of initial guards, the average sensitivity is
Q(n), which is what we wanted to show.

Instead, we design in this section an algorithm for finding a set of guards in G of size
arbitrarily close to [n/3] that does have a low average sensitivity:

» Lemma 10. For any ¢ > 0, there exists a polynomial-time algorithm that, given a 3-
colorable triangulated planar graph, outputs a set of guards of size at most (1/3 + &)n with
average sensitivity poly(e~1).

Then, we can prove our main theorem of this section:
Proof of Theorem 7. The claim follows by combining Lemmas 8 and 10. <

In Section 3.3.1, we show that we can find a partition of a planar graph into constant-sized
parts with low average sensitivity using the connection between local computation algorithms
(LCAs) [16] and average sensitivity [18]. Then in Section 3.3.2, we prove Lemma 10 using
the partition algorithm.
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Figure 8 Polygon with 6n vertices, for which the standard algorithms for finding a set of guards
have a high average sensitivity.

3.3.1 Graph Partitioning

We first design a stable-on-average algorithm that partitions a bounded-degree planar graph
into small subsets by deleting a small number of edges crossing different subsets. To this
end, we use a black-box transformation from local computation algorithms (LCAs) to stable-
on-average algorithms due to [18]. The goal of an LCA for a graph problem is to, given
query access to the input graph G = (V, E), provide query access to a feasible solution for
the problem. More formally, we assume that the input graph G = (V| E) on n vertices is
represented as adjacency lists, and we can access it via neighbor queries, where each query is
of the form (v,7) for v € V and i € [n] and the answer is the i-th neighbor of vertex v in its
adjacency list (and a special symbol if i is larger than the degree of v). Then, an LCA is
defined as follows:

» Definition 11 (Local Computation Algorithm (LCA) [16]). Consider a graph problem P,
where the output to the problem is an integer labeling on vertices. Let § : N — [0,1] and
g, : N—=N. A (q,r,0)-LCA for P is an algorithm L that, given query access to a graph
G = (V,E) on n vertices, first generates a random string m € {0,1}" ") and satisfies:

given an input v € V| the algorithm L makes queries to G and answers the label of v, and

the answers of L to all possible input vertices are consistent with a single feasible labeling

to P on G.

For every graph G, the probability (over the choice of random string) that there exists an
input vertex for which £ makes more than q(n) queries is at most 6(n).

For two integer labelings f, f : V — N, we define their distance as
d(f, f) = #{v € V: f(v) # f(v)}.
Then, we can naturally define the average sensitivity of an algorithm that outputs an integer

labeling using this distance. It is known that we can obtain a stable-on-average algorithm
from an LCA as follows:
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» Lemma 12 ([18]). Consider a graph problem P, where the output to the problem is an
integer labeling on vertices.® Let § : N — [0,1] and ¢, : N — N. If P has a (g,r,6)-LCA
L, then there exists an algorithm A for P, that on input G = (V, E) on n vertices, has an
average sensitivity of at most g(n) + nd(n).

To obtain a stable-on-average algorithm for graph partitioning, we will instantiate
Lemma 12 with an LCA for graph partitioning, which is known as a partition oracle in the
property testing literature. We first note that an integer labeling f : V' — N can be seen as a
partition {f~1(i)}sen. Then, a partition oracle is defined as follows:

» Definition 13 (Partition oracle [6]). Let G be a family of graphs with degree bound d and
let T:(0,1) = N be a function. An LCA L is called an (e,T(€))-partition oracle for G if it
satisfies the following properties. Let f :V — N be the output integer labeling of L. Note
that f is a random variable.
(Consistency) For each i € N, f=1(i) is empty or an induced connected subgraph, and the
subsets {f71(i) }sen form a partition of V.
(Cut bound) With probability at least 2/3 (over the internal randomness w of L), the
number of edges between different sets in {f71(i) }ien is at most edn.
(Running time) For every v € V, L(v) runs in time T'(e).
Note that the running time T'(¢) is clearly an upper bound on the size of the set f~1(i) for
any 7 € N.

» Lemma 14 ([11]). Let d > 1 be an integer and let G be the set of planar graphs with
mazimum degree at most d.2 Then, there is an (¢, poly(e~1d))-partition oracle for P.

Combining Lemmas 12 and 14, we obtain the following:

» Corollary 15. Let € > 0. There exists a randomized polynomial-time algorithm L that,
given a planar graph G = (V, E) of mazimum degree at most d, outputs a function f : V — N
with the following properties.

(Consistency) For each i € N, f=1(i) is empty or an induced connected subgraph, and the

subsets { f71(i) }ien form a partition of V.

(Size bound) For each i € N, we have |f~1(i)| = O(poly(e~1d)).

(Cut bound) With probability at least 2/3 (over the internal randomness w of L), the

number of edges between different sets in {f~1(i) }ien is at most edn.

The average sensitivity of L is O(poly(e~1d)).

3.3.2 Algorithm

We describe our algorithm for computing a set of guards on a 3-colorable planar graph. We
first remove high-degree vertices from the input graph G and let G’ be the resulting graph.
We add all the removed vertices to the output set S of guards. Then, we apply Corollary 15
to G and let f : V — N be the obtained integer labeling, which we regard as a partition of V.
For notational convenience, let Py = (V4,..., Vi) be the partition induced by f. We note
that each Vj is 3-colorable and triangulated. Let F' be the set of edges connecting different
parts in Py. Then, we add V(F), i.e., the set of endpoints of edges in F' to S. Then for each
i € [k], we compute an arbitrary 3-coloring ¢; : V; — {1,2,3} of the subgraph induced by
V; using a deterministic algorithm. Let ¢} = argmin.—1 23 |¢; *(c)| be the color that occurs
least, and then add S; := gai_l(c;‘) to the S. The details are given in Algorithm 1.

L Originally, this result was shown for graph problems where the output is a vertex set or an edge set.
However, the proof can be easily generalized to our setting.
2 Indeed, the claim holds for any minor-closed family of graphs.
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Algorithm 1 Algorithm for computing a set of guards on a 3-colorable planar graph.
Input: G= (V,E),e >0
d+ 100e™', H+ {v eV :d(v) > d}, G’ + G[V \ H];
Apply Corollary 15 on G’ with epp := £/10d;
Let f : V — N be the obtained integer labeling, and let Py = (V4,..., Vi) be the
partition of V' induced by f;
F + the set of edges in G’ between different parts in Py;
S+ HUV(F);
for i =1 to k do
Compute a 3-coloring ¢; : V; — {1,2,3} of G[V;] using a deterministic algorithm;
¢ < argmine_; o 3 |¢; ' (c)| and S; «+ ¢; ' (c});
S+ SuUS,.

10 return S

W N =

© w N o oA

First, we show that the output is a valid set of guards and analyze its size.

» Lemma 16. Algorithm 1 returns a set of guards of size (1/3 + €)n with probability at
least 2/3.

Proof. We first show that the output vertex set S is a valid set of guards by showing that
every triangle in G has at least one vertex in S. Counsider a triangle vvw in G, where
u,v,w € V.
If one of u,v,w is in H, then clearly at least one of them is in S, because H C S.
Else if two of them, say, u and v, belong to different parts in Pg, then u,v € S, because
(u,v) € Fand V(F) C S.
Else, i.e., all of them belong to the same part, say, V;, then the color class qﬁ;l(c;‘) must
include one of them, and hence one of them is contained in S.

Next, we analyze the size of S. Note that G is planar, and hence the average degree is
at most 6. Hence, by Markov’s inequality, the number of vertices with degree more than
d =100~ is at most 6n/d = 6/100 - en < en/10. Hence, we have |H| < en/10.

Note that G’ has maximum degree d. Hence by Corollary 15, with probability at least 2/3,
we have |F| < epodn = en/10. Hence, we have V(F) < en/5 with probability at least 2/3.

Also each S; has size at most |V;|/3. Then by a union bound, we have

en  en Vi
S| <|H F S| < — 4+ —
SIS HI+IFI+ > 1S < 5+5+ >
i (k] ic[k]
<€£+€£+Q< 14—6 n <
— 10 ) 37 \3 '

To analyze the average sensitivity of the output set, it is convenient to define a distance
notion for partitions. For two partitions P = {S1,..., Sk} and P = {S1,...,S;} with k <k,
we define the distance between them as

k k
d(P,P) = H;iﬂzl[si # S (1S + 18 + D 194,
=1 i=k+1
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where the minimum is over all bijections = : [k] — [k]. Intuitively speaking, if a part in P
does not exist in P, then it contributes to the distance by its size. When k > k, we define
d(P,P) :=d(P,P). Then, we can naturally define the earth mover’s distance EMD(P, P)
between random partitions P and P. For two functions f, f: V — N, it is easy to observe
that

d(Py,Py) < d(f, f) s { |71 (0)] + IFH@)N} 3)

because each v € V with f(v) # f(v) contributes to the LHS by |f~'(v)| + [f~(v)|. A
similar inequality holds for the earth mover’s distance.

» Lemma 17. The average sensitivity of Algorithm 1 is poly(e~1).

Proof. Let G = (V, E) be a graph, and let G(¢) = (V, E—e¢) for e € E. We use the superscript
(¢) to denote the variables when Algorithm 1 is applied to to G(¢).

We first note that |[HAH)| < 1. Also, G’ and (G')(®) differ by at most one vertex of
degree d, which implies they differ by at most d edges. By the average sensitivity bound of
Lemma 14, we have

1
- § EMD(f, f¥) < poly(epgd) - d = poly(e~1).
m

eckE

This implies that

% > EMD(V(F),V(F)) = poly(s ") - d = poly(e ™).
eckE

Next, the average sensitivity of the set Ule S; is bounded as

k k()
1 (e) 1
~ > EMD U S;, U s <— > EMD(Py, Py))
ecE i=1 =1 ecE

1
<1 ©) . ~1(; (©\-1(;
< o L EMD( 1) maxc { |£7(0) |+ |(F) 7 (0) | (by (3))

1
< - Z EMD(f, £) - poly(¢~1d) (by the size bound of Corollary 15)

ecE

= poly(¢~td) - poly(e~'d) (by the average sensitivity bound of Corollary 15)
= poly(e™").

Recalling that S = H UV (F) U Ule S;, we conclude that

1
— Y EMD(S,S8) = poly(c ). <
m

eckE

4  Future work

As, to our knowledge, this is the first work to explore average sensitivity in a geometric
setting, there remain many possible directions for future research. First, one could look at
other classical geometric problems, such as computing the Fréchet distance of two polygonal
curves or computing the minimum enclosing disk of a point set. In both cases, it is not
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directly clear how the average sensitivity should be defined, as the output is a real number
(the Fréchet distance) or a point (the center of the minimum enclosing disk). For the Fréchet
distance, one could instead output the matching between the vertices of the two curves
and define the average sensitivity via a suitable distance on matchings. For the minimum
enclosing disk, it might be possible to use the recent framework of Lipschitz continuity of
algorithms [10] to quantify how much a solution is affected by deleting a part of the input.

Moreover, average sensitivity could be studied for geometric search structures, such as
range trees or quadtrees. Although it is not obvious how to define average sensitivity, it
seems natural to use the tree-edit distance for tree-based data structures.

Finally, the concept of average sensitivity could possibly be applied to motion planning.
For example, in robot reconfiguration it is assumed that the location and movement of all
individual robots is known, which is not always true in practice. To account for displaced or
broken robots, it might be useful to apply an algorithm with low average sensitivity.
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