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Abstract
We study multi-agent contract design with combinatorial actions, under budget constraints, and for
a broad class of objective functions, including profit (principal’s utility), reward, and welfare. Our
first result is a strong impossibility: For submodular reward functions, no randomized poly-time
algorithm can approximate the optimal budget-feasible value within any finite factor, even with
demand-oracle access. This result rules out extending known constant-factor guarantees from either
(i) unbudgeted settings with combinatorial actions or (ii) budgeted settings with binary actions, to
their combination. The hardness is tight: It holds even when all but one agent have binary actions
and the remaining agent has just one additional action. On the positive side, we show that gross
substitutes rewards (a well-studied strict subclass of submodular functions) admit a deterministic
poly-time O(1)-approximation, using only value queries. Our results thus draw the first sharp
separation between budgeted and unbudgeted settings in combinatorial contracts, and identifies
gross substitutes as a tractable frontier for budgeted combinatorial contracts. Finally, we present an
FPTAS for additive rewards, demonstrating that arbitrary approximation is tractable under any
budget. This constitutes the first FPTAS for the multi-agent combinatorial-actions setting, even in
the absence of budget constraints.
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1 Introduction

Contract design is a central area in microeconomics that studies how to incentivize strategic
agents to exert costly effort in their tasks, e.g., [46, 40, 53, 48, 47]. The significance of this
field to modern economics was highlighted by the 2016 Nobel Prize awarded to Hart and
Hölmstrom for their contributions to contract theory [54]. In recent years, the rapid emergence
of computerized markets for services has fueled increasing interest in the algorithmic aspects
of contract design, e.g.,[33, 26, 5, 19]; see [32, 37] for recent surveys.
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58:2 One Action Too Many: Inapproximability of Budgeted Combinatorial Contracts

In this work, we focus on the algorithmic challenges of incentivizing teamwork, e.g.,
[47, 5, 27]. Consider the following illustrative example of a startup hiring a team of engineers.
The startup seeks to build a successful product, whose probability of success depends both
on the team’s composition (for instance, the degree to which the engineers’ expertise overlaps
or complements each other), and on each individual’s effort (for example, whether every
engineer carefully reviews code). To encourage engineers to exert costly effort, the startup
offers them equity: each employee receives a fraction of ownership in the company.

Scenarios of this type are captured by the multi-agent combinatorial-actions model for
contract design [27, 28]. In this model a principal (she, the startup founder) delegates a
binary-outcome project to a pool of n potential agents (engineers). The project yields the
principal a reward of 1 upon success and 0 if it fails. Each agent i ∈ [n] has a set Ti of
available actions, and may choose any subset Si ⊆ Ti of them. Each action j ∈ Ti has a
non-negative cost cj , and the agent i pays the total cost of their chosen actions,

∑
j∈Si

cj .
A set function f maps every profile of actions S = S1 ⊔ . . . ⊔ Sn to the project’s success
probability f(S). Since the reward is normalized to 1, f(S) also denotes the expected reward.
To incentivize effort, the principal offers each agent a linear contract αi ∈ [0, 1], denoting
the fraction of the reward that goes to agent i if the project succeeds. So agent i’s utility,
under action profile S, is αif(S) −

∑
j∈Si

cj . Every contract α = (α1, . . . , αn) induces a
game among the agents. An action profile S is a Nash equilibrium of the game if, given the
contract offered, no agent can increase his utility by deviating. In this case, we say that the
contract incentivizes action profile S.

The principal’s objective in [28] is to incentivize an action profile S maximizing her
profit, defined as her expected reward minus the total expected payments to the agents, i.e.,
f(S) · (1 −

∑
i∈[n] αi). They present an efficient algorithm that, for submodular f , attains a

constant-factor approximation to the optimal profit using demand queries to f (see Section 2
for definitions).

However, practical applications may introduce additional objectives and constraints.
Principals may pursue objectives that go beyond profit maximization; for example, maximizing
the probability of success f(S), or maximizing total welfare, f(S) −

∑
i∈[n]

∑
j∈Si

cj . At the
same time, they often face constraints, such as budget constraints (e.g., a given portion of
the company’s equity must be allocated to investors).

Polynomial-time approximation algorithms for multi-agent contract settings, under key
objectives, including reward and welfare, and budget constraints, have been obtained by
[38, 1], but only within the binary-actions model, where each agent either exerts effort
or shirks. In this work, we extend the multi-agent combinatorial-actions model of [28] to
incorporate budget constraints and to accommodate a broader range of objectives.

1.1 Our Results

We study the design of near-optimal contracts in the multi-agent combinatorial-actions model
of [28], under budget constraints, for a broad class of objective functions. In this setting,
each agent i ∈ [n] can select any subset from a given action set, and the principal is restricted
by a budget constraint B, i.e., agents may receive at most a B-fraction of the reward. The
case of B = 1 corresponds to the unbudgeted setting. The class of objectives we consider –
termed BEST (BEyond STandard) by [38] – includes reward, welfare, profit, or any convex
combination thereof (see Definition 2.4). In what follows we present our main results (also
illustrated in Figure 1).
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Figure 1 The three vertices of the triangle represent the dimensions along which the settings we
consider differ: (i) the structure of f (general submodular vs. gross substitutes), (ii) the presence
of budget constraints, and (iii) the type of the agents’ action space (binary vs. combinatorial).
Any pair of properties admits a constant-factor approximation, as indicated along each edge of the
triangle. The figure illustrates that the impossibility arises only from the combination of all three
properties: the interior inapproximability region corresponds to submodular f with budgets and
combinatorial actions simultaneously. (⋆) All results shown hold for all BEST objectives, except for
the O(1)-approximation for the multi-agent combinatorial-actions setting without budget constraints
of [28], which holds only for profit maximization.

Inapproximability for Submodular Instances

Our first main result establishes a strong impossibility: when the reward function f is
submodular, there is no efficient approximation algorithm to any BEST objective. This
impossibility is information theoretic, and does not rely on any computational conjectures.

▶ Theorem 1 (Inapproximability for Submodular Instances; Theorem 3.1). For the class of
instances with submodular f , any BEST objective φ (including profit, reward, and welfare),
any budget B ∈ (0, 1), and any approximation guarantee K : N → [1, ∞), any randomized
algorithm can achieve a K(n)-approximation with respect to φ under budget B only with
exponentially small probability in n, assuming it makes at most polynomially many value and
demand queries to f .

This impossibility is particularly striking in light of known positive results for multi-agent
settings with submodular f : (i) constant-factor approximation to profit for combinatorial
actions without budget constraints [28], and (ii) constant-factor approximation to any BEST
objective in the binary-actions setting with budget constraints [1, 38]. Our result shows
that combinatorial actions and budget constraints together rule out any approximation.
Moreover, our hardness construction constitutes the minimal extension needed to obtain
such an impossibility: All agents have binary actions, except for one agent which has one
extra action.1

Beyond establishing hardness of approximation, this result provides two important
separations. First, between binary and combinatorial actions: Under budget constraints,
the optimal-contract problem admits constant-factor approximation guarantees for binary

1 In fact, we do not use the combinatorial nature of the agent’s actions, just that there is more than one.
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actions but becomes inapproximable once agents have combinatorial actions. Second, between
budgeted and unbudgeted settings: For combinatorial actions, profit maximization admits a
constant-factor approximation without budgets, yet becomes inapproximable with budgets.

Constant-Factor Approximation for Gross Substitutes Instances

On the positive side, our second main result shows that efficient constant-factor approx-
imations are possible when f lies in the class of gross substitutes (GS), an important and
well-studied subclass of submodular functions [49, 41, 51].

▶ Theorem 2 (Constant-Factor Approximation for Gross Substitutes Instances; Corollary 4.2).
For the class of instances with gross substitutes f and any BEST objective φ (including profit,
reward, and welfare), there exists a deterministic polynomial-time algorithm that achieves
an O(1)-approximation to φ under any budget B ∈ [0, 1]. This algorithm requires only value
oracle access to f and φ.

Theorems 1 and 2 together establish a separation between approximation guarantees
under gross substitutes and general submodular functions. Interestingly, a parallel (yet not
directly related) separation is known for the problem of computing the exact optimal contract
in the single-agent combinatorial-actions setting: this problem admits a poly-time algorithm
for GS rewards, whereas it is NP-hard for submodular rewards [26].2

Finally, we highlight two other aspects of tightness. Our inapproximability result applies
even when the algorithm has access to both value and demand oracles, while our positive
approximation guarantee relies only on value oracle access.3 Moreover, our hardness result
applies to any randomized algorithm, whereas our proof for gross substitutes f uses a
deterministic algorithm.

Discussion: A Three-Way Barrier to Approximation

The multi-agent settings considered in this work differ along three dimensions: (i) the structure
of f (general submodular vs. gross substitutes), (ii) the presence of budget constraints, and (iii)
the richness of the agents’ action space (binary vs. combinatorial). Combined with previous
literature, our results show that the inapproximability arises only from the combination of all
three properties, whereas any pair admits a constant-factor approximation. This is illustrated
in Figure 1.

FPTAS for Special Cases

We give an FPTAS for two special cases of interest: instances with additive f and instances
with a single agent.

▶ Theorem 3 (FPTAS for Additive Instances; Theorem 5.1). For any budget B ∈ [0, 1], each
of the objectives profit, reward, and welfare admits a deterministic FPTAS with value queries,
when f is additive.

2 Whether a separation between GS and submodular rewards also appears in the multi-agent binary-actions
setting remains an open problem: While constant-factor approximations are known for all submodular
f [27], it remains unknown whether better approximation (e.g., PTAS/FPTAS) can be achieved for GS.
We note that computing the exact optimal contract is hard even for additive f .

3 This follows from the fact that when f is GS, a demand query can be computed with poly-many value
queries.
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This result establishes the first FPTAS for the multi-agent combinatorial-actions model,
even without budgets. It generalizes the FPTAS of [27, 38] for the multi-agent binary-actions
model, where the latter also considers budgets. We note that, whereas our previous results
apply to all BEST objectives, Theorem 3 applies only to profit, reward, and welfare.

We also generalize the FPTAS of [28] for maximizing profit in the single-agent setting
with combinatorial actions to the budgeted setting.4 The proof is deferred to the full version.

▶ Theorem 4 (FPTAS for Single-Agent Instances). In the single-agent setting, there exists
an FPTAS for maximizing the principal’s profit under any budget B ∈ [0, 1], when f is
monotone. This algorithm requires access to a demand oracle to f .

1.2 Our Techniques

Inapproximability for Submodular Instances

A key property in the binary-actions setting with submodular f is the best-response mono-
tonicity: given a contract and a Nash equilibrium S, any agent in S continues to find effort a
best response, even if a subset of the remaining agents in S shirk. This property is central
to achieving constant-factor approximations in the binary-actions setting, both with and
without budget constraints [27, 1, 38]. In contrast, best-response monotonicity fails in the
combinatorial-actions setting with submodular f : under a fixed contract and an equilibrium,
if some agents reduce their action sets, the best response of an agent i may also be to reduce
his; see, e.g., [28, Example 1.1]. We identify non-monotonicity of the best response as a core
aspect of the complexity of the combinatorial-actions setting and our proof of Theorem 1
leverages a carefully engineered violation of this property.

Our construction consists of n − 1 binary-action (work or shirk) agents and one special
agent with two non-shirking actions: a good action G and a bad action B. The reward
function is at least 1/2 when the special agent takes G, and infinitesimally small otherwise.
Incentivizing the special agent to take G alone, however, would necessarily violate the
budget constraint. By carefully constructing the reward function f , we ensure that there
exists a budget-feasible contract that incentivizes the special agent to take G, but only if it
simultaneously incentivizes a unique subset A′ of exactly half of the remaining agents to exert
effort. Since G can be incentivized only in combination with other agents, this constitutes
a violation of best-response monotonicity. The “good” equilibrium – A′ together with G –
yields a profit of at least (1 − B) · (1/2), while any other budget-feasible contract fails to
incentivize the action G and thus achieves only an infinitesimally small reward. Therefore, an
algorithm must incentivize the “good” equilibrium to achieve any desirable approximation.
Yet the number of candidate subsets A′ is exponential, and we prove that no efficient method
can identify A′ using poly-many value or demand queries, establishing our inapproximability
result.

Crucially, this construction breaks down for profit maximization in the unbudgeted setting
(B = 1), where [28] provide an approximation algorithm. Indeed, when B = 1, the “good”
equilibrium in our construction yields a profit of (1 − B) · (1/2) = 0, nullifying the argument.

4 Maximizing welfare and reward can be achieved by paying the agent the entire budget upon success.
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Constant-Factor Approximation for Gross Substitutes Instances

The first step toward establishing our positive result is proving that when f is gross substitutes,
best-response monotonicity holds even when agents have combinatorial actions. The key idea
in the proof of this observation is to connect agents’ best responses with demand bundles (see
Section 2 for formal definitions). More precisely, we observe that agent i’s best response for
a given profile of actions of the other agents is a demand bundle with respect to a carefully
chosen price vector. We then show that when the set of actions taken by the other agents is
reduced to any subset, the corresponding price vector increases coordinate-wise. Therefore,
by the gross-substitutes property, agent i is incentivized to take a (weak) superset of the
original actions, establishing best-response monotonicity.

We find that best-response monotonicity, combined with tools from [28], yields an up-
to-a-constant-factor equivalence between any two BEST objectives under any two budgets,
paralleling the result of [38] for the binary-actions case. This equivalence, together with the
O(1)-approximation for profit from [28], implies a constant-factor approximation for any
BEST objective under any budget.

1.3 Related Work
Combinatorial Contracts

A combinatorial model for contracting agents with binary actions was introduced by [5, 8],
where the principal selects a subset of agents to incentivize, and the reward function f is
Boolean. This foundational model was later extended to allow mixed strategies [6], and
subsequent work studied free-riding in this setting [7].

[27] generalized this framework by considering richer reward functions drawn from the
complements-free hierarchy [50], showing that for XOS functions, constant-factor approx-
imations are achievable using demand and value queries. In subsequent work, the same
authors extended this to a multi-action setting [28], where agents choose arbitrary subsets
of actions, and demonstrated that for submodular f , poly-many demand queries suffice for
approximation. [2] considered a multi-project setting where each project corresponds to
a binary-action problem, and showed constant-factor approximations for XOS valuations.
[16] examined project allocation under fairness constraints, proving inapproximability of
envy-freeness in the general case and tractability in constant-size markets.

In the single-agent variant, [26] introduced a model where the agent selects subsets of n

costly actions, and the principal’s reward is given by a set function f . They showed tractability
for gross-substitutes functions using value queries. Follow-up works [22, 30, 34, 29, 39] further
refined the complexity landscape in this combinatorial-action setting. Another flavor of
the single agent setting, studied in [35], considers a scenario where the agent takes actions
sequentially, rather than simultaneously, observing intermediate outcomes. They provide
algorithms and hardness results for independent and correlated actions.

The recent work of [36] relaxes the hidden-action assumption by introducing a combin-
atorial inspection model, where the principal can pay to verify whether the agent’s chosen
action belongs to a given set, and the inspection cost is combinatorial.

Linear Contracts

Linear contracts are those in which the principal pays each agent a fixed fraction of the
reward. The robustness of linear contracts was first established by [14], who proved that
linear contracts are max-min optimal when the principal is unaware of the agent’s full
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action set. This result was later generalized to randomized actions and contracts by [52].
Robustness was also established in a different model of uncertainty by [33], who additionally
provided approximation guarantees for linear contracts relative to the optimal ones. Another
desirable trait of linear contracts is ambiguity-proofness. That is, unlike general contracts,
the principal cannot benefit from introducing ambiguity into linear contracts [31, 25].

Contracts under Budget Constraints

There has been growing interest in the study of budgets in algorithmic contract design. [44]
studied the budgeted multi-agent setting where each agent performs an independent task
with an observable (binary) outcome. [23] studied a setting where the agent has a budget
constraint and show how to convert algorithms for the agent’s utility maximization problem
to an approximation algorithm with multiplicative and additive guarantees.

Closer to our setting, [38] and [1] introduced budget constraints into the binary-action
model of [27]. [38] introduced the notion of BEST objectives and showed that, via a
downsizing lemma, any two BEST objectives and any two budgets are equivalent up to
a constant factor. As a result, their work also yields constant-factor approximations for
XOS and submodular objectives via demand and value queries, respectively. [1] focused on
social welfare maximization and studied its divergence from the principal’s profit. They have
also given constant factor approximation algorithm for the social welfare when the budget
0 ≤ B ≤ 2 − Θ(1).

Other Contractual Models

Non-combinatorial multi-agent settings with agent externalities are studied in [55, 56, 11]. A
complexity measure for the implementation of multi-agent contracts was proposed by [9].
More recently, [13, 19] have studied multi-agent contracts beyond binary outcomes. Contracts
where agents have private types are studied in [4, 3, 15, 17, 43, 42, 18]. Several recent works
explore the intersection of contracts and learning [57, 21, 45, 10, 20, 24].

2 Model and Preliminaries

In this section we present the multi-agent combinatorial-actions model of [28], the family of
BEST (BEyond STandard) objectives of [38].

2.1 The Multi-Agent Combinatorial-Actions Setting
We consider a contractual setting involving a single principal and a set A of n agents. The
principal is the owner of a project, which can either succeed or fail. Upon success, the
project yields a reward of 1 for the principal, and 0 otherwise. The success probability of
the project is determined by the (costly) actions that the agents perform, as specified below.
The principal does not observe these actions, only the outcome. In order to incentivize the
agents, she offers each i ∈ A a linear contract αi ∈ [0, 1] that specifies their payment upon
success, while the payment upon failure is always 0.5 As we formally establish in the full
version of the paper, for all objectives considered in this paper, it is without loss of generality
to restrict attention to linear contracts.

5 One can also view this model as a multiple-outcome project, where the principal only observes the
reward and is restricted to using only linear contracts.

ITCS 2026
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Each agent i ∈ A has a set of actions Ti from which they may choose any subset. In
particular, Ti = {j} corresponds to the binary-actions case [27, 38], as the agent may choose
either j or ∅. We assume that any two agents have disjoint sets of actions, i.e., Ti ∩ Ti′ = ∅
for any i ̸= i′. Each action j ∈ Ti is associated with a non-negative cost cj ≥ 0, and the cost
of a set of actions is additive, i.e., c(Si) =

∑
j∈Si

cj for any Si ⊆ Ti. In particular, c(∅) = 0.
The disjoint union of all possible actions is denoted by T =

⊔
i∈A Ti. Given a profile of

actions S ⊆ T , we denote by Si the actions in S taken by agent i, i.e., Si = S ∩ Ti. Similarly,
we use S−i =

⊔
i′∈A\{i} Si′ to denote the actions taken by all agents except for agent i, in

the profile of actions S.
As mentioned, we consider a binary-outcome project that yields a reward of 1 to the

principal upon success and 0 otherwise. At the heart of the model is a monotone combinatorial
set function f : 2T → [0, 1], which maps every profile of actions, S =

⊔
i∈A Si, chosen by

the agents to the project’s success probability. Since the principal’s reward upon success
is normalized to 1, f(S) also represents the principal’s expected reward. We assume that
f(∅) = 0.

A problem instance is a tuple ⟨A, {Ti}i∈A, f, c⟩. Here, A is the set of agents, Ti denotes
the set of available actions for each agent i ∈ A, f is the reward function, and c = {cj}j∈T

represents the costs associated with each action. Recall that the principal offers a (linear)
contract α ∈ [0, 1]A, where αi is the transfer from the principal to agent i ∈ A, if the project
succeeds.

Utilities and Equilibria. For a given contract α and a profile of actions S = (S1, . . . , Sn),
agent i’s expected utility is given by αi · f(Si ⊔ S−i) − c(Si), i.e., by the expected payment
minus cost. We say that a contract α incentivizes the profile S if S forms a Nash equilibrium
(NE) under α. Namely, for every agent i ∈ A and every alternative set of actions S′

i ⊆ Ti,
the following holds:

αi · f(Si ⊔ S−i) − c(Si) ≥ αi · f(S′
i ⊔ S−i) − c(S′

i).

It was shown in [28] that every contract α incentivizes at least one pure Nash equilibrium.
A contract α may incentivize multiple equilibria, and we denote this collection by NE(α).

Given a contract α and an equilibrium S ∈ NE(α), the principal’s utility, or profit, is
defined to be the expected reward minus payment, i.e.,

uP (α, S) =
(

1 −
∑
i∈A

αi

)
f(S).

Maximizing Profit Under Budget Constraints. Given a budget B, we call a contract α

budget-feasible if
∑

i∈A αi ≤ B. For convenience, we denote the set of all pairs of budget-
feasible contracts and incentivized equilibria6 by C(B), namely,

C(B) = {(α, S) |
∑
i∈A

αi ≤ B and S ∈ NE(α)}.

The standard goal of contract design is to maximize the profit, uP (α, S), which we use
to illustrate the budgeted contract design problem: Given a budget B we seek a contract
and an equilibrium which approximately maximize the profit., i.e., (α, S) ∈ C(B) such that

6 A contract may incentivize multiple equilibria, in which case it will appear in C(B) more than once.
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γ · uP (α, S) ≥ max(α′,S′)∈C(B) uP (α′, S′), for some constant γ ≥ 1. In this work, we also
consider additional important objectives, beyond profit maximization, which we elaborate on
below.

In light of the observation made in [38, Proposition 3.13], we cannot guarantee to find a
contract α for which every incentivized equilibrium S ∈ NE(α) yields a γ-approximation
to the optimal profit, so we must settle for a contract α for which some incentivized
equilibrium yields a γ-approximation. Therefore, our algorithms output a contract along
with an equilibrium which provide the desired guarantees.

Subset Stability and the Doubling Lemma. The notion of subset stability and the doubling
lemma play a crucial role in the analysis of the algorithm of [28], which computes a near-
optimal contract with respect to profit without budget constraints. Subset stability is a
relaxation of the Nash equilibrium condition: A profile of actions S =

⊔
i∈A Si is subset-stable

with respect to a contract α if no agent i ∈ A strictly benefits from deviating to a subset
of Si.

▶ Definition 2.1 (Subset Stability, Definition 3.2 of [28]). A set of actions S is subset-stable
with respect to contract α, if for every agent i, every subset of his actions S′

i ⊆ Si satisfies

αi · f(Si ⊔ S−i) − c(Si) ≥ αi · f(S′
i ⊔ S−i) − c(S′

i).

The doubling lemma shows how a subset-stable profile S with respect to a contract α

can be used to incentivize a Nash equilibrium that guarantees at least a half of the expected
reward.

▶ Lemma 2.2 (Doubling Lemma, Lemma 3.3 of [28]). Let f be a submodular function and let
ε > 0. If S is a subset-stable set of actions with respect to a contract α, then any equilibrium
S′ with respect to the contract 2α + ε satisfies f(S′) ≥ (1/2) · f(S), where ε = (ε, . . . , ε).

Restricted Contracts. For any contract α ∈ Rn
+ and any set of agents G ⊆ A, we denote

by α|G the contract obtained by restricting payments to the agents in G. Namely, we let

α|G =
{

αi if i ∈ G,

0 otherwise.

When G = {i} is a singleton, we often omit the brackets and write α|i.

Reward Functions and Access Oracles. In this work we focus on monotone reward function
f . We denote by f(S′ | S) the marginal contribution of S′ to f , given S, i.e., f(S′ | S) =
f(S′ ∪ S) − f(S). We also use the notation fS(i) = f({i}|S). We consider reward functions
that belong to one of the following (nested) classes:

Additive: f(S) =
∑

a∈S f({a}) for any S ⊆ T .
Gross-Substitutes: For any two price vectors p, q ∈ R|T |, such that p ≤ q coordinate-wise,
and any S⋆ ∈ arg maxS⊆T {f(S) −

∑
a∈S pa}, there exists a demand bundle with respect

to q, i.e., S′ ∈ arg maxS⊆T {f(S) −
∑

a∈S qa}, such that S⋆ ∩ {j | pj = qj} ⊆ S′.
Submodular: For any S′ ⊆ S ⊆ T and any a /∈ S, it holds that fS′(a) ≥ fS(a).
Subadditive: For any S′, S ⊆ T , it holds that f(S) + f(S′) ≥ f(S ∪ S′).

It is well-known that, additive ⊊ gross-substitutes ⊊ submodular ⊊ subadditive [50]. As f

may have an exponential representation in n (and |T |) we assume algorithms access f via
two standard models:

ITCS 2026
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Value oracle: accepts a set S ⊆ T and returns f(S).
Demand oracle: accepts a vector p ∈ R|T | and returns S⋆ ∈ arg maxS⊆T {f(S)−

∑
a∈S pa}.

Generally, demand oracles are strictly stronger that value oracles [12]. However, for gross-
substitutes f a demand query can be computed in poly-time with value oracle access [51].

2.2 Objectives and Maximization Problems
Our results apply to a variety of objectives beyond the standard goal of maximizing profit.
Analogously to [38], we consider a family of natural objectives that are defined with respect to
a contract α and the set of actions S =

⊔
i∈A Si taken by the agents. We begin by presenting

a precise definition of an objective.

▶ Definition 2.3 (Objectives in the Multi-Agent Combinatorial-Actions Model). An objective
φ is defined by a poly-time algorithm that, given a problem instance ⟨A, {Ti}i∈A, f, c⟩, a
contract α, and a subset of actions S ⊆ T , outputs a non-negative real number, denoted
φ⟨A,{Ti}i∈A,f,c⟩(α, S). This algorithm has value oracle access to f . We omit the subscript if
the instance is clear from context.

Observe that the standard goal of maximizing profit adheres to this definition: Given
a contract α and a set of actions S a simple poly-time algorithm can compute uP (α, S) =
(1 −

∑
i∈A αi) · f(S) using a single value query to f .

For a given objective φ and budget B ∈ (0, 1], we denote by Max-φ(B) the problem
of finding a budget-feasible contract and equilibrium (α, S) ∈ C(B), that maximize φ. We
sometimes abuse notation and use Max-φ(B) to denote the maximal value of φ achievable
under budget B.

Below we define the class of BEST objectives, which naturally extends the definition for
the binary-actions setting of [38].

▶ Definition 2.4 (BEST Objectives). An objective φ belongs to the class of beyond standard
(BEST) objectives if, for any instance ⟨A, {Ti}i∈A, f, c⟩, it is:

(i) Sandwiched between profit and reward: For any α and S ⊆ T , uP (α, S) ≤ φ(α, S) ≤
f(S).

(ii) Decomposable: For any α, any S ⊆ T , and any i ∈ A, φ(α, S) ≤ f(S−i) + φ(α|i, Si).
(iii) Weakly increasing in S: For any α and any S ⊆ S′ ⊆ T , φ(α, S) ≤ φ(α, S′).
(iv) Weakly decreasing in α: For any α ≤ α′ (coordinate-wise) and S ⊆ T , φ(α, S) ≥

φ(α′, S).
The first two conditions generalize the definition of BEST objectives from [38]. The richer
combinatorial-actions setting considered here also requires conditions (iii) and (iv), which
are natural, and clearly hold for common objectives such as profit, welfare and reward.

In the full version of the paper we show that the class of BEST objectives includes the stand-
ard objectives of profit (maximizing the principal’s utility), welfare (maxα,S∈NE(α) f(S)−c(S))
and reward (maxα,S∈NE(α) f(S)). We also show that this class is closed under convex com-
binations.

3 Inapproximability Result for Submodular Instances

In this section we show that when f is submodular, for any budget B ∈ (0, 1), and any BEST
objective φ, it holds that Max-φ(B) cannot be efficiently approximated with demand query
access. This presents a significant departure from the unbudgeted case, where [28] present a
poly-time constant-factor approximation algorithm for profit, i.e., for Max-Profit(1).
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▶ Theorem 3.1 (Inapproximability for Submodular Instances). Fix any BEST objective φ and
any budget B ∈ (0, 1). For any approximation guarantee K : N → [1, ∞), any (randomized)
poly-time algorithm with demand oracle access to f may only achieve a K(n)-approximation
to Max-φ(B) with exponentially-small probability (in n).

By setting K(n) = 2n in Theorem 3.1, we derive the following corollary.

▶ Corollary 3.2 (Exponential Lower Bound on Expected Approximation Ratio). Fix any BEST

objective φ, and any budget B ∈ (0, 1). Let A be any (randomized) poly-time algorithm with
demand oracle access to f , and denote its output by (α, S). Then, there exists a family of
instances such that Max-φ(B)/EA[φ(α, S)] = 2Ω(n).

Our result is information-theoretic: We construct an instance with a probability distri-
bution over submodular reward functions and establish an upper bound on the expected
performance of any deterministic algorithm with demand oracle access on this randomized
input. By Yao’s principle, this directly implies the statement of the theorem.

Let us now define the instances used in the proof of Theorem 3.1.

▶ Definition 3.3 (Parameterized Instances). Fix a budget B ∈ (0, 1), an approximation
guarantee K : N → [1, ∞), and any even n > 0. Fix any ε > 0 such that:

ε < min
(

1 − B

K(n) · (n + 4) ,
4 · n

B

)
.

For any A′ ⊆ [n] with |A′| = n/2, we define an instance I(A′) = ⟨A,
⊔

Ti, f (A′), c⟩ as follows.
The set of agents is A = {1, . . . , n + 1}.
Each agent i ∈ [n] controls a single action Ti = {i}. Additionally, agent n + 1 controls
two actions Tn+1 = {B, G}. That is, the total set of actions is T = [n] ∪ {B, G}, (B for
“bad”, G for “good”).
The costs of the actions are:

ci = ε3 for all i ∈ [n], cG = (1/2) ·
(
B − (n/2) · ε2) and cB = (3/2) · ε · B.

The reward function f (A′) is defined as a sum of three set functions. Specifically, we let
f (A′)(S) = f1(S) + f2(S) − f3(S, A′), where:

f1(S) = max ((1/2) · 1[G ∈ S], ε · 1[B ∈ S])
f2(S) = ε · min (|S \ {G}|, n/2 + 1)

f3(S, A′) = (ε/2) · 1[S = {B} ∪ A′]

Whenever it is clear from the context, we omit A′ from the reward function, and write simply
f . Observe that f1 is a (weighted) unit-demand function over {G, B} and f2 is a uniform
(n/2 + 1)-demand7 over [n] ∪ {B}.

We give a brief proof sketch for Theorem 3.1: First, we observe that obtaining a good
approximation for any BEST objective requires a good approximation to f . By design, this
is only possible when agent n + 1 chooses action G, since any set containing G has value
greater than 1/2, whereas any set that excludes G has value at most (n/2 + 2) · ε. However,
the only way to incentivize agent n + 1 to take G instead of B, while complying with the

7 A set function f : 2A → R≥0 is unit-demand if f(S) = maxi∈S f({i}). Moreover, f is uniform k-demand
if there exists v ∈ R≥0 such that f(S) = min{ |S|, k } · v
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budget, is to incentivize the set A′ to take action. This is because the marginal reward of B
is reduced when the agents of A′ exerts effort (as captured by f3). Consequently, a good
approximation can only be achieved when the equilibrium satisfies S−(n+1) = A′, implying
that the algorithm must effectively “know” the set A′. In the case of value queries alone,
a standard “hide a special set” argument shows that any algorithm identifying A′ with
non-negligible probability must make exponentially many value queries. Finally, to complete
the proof, we demonstrate that access to demand queries does not help, as any demand query
can be simulated using O(1) value queries for our choice of f .

We now move to the formal analysis. Before proving Theorem 3.1, we present some useful
lemmas. We first establish that f (A′) is monotone and submodular. The proof is deferred to
the full version.

▶ Lemma 3.4. For any A′ ⊆ [n] with |A′| = n/2, it holds that f (A′) is monotone and
submodular.

We next show that demand queries to f (A′) are not more powerful than value queries.

▶ Lemma 3.5. For any A′ ⊆ [n] with |A′| = n/2, any demand query to f (A′) can be computed
with 12 value queries to f (A′).

Proof. Fix a subset A′ ⊆ [n] with |A′| = n/2. Let p ∈ Rn+1
≥0 be a price vector. Without loss

of generality, assume that p1 ≤ · · · ≤ pn. Let k be a maximal index such that pk < ε or 0 if
no such index exists. Let τ = min{k, n/2 + 1}.

We claim that one of the sets {{1, . . . , τ}, {1, . . . , τ − 1}, {1, . . . , τ − 2, τ}} combined with
one of {∅, {G}, {B}, {G, B}} is a demand bundle. Once the claim is proven, it follows that 12
value queries suffice to answer a demand query.

To prove the claim, let S⋆ ∈ arg maxS⊆T {f(S) −
∑

j∈S pj}, be a set in the demand with
respect to price vector p, and let S0 = S⋆ ∩ {G, B}. The marginal utility of S′ ⊆ [n] with
respect to S is:

u(S′ | S0) = f(S′ | S0) −
∑
i∈S′

pi

=


ε · min(|S′|, n/2 + 1) −

∑
i∈S′ pi if S0 = ∅ or S0 = {G}

ε · min(|S′|, n/2) −
∑

i∈S′ pi if S0 = {B, G}
ε · min(|S′|, n/2) − (ε/2) · 1[S′ = A′] −

∑
i∈S′ pi if S0 = {B}

We claim that one of {{1, . . . , τ}, {1, . . . , τ − 1}, {1, . . . , τ − 2, τ}} maximizes u(S′ | S0).
Indeed, if S0 = ∅ or S0 = {G}, clearly S′ = {1, . . . , τ} maximizes u(S′ | S0), and we are

done. If S0 = {B, G}, clearly S = {1, . . . , min(k, n/2)} maximizes u(S′ | S0), and by definition
of τ , we have min(k, n/2) ∈ {τ, τ − 1}, implying that either {1, . . . , τ} or {1, . . . , τ − 1}
maximizes u(S′ | S0), as needed. Otherwise, S0 = {B}. If {1, . . . τ − 1} = A′, then since
|A′| = n/2, we must have τ = n/2 + 1, and so either {1, . . . , τ − 2, τ} or {1, . . . τ − 1}
maximizes u(S′ | S0). If {1, . . . τ} = A′, then since |A′| = n/2, we must have pτ+1 ≥ ε. We
get that either {1, . . . , τ − 1} or {1, . . . , τ} maximizes u(S′ | S0). If {1, . . . τ − 1} ̸= A′ and
{1, . . . τ} ≠ A′, then, either {1, . . . , τ − 1} or {1, . . . , τ} maximizes u(S′ | S0). ◀

Given the lemma above, it is enough to show that no algorithm can obtain a good
approximation using only value queries.

The following lemma shows that it is possible to incentivize the set of actions A′ ∪ G
without violating the budget constraints.
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▶ Lemma 3.6. For any instance I(A′) with A′ ⊆ [n] and |A′| = n/2, there exists a contract
α such that (α, A′ ∪ {G}) ∈ C(B).

Proof. Consider the contract

αi =


ε2 if i ∈ A′

B − (n/2) · ε2 if i = n + 1
0 otherwise,

and let S = A′ ∪ {G}. Clearly f(S) ≥ f(G) ≥ 1/2, we now show that S ∈ NE(α). Let
j ∈ [n] \ A′. Since αj = 0, Sj = ∅ is a best response for agent j. Let i ∈ A′. Note that

αi · f(i | S−i) = ε2 · f2(i | S−i) = ε2 · ε = ci,

so Si = {i} is a best response for agent i since his only choices are {i} and ∅. We now turn
to agent n + 1. Note that

αn+1 · f(B | S−(n+1)) = αn+1 · f(B | A′) =
(
B − (n/2) · ε2) · (3/2) · (ε) < cB,

and so since f is submodular, it holds that agent (n + 1)’s best response does not contain B.
It therefore remains to show that agent (n + 1)’s utility from G is non-negative. Indeed,

αn+1 · f(G | S−(n+1)) = αn+1 · f(G | A′) =
(
B − (n/2) · ε2) · (1/2) = cG ,

as needed. ◀

Next, we show that incentivizing A′ ∪ G is necessary to get a non-trivial approximation
to f .

▶ Lemma 3.7. For any instance I(A′) with A′ ⊆ [n] and |A′| = n/2, for any (α, S) ∈ C(B)
with S ̸= {G} ∪ A′, it holds that f(S) ≤ (n/2 + 2) · ε.

Proof. Fix a subset A′ ⊆ [n] with |A′| = n/2. Let (α, S) be such a budget-feasible contract
and equilibrium. We first observe that it cannot be that {G, B} ⊆ S. This is because if
{G, B} ⊆ S, then S is not budget-feasible due to submodularity of f :

αn+1 ≥ cB/fS(B) ≥ cB/f(B | G) ≥ cB/ε = (3/2) · B > B.

Note that for any S ⊆ [n] ∪ {B}, it holds that f(S) ≤ f1(S) + f2(S) ≤ (n/2 + 2) · ε, so
proving G /∈ S is sufficient. Assume towards contradiction that G ∈ S. Since {G, B} ⊊ S, we
must have Sn+1 = {G}, and

αn+1 ≥ cG/fS(G) ≥ cG/f({G}) = B − (n/2) · ε2.

Observe that |S ∩ [n]| ≤ n/2 since incentivizing any agent i ∈ [n] to exert effort takes at
least ci/f({i}) = ε2, and therefore we can only incentivize n/2 such agents, as the remaining
budget is B − αn+1 ≤ (n/2) · ε2. Since |S ∩ [n]| ≤ n/2, Sn+1 = {G}, and S ̸= {G} ∪ A′, we
have f(B | S−(n+1)) = 2ε. Then, we have

αn+1f(B | S−(n+1))−cB ≥
(
B − (n/2)ε2) · (2ε)−(3/2)Bε ≥ (B/2)ε−nε3 > (B/2)ε−nε2.

Moreover, by budget feasibility we have αn+1 ≤ B, and by the definition of f we have
f(G | S−(n+1)) ≤ 1/2, which gives:

αn+1 · f(G | S−(n+1)) − cG ≤ B · (1/2) − (1/2) ·
(
B − (n/2) · ε2) = (n/4) · ε2 < n · ε2.

By our choice of ε, we have ε < 4n/B, and agent n+1 would therefore benefit from deviating
to Sn+1 = {B}, which gives a contradiction. ◀

ITCS 2026



58:14 One Action Too Many: Inapproximability of Budgeted Combinatorial Contracts

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. Fix a BEST objective φ and a budget B ∈ (0, 1). By Yao’s principle,
it suffices to prove the statement for a deterministic algorithm against a randomized input.
We consider a randomized instance I(A′), where A′ ⊆ [n] is chosen uniformly at random
from all subsets of size n/2. By Lemma 3.4, this defines a distribution over monotone and
submodular instances. Now, consider a polynomial-time deterministic algorithm with access
to value and demand oracles on this randomized input.

By Lemma 3.6 and the definition of BEST objectives, the optimal value of φ is at least a
(1 − B)-fraction of the profit from the budget-feasible contract (α, A′ ∪ G) ∈ C(B), meaning
that:

Max-φ(B) ≥ φ(α, A′ ∪ G) ≥ uP (α, A′ ∪ G) ≥ (1 − B) · f(A′ ∪ G) ≥ (1 − B) · (1/2).

Moreover, by Lemma 3.7, the value of φ for a contract and equilibrium (α, S) ∈ C(B) with
S ̸= {G} ∪ A′ is:

φ(α, S) ≤ f(S) ≤ (n/2 + 2) · ε.

Thus, unless the algorithm outputs the equilibrium A′∪G, it achieves at best an approximation
of (1 − B) · (1/2)/((n/2 + 2) · ε) > K(n), since by our choice of ε we have ε < (1 − B)/(K(n) ·
(n + 4)).

By Lemma 3.5, a polynomial-time algorithm with access to value and demand queries
can be simulated using polynomially many value queries. Thus, it remains to show that any
algorithm making only polynomially many value queries cannot output G ∪ A′ with better
than exponentially small probability.

We assume, without loss of generality, that the algorithm queries the value of the set
S−(n+1) ∪{B} (where S is the output equilibrium). This is without loss because any algorithm
can be modified to perform one additional value query before terminating, without affecting
its polynomial query complexity. We will upper bound the probability that the algorithm
queries A′ ∪ {B}, thereby establishing the same upper bound on the probability that it
achieves a K(n)-approximation.

Let S1, . . . , Sℓ be the sequence of value queries that the (deterministic) algorithm makes
on the instance J = ⟨A,

⊔
Ti, f1 + f2, c⟩. Unless the algorithm queries A′ ∪ {B}, this instance

J is indistinguishable from I(A′). Thus, the probability that the algorithm queries A′ ∪ {B}
is upper bounded by the probability that A′ ∪ {B} ∈ {S1, . . . , Sℓ}. Therefore, by the union
bound, the probability of querying A′ ∪ {B} is at most ℓ/

(
n

n/2
)
. Since ℓ is polynomial in n,

this probability is exponentially small in n, as needed. ◀

4 Constant-Factor Approximation for Gross Substitutes Instances

In this section we establish an up-to-a-constant-factor equivalence between any two BEST
objectives, generalizing the result of [38] to the multi-agent combinatorial-actions setting
under gross substitutes f . This equivalence is cast in the following theorem.

▶ Theorem 4.1 (Equivalence of All BEST Objectives and Budgets). Fix any two BEST
objectives φ, φ′ and any two budget B, B′ ∈ (0, 1]. For gross substitutes f , there exists a
poly-time reduction from Max-φ(B) to Max-φ′(B′) that loses only a constant factor in the
approximation. This reduction requires value oracle access to f .
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The following corollary follows directly from combining the above equivalence with the
poly-time algorithm of [28] for maximizing profit with budget B = 1 for submodular (and
hence also gross substitutes) f .

▶ Corollary 4.2 (Constant-Factor Approximations Under Budget Constraints). When f is gross
substitutes, for any BEST objective φ and any budget B ∈ [0, 1], there exists a polynomial-time
algorithm that achieves O(1)-approximation to Max-φ(B) using value queries.

To establish Theorem 4.1, we follow a scheme similar to that of [38], which proved an
analogous result in the binary-action setting. In Section 4.1, we identify a key property,
best-response monotonicity, that enables this equivalence. This property holds both in the
binary-action case for submodular f and in the combinatorial-actions case for gross substitutes
f (Lemma 4.3). Crucially, for combinatorial actions with submodular f , best-response
monotonicity fails to hold, an observation we exploit in the negative result of Section 3.
We use best-response monotonicity to prove a downsizing lemma (Lemma 4.5) for the
combinatorial-actions setting, analogous to the argument in [38].

In Section 4.2 we define an auxiliary problem, Max-Reward-Bounded(B). We show
that for any BEST objective φ and any budget B, a constant-factor approximation to
Max-φ(B) can be obtained either from the solution to Max-Reward-Bounded(B) or
from a contract that incentivizes only a single agent to take some actions.

4.1 Best-Response Monotonicity for Gross Substitutes Instances
In this section we present the main property of gross substitutes that allows us to apply our
techniques. Roughly speaking, we show that when f is gross substitutes, incentivizing an
agent to take a given subset of actions is always cheapest for the principal when all other
agents do nothing. This does not hold for submodular f , as exemplified by our construction
in Section 3.

▶ Lemma 4.3 (Best-Response Monotonicity). Consider any instance with a gross substitutes
f . Fix a contract α, an equilibrium S ∈ NE(α), and an agent i ∈ A. Take any subset
of actions S′

−i ⊆ S−i. Then, there exists S′
i ⊆ Ti such that Si ⊆ S′

i and S′
i is agent

i’s best response to S′
−i, i.e., for every alternative set of actions S̃i ⊆ Ti, it holds that

αi · f(S′
i ⊔ S′

−i) − c(S′
i) ≥ αi · f(S̃i ⊔ S′

−i) − c(S̃i).

Proof. Fix agent i ∈ A, contract α, actions S ∈ NE(α), and S′
−i ⊆ S−i satisfying the above

conditions. Consider two price vectors {pa}a∈T and {qa}a∈T defined as:

pa =


−1 if a ∈ S−i

2 if a ∈ T−i \ S−i

(1/αi) · ca if a ∈ Ti,

qa =


−1 if a ∈ S′

−i

2 if a ∈ T−i \ S′
−i

(1/αi) · ca if a ∈ Ti.
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We observe that the following equivalences hold for any action profile S′ = S′
i ⊔ S′

−i:

S′
i is agent i’s best response to S′

−i given αi

⇐⇒ S′
i ∈ arg max

U ′
i
⊆Ti

f(U ′
i ∪ S′

−i) −
∑

a∈U ′
i

(1/αi) · ca


⇐⇒ S′ = S′

i ⊔ S′
−i ∈ arg max

V ⊆T

{
f(V ) −

∑
a∈V

qa

}
.

The first equivalence is observed by [28]. We next show the second equivalence. Let
Q ∈ arg maxV ⊆T {f(V )−

∑
a∈V qa}. We argue that Q−i = S′

−i; combined with the definition
of q, this implies the equivalence. On the one hand, since f(U) ≤ 1 for all U ⊆ T and qa > 1
for all a ∈ T−i \ S′

−i, we have Q−i ⊆ S′
−i. On the other hand, since f is weakly monotone

and qa = −1 for all a ∈ S′
−i, it must be that S′

−i ⊆ Q−i. Thus, Q−i = S′
−i.

A similar equivalence also holds with respect to S and p. Namely, Ui ⊆ Ti is agent i’s
best response to S−i given αi if and only if Ui ∪ S−i ∈ arg maxV ⊆T {f(V ) −

∑
a∈V pa}. Thus,

since S is an equilibrium, it is a demand bundle with respect to f and p. Note that pa ≤ qa

for all a ∈ T by the assumption that S′
−i ⊆ S−i. Thus, by the gross substitutes property of f ,

there exists a set S′
i such that Si ⊆ S′

i ⊆ Ti and S′
i ∪ S′

−i ∈ arg maxV ⊆T {f(V ) −
∑

a∈V qa},
as needed. ◀

Lemma 4.3 immediately yields the following important corollary. Recall that α|i is the
contract which offers αi to agent i and zero to all other agents.

▶ Corollary 4.4. Consider an instance with a gross substitutes f . Fix a contract α, an
equilibrium S ∈ NE(α), and any agent i ∈ A. Then there exists an equilibrium S′ ∈ NE(α|i)
such that Si ⊆ S′

i and S′
j = ∅ for any j ̸= i.

Corollary 4.4 together with Lemma 2.2 enable us to prove a downsizing lemma akin to
[38, Lemma 3.2] for the combinatorial-actions setting. We defer the details of the algorithm
and the proof of the lemma to the full version.

▶ Lemma 4.5 (Downsizing Lemma for Combinatorial Actions). Let ⟨A, {Ti}i∈A, f, c⟩ be any
multi-agent combinatorial-actions instance with gross substitutes f . For any integer M ≥ 3
and any (α, S) ∈ C(B), there exists (α′, S′) ∈ C(B) such that:(∑

i∈A

α′
i ≤ 5

M
·
∑
i∈A

αi or ∃i ∈ A s.t. α′ = α|i and S′ ⊆ Ti

)
and f(S′) ≥ f(S)

2M − 2 .

Moreover, such a pair (α′, S′) ∈ C(B) can be computed in poly-time with value query access
to f .

4.2 BEST Objectives Are Equivalent
To establish the up-to-a-constant-factor equivalence between any two BEST under any two
budgets, we define two maximization problems (i) finding the optimal budget-feasible contract
which incentivizes a single agent, and (ii) finding an optimal budget-feasible contract and an
equilibrium where the payment to each agent is at most a 3/4-fraction of the budget.
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▶ Definition 4.6 (Best-Singlei-φ(B)). For any given objective φ and budget B ∈ (0, 1],
the problem of Best-Singlei-φ(B) is the problem of finding an optimal single-agent contract
for agent i:

Best-Singlei-φ(B) = max
(α,S)∈C(B)

φ(α, S) subject to α = α|i and S ⊆ Ti.

When clear from context, we also use Best-Singlei-φ(B) to denote a pair (α, S) ∈ C(B)
maximizing φ subject to α = α|i and S ⊆ Ti.

▶ Definition 4.7 (Max-Reward-Bounded(B)). Let ⟨A, {Ti}i∈A, f, c⟩ be an problem in-
stance. For any B ∈ (0, 1], the Max-Reward-Bounded(B) problem is defined as

Max-Reward-Bounded(B) = max
(α,S)∈C(B)

f(S) subject to αi ≤ 3B/4 for all i ∈ A.

The best-response monotonicity of gross substitutes instances (Corollary 4.4) is crucial
for the proof of the following lemma.

▶ Lemma 4.8 (Decomposition Lemma). Fix an instance ⟨A, {Ti}i∈A, f, c⟩ with gross substi-
tutes f , a budget B ∈ (0, 1], and a BEST objective φ. It holds that

Max-φ(B) ≤ 2 · Max-Reward-Bounded(B) + max
i∈A

Best-Singlei-φ(B).

Proof. Let (α⋆, S⋆) ∈ C(B) be a solution to Max-φ(B).
If α⋆

i ≤ (3/4) · B for all agents i ∈ A, then f(S⋆) ≤ Max-Reward-Bounded(B) and
we get

Max-φ(B) = φ(α⋆, S⋆) (by the choice of (α⋆, S⋆))
≤ f(S⋆) (by Definition 2.4i)
≤ Max-Reward-Bounded(B) (as (α⋆, S⋆) ∈ C(B) and by assumption),

as needed.
Otherwise, let i ∈ A be the agent such that α⋆

i > (3/4) · B; observe that by budget-
feasibility there can be at most one such agent. It follows from Definition 2.4ii that

Max-φ(B) = φ(α⋆, S⋆) ≤ f(S⋆
−i) + φ(α⋆|i, S⋆

i ).

It remains to bound each of the summands, i.e., f(S⋆
−i) ≤ 2 · Max-Reward-Bounded(B),

and φ(α⋆|i, S⋆
i ) ≤ Best-Singlei-φ(B).

Let us first bound f(S⋆
−i). Note that∑

j∈A\{i}

α⋆
j =

∑
j∈A

α⋆
j − α⋆

i < B − (3/4) · B = (1/4) · B. (1)

By applying the doubling lemma (Lemma 2.2) to α⋆|−i with ε = (1/4) · (B/n), we obtain a
contract α′ = 2α⋆|−i + ε, where ε = (ε, . . . , ε), that satisfies the following properties:

(i) α′ is budget-feasible, since
∑

j∈A α′
j = 2

∑
j∈A\{i} α⋆

j + nε ≤ (1/2) · B + (1/4) · B < B,
where the first inequality follows from Inequality (1).

(ii) The payment to every agent j ∈ A\{i} is α′
j = 2·α⋆

j +ε ≤ (1/2)·B+(1/4)·B ≤ (3/4)·B.
(iii) The payment to agent i is α′

i = ε < (3/4) · B.
(iv) Any equilibrium S′ ∈ NE(α′) satisfies f(S′) ≥ (1/2) · f(S⋆

−i), by Lemma 2.2.
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Thus, taking any S′ ∈ NE(α′), we get

f(S⋆
−i) ≤ 2 · f(S′) (by (iv))

≤ 2 · Max-Reward-Bounded(B) (by (i)-(iii)).

Next, let us bound φ(α⋆|i, S⋆
i ). Observe that, from Corollary 4.4 it holds that there

exists an equilibrium S′ of the contract α⋆|i such that S′ ⊆ Ti and S⋆
i ⊆ S′. Thus,

φ(α⋆|i, S⋆
i ) ≤ φ(α⋆|i, S′) ≤ Best-Singlei-φ(B),

where the first inequality is by Definition 2.4iii. This concludes the proof. ◀

Our reductions will take the better contract between the one achieved by (approximately)
solving the problem we reduce to, Max-Reward-Bounded(B), and the best single-agent
contract. In the binary-actions case, the best single-agent contract for agent i ∈ A is simply
the ratio between their cost and the success probability when only i exerts effort. In the
combinatorial-actions case, solving Best-Singlei-φ(B) is not as straightforward, but the
following lemma shows we can still do so in polynomial time when f is gross substitutes.

▶ Lemma 4.9. Fix some objective φ and budget B ∈ (0, 1]. When f is gross substitutes, there
exists a poly-time algorithm which (exactly) solves Best-Singlei-φ(B) with value oracle
access to f .

The proof of Lemma 4.9 relies on the “critical point” analysis of [26], who proved the lemma
for the special case of maximizing profit for B = 1, and is deferred to the full version. We
now have all the building blocks for our reductions. We begin by proving a reduction from
Max-φ(B) to Max-Reward-Bounded(B).

▶ Lemma 4.10 (Reduction to Max-Reward-Bounded(B)). Fix an instance of the problem,
⟨A, {Ti}i∈A, f, c⟩, with gross substitutes f , a budget B ∈ (0, 1], and a BEST objective φ. For
any (α, S) ∈ C(B) that is a γ-approximation to Max-Reward-Bounded(B), let (α′, S′)
be the result of applying the downsizing lemma (Lemma 4.5) to (α, S) with M = 6. Then,
it holds that one of {Best-Singlei-φ(B)}i∈A ∪ {(α′, S′)} is a (120γ + 1)-approximation to
Max-φ(B).

Proof. Let (α, S) ∈ C(B) be a γ-approximation to Max-Reward-Bounded(B) and let
(α′, S′) be the result of applying Lemma 4.5 to (α, S) with M = 6. This yields a contract-
equilibrium pair (α′, S′) ∈ C(B) such that f(S′) ≥ (1/10) · f(S) and either α′ = α|i for
some i ∈ A or

∑
i∈A α′

i ≤ (5/6) ·
∑

i∈A αi ≤ (5/6) · B ≤ 5/6. In the case where there exists
an agent i ∈ A such that α′ = α|i, we have

∑
j∈A α′

j = αi ≤ (3/4) · B ≤ 3/4, where the
first inequality is because (α, S) satisfies the constraints of Max-Reward-Bounded(B).
Therefore, it holds in both cases that

∑
j∈A α′

j ≤ 5/6. Now, it follows that:

φ(α′, S′) ≥ uP (α′, S′) (since φ is a BEST objective)

=
(

1 −
∑
i∈A

α′
i

)
f(S′) (by the definition of uP )

≥ (1/6) · f(S′) (since
∑
j∈A

α′
j ≤ 5/6)

≥ (1/60) · f(S) (since f(S′) ≥ (1/10) · f(S))
≥ (1/60γ) · Max-Reward-Bounded(B) (since S is γ-approximation)
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Let V = max{{Best-Singlei-φ(B)}i∈A ∪ {φ(α′, S′)}}. By Lemma 4.8, we get:

Max-φ(B) ≤ 2 · Max-Reward-Bounded(B) + max
i∈A

Best-Singlei-φ(B)

≤ (120γ) · φ(α′, S′) + max
i∈A

Best-Singlei-φ(B)

≤ (120γ + 1) · V.

This concludes the proof. ◀

Next, we establish reduction from Max-Reward-Bounded(B) to Max-φ(B).

▶ Lemma 4.11 (Reduction from Max-Reward-Bounded(B)). Fix an instance of the
problem I = ⟨A, {Ti}i∈A, f, c⟩ with gross substitutes f and two budgets B, B′ ∈ (0, 1], and
let I ′ = ⟨A, {Ti}i∈A, f, c′⟩, be an instance with scaled costs, c′ = c · (4/3) · (B′/B). For
any BEST objective φ, if (α′, S′) is a γ-approximation to Max-φ(B′) in instance I ′, then
one of {Best-Singlei-f(B)}i∈A ∪ {(α′ · (3/4) · (B/B′), S′)} is a 50γ-approximation to
Max-Reward-Bounded(B) in instance I.

Proof. Let (α⋆, S⋆) ∈ C(B) be a solution to Max-Reward-Bounded(B) in the instance
I, and let (α, S) ∈ C(B) be the result of applying the downsizing lemma (Lemma 4.5) on
(α⋆, S⋆) with M = 14. By the guarantees of Lemma 4.5, f(S) ≥ (1/26) · f(S⋆) and either (i)
α = α|i and S ⊆ Ti for some i ∈ A, or (ii)

∑
i∈A αi ≤ (5/14) ·

∑
i∈A α⋆

i ≤ (5/14) · B.
In case (i) holds, we get that Best-Singlei-f(B) is a 26-approximation to the problem

of Max-Reward-Bounded(B), which concludes the proof.
Suppose that case (ii) holds. Recall that (α, S) is a contract-equilibrium pair in I, and

I ′ is the same as I except the costs are scaled by (4/3) · (B′/B). Thus, if we scale the agent
payments by the same factor, namely α‡ = (4/3) · (B′/B) · α, we have that (α‡, S) is a
contract-equilibrium pair in I ′. Observe that:∑

i∈A

α‡
i ≤ (4/3) · (B′/B) · (5/14) · B = (10/21) · B′ ≤ min(10/21, B′).

Therefore, α‡ is budget-feasible with respect to B′, and the principal’s profit from the
contract-equilibrium pair (α‡, S) is at least:

uP (α‡, S) ≥ (1 − 10/21) · f(S) = (11/21) · f(S) (2)
≥ (11/21) · (1/26) · f(S⋆) > (1/50) · f(S⋆).

Let (α′, S′) be a γ-approximation to Max-φ(B′) in I ′. Then it holds that:

f(S′) ≥ φI′(α′, S′) (since φ is BEST)
≥ Max-φ(B′)/γ (since (α′, S′) is a γ-approximation)
≥ φ(α‡, S)/γ (since α‡ is budget-feasible w.r.t. B′)
≥ uP (α‡, S)/γ (since φ is BEST)
≥ (1/50γ) · f(S⋆) (by Equation (2))

Let α† = (3/4) · (B/B′) · α′. We show that the pair (α†, S′) makes up a 50γ-approximation
to Max-Reward-Bounded(B). First, since (α′, S′) is a contract-equilibrium pair in I ′,
(α†, S′) make up such a pair with respect to I. Since f(S′) ≥ (1/50γ) · f(S⋆), it remains to
show that the contract α† satisfies the feasibility constraints. Observe that α† is budget-
feasible with respect to B, as

∑
i∈A α†

i = (3/4) · (B/B′) ·
∑

i∈A α′
i ≤ (3/4) · B, where the

inequality follows from budget feasibility of α′ with respect to B′. Similarly, for any i ∈ A,
α′

i ≤ B′ and thus α†
i = (3/4) · (B/B′) · α′

i ≤ (3/4) · B. This concludes the proof. ◀

Together, the two lemmas above imply Theorem 4.1.
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5 FPTAS for Additive Instances

In this section, we consider instances with additive f . Specifically, we show that the FPTAS
for multi-agent binary-action settings of [27], later generalized to budget constraints by [38],
can be adapted to the combinatorial-actions setting.

▶ Theorem 5.1. When f is additive, for each objective of maximizing profit, reward, and
welfare, there exists a deterministic FPTAS under any budget B ∈ [0, 1], using only value
oracle access to f .

At a high level, our proof for profit maximization relies on discretizing the function f and
minimizing payments using the dynamic programming approach as in [27], while adapting
the core ideas to the combinatorial-actions setting. For reward and welfare maximization, [38]
noted that these problems can be reduced to the Knapsack problem. However, this is not the
case in the combinatorial-actions setting, and so we use the ideas from profit maximization
to solve those problems as well.

Fix an additive function φ : 2T → [0, 1] with φ(∅) = 0 and a real number b ∈ [0, 1]. We
will later specify φ(S) to be either the reward f(S) or the welfare f(S) − c(S). We begin
by defining a discretization φ̃ of φ. Let δ = ϵ/|T |. Define φ̃(S) =

∑
a∈S⌊φ({a})/(δb)⌋(δb).

Note that φ̃(S) is a multiple of δb for every S.
For each j ∈ {0, . . . , n} and x ∈ {0, δb, 2δb, . . . , ⌈|T |/δ⌉δb}, we define

A(φ)(j, x) = min
S,α

{∑
i∈A

αi | φ̃(S) ≥ x, S ∈ NE(α), S ⊆ T1 ∪ . . . ∪ Tj

}
.

This table can be computed in polynomial time via dynamic programming, as we show below.

▶ Lemma 5.2. The table A(φ) can be computed in polynomial time in |T | and ϵ.

Proof. Observe that for j = 0, we have A(0, 0) = 0 and A(0, x) = ∞ for all x > 0.
Let us now fix j > 0. Let Tj = {a1, . . . , ak} and assume without loss of generality that

ca1/f({a1}) ≤ ca2/f({a2}) ≤ . . . ≤ cak
/f({ak}). Note that for a given payment αi, agent

i’s best response Si for S−i belongs to:

arg max
Si⊆Ti

{αi · f(Si ⊔ S−i) − c(Si)} = arg max
Si⊆Ti

{αi · f(Si) + αi · f(S−i) − c(Si)}

= arg max
Si⊆Ti

{αi · f(Si) − c(Si)}

= arg max
Si⊆Ti

{∑
a∈Si

(αi · f({a}) − ca)
}

Therefore, the agent’s best response includes all actions such that ca ≤ αi · f({a}), or
equivalently ca/f({a}) ≤ αi. In particular, any contract incentivizes a prefix of {a1, . . . , ak},
and hence:

A(φ)(j, x) = min
ℓ∈{0,1,...,k}

{
A (j − 1, x − φ̃({a1, . . . , aℓ})) + caℓ

f({aℓ})

}
,

where we treat the term caℓ
/f({aℓ}) as 0 when ℓ = 0. This completes the proof. ◀

We are now ready to prove the main theorem. Below we present the proof for profit
maximization, and we defer the proofs for reward and welfare maximization to the full
version.
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Proof of Theorem 5.1 for Profit Maximization. We prove the existence of an FPTAS for
profit maximization under budget B. First, let (α⋆, S⋆) be the optimal contract-equilibrium
pair under budget B. Let b = maxa∈S⋆ f({a}). Note that the algorithm does not have access
to b, as it does not have access to the optimal solution, but there are polynomially many
candidate values, and we can iterate over all of them. From now on, we assume that we
know the value of b.

Note that by definition A(f)(n, x) is increasing in x. Let:

x = max
x∈{0,δb,2δb,...,⌈|T |/δ⌉δb}

{
x | A(f)(n, x) ≤ B

}
and x′ ∈ arg max

x∈{0,δb,...,x}
(1 − A(f)(n, x)) · x.

Let (α′, S′) be the contract-equilibrium pair (with respect to the original f) that minimizes
the sum of payments in the definition of A(f)(n, x′). We will argue that (α′, S′) yields a
(1 − ϵ)-approximation to the optimal profit, which will imply the theorem.

We begin by observing that f̃(S⋆) ≤ ⌈|T |/δ⌉δb and that f̃(S⋆) ≤ x. For the first inequality,
note that f̃(S⋆) =

∑
a∈S⋆ f̃({a}) ≤ |S⋆| · b ≤ ⌈|T |/δ⌉δb. For the second inequality, we have∑

i∈A α⋆
i ≤ B by the budget-feasibility of the optimal contract. Therefore, by the choice of

x′, we have:

(1 − A(f)(n, f̃(S⋆))) · f̃(S⋆) ≤ (1 − A(f)(n, x′)) · x′. (3)

Moreover, we observe that:

f̃(S⋆) ≥
∑

a∈S⋆

f({a}) − |S⋆| · δb ≥
∑

a∈S⋆

f({a}) − ϵ · max
a∈S⋆

f({a}) ≥ (1 − ϵ) · f(S⋆). (4)

It follows that:

(1 − ϵ) · uP (α⋆, S⋆) = (1 − ϵ) ·

(
1 −

∑
i∈A

α⋆
i

)
· f(S⋆) (by the definition of uP )

≤

(
1 −

∑
i∈A

α⋆
i

)
· f̃(S⋆) (by Equation (4))

≤
(
1 − A(n, f̃(S⋆))

)
· f̃(S⋆) (by the definition of A)

≤ (1 − A(n, x′)) · x′ (by Equation (3))

≤

(
1 −

∑
i∈A

α′
i

)
· f̃(S′) (by definition of (α′, S′))

≤

(
1 −

∑
i∈A

α′
i

)
· f(S′) (since f̃(S) ≤ f(S) for all S)

= uP (α′, S′) (by the definition of uP )

Therefore, our algorithm returns a (1 − ϵ)-approximation, which completes the proof. ◀
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