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—— Abstract

The f-divergence is a fundamental notion that measures the difference between two distributions.

In this paper, we study the problem of approximating the f-divergence between two Ising models,
which is a generalization of recent work on approximating the TV-distance. Given two Ising models
v and p, which are specified by their interaction matrices and external fields, the problem is to
approximate the f-divergence Dy (v || u) within an arbitrary relative error e*°. For x“-divergence
with a constant integer o, we establish both algorithmic and hardness results. The algorithm works
in a parameter regime that matches the hardness result. Our algorithm can be extended to other
f-divergences such as a-divergence, Kullback-Leibler divergence, Rényi divergence, Jensen-Shannon
divergence, and squared Hellinger distance.
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1 Introduction

Let v and p be two distributions with the same support 2. Let f : R — R>( be a convex
function such that f(1) =0 and f is strictly convex around 1. The f-divergence of v from pu
is defined by

Dy 0l =B |1 (450 ) | = Stors (2) )

= (o)

The f-divergence is a very general notion that measures the difference between two dis-
1

tributions. For instance, f(z) = 3|z — 1| gives the total variation distance (TV-distance),
f(x) = 22 — x gives the x%-divergence, and f(z) = zlnz — x + 1 gives the Kullback-Leibler
(KL) divergence.

The Ising model is a fundamental graphical model in statistical physics, probability
theory, and machine learning. Let G = (V, E) be a graph. Let J € RV*V be a symmetric
interaction matriz such that J,, # 0 only if {u,v} € E. Let h € RV be the external fields
vector. An Ising model specified by (G, J, h) defines a Gibbs distribution p with support
Q= {-1,+1}V such that

1T T
Vo € {-1,+1}V, u(o) = (o) _ &P (307 o +ho) ,where Z,, = Z wy(0).
Z, Z,
ce{—-1,+1}V
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The function w, : £ — Ry¢ is called the weight function of the Ising model and the
normalization factor Z, is called the partition function of the Ising model.

Recently, the problem of computing the TV-distance between two high-dimensional
distributions has received increasing attention. One interesting result [4] has proved that even
for a pair of product distributions (Ising models on an empty graph), the ezact computation of
TV-distance is #P-hard. Later on, polynomial time approximation algorithms were proposed
for product distributions [16, 18]. For general Ising models, both algorithmic and hardness
results were established [6, 17] for approximating the TV-distance.

In this paper, we consider a more general problem of approximating the f-divergence
between two Ising models. The problem is defined as follows.

» Problem 1. Approximating the f-divergence for two Ising models.
Input: Two Ising models (G, J",h") and (G, J*, h*) specifying two Gibbs distributions v
and p respectively', a function f defining the f-divergence, and an error bound €;
Output: A number D € R such that e =Dy (v|| ) < D < e Dy (v | ).

A randomized algorithm is said to be an FPRAS (fully polynomial randomized approxi-
mation scheme) for Problem 1 if it runs in time polynomial in n = |V| and 1/ and with
probability at least %, the output approximates the value of the f-divergence within relative
error e*e.

Our algorithmic result is a reduction from f-divergence approximation to sampling
and approximate counting, which are two fundamental computational tasks for the Ising
model. There is long-line of research on developing efficient algorithms [27] for sampling
and approximate counting. We assume the following abstract oracles for sampling and

approximate counting.

» Definition 2 (sampling and approximate counting oracles). Let (G, JJ*, h*) be an Ising model
with Gibbs distribution p and partition function Z,,. Let TY, T : Rsg — [|[V] 4 |E|, 00) be
two non-increasing functions. Given any error bound € > 0,
The sampling oracle for (G, J", h*) with cost function T returns a random sample
X € {-1,41}V in time TP (e) with drv (X,pu) < e, where dpv (X, u) is the total
variation distance between X and p.
The approzimate counting oracle for (G, J*, h#*) with cost function TS returns a random
number ZA# in time T& (e) with Pr [e*EZ# < ZA# < eEZu] > 0.99.
For functions T¢Y (¢) and T¢(¢), we add the index G to emphasize that the running time also
depends on parameters of graph G such as the number of vertices/edges and the maximum
degree. We assume the oracles need to read the whole graph G so that the cost is at least
V] +|E].
We also require the following mild assumption on the Ising models.

» Definition 3 (marginal lower bound). Let b > 0 be a constant. A Gibbs distribution p is
said to satisfy the b-marginal lower bound if for any A C V., any pinning o € {—1,+1}*, any
v eV \A, and any ¢ € {—1,+1}, it holds that pnZ(c) > b, where ug(-) denotes the marginal
distribution on v projected from u conditional on that the configuration on A is fixed as o.

The marginal lower bound condition is a natural and common assumption for the Ising
model. The assumption is widely used in the literature of sampling and approximate
counting [14], learning theory [10], and TV-distance approximation [17].

! Problem 1 assumes that v and g have the same underlying graph G. This assumption does not lose
generality because the definition allows J;,, and Jf, to be 0 even if {u,v} € E.
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1.1 Algorithm and hardness results for y“-divergence approximation

Let oo > 1 be a constant integer. The Dy (v || 1) = Dye (v || 1) is called the x®-divergence
if f(z) = %|ac — 1|*. We give the following approximation algorithm for the y®-divergence
between two Ising models in Problem 1. Given two input Ising models (G, J”, k") and
(G, J*, h#), define the following family of Ising models on the graph G:

(2)

k) 2 Lgv — (k —
Flva ) = { (G100 [0SR f

R 2 kv — (k — 1)hn for integer 0 < k < «

We remark that (G, JM, A1) and (G, J®, A(®) are the same as the input Ising models
(G, J”,h") and (G, J*, h*) respectively. The following theorem says that if all Ising models
in F admit sampling and approximate counting oracles, then the x“-divergence between two
input Ising models can be approximated in polynomial time.

» Theorem 4. Let o > 1 be a constant integer and b € (0,1) be a constant. There exists an
FPRAS that solves Problem 1 for x®-divergence in time

Nab € (n+m)2a s nab'52
Ouap | TE : ST
(1 (G )+ 2 ()
where n = |V|, m = |E|, and nop > 0 is a small constant depending only on o and b, if two
input Ising Gibbs distributions p and v are both b-marginally bounded and all Ising models in

F(v, p, o) admit sampling and approzimate counting oracles with cost functions Tgr (+) and
TE () respectively.

Let us consider a simplified case of the Ising model. Suppose G has the max degree A.

For an Ising model (G, J, h), if for any e = {u,v} € E, if Jyp = Jpu = % take a unified
value. In this case, an Ising model admits sampling and approximate counting oracles with
cost function Tgr () = poly(n,log 1) and T¢ (e) = poly(n,
conditions holds:

Uniqueness condition: % <p< ﬁ and an arbitrary external field h € RV [13].

) if one of the following two

Uniqueness condition or ferromagnetic condition with zero external field: § > % and
the zero external field h = 0 [13, 21].

Consider Problem 1 where two input Ising models both have unified values % and

% in the interaction matrices J* and J#. Assume S, B, |1 ||sc, ||P*] s, and the max
degree A are all constants. Then the marginal lower bound condition is satisfied. We have

the following corollary.

» Corollary 5. Let o > 1 be a constant integer. For Ising models with unified values in
interaction matrices, there exists an FPRAS that solves Problem 1 for x®-divergence in time
poly(n, %) if Bus Bus |11 ooy | ]|, and A are all constants and one of the following three
conditions holds:

Both B, and (g—:)aﬁu are in [%, ﬁ].

ﬁu Z Bu Z AA772 and h¥ = h* = 0.

B < Bur (§2)°By > P52, and h* = W* =0,

The corollary requires different conditions for the case 5, > 3, and the case 3, < 3,. It is
reasonable because for a > 1, the x“-divergence is not symmetric Dy (V|| ) # Dyo (10| V),
and thus the roles of two input Ising models are different.
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In Theorem 4, we show that y®-divergence can be approximated if the sampling and
approximate counting oracles for all Ising models in F (v, u, ) exist. In a special case when
a =1, F(v,p,1) only contains two input Ising models (G, J¥,h") and (G, J*, h**), where we
recover the result in [17] for approximating the TV-distance. However, for general o > 1, the
family F (v, u, @) contains other Ising models. It is natural to ask the following questions.

Questions

Is it possible to approximate x“-divergence if we only assume the sampling and
approximate counting oracles for the two input Ising models (G, J”,h") and
(G, J*, h*) exist?

A more direct question: are the oracle assumptions in Theorem 4 necessary?

\ J

The above two questions are answered by the following hardness result. Let us restrict
our attention to Ising models (G, J, h) with zero external field and interaction matrix with
unified values. Formally, h = 0 and J,, = Jy, = # for all {u,v} € E. Denote the model
by (G, 8). Let (G, p,) and (G, B,,) denote two input Ising models in Problem 1.

» Theorem 6. Fiz an integer o > 2, an integer A > 3, and two parameters 3, > B, > %

such that ( ) Bu < AAQ. Unless NP = RP, there is no FPRAS for x®-divergence for two
Ising models (G Bv) and (G, B,) on A-reqular graph G.

The above theorem considers two Ising models with zero external field and 3,3, >

%. Two input Ising models both admit polynomial time sampling and approximate

counting oracles because they are either in the uniqueness regime 8 € [ az2 4 2] [13] or the

ferromagnetic regime 3 > 1 [21]. However, if (g—”)o‘ Bu < AT7 approximating x“-divergence
"

is still hard. For a concrete example, the problem is hard when o > 2, 8, = %, and

ﬂ =26, = 2(A 2)

Theorem 6 also shows that the condition in Theorem 4 is necessary. Note that since
A, B, and B, are all constants and the external fields are zero, the hardness instances satisfy
the marginal lower bound condition with b = b(A, 8, 5,) = Q(1). Consider two Ising models
(G,B,) and (G, B,) on A-regular graph G such that 8, > 3, > %. For this family of
instances, our algorithmic result in Corollary 5 together with the hardness result in Theorem 6
discovers the following computational phase transition for approximating Dy (v || u) when
a > 2:

FPRAS exists when (—) B, > 252

Unless NP = RP, there is no FPRAS when ( ) Bu < 252,

Theorem 6 is proved via the hardness results of approximating partition functions of
anti-ferromagnetic Ising models beyond the uniqueness regime [33, 19]. See Section 7 for
details.

1.2 Algorithms for other f-divergences

We say an Ising model (G, J, h) admits polynomial time sampling and approximate counting
oracles if it admits sampling and approximate counting oracles with cost function T, (g) =
poly(2) and T¢f () = poly(2) respectively. Let (G,J¥,h”) and (G, J*, h*) denote two input
Ising models. We give algorithms for approximating the f-divergence Dy (v || p) for various
divergence functions f. For many functions f, the divergence Dy (v || ) is not symmetric for
v and p. We will refer to (G, J¥, h") as the first input Ising model and (G, J#, h*) as the
second input Ising model.
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By setting different functions f in Dy (v || ), we can obtain the following divergences:

zlnx —x+1, Kullback-Leibler divergence;
fl@)=q—Inz+z-1, Rényi divergence;

1 (zlnz — (r+1)In%H) Jensen-Shannon divergence.

» Theorem 7. There exists an FPRAS for Problem 1 with KL-divergence, Rényi-divergence,
and Jensen-Shannon divergence if two input Ising models are both marginally bounded and
both admit polynomial time sampling and approximate counting oracles.

Compared with the result in Theorem 4, the above theorem only requires the sampling
and approximate counting oracles for the two input Ising models exist.

Next, consider the a-divergence. When a = 0, the a-divergence refers to the KL-

divergence. When « = 1, the a-divergence refers to the Rényi-divergence. The a-divergences
for other values of a are defined as follows. Let o £ 0,1. The a-divergence is defined as
flx) = % Recall that in (2), J(®) = aJ” — (a —1)J* and h(®) = ah” — (a —1)h*.
Here, o can be a real number.
» Theorem 8. Let o # 0,1 be a constant real. There exists an FPRAS for Problem 1 with
a-divergence if two input Ising models are both marginally bounded, the second input Ising
model (G, J*, h*) admits a polynomial time sampling oracle, and both two input Ising models
together with (G, J@), h(o‘)) admit polynomial time approximate counting oracles.

The above theorem works for constant real a (assuming the computational model supports
real arithmetic). Unlike y®-divergence, in addition to p and v we only require that the
approximate counting oracle for (G, J(®), h(®)) exists.

The squared Hellinger distance is defined by setting f(z) = 4 (y/z —1)?. Given two input
Ising models (G, J”,h”) and (G, J*, h*), define an averaged Ising model as (G, J2'&, h'8),
where J28 = 1(J” + J*) and h?'8 = 1(h” 4+ h*). We have the following theorem.

» Theorem 9. There exists an FPRAS for Problem 1 with squared Hellinger distance if
two input Ising models are both marginally bounded, one of the input Ising models admits a
polynomial time sampling oracle, and two input Ising models together with the averaged Ising
model all admit polynomial time approzimate counting oracles.

The squared Hellinger distance is symmetric Dy (v || pn) = Dy (|| v). Hence, we only
require one of the input Ising models admits a polynomial time sampling oracle. As a
corollary, if two input Ising models are both in the uniqueness regime, then their averaged
Ising model is also in the uniqueness regime and FPRAS exists for the squared Hellinger
distance. For two Ising models (G, 8,) and (G, ) with zero external field, FPRAS exists
when both §,, 8, > %.

1.3 Related work and open problems

Related work

The problem of computing the f-divergence between two (either discrete or continuous)
distributions is well-motivated by the applications in machine learning and statistics. There

are many works, both theoretical and practical, studying the algorithms in various settings.

Many works study the error between the true divergence and the divergence computed
by certain empirical distributions, e.g., [30, 22, 31, 34]. Embedding-base technique was
also studied in [1], where algorithm embeds a large sample space into a smaller one while

59:5

ITCS 2026



59:6

On Approximating the f-Divergence Between Two Ising Models

preserving the f-divergence. We cannot directly use these techniques to Ising model as the
size of the sample space is 2", which gives an exponential time algorithm. For graphical
models, [26] shows that af-divergences can be computed exactly when the graphical model
has a bounded treewidth.

Approximating the f-divergence is related to the testing problem, in which one or both
two distributions are given by the access to different types of sampling oracles, and the
algorithm is required to test certain divergence is large or small. There is a long line of work
studying the testing problem. See [11, 12] for a comprehensive survey.

The TV-distance drv (-, ) is a special case of f-divergences. There are many theoretical
works studying the approximation algorithms (either additive error or relative error) and
hardness of approximation for the TV-distance between various types of high-dimensional
distributions. For example, distributions specified by circuits [32], hidden Markov models [23],
product distributions [4, 16, 18, 24], graphical models [8, 5, 17], and high-dimensional Gaussian
distributions [8, 3]. Recently, there are some works focusing on approximating 1 — drv (-, )
for two product distributions [25, 7].

Open problems

A natural direction is to consider more general distributions and more general divergences.
Here are a few examples. For the Ising model, how to remove the marginal lower bound
assumption? There are many other types of graphical models, such as Markov random fields
with high-order interactions and Bayesian networks. It is interesting to consider other types
of distributions, e.g., distributions generated by probabilistic circuits [2]. For the divergence,
we focus on y*-divergence when « is an integer. One can also consider the case when « is
a real number and give an algorithm that works in the tight parameter regime. Another
question is to give a more general algorithm that works for a larger family of f-divergences.

The algorithm given in this paper is randomized. An open question is to find deterministic
algorithms by exploring the deterministic approximate counting algorithms for the Ising
model [28, 29]. Currently, deterministic algorithms are known for approximating the TV-
distance between two product distributions [4, 18].

We can also study the same problem in different settings. In our setting, we assume that
the input gives the description of two Ising models. It is interesting to consider another
(perhaps more practical) setting that the algorithm can only access one or two models through
random samples. This setting is closely related to the Ising testing problem in [15]. One can
even consider abstract distributions with certain properties (e.g. approximate tensorization
of f-divergence) and the distribution is given by the access to some oracles (e.g., oracle for
querying conditional marginal distributions or querying probability masses). This abstract
setting was considered by recent work in testing [9, 20].

2  Algorithm overview

We give an overview of our algorithm for approximating the y®-divergence between two Ising
models. We start with the following definition of the parameter distance between two Ising
models.

» Definition 10 (parameter distance [17]). For two Ising models (G, J",h") and (G, J*, h*),
the parameter distance dpay (v, ) s defined by

v |R” (v) — h¥(v)]
dpar (v, 1) = max {||J = ¥l 1nax » max T deg0) 41

where deg(v) is the degree of v in G.



W. Feng and Y. Fu

In [17], the parameter distance is used to give a lower bound of TV-distance drv (v, p),
with which the previous work gave an FPRAS for TV-distance. The following lemma says
such a lower bound can be generalized to x®-divergence. The lemma is proved in Section 3.1,
where the proof works for a general family of f-divergence.

» Lemma 11 (y“-divergence lower bound). For f = %|z — 1|, where a > 1, it holds that

b2a

Do (v 1) 2 “o -y (,0)°
Let 0 = poly(n) be a threshold. We estimate Dy (v || ) in the following two cases.
Case dpar(v, 1) > 0. This case is trivial for TV-distance because there is a very simple
additive-error approximation algorithm for the TV-distance [8]. Since TV-distance
itself is lower bounded by 1/poly(n), the additive error approximation can be easily
transferred to relative error approximation. However, this simple algorithm only works
for the T'V-distance. Instead, we propose a new algorithm for approximating the general
x“-divergence. The algorithm is outlined in Section 2.1.

Case dpar (v, 1) < 0. In this case, two Ising models are similar to each other. Previous
work [17] has explored the similarity of two models and designed an algorithm for approx-
imating their TV-distance. We substantially generalize their algorithm to approximate a
family f-divergence (including y“-divergence). The algorithm is outlined in Section 2.2.

2.1 The algorithm for instances with large parameter distance

We first state the challenge of approximating the x*-divergence for general o compared to
the TV-distance. It is well-known that the TV-distance can be written as follows:

B g et o

o:w(o)<pu(o) u(g)

1
drv (v, p) = iEX~u [

It was observed in [8] that the TV-distance can be approximated by draw independent
”())8 }2. The above equation
shows E[Y] = drv (v, ). It is easy to see |Y| < 1 and thus Var[Y] < 1. The simple

algorithm achieves the additive error approximation, which can be transferred to relative-

error approximation because dry (v, ) > 1/poly(n) is lower bounded in this case.
However, for the x“-divergence with general «, by the definition,

0_ oz_1 o I/(U)_ a—1
o (vl = ;6;2/1 e —QUEE;IM() @125 !

\LU) — 1|71, we cannot apply a similar transformation as equation

Due to the extra term
(%) in (3). Hence, it is not clear how to design an unbiased estimator Y such that variance of
Y is small.

To overcome this challenge, we propose a new algorithm for approximating the y®-
divergence. The following lemma gives a lower bound for the y®-divergence in this case.

2 The value of Y can be computed approximately, which is sufficient for the purpose of approximation.
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» Lemma 12. Let 0 < 0,b < 1. If dpar(v, 1) > 0 and both v and p are b-marginally bounded,
then

Dye (|| 1) = Bap(0) - > p(o) (:EZ% + 1) ,

oce{£}V

ago ago\ I/ (at1) @ aga\ I/ (at1) -t
where Bg ,(0) = 1’270 ((bzf) + 2) (2 (sza) + 1) = O (0%).

The proof of Lemma 12 separates all o € ) into two parts, and separately lower bound
their contributions to the x*-divergence. The detailed proof is deferred to Section 3.2.

Lemma 12 gives us a tool to control the error of approximation. Recall that our goal is to
design an algorithm that approximates the y“-divergence with relative error e**. Equivalently,
the algorithm should achieve the O(¢) - Dyo (v || ) additive error. Using the above lemma, it

is sufficient to show that the algorithm can achieve the O(e) - Bap(0) >, cq 1(0) ( EG; + 1)
additive error approximation, which turns out to be much easier to prove. In addition to
algorithms, Lemma 12 also plays an important role in the proof of the hardness result. See

Section 7 for details.

2.1.1 The algorithm for even o

Our actual algorithm deals with all & > 1 in a unified way. However, in the overview, we
exhibit a simple algorithm for the case where « is even. The simple case will illustrate
the intuition why we need to consider a family of Ising models F(v, u, @) in (2) and why
Lemma 12 can help us to control the error of approximation. When « is even, we can replace

:EZ; 1) with (”Eag 1) and then use the binomial expansion to get the following

equation:

Dol =3 Sio) (55 1) =53 (D) (@

oeQ 'LL(U) ceN

To deal with the term %(U), recall that (2) defines a family of Ising models (G, J*) ()
such that J*) 2 kJ¥ — (k —1)J* and %) £ kh? — (k — 1)h*.

By our assumption in Theorem 4, for all 0 < k < a, the Ising model (G, JH) h(k)) admits
sampling and approximate counting oracles. Let Z; denote the partition function of the Ising
model (G, J®) h(k)). We remark that Z, = Z; and Z,, = Zy are the partition functions of
input Ising model (G, J”,h") and (G, J*, h*), respectively. Each term in the summation
of (4) can be written as

vk (o) Zk—1 wh(o) 27! A A ZE1 - Zy
Zﬂk_l(a): gk Y = Zk Zexp( +oTh! )>: uzki. (5)

oeN L ={] Wy (U Vose v

The above ratio can be approximated by using approximate counting oracles for Z,, Z,,,
and Zi. Note that 0 < k < « is a constant. By choosing the relative approximation error
O(Bab(0) - €) = poly(e/n) in the oracle small enough, where B, ,(6) = poly(1/n) is the

. . z .
parameter in Lemma 12, we can obtain a value W, € ¢FO(Bas(0)c) . " that achieves

v

the following approximation guarantee

Zﬁ_l A

k-1
‘Wk - 7 Bap(0) - € HT, (6)




W. Feng and Y. Fu

where in the above inequality, we write the relative error in terms of the additive error.
Finally, our algorithm outputs the number D such that

D= %i (Z) (—1)* kW,

Note that d is an interlacing of plus and minus. Using (4) and (6), in the worst case (the

additive error of every term takes the worst sign), the error of d can be upper bounded as
follows

A « o Zkfl'Z o ]/}‘30—

k=0 =0 gEN
vio “ Lemma 12
— < Bau(0) X uto) (45 +1) e D ).
= n(o)

2.1.2 The algorithm for general o

For general o, we need to consider the effect of the absolute value inside the divergence. The

x“*-divergence Dyo (v || p) = 3 3 cq 1(0)] :EZ% — 1]* can be written as

Petln=3 ¥ wo(m-1) -3 % )u(rf)(:g—l)a

ow(o)>p(o) M(O’)

Using the binomial expansion, the divergence can be written as

D RS Dok (@ vk (o) e vk (o)
ARl (] I SR < IR s 2

k=0 oww(o)>p(o) o:w(o)<p(o) K

Fix an integer 0 < k < a. Let X be a random sample from the Ising model (G, JF) h(k)).
k
It holds that Pr[X = 0] &< —x 9)_ Define W, and W, to be random variables such that

prk=1(o)"

zZE1. 7,

zZE. 7,
A '

Wi = 1(X) > u(X) 7

and W, = 1{p(X) < p(X) ()

With some calculation, we can verify that

VR (o vk (o
DA 2 R T (R S RIS N\ ra B

1
o:w(o)>u(o) H (0) o:w(o)<u(o)

logn
W, and then uses their average value W,j to approxir;ate E[W,"]. Similarly, the algorithm
computes W, to approximate E[W, ]. Finally, it outputs D = 32 o(=1) 7R (D) (W +
(—1)*W, ). However, to show the correctness of the algorithm, we need to deal with the
following two types of errors.
The algorithm cannot draw perfect samples of W,j or W, . One major issue® is that
given a sample X ~ Ising(G, J () h(k)), the exact computation of the probability masses
v(X) and pu(X) is #P-hard [21]. Hence, the algorithm cannot perfectly distinguish the

Ideally, our algorithm wants to draw T = poly( ) independent random samples of

3 There are some other issues, e.g., the samples from the Ising model (G, J<k), h<k>) are approximate and
partition functions Zo, Z1, Zj, in (7) can only be approximated.
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cases where v(X) > p(X) or v(X) < w(X). This issue can be solved by using the
approximate counting oracle to approximate the probability masses v(X) and u(X).
By choosing a small enough error parameter poly(n/e) for approximate counting, the
algorithm misclassifies v(X) > pu(X) or v(X) < u(X) only if \”(X) — 1| < poly(g/n). We
need to show that such X does not contribute much to the error of approximation.

We use the average of W and W to approximate E[W,"] and E[W, ] respectively. We
need to control the concentration error. This error can be bounded via Lemma 12, using
a similar technique as described in the even « case.

The detailed algorithm and analysis is in Section 5.1.

2.2 The algorithm for instances with small parameter distance

In this case, we give a general algorithm for abstract f-divergence. We briefly sketch the
algorithm implemented for x*-divergence in the overview. The abstract one is in Section 4.
By the definition,

Dewlm=5 3 uo)

ce{£+}V

oce{+}V

Define a random variable W = w”( ) where X ~ p. Tt can be verified that E [W] = Z=

o=y ]

The algorithm draws T' = poly(n/e) samples W, .. WT from W independently, and then
computes W = % 23;1 W; and D = T ZZ 15 ’

and

. Since the parameter distance is

welX) 1.

small, two weight functions w, (-) and w,,(-) are very similar. Hence, the ratio W = = X~
M

Formally,

« Lemma 11

wy(0) < poly(n) - dpas (1) 2" " poly(n) - Dye (v 1) -

’LUH(O')

The above property guarantees that W is well-concentrated around its mean. By choosing

Vo eQ, ‘ —E[W]

the number of samples T' = poly(n/e) large enough, with some calculation, we can show
that D approximates Dy (v || 1) with a relative error of eTO(®) with high probability. We
remark that D is not necessarily an unbiased estimator for Dy (v || ) but it is still a good
approximation.

2.3 Organization of the paper

In Section 3, we prove some lower bounds for a broad family of f-divergences. In Section 4,
we give a general algorithm for general f-divergences satisfying an abstract condition. In
Section 5, we give the detailed algorithm for x“-divergence, where we focus on the large
parameter distance case because the small parameter distance case is solved in Section 4. In
Section 6, we show how to extend our algorithm to other f-divergences. Finally, in Section 7,
we prove the hardness result for approximating y®-divergence in the parameter regime stated
in Theorem 6.



W. Feng and Y. Fu

3 Lower bounds of f-divergences
In this paper, we assume the function f in f-divergence satisfies the following assumption.

» Assumption 1. The convex continuous function f : (0,400) — [0,00) satisfies that
f(1) =0 and for any x # 1, f is twice differentiable at x such that f"(x) > 0. Furthermore,
the derivative satisfies f'(x) <0 if0<ax <1 and f'(z) >0 ifz > 1.

For any function f satisfying the above assumption, x = 1 is the unique point where f(x) = 0.

It is straightforward to verify that f is strictly convex at around 1. The f-divergences we
are interested in all satisfy the above assumption.

3.1 Lower bound in terms of parameter distance
Our proof uses the following lower bound of total variation distance.

» Lemma 13 ([17, Lemma 15]). For two Ising models, if both v and p are b-marginally
bounded, then their total variation distance is lower bounded by

b2
dry (v, ) > 5 “dpar(V, 1)

» Lemma 14. Suppose f satisfies Assumption 1. For two Gibbs distributions v, i of Ising
models,

Dy (v p) > max{f(1 —drv (v,p)), f(L+ drv (v, 1))}
> e {1 (1= St (14 Gt ) .

Proof of Lemma 14. Let A £ {z € Q : v(z) > p(z)}. Let p = Prx.,[X € A] and
q="Prx.,[X € A]. It is well-known that the total variation distance between v and p is
drv (v, u) = p — q. Since we consider the Ising model, p,q > 0. Consider a Markov kernel
K : Q — {0,1} such that given any o € Q, K deterministically transforms o to 1 if and
only if o € A. Note that vK and puK are Bernoulli distributions with parameters p and ¢
respectively. We have

drv (v,p) = drv (vK, uK) =p —q.
By using the data processing inequality for f-divergence, we have

Dy (v]| ) = Dy (v || uFc)

ORRE

(7(122) zr=0) =07 (L) +a-0-s0)
(Jensen’s inequality on f) > f(1+p—q)=f(1+drv(v,u)).

Similarly, we use f(p/q) > f(1) to get Dy (v p) > f (1 = drv (v, ).
Note that f'(z) <0if 0 <z <1 and f'(x) > 0 if z > 1. Combining with Lemma 13, we
have

2

f(l - dTV (Vvﬂ)) 2 f 1- bfdpar(%/‘) ;f(l + dTV (1/) /J)) Z f 1+ bidpar(ynu’) - <
2 2
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Lemma 11 for xy“-divergence can be proved as follows.

Proof of Lemma 11. For x®-divergence, we have f(z) = |z — 1|*. We can get a slightly

better lower bound than the general result in Lemma 14. Note that f(1 —xz) = f(1 + z).
Then f(%) = f(ltpi:qzq). Using the Jensen’s inequality on ¢ - f (%) +(1-¢q)- f(Hlpf_qzq)
implies the a lower bound Dyo (v || ) > f(1 4 2dry (v, 1)) = 2 tdry (v, ). Then lemma
follows from Lemma 13. <

3.2 A lower bound for y“-divergence

Proof of Lemma 12. Let 0 < ¢ < 1 be a parameter to be fixed later. We partition the whole
space Q = {£}" into M and M = Q\ M such that

w={o] |49 1| <1},

Then, we bound the contribution of ¢ € M and o € M separately. By triangle inequality, we
have 42 11 <24

”E‘;g — 1‘. For the first case, we have

n(o) p
2%“W)QA®+J> Sg%u(ﬂz+ﬂ <2+,

By our assumption, dpar(v, ) > 6. Using Lemma 11, we have Dyo (v || ) > 1’2700“. Hence,

> o) (45 +1) = gD ). 9)

festt u(o)

Consider the other set M. For all ¢ € M, it holds that

v(o)

+1
Srca A PR E -
‘V(U) _1‘ v(o) _1‘ t
u(o) n(o)

Summing over all ¢ € M, we have

(g 1) = (3 ol
<2(143) pewin, w0

Finally, adding the two inequalities (9) and (10), we have

2 (g ) = (B +2(1+7) ) et
= (1) Dy (v 1. "

The above inequality holds for any 0 < ¢ < 1. We next find a value of ¢ to minimize the
value of g(t).
Take the derivative of g, we get

s 2\ 2 20 a1 w1 2
g(t)—2a<1+t> 2 +W(t+2) =2a(t+2) jPaga  jatl )
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>1/<a+1>

Thus when ¢t = (meoa

2-(24+t)° 2\ (241" 2\ ¢
t)=————+4+214 - =——4+2(1+ -
9( ) hlago + ( + t) tat+1 + + t
2\ ¢ 1 (t+2)*(2t + 1)
=114+ - 24— =——=
(13) (0) -
2 p2apa 1/(e+1) @ p2apa 1/(a+1)
= — _ 2 2 1
page (( 2 > i ( 2 > i (9)
D O<(V|\ﬂ

Combining the above equation with (11) implies that > ., u(o ( B @)

, where 0 < t < 1,the function g obtains its minimum value:

This proves the lower bound of the x“-divergence. |

4  Algorithm for f-divergence with small parameters distance

In this section, we generalize the algorithm in [17] to the case of small parameter distance.

The new algorithm works for general f-divergence, where f satisfies the following abstract
condition.

» Condition 15. Let f be a function satisfying Assumption 1. There exists an function
F:RT — R* with F(¢) < poly(¢) such that for any ¢ > 1, any x € (— 2<,O) (0, 2—14),
zf'(1+Cx)
f(l+2)
» Theorem 16. Let f be a function satisfying Condition 15 with function F. There exists

< F(Q).

an algorithm such that given two Ising models (G, J",h") and (G, JJ*, h*), any 0 < e < 1,

and f,b,F, if v and p are b-marginally bounded, dpar(v, p) < 0 = and p admits

1
10(n+3m)’
sampling oracle with cost functions T (-), then it returns a random number D in time

o - T ( where T = O(F(S(”Jrgm)a/QbQ)Q(”er)g), n=|V|], m = |E|, such that

1OOT))’

2
Pr[eD; (v p) < D <Dy (v )] = <.

» Remark 17. In Theorem 16, the algorithm for small parameter case only requires sampling
oracles for the input Ising model (G, J#, h*) instead of sampling and approximate counting
oracles for the whole family of Ising models F.

By the definitions of f-divergence and Ising model, we have

s = e (G5) | =2 (5 7))

Define the parameter

Ta 212103 F(8(n + 3m) /b*)%(n + 3m)?
| = |

Algorithm for small parameter distance case.

Call the sampling oracle of p with TV-distance error to obtain independent
wy (U'L)

wy, (64)°

00T
random samples 61,82, ...,07. For each i € [T} compute W; =

T P
Return D = £ 32 1 (Wi/ W), where W = 4 2 W

The analysis of the algorithm is given in the full version of the paper.
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5 Algorithm for x“-divergence

Our algorithm first computes the marginal lower bound b in time O(n + m). Due to the
conditional independence, the algorithm only need to enumerate all v € V, any ¢ € {—1,+1},
and find a worst pinning 7 = 7(v, ¢) on all neighbor of v. Specifically, for any neighbor « of
v, if Jyup > 0, then fix 7, = —c¢; otherwise, fix 7, = ¢. The algorithm compute u7(c). Let b
be the minimum value over all v € V and ¢ € {—1,+1}. We now assume that the value b is
known by the algorithm.

Let 0 = m be the threshold parameter. We give two algorithms in Section 5.1 and
Section 5.2 depending on whether dpa, (v, pt) > 6 or not. We prove Theorem 4 in Section 5.3.

5.1 Large parameters distance case

» Lemma 18. Let « > 1 be an integer and b € (0,1) be a constant. There exists an algorithm
such that given two Ising models (G, J”,h") and (G, J*, h*), any 0 < e < 1, and o, b, if v
and p are b-marginally bounded, dpar(v, 1) > 6, and every Ising model in F admits sampling
and approzimate counting oracles with cost function Tgr (-) and TE(-) respectively, then it

returns a random D in time O (Tét(c?) +T- (Tgp (m))), where § = O, p(0%)
and T = O (=zy=) such that

. 2
Pr e Dy (v 1) < D < Dy (v )] = 3.

By the definition of x*-divergence, we can rewrite

IS ek fa o) (o)
=521 W > e ¥

ow(o)>u(o) ow(o)<u(o) H

Recall that Zj is the partition function of the Ising model (G, JH) h(k))7 where Jk) &
kJV — (k—1)J" and h®) £ kh* — (k — 1)h#*. Note that Z, = Z, and Z, = Z;. Define two
random variables W," and W, as follows. Let 7(F) be the Gibbs distributions of the Ising
model (G, J®) AR,

Zk‘—l . Zk
W =1[p(X) > u(X)]OT, where X ~ (%),
1
Z z .
W, =1p(Y) < ,u(Y)}OW, where Y ~ 7(¥),
1

The expectation of W,:' can be calculated as follows

Zk—l .7 wk(U)/wk_l(U) Zk—l .z

k 0 k v 4 k

E[W,] = Z ()= 7k = Z Zkl ° 7k
o:w(o)>u(o) 1 o:w(o)>u(o) 1

o:w(o)>u(o)
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Similarly, we have E [Wk_} = Za:u(a)<u(a) M',jii% In a high level, our algorithm draws
approximate samples of W, and W, and estimate E[W,"] + (—1)*E[W, ]. Define the

parameter

Ba,b(G)a

T2 8-10%(a +1)
N 20(a +1)’

7523(”,(9)2 -‘ and §£

where the function B, ;(f) is defined in Lemma 12.

Algorithm for large parameter distance case.

For 0 < k < a, call the approximate counting oracle on Ising model (G, J*), h(k))
for O(log o) times independently with relative error §, and take the median as 2.
For each k from 0 to « do:

1. Draw 27T samples 61,...,6or ~ m*) by the sampling oracle with error

1
2007 (a+1) *
2. For each i € [T], compute two values

R Zk=1. 7
Wi =1[0(63) > 6:)) ", and
B Z:]f)
. R . 761, 7,
Wii= 1[0(6744) < N(UTH)]OAiky
A
7 _ wy () o _ wu(x)

where for any z € Q, D(z) = % and fi(x) = =5

- [e% a—k (o T 7 a T 2.
Return D = %Zk:o(_l) k(k) (% dic1 Wl:_z +(-1) % > Wk:z)

The analysis of the algorithm is given in the full version of the paper.

5.2 Small parameters distance case

With Theorem 16, we only need to verify Condition 15 for f = 1|z — 1|*. By definition,

af (L+¢x)  §le*lK]*" oy
fl4+z) iz =act

Set F(¢) = a¢*~ !, F(¢) satisfies Condition 15. Thus

230=3q(n + 3m)*~!
b20¢72

F(8(n+3m)/b?) =

Hence, using Theorem 16, there is an algorithm with running time O(T-T¢} (1567)), where
T = O(W) = Oa,b(("fig’””), for small parameter distance case dpar(v, 1) <
0= 10(n+3m) *

5.3 Putting everything together (Proof of Theorem 4)

(n+,rg)2a )
€
By choosing constants, we can make 7' large enough and ¢ small

Theorem 4 follows from Theorem 16 and Lemma 18. Define parameter T' = O, 5(
and 0 = @avb(m)'
enough. The preprocessing time for computing b and dpar (v, 1) is O(n + m), which is
dominated by the time for sampling and approximate counting. The running time of the
whole algorithm is at most
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1 . 1
Te! T TP s T-T\ o7
e {O“’b( cO)+T-Tg (200T(a+1)>) ’O‘*b< G <100T>)}
2« 2
< et Nob " € (Tl + m) . TSP Nab * €
< Oap ( ¢ ((n—i—m)“ + g2 G\ (n+m)2 ’

where the last inequality comes from the fact that both TE' and Ty are non-increasing

functions and 74,5 > 0 is a small enough constant depending only on o and b.

6 Algorithms for other f-divergences

In this section, we briefly show the algorithms for other f-divergences. The algorithms prove
the results in Theorem 7, Theorem 8, and Theorem 9.

Again, the algorithm first computes the parameter distance dpar(v, pt). Then, it compares
dpar (v, p) to the threshold 6 = m If dpar (v, ) < 6, algorithms are given in Section 6.1.
Otherwise dpar(v, 1) > 60, algorithms are given in Section 6.2.

6.1 Algorithms for small parameter distance

In this case, we use the abstract algorithm in Theorem 16. We only need to verify Condition 15
for f-divergences. The following lemma gives a sufficient condition for Condition 15.

» Lemma 19. Suppose f : Rso = R>q is twice differentiable at every x > 0 such that
f’(x) > 0 and f'(1) = f(1) = 0. If there ewists two positive constants L,U > 0 such
that L < f"(z) < U for any x € [1,2]. Then, the function f satisfies Condition 15 with
F(¢) = %<

Proof. Note that f satisfying the condition in the lemma satisfies Assumption 1. By condition
that f'(1) = f(1) = 0, we have the following two equalities ([ = — 12 if 2 < 0):

T

vwe(-53) raro= [ Faswd faro = [@o0rar e 0

Since 0 < L < f"(Cx) <U for ( > 1 and z € [—&,O) U (0, i], we have

ra+i=| [ Y < Clal U

T T 2
f(l+x) :/ (x —u)f"(1+u)du > L/ (x —u)du = LT:E
0 0
Thus, Condition 15 can be verify as follows
of (146) _ lal- [f(L+ o)l _ Jal-Clalt _ 20, .
f+2) fA+z) — Lz2)2 L™

Then, we using Lemma 19 verify Condition 15 for Kullback-Leibler, Rényi, Jensen-
Shannon, a-divergence, and Squared Hellinger divergence. The result is summarized as the
following table.
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Divergence f(@) (=) L U F(¢)
Kullback-Leibler zlnr—x+1 % % 2 6¢
Rényi —Inz+z-1 % 3 4 18¢
Jensen-Shannon f(xnz— (z+1)In =) QJE(;+1) 2z 2 10¢
a-divergence (a # 0, 1) ﬂcizii%fo‘) o2 g~ la=2l | gla=2l | 9. yla=2l¢
Squared Hellinger i(vz —1)? ﬁ % % 21/3¢

We remark that Lemma 19 does not work for x“-divergence but it works for divergences
above.

The algorithm then follows from Theorem 16 such that to approximate Dy (v || w), it only
requires polynomial time sampling oracle for the input distribution u. For squared Hellinger
distance, as it is symmetric Dy (v || p) = Dy (]| v), we can swap the roles of v and p in the
algorithm to make sure p admits a polynomial time sampling oracle.

6.2 Algorithms for large parameter distance

Now, assume that the parameter distance dpar (v, 1) > 0 = . By Lemma 14, the

f-divergence is at least

max {f (1 — gdpar(u, ,u)) S (1 + gdpar(y, u))} > max {f (1 — b;@) f (1 + b;@) } ,

where the inequality holds because of the derivative assumptions in Assumption 1. Let
0= %9 = m. We show that all divergences in the above table are at least m.
Kullback-Leibler and Rényi divergences can be verified by using Taylor series In(1 + ) =
d— % +0(63). For Jensen-Shannon, one can rewrite f(1+48) = (1+6)In(1+ %) —In(1+3)
and then Taylor series shows f(1+d) = Q(§2). For a-divergence, expanding (1 + )* for real
« implies f(1+ ) = % + 0(6%) = Q(6?). Finally, it is easy to verify that f(1+ ) = Q(56?)
for Squared Hellinger divergence. We have

1
poly(n)’

1
10(n+3m)

(13)

Dy (wln) =

Kullback-Leibler, Rényi, and Jensen-Shannon divergences

We give the algorithm for Jensen-Shannon divergence. Similar algorithms can be given for
KL and Rényi divergences. The Jensen-Shannon divergence can be written as

% Z v(o)In

ceN

(o) Lm0 MO ) 1§ vl k)
(@) |

u 2 = 2p() 2 = 2p()

By (13), it suffices to give an algorithm with additive error m. We can estimate each
term with an additive error. We give the algorithm for the first term. The other two terms
can be estimated similarly. We use the sampling oracle to draw 7' samples ¢ from v, then

:EZ_; = In(%x() é), finally, return the

using counting oracles to approximate h(o) = In @) 7,

average of h(o). The counting oracles estimate the partition functions with a relative error,
and thus we can approximate h(o) with an additive error. Due to the marginal lower bound
assumption, |h(c)| < nlog¢ = O(n). We can set T' = poly(n, 1) to achieve the additive

and our goal is achieved.

13
error
poly(n)
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a-divergence

The a-divergence can be written as

1 v(e)* \ 1 B 1 Zet - Za _
ala—1) (262 y(a)a1> ala—1)  ala—1) ( VA 1) ’

where Z, is the partition function of the Ising model (G, J(®), h(®)). By calling approximate
a—1

. . . . ze"lz . .
counting oracles with relative error e« we estimate Z4_-"= with e*? relative error,

Zy
a—1
which is equivalent to :I:O(é)% additive error approximation. When the constant
a—1 Y
o >711 or a <0, by (13), Z“Zgz“ is lower bounded by m +1. We set 6 = m, then
Z“Zuza > —=5, which implies
-1 -1
5. ow Lo (FuZa
Zy zZy
When the constant 0 < o < 1, a(l — «) < 0. By (13), the a-divergence at least m,
a—1
Z“ZQZQ is upper bounded by 1 — ﬁ(n). We still set § = m, and in this case,
-1 -1
5.Zﬁ ZO“S € <e- 1_M )
Zy poly(n) Zy

In both cases, our algorithm solves the problem with an additive error O(e)Dy, (v || 1)
approximation, which implies a relative error e** approximation.

Squared Hellinger distance

The Squared Hellinger distance can be written as

Eo ()

oe

where Z is the partition function of the averaged Ising model in Theorem 9. Again, by (13),
it suffices to given an algorithm with additive error m. We can use approximate counting

oracles to estimate ZZZ with a relative error. Note that for any § > 0, e relative error
v Zy N <
approximation is the same as :I:O(é)%zM additive error approximation. Since ZUZZM <1 (as

the divergence is non-negative), we can achieve £0(6) additive error. Then the whole term
1- % can be approximated within an additive error £0(0). The problem is solved by
v

3 — €
setting § = S

7 Proof of the hardness result

In this section, we only consider Ising model (G, J, h) with zero external field and interaction
matrix with unified values. Formally, h = 0 and J,,, = J,, = % for all {u,v} € E. It is
easy to see the probability of a configuration ¢ is proportional to 5™(), where m(c) is the
number of monochromatic edges m(o) = |{u,v} € E, 0, = 0,|. We denote it by (G, ).
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Let « > 2, A >3,and 8, > 5, > % such that (g—”)‘xﬁ“ < % be constant parameters
©
in Theorem 6. We define a constant parameter

= () m<S1 (1)

The following hardness result for approximating partition function Z =3 _ (£}V g
of the anti-ferromagnetic Ising model beyond the uniqueness threshold is well-known.

» Lemma 20 ([33, 19]). Fiz A >3 and 0 < § < 252, There exists ¢ = c(A, B) > 0 such
that unless NP = RP, there is no polynomial time randomized algorithm to approximate the
partition function within a factor of e™ with probability at least 2/3 for the zero external
field Ising model (G, ) on A-regular n-vertex graphs G.

For any A-regular graph G, let Z(G, ) denote the partition function of the zero external
field Ising model (G, 3), where § is defined in (14). We prove the following lemma.

» Lemma 21. Let A, o, B, B, be constants. There exists a constant C' = C(A, a, B, 5,) > 0
such that for any graph G, let p and v be the Gibbs distributions of the Ising models (G, 3,)
and (G, B,,),

2(G, By)" C.2(G. ).

1.z<G,5><DXa<u||u>-W

C

Assume Lemma 21 holds. We prove Theorem 6.

Proof of Theorem 6. Fix parameters A, «, ., 5,,. Let § be defined in (14).

Suppose there exists an FPRAS for Dy (v| ). By run algorithms independently and
take median, we can approximate Dyo (v || 1) within the factor of 2 in polynomial time with
probability at least 0.99. By our assumption, 3., 8, > %. We can compute Z(G, 5,)
within the factor of 2 by applying the algorithms in [13] (if §, € [%, 1]) or the algorithms
in [21] (if B, > 1) in polynomial time, where the algorithm succeeds with probability at least
0.99. Similarly, we can compute an approximation to Z(G, ).

By Lemma 21, we get a constant approximation to Z(G, ) in polynomial time with
probability at least 0.99. The hardness result follows from Lemma 20. |

The rest of this section is devoted to prove Lemma 21. To prove the lemma, we consider

a middle term »___, u(a)(% + 1)®. The following result is a corollary of Lemma 12.

» Corollary 22. There exists C' = C'(A, a, By, B,) such that

LY ) (:EZ;Jrl)aSDxa(VIIu)SC“ S o) (:ggﬂ)a

oce{+}V ce{£t}V

Proof. The second inequality is trivial. For the first inequality, by Lemma 12, we can set 6
in the lemma to be % (InB, —In B,), which is a constant depending on £, 5,,. Furthermore,
the underlying graph G has constant degree A, both £, and 3, are constants. Hence, by
the conditional independence property of the Ising model, both v and p have a constant
marginal lower bound b = b(A, 3, 8,). Hence By p(0) = Oa,p,,5,,a(1) is a constant. <

With Corollary 22, Lemma 21 is a straightforward corollary of the following lemma.
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» Lemma 23. [t holds that

Z(G, B)* o v(o) ° a
26 < 7 e 3 (42 1) <260

Proof. To simplify the notation, we fix the graph G in the proof. We denote the partition

function Z(G, B,) = Z, and Z(G, ) = Z,,. The family of Ising models in F(v, i, ) in (2)
k

can be written as (G, 8x), where 8y, = % for 0 < k < a. We use Zj, to denote the partition

function of (G, k). We remark that 20 =Zyu, Z1 = Zy, B in (14) is the same as f3,, and
Z(G,B) = Z,.
We use the binomial expansion that

T () 50 5 R0 e o

et w(o) P s M p b

We claim the following inequality holds. For any 0 < k < a —1,

Zlc ]_Zk71
n
ﬁ b+l Z 5 Zk

Z. (16)

We prove (16) later. With this conclusion, combining with (15), we know that

Z

Zafl a—1 o VA
“ V—Zay (Z)Qak =32, (17)
v k=0

(& o Zkrfl
Zo < k7 <
G2 <2 () o s

where the first inequality is trivial and the second inequality is due to (16). Rearranging the
terms in (17), we get the desired result.

Finally, we prove (16). Recall that m(c) denotes the number of monochromatic edges
under the configuration o. Since 8, > 3,, the sequence §j is monotonically decreasing

gk
as ﬁk: = Bkil .
o

possible that o = 7). Without loss of generality, we assume m(o) > m(7), otherwise we can

Fix an unordered pair of configurations {o,7} € {£}V x {£}V (it may be

swap the two configurations.
We have the following inequality for all 1 <k < a —1,

m(o m(T m(T m(o (I) m(o m(T (”) ﬂ m(U) m(o Bl/ M(T) m(T
BT + op e 2 apear L () e 7)) s

8 m(o)—m(T) PSN— (1 (o) om(r (v) 1 (o) om(r G
:<ﬂu 5u()ﬂk()26u()5k()25(/81/()16()—1—/6”()6]“())’ (18)

where the inequality (I) throws the second term, and the equality (Il) is due to the definition
of Bk, the inequality (Ill) is due to the assumption m(c) > m(r) and §,, > 5., and the last
inequality (IV) is due m(o) > m(7) and S, = 81 > B for k > 1.

If k = 0, note that 8y = 8, and 8, = B, we have

BB + o BT = B 4 g g

1 m(T m(1) pom(o
> 5 (B8 + g ). (19)
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To prove (16), we need to prove Z,,Z, 1 > %Z,,Z;C for all 0 < k < o — 1. Recall that the

partition function Zp =) (£}V ,B;n(g). We have the following inequality

ZuZiii= Y. BrOsEY

o,re{x}V
m(o m(‘r) m(T m(o) m(o m(o)
= > <5u( Bt + BB )JF > BB
unordered pair{c,7} oce{x}V
oFT
1 1
- m(o) gm(T) m(r) gm(o) - m(o) gm(o)
CREE D DI A ST AL S D DR A
unordered pair{c,7} oce{x}V
oFT
1
=—-Z,7y,
2 k
where the inequality (x) is due to (18) and (19) and two inequalities (18) and (19) hold even
if 0 = 7. This proves the inequality in (16). <
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