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—— Abstract

This work initiates the study of memory—query tradeoffs for graph problems, with a focus on
correlation clustering. Correlation clustering asks for a partition of the vertices that minimizes
disagreements: non-edges inside clusters plus edges across clusters. Our first result is a tight query
lower bound: to output a partition whose cost approximates the optimum up to an additive error
of en?, any algorithm requires Q(n/ 52) adjacency-matrix queries. Under memory constraints, we
show that even for the seemingly easier task of approximating the optimal clustering cost (without
producing a partition), any algorithm in the random query model must make > n/e? adjacency-
matrix queries. Finally, we prove the first general graph model query lower bound for correlation
clustering, where algorithms are allowed adjacency-matrix, neighbor, and degree queries. The latter
two bounds are not yet tight, leaving room for sharper results.
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1 Introduction

How much information must an algorithm gather from a massive graph to solve a fundamental
task like clustering, and how does this cost increase when the algorithm is constrained by
limited memory? This work investigates these questions for the problem of Correlation
Clustering (CC) — a cornerstone of machine learning and network analysis. We establish the
precise information-theoretic requirements of solving CC in sublinear time (i.e., in terms of
query complexity) and, importantly, initiate the study of query-space tradeoffs for graph
problems.

Given an input graph for the correlation clustering problem, we interpret edges as pairs of
“similar” (+) items and non-edges as pairs of “dissimilar” (—) items. The goal is to partition
the vertices into clusters to minimize the total number of “disagreements”: the number of
similar pairs that are cut apart plus the number of dissimilar pairs placed in the same cluster.
This problem is closely related to other classic cut problems, such as Max-Cut and Minimum
Bisection, and our first two hardness results also apply directly to these.
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Correlation clustering has been extensively studied in the literature in various models
and settings. The problem is known to be APX-hard [16]. After many years of effort, an
exciting line of works has improved the approximation factor significantly from O(1) to
1.437 [6, 16, 1, 17, 22, 21, 23, 15, 14, 13]. For sublinear-time algorithms, the best-known
approximation ratio is improved to the same as the best ratio 1.437 of polynomial-time
algorithms [20, 5, 23, 13]. Efficient algorithms and lower bounds for this problem have also
been studied in the Massively Parallel Computation (MPC) setting [7, 15, 23], dynamic
setting [9], streaming model [10, 20, 5, 4, 8, 35, 12], and the query model [11] with unbounded
time. In this work, we study feasibility of approximate correlation clustering (with additive
error) in various query models and under memory constraints.

Our work makes three primary contributions towards understanding the query complexity
of correlation clustering. Throughout, an additive error of en? means the algorithm’s solution
cost may be at most en? worse than the true optimum. We remark that our main conceptual
and technical contribution is the memory-query tradeoff for approximating the optimal
clustering cost (in the random query model). However, to put things in proper context, we
will present this as our second result in the introduction.

A tight query bound in the standard model

First, we consider the classic setting. An algorithm with unlimited memory that can
adaptively query any pair of vertices to see if an edge exists. This is the adjacency-matrix
query model. We show the following, asymptotically tight, query lower bound for finding a
nearly optimal clustering.

Theorem 1 (Informal)!

Every randomized algorithm that finds a clustering within an additive error of O(en?) must
make 2(n/e?) adaptive adjacency-matriz queries.

This result improves a previous (n/e) lower bound given in [11] and perfectly matches
the known upper bound in the same work [11], settling the query complexity of CC in the
adjacency-matrix query model. Next, we show that for the seemingly easier problem of
approximating the optimal clustering cost, the query complexity increases dramatically under
memory constraints, albeit in the random query model.

A query-space tradeoff for approximating the optimal clustering cost

What happens when memory is scarce? To understand the additional query cost of limited
memory algorithms, we turn to a model where the algorithm receives a stream of uniformly
random vertex pairs and indicators of whether these pairs connect or not in the underlying
graph. This is the random-query model. For computing boolean functions, time-space
tradeoffs in the random query model have been introduced and studied in [36, 24]. In our
second result, the task is to estimate the value of the optimal clustering, a seemingly easier
goal than finding the partition.

1 We do not include its formal statement and full proof here due to space constraints; a full version with
complete details will be posted online.
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Theorem 2 (Informal — restated as Theorem 1)

In the random-query model, an algorithm using only v+/n bits of memory to estimate the

optimal CC cost, within additive error of en?, needs Q(min{q, %/2}) queries where

n
=47

To the best of our knowledge, this is the first query-space tradeoff for any approximation
problem as well as a graph problem in the random query model. It demonstrates that memory
is not free: with sub-polynomial space (when v = o(1)), the query complexity blows past
the O(n/e?) baseline, hitting a barrier of Q(n?) for even modest approximation goals. Our
lower bound for the case v > 1 completes the picture and shows that the query complexity
remains high even when the memory is large. Memory and queries are provably and strictly
intertwined.? The proof of the above theorem faces various technical challenges, which we
elaborate on in Section 1.1.

Compared to Theorem 1, Theorem 2 weakens the setting in two ways: random queries
instead of arbitrary queries, but turning to the cost variant of the problem. We now explain
the reason for doing so. First, if instead of the random-query model we allowed arbitrary
queries, then the same lower bound would hold for Turing machines using space clogy n, for
a constant ¢ > 1. Finding a natural problem for which such a bound holds is conceptually
difficult. Thus, restricting how we access the input circumvents this difficulty and makes
the problem amenable to analysis. Second, we should explain why we use the cost/value
formulation. There are two reasons. First, clarity. Second, which is crucial here, under O(y/n)
space, the search formulation is vacuous. Merely writing down a near-optimal partition
already needs §2(n) bits (even for two clusters). Intuitively, any lower bound would then be
dominated by output size rather than information. Focusing on value estimation removes
this artifact and isolates the genuine memory—query tradeoff. This seems to be the “correct”
problem variant to study here.

A lower bound in the general graph model

Finally, we consider a stronger query model, the general graph model. In this model, an
algorithm can make pair, degree, and neighbor queries. This model was introduced and
studied in [33, 2]. This model is significantly stronger, as neighbor queries can reveal global
graph structure and create complex statistical dependencies that are challenging to analyze.
Specifically, it is known from [33] that testing bipartiteness in the general graph model is
strictly stronger than algorithms in the adjacency list or (exclusively) adjacency matrix
models alone. However, proving lower bounds in the general model is conceptually difficult.

Theorem 3 (Informal)

FEven in the general graph model, any algorithm that finds a clustering with an additive error
of en? requires Q(n/e) queries.

2 Here is a word of caution on interpretation. Relative to Theorem 1, in Theorem 2 we change three
parameters of the setting. (i) We impose a memory cap. (ii) We switch to the random—query model [36].
(iii) We study the value (cost) problem rather than the search problem. Our tradeoff should be read
and contrasted with the other results in light of all three changes.
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While this bound is not as tight as Theorem 1, it establishes for the first time that CC
remains information-theoretically hard even when algorithms are equipped with the strongest
local query arsenal. In our proof, we deal with the challenges of this model by analyzing
query interactions on carefully constructed regular graphs (graphs where symmetry in some
sense turns neighbor queries useless).?

Our results set forth the first query—space tradeoffs for graph problems. Beyond settling
the adjacency—matrix complexity and showing hardness in the general model, Theorem 2
in some sense isolates the “price of memory”. Its proof provides a Boolean—Fourier and
information-theoretic toolkit for random—query lower bounds that could potentially be of
independent interest. We offer Correlation Clustering as the canonical testbed and this
paper as the beginning of a broader research direction on query—space tradeoffs across graph
primitives.

1.1  Our techniques

Due to space constraints, we only sketch the proof ideas of our main result here-the memory-
query tradeoffs for correlation clustering (Theorem 1); the full version will include the proof
techniques for the other two results.

To illustrate the proof techniques, we fix ¢ = n~'/4 and consider (poly log n)-memory
algorithms that approximate the clustering cost within an additive error of en?. Given a
graph G on n vertices, in the random query model, at each time step ¢, the algorithm receives
a uniformly random vertex pair (u,v) along with the indicator bit specifying whether (u,v)
is an edge of G. Using a VC-dimension argument [11], it follows that O(n/e?) = O(n'-%)
random queries suffice to produce a partition whose cost is within an additive error of
en? = n"/* from optimal. Although representing such a partition requires Q(n) bits of
memory, it is natural to expect that just approximating the optimal clustering cost might
be possible with significantly less memory*. Before our work, it was not known whether
even O(logn)-memory algorithms could achieve an additive O(n"/*)-approximation using
only O(n'®) random queries®. We show that any poly log n-memory algorithm achieving
this guarantee must in fact use Q(n7/4) > n'® random queries.

The random-query model was introduced in [36] to study memory-query tradeoffs for
computing n-bit Boolean functions, when the algorithm receives a random input bit at
each time step. This and the subsequent work of [24] established non-trivial tradeoffs for
functions with high sensitivity and total influence, respectively. However, for promise or
approximation problems, no small set of edges has a strong influence, and therefore, these
prior techniques do not apply to our setting. Instead, our result builds on the approach of
[31], which established the hardness of approximating MAX-CUT (and the clustering cost)
within a multiplicative factor of (2 — §) over sparse graphs, in the one-pass streaming model.
Specifically, the paper leveraged tight lower bounds for a two-player one-way communication
problem — called the Distributional Boolean Hidden Partition (D-BHP) problem — to show
that any (random-order) streaming algorithm that distinguishes between a bipartite graph
and a random graph must use Q(y/n) bits of memory.

The formal statement and full proof are omitted for brevity; a full version including details will be
available separately.

Indeed, low-space streaming algorithms are known for certain approximation parameters [10, 4].
While [4] established poly log n-space hardness for approximating the clustering cost within an additive
error of 0o(n?) in the worst-case streaming model, proving hardness in the random query model introduces
new technical challenges, even relative to the random-order streaming setting.



S. Garg, S. He, and P. A. Papakonstantinou

There are two main challenges in extending this approach to prove an Q(n” ) random-
query lower bound for additive approximation of the optimal clustering cost (under memory
constraints). First, [31] establishes lower bounds only for sparse graphs with O(n) edges; for
such sparse graphs, an additive approximation of O(n!®) to the clustering cost is trivial.
Second, in the random-query model, after Q(n) queries, edge repetitions occur with high
probability, unlike in the random-order one-pass streaming model, where each edge is
guaranteed to appear exactly once. The ability to go over the same edge twice significantly
increases the technical difficulties in proving hardness results®.

To overcome the first challenge, we introduce and study a noisy variant of D-BHP,
which we call the Perturbed Distributional Boolean Hidden Partition (PD-BHP) problem.
This formulation allows us to work with dense graphs that satisfy the bipartite partition
“approximately”. Starting with the Boolean Hidden Matching (BHM) problem introduced
by [26], BHM, D-BHP, and their variants have been extensively used to prove streaming and
sketching lower bounds (see, e.g., [37, 30, 31, 34, 28, 32, 29, 27, 18, 3]). The tight bounds we
establish for PD-BHP may therefore be of independent interest. Similar to [31], we use a
hybrid argument to lift the two-player one-way communication lower bound to a multi-player
one-way communication bound, where each player receives an independent graph obeying the
hidden partition. In the random-query model, however, there is a single underlying graph
G dictating the inputs to all players; in particular, repeated queries to the same edge must
be consistent with previous observations. This brings in the second challenge. To overcome
it, we show that any algorithm capable of distinguishing between the case where all edge
queries are consistent and the case where each queried edge is independently resampled must
use either polylogn bits of memory or (n?/polylogn) random queries. We refer to this as
the same vector problem, and we establish tight memory—query tradeoffs for it.

Tight communication complexity for PD-BHP problem

Consider the following two-player communication problem. Alice receives a uniformly random
n-bit vector = € {0,1}". Bob receives a graph G = (V, E) on n vertices with a uniformly
random set of r edges, and a vector w € {0,1}". In the NO case, each w; is an independent
uniformly random bit. In the YES case, for the ith edge (u;,v;) € E, we have

To; D Ty, with probability % — 10g,

w; =

=

1 — (24, ® xy,), with probability 5 + 10e.

In contrast, in the D-BHP problem studied by [31], the YES case is noiseless, that is
w; = T, D xy,. The goal is for Bob to distinguish between the two cases with as little
communication from Alice as possible. We show that when Bob receives 7 = an/e? edges (for
some 0 < « < 1), and Alice sends at most v4/n bits (for some v > 0), Bob’s distinguishing
advantage is at most O((y + «)a'/?). This bound is tight: if Alice simply sends the first
O(y/n/a) coordinates of x to Bob, then with high probability, the graph G will contain at
least Q(1/¢2?) edges whose endpoints lie entirely within these coordinates, enabling Bob to
distinguish the two cases with constant advantage. To lift the two-player communication
bound to the multi-player setting, we parametrize 0 < a = v when v < 1, and a = O(1/+?)

5 Only recently, the breakthrough work of [25] showed that any constant-pass streaming algorithm for
distinguishing between a sparse bipartite graph and a random graph requires Q(nl/ 3) bits of space.
Since multi-pass streaming algorithms read the stream in the same order, this model is incomparable to
the random query model.
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when v > 1. Our proof builds on the Fourier-analytic approach of [31] for the D-BHP
problem. A key challenge in extending their proof is that, since Bob now receives > n
edges, the graph G necessarily contains many cycles (of length at least 3). In contrast, the
argument of [31] relies crucially on the fact that when Bob receives < n edges, the graph is
cycle-free. By carefully balancing the number of cycles against the distinguishing advantage
they provide, we are able to extend the Fourier-analytic proof to handle the noisy case on
denser graphs.

Same vector problem

Let N = (Z) Consider the following distinguishing problem, where the goal is to decide
whether the random queries are “consistent”. At each time step ¢, the algorithm receives
a random index i; € [N] and a bit b;. In the NO case, b; is uniformly random, whereas
in the YES case, b; = ;,, where z € {0,1}" is fixed at the start. We show that any
algorithm that solves the distinguishing problem, in v/N < T < N time-steps, must use at
least Q(N/T) bits of memory.” This bound is tight (up to log factors): by storing the first s
queries, an algorithm will, with high probability, encounter a repeated index within O(N/s)
time steps, and thus distinguish with constant advantage. To obtain the tight result, we
use an information-theoretic potential function that measures the maximum progress any
s-memory algorithm can make towards distinguishing at a time-step. For our main theorem,
we generalize the same vector problem to non-uniform bits.

2 Preliminaries

We always denote [k] as the set {1,...,k}. For every binary string S, we use |S| to denote
its Hamming weight. For every two binary strings S, S’ of the same length, we use d(S,.5’)
to denote their Hamming distance.

Basics of information theory

Given a random variable Z, we use H(Z) to denote the Shannon entropy of Z, i.e., H(Z) =
> Pr[Z = z]log(1/ Pr[Z = z]). For a scalar p € (0,1), H(p) denotes the entropy of the
Bernoulli random variable with p probability to be 1. We use I(X;Y|Z) to denote the
mutual information between X and Y conditioned on the random variable Z. I(X;Y|Z) =
H(X|Z) - H(X|Y,Z), where H(X|Y) =E,H(X|Y =y) < H(X). Next, we describe some
of the properties of mutual information used in the paper.

1. (Chain Rule) I(X,Y;2) = I(X;Z2) + I(Y; Z|X).

2. For discrete random variables, X, Y, Z, I(X;Y|Z) =0 <— X L Y|Z.
3. If I(Z1; Zs|X,Y) = 0, then I(X; Zo|Y) > I(X; Zs|Y, Z1).

4. It I(Z1; Z5|Y) = 0, then I(X; Z5|Y) < I(X; Zs|Y, Z4).

Property 1 follows from the chain rule for Shannon entropy. For property 2, it is easy to
see that if X L Y|Z, then I(X;Y|Z) = 0; the other direction uses strict concavity of the log
function. Properties 3 and 4 follow from the observation that

I(X;5Z5|Y )+ 1(Z1; 22| X, Y) = I(X, Z1; Z|Y) = I(Z1; Z2|Y ) + 1(X; Zo|Y, Zy).

7 Recall that by the Birthday Paradox, the probability of sampling the same index twice is negligible
when T' < v/ N. Our result covers the entire non-trivial range of 7" where collisions are possible but not
guaranteed.
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As mutual information is non-negative, if I(Zy;Z5|X,Y) = 0, then I(X;Z|Y)
I(X; Z5|Y, Zy) (because I(Z1;7Z5|Y) > 0) and if I(Z1;Z5|Y) = 0, then I(X; Z5|Y)
I(X; Z5|Y, Z4).

IN IV

Graph notations and problem definitions

Throughout this paper, we use G = (V, E) to denote the input graph. We denote n = |V| as
the number of vertices. We use (‘2/) to denote the set of unordered pairs of vertices. Given
two disjoint subsets Vi, Vs of a graph G, we use G[Vi, V3] to denote the induced bipartite
subgraph where Vi and V5 are the two parts. Given a vertex u and a number 7, we use
N (u,i) to denote the i-th neighbor of vertex w.

We study the following three problems in this work in both versions where the output is
an approximately optimal cost or a partition that yields an approximately optimal cost: the

correlation clustering problem, the max cut problem, and the minimum bisection problem.

The formal definition and statements to the latter two problems are deferred to the full
version of the paper.

Correlation clustering

Given an undirected and unweighted graph G = (V, E). A clustering C of the graph is a
partition C1,Co,...,Cy of its vertex set V where k is unfixed. A clustering also defines
an equivalence between vertices: u~cv if v and v belong to the same cluster, and ucv
otherwise. The cost of a clustering is defined as the total number of missing edges inside each
cluster plus the total number of edges crossing different clusters. Formally, we define it as

costg(C) :== [{(u,v) € E : u~cv}| + [{(u,v) € E : ugcuv}|

Fix a parameter € € (0,1/2), the correlation clustering cost problem asks for an approximate
value A such that |A — ming costg(C)| < en? given G as the input. The correlation clustering
partition problem asks for a clustering C’ such that costg(C’) < minc costg(C) + en?.

A popular and equivalent definition of correlation clustering is based on a signed graph,
where each edge is associated with a positive (4) or a negative (—) sign. The goal is to find
a clustering that minimizes the number of disagreements, which corresponds to our cost

function cost(C). The problem can also be framed as maximizing the number of agreements.

In the additive error setting, these two goals are equivalent, as the sum of agreements and
disagreements is the fixed total number of pairs of vertices, (g) In our paper, we model
positive edges as existing edges and negative edges as non-edges, and we focus on the case of
a complete signed input graph. Our lower bounds for this complete graph model also imply
a lower bound for general graph cases.

3 Memory-query tradeoffs in the random query model

We study the memory-query tradeoffs of the correlation clustering cost problem in the random
query model. This model was introduced in [36] and subsequently studied in [24]. Our main
result is the first memory-query tradeoff lower bound for graph problems in the random
query model. Different from the previous works, we adapt the proof structure from [31],
which is based on Fourier analysis.
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The random query model

In the random query model, an algorithm can make random queries to the input graph
G = (V, E). Each query returns an independent and identically distributed (i.i.d.) uniformly

random pair of vertices (u,v) from (V) and an indicator 1, .)ecg of whether or not (u,v) € E.

2
We denote the return of the i-th query as (u;,v;, e;), where e; = 1(y, 1,)eE-

» Theorem 1. Let G = (V, E) be an undirected simple graph with n vertices. Let II be
any randomized algorithm that, in the random query model, approrimates the correlation
clustering cost of G to within an additive error of en® with probability at least 99/100. For
this algorithm, if the worst-case query complexity is q and the space used is at most y+/n
bits, then the following lower bound holds:

, Q (min Lﬁ%)) ify <1
Q (min %Lf)) iy >1

for parameters € € (w (ﬁ) ,0.05) and v € (w <l‘\’/gﬁn) ,0(\/5)]

We note that our lower bound, which holds for deterministic algorithms, also applies to
randomized algorithms by a standard application of Yao’s minimax principle. In addition,
the same lower bound applies to the max cut and minimum bisection problems. The three
problems share the same hard distribution. We defer the lower bound statement and its
proof to the latter two problems to the full version of this paper, and focus on the correlation
clustering problem in this section.

Our proof extends the streaming lower bound for max cut in [31]. They showed an
Q(y/n) space lower bound for approximating max cut with (2 — e)-multiplicative error for any
constant € > 0. We adapt their proof to establish lower bounds for a wide range of additive
errors.

The core of our proof strategy is a reduction to two auxiliary problems. The first is a
noisy variant of the distributional Boolean Hidden Partition (D-BHP) problem introduced
in [26] and extended in [37, 31], and the second is what we call the same vector problem.
The desired query-space lower bound follows from establishing lower bounds for these two
problems. We will define these auxiliary problems formally in the following subsections.

3.1 Input distribution

We use an input distribution for the correlation clustering that differs from the one in [31].
While they studied the indistinguishability between sparse random graphs, we focus on the
indistinguishability between two types of dense graphs: a random dense Erd&s-Rényi graph
and a random dense Erdés-Rényi graph with ©(en?) edges perturbed in expectation.

Let G, , denote the distribution of Erdés-Rényi graphs with parameters n and p. In
a random graph from this distribution, each of the (Z) possible edges is included with an
independent probability p.

We define two input graph distributions, G¥ and GV .

The YES distribution (GY): A random graph from GY is sampled as follows. We

first uniformly generate a partition P € {0,1}". For every pair of vertices (v;,v;), we

independently include the edge (v;,v;) with probability 1/2 4 (—=1)F®%i p, where p = 10e.

For a fixed partition P, we denote this random graph distribution by G%.

The NO distribution (G): This is simply the standard Erdés-Rényi graph distribution

Gn1/2-
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We will show later that the correlation clustering costs of graphs from these two distribu-
tions are 2en?-far from each other with high probability. Therefore, the lower bound reduces
to the indistinguishability of graphs from the two distributions G¥ and GV .

We will also use the graph distribution G,, ,» to define the perturbed distributional boolean
hidden partition (PD-BHP) problem: we uniformly sample r’ edges over all pairs of vertices,
allowing for repetition; the graph is obtained by taking the union of the sampled edges, which
is a graph of r < r’ edges.

Distribution of Queries

We describe the distributions to the random queries the algorithm makes and their query
answers. We define the distributions over query streams. Let a query stream be a sequence of
t triples ((u1,v1,e1),..., (us, v, er)), where each pair (u;,v;) is sampled uniformly from (‘2/)

D} The distribution of a stream of ¢t random queries where the graph G = (V, E) is

sampled from GY, and each e; is set to L) eE-

DN: The distribution of a stream of ¢t random queries where the graph G is sampled

from GV,

Our lower bound applies to the mixed distribution D; = %D}/ + %Dé\’ .

The indistinguishability of the two distributions is established on the indistinguishability
between the two distributions and intermediate distributions. Specifically, fix a number k£ > 1
where we assume k divides t. For every | € {0,...,k}, we let D;; to denote the following
distribution of query streams: (i) uniformly sample a partition P from the 2" possible
partitions of the graph; (ii) let G1,...,G; + G5, and let Gj41, ..., G + GV independently;
(iii) for each 7 € [k] and every j = (i — 1)t/k +1,...,it/k, we let e; = Ly, v eB(q,)-
Intuitively, we divide the input stream into k phases, where the samples of each phase is
from an independently sampled graph G from the YES or NO distribution. Our proof idea
is as follows

~
hybrid argument

(1): Indistinguishable by lower bounding the same-vector problem
(2): Indistinguishable by lower bounding the PD-BHP problem

Figure 1 Structure of distributions used in the lower bound proof.

Given the distributions, we show that the correlation clustering cost of graphs in DY and
DN are 2en?-far apart from each other with high probability.
» Lemma 2. Lete € (w (ﬁ) ,0.05). Then with probability > 1 —n=*W) a random graph
G drawn from GY has correlation clustering cost at most %2 — 5en? 4+ O(n), and a random

. . 2 ~
graph G drawn from G has correlation clustering cost at least % — O(ny/n).

Proof. We first lower bound the optimal clustering cost of a graph from GV = G(n,1/2).
Observe that for every clustering, every pair of vertices (u,v) contribute 1 cost with inde-
pendent probability 1/2. Let X denote the cost of an arbitrary clustering. By the standard
Chernoff bound,

% log? 4
GEENHX —E[X]] > ny/nlogn] < 2-exp (—W) <2-exp (—3n10g2 n)

67:9
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Since there are at most n"™ < exp(nlogn) clusterings, by union bound, a random graph
G drawn from GV has correlation clustering cost at least "72 — O(n®?logn) with > 1 —
exp(—nlogn) probability.

For graphs G drawn from GY. By our construction to G¥, each pair of vertices (u,v)
contribute 1 cost to costg(P) with independent probability 1/2 — p. Let X denote cost(P).
Then E[X] = %2 — 5en? — O(n). By Chernoff bound,

2log® 4
GEEYHX —E[X]| > nlogn] <2-exp (—m) <2-exp (—310g2n) <

3.2 The boolean hidden partition problem

We analyze the 2-party one-way communication complexity of the perturbed distributional
Boolean hidden partition (PD-BHP) problem, a variant of the distributional Boolean hidden
partition problem introduced in [31]. In this variant, the input vector is noisy.

Perturbed Distributional Boolean Hidden Partition Problem (PD-BHP)

In this problem, Alice receives a vector x € {0,1}", and Bob receives a graph G = (V, E)
and a vector w € {0,1}", where r = |E|. Let M € {0,1}"*™ be the edge-vertex incidence
matrix of G. The problem is to distinguish between two cases based on the relationship
between x, w, and G:

1. YES case: w = Mx+A, where A is a random noise vector with each entry independently

set to 1 with probability 1/2 + p.

2. NO case: The vector w is uniformly random in {0,1}", independent of x. This is
equivalent to w = Mx + A’, where A’ is a uniformly random vector.
Alice sends a message to Bob, who must distinguish between the two cases.

We analyze this problem under a specific distribution where Alice’s input z is uniformly
random in {0,1}", and Bob’s graph G is sampled from G, ,/, a graph distribution defined
by taking a union of r’ edges sampled over all pairs of vertices, allowing for repetition. The
final answer is YES or NO with probability 1/2 each. As a result, the number of edges r in
the resulting simple graph is exactly the number of distinct edges from the r’ samples, and
there do not exist two identical rows in the edge-vertex incidence matrix M.

» Lemma 3. Fix three parameters ¢ € (w (ﬁ) ,0.05), vy > w(ﬁlogn) and a €

[%, min(10~7y~2, 1074)} . Consider an instance of the PD-BHP problem where Alice receives
a uniformly random string x € {0,1}", and Bob receives a graph G € G, on <2 together with
the corresponding vector w. Any deterministic protocol for the PD-BHP problem that uses at
most y/n bits of communication can achieve an advantage of at most O((y + a)v/a) over
random guessing.

This lower bound is tight when both « and 7 are constants. In this scenario, Alice can
send the first ©(y/n) bits of her input to Bob. In expectation, Bob can then learn ©(1/&?)
entries of the vector Mz, and thus ©(1/e%) entries of the noise vector A. Since the noise
vector in the YES case and the NO case correspond to Bernoulli distributions that are
p-far apart, ©(1/p?) = ©(1/£?) independent samples are sufficient to distinguish them with
constant advantage.
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This subsection focuses on proving the above lemma. Our proof follows the same
framework as [26, 37, 31]. Compared to previous works, our problem involves a key trade-off:
while the noise vector A makes distinguishing the distributions harder, the denser graphs
make it easier. We establish a trade-off between the graph’s density, the noise probability,
and the communication complexity.

Specifically, Alice’s message induces a partition A, Aa, ..., Age of {0,1}", where c is the
number of bits sent by Alice. Let the protocol’s advantage over random guessing be at least
7, where 7 := (v + a)+/a. Notice that at least a 1 — 7 fraction of all input strings x € {0,1}"
are contained within sets in the partition that have a size of at least 72" ¢. We can therefore
focus our analysis on one such “typical” set, which we denote by A. Define a parameter
¢ = c+log(1/7), the size of A is |[A| > 27~

The central idea is to show that if Alice’s input x is drawn uniformly from such a typical
set A, the resulting vector Mz is statistically close to uniform. If this holds, Bob is unable
to distinguish the YES case (where A = Mz + w) from the NO case (where A is uniformly
random).

Our main technical contribution is an extension of Fourier analysis techniques from prior
work [26, 37, 31]. While previous work dealt with sparse, cycle-free graphs [31], our analysis
is adapted to handle the presence of cycles.

We use the following normalization of the Fourier transform:

o) =g 3 @1

z€{0,1}m

We use the following bounds on the Fourier mass of f contributed by coefficients of various
weight:

» Lemma 4 (Lemma 6 in [26]). Let A C {0,1}" of size at least 2"~ and f its indicator
function. Then for every l € [4c/]

2y o (W)

v:|v|=l

Recall that G is the graph Bob receives as input. The number of edges in G is r where
r < an/e?. M € {0,1}"*" denotes the incidence matrix of G where M., = 1 iff u € V
is an endpoint of e € (‘2/) We are interested in the distribution of Mz + A where x is
uniformly randomly selected from A and A is a random noise vector where each entry is 1
with probability 1/2 + p. For z € {0,1}", let

Yowea Pra[Maz + A = 2]
pM(Z) = L ‘A|

Note that py; is a function of the message A. We will prove that pys(z) is close to uniform by
bounding the sum of squares of its Fourier coefficients for non-zero weight vectors. Specifically,
let U, denote the uniform distribution over r-bit binary strings, then

llpar = Unl2a < 27llpar = Upl3 =277 Y pils)?
s€{0,1}7,s#0
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By expanding the Fourier coefficients of py;, we have

i) =y Y s

z€{0,1}"
1
= O PA=A (e € A (Ma+ &) s =0} = [{r € A: (Mo + A) -5 = 1))
‘ ‘ A’e{0,1}"
= \Al\ZT Z PriA=A - ({z€A:z-(MTs) = (ANTs} —{z € A:x- (MTs) = (A)Ts +1}))
Are{0,1}7

1 (MTs Ny
Are{0,1}7 -
_mjory

A PlA= AT (e

A’e{0,1}7
2" f(MTs)

A W)

where the last equation is derived from the fact that the summation is exactly the expansion
of the polynomial

((1/2+p) + (1/2 = )" H(1/2 = p) = (1/2+ p))*! = (—29)""

Therefore, we can rewrite the TV distance as

lpar = Upl[20a <2°7 >0 pils)’
s€{0,1}7,s#0

2n .
S B M UL

s€{0,1}7,57#0

2n R
:‘%4? Z f(v)2Z(2p)2ls‘]]-v:MTs

ve{0,1}n s7#0
22n . s
“1ap DD DR () R W C7) s B Ve
120 ve{0,1}n,|v|=lL s#0

where the first inequality is by Cauchy-Schwartz, the second is Parseval’s equality. We will
show that > £0 (2p)%!*11,_ 57 is well-bounded for every v. Combined with Lemma 4, we
get our desired bound.

If we regard s as an indicator of a subgraph of G, where each edge e; is selected if s; = 1,
the summation represents the total weight of different vector s such that the parity of degrees
of vertices in the subgraph induced by s is exactly the vector v.

» Lemma 5. Let M be the edge incidence matriz of a graph G drawn from G, qn/e2. For

any vector v € {0,1}" with Hamming weight | = |v|, the following bound on the expected

value holds for parameters ¢ € (w (ﬁ) ,0.05) and o € [%, 10’4] :

10103 ifl=0
En Z (20)?1 1y, | < { 2 .
s€{0,1}7,55£0 (10%a/n) if1>0

The above expectation bound holds because the weight p = 10¢ is small enough, and
because r is upper bounded by an/e%.
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Proof. We will first bound the expectation for every fixed r. Notice that the graph distribution

Gn,an/e> given the number of edges r fixed is uniform over the set of all r-edge simple graphs.

Now fix an arbitrary r < an/e?. We bound the expectation of the summation by counting
the number of matrices M such that v = M7T's for every fixed vector s € {0,1}". Assume [
to be an even number as otherwise the summation is always 0. Denote by G s the graph
induced by M and s. Then the set of all edges in Gy s can be decomposed into > [/2 walks,
each walk either starts and finishes at the same (arbitrary) vertex, or starts and finishes
at vertices where v; = 1. There are exactly [/2 walks of the second type, which forms the
vector v.

We first bound the probability that k random edges form a walk. Either the walk has
determined start/end points, or it is a closed walk. For closed walks, this probability that &
selected (and distinct) edges from M of a fixed order form a closed walk is at most

n(2.01/n)k~1(2.01/n%) = 2.01% /n*

The factor of n denotes the number of start vertices of the walk. At each step of the walk,
with probability at most 2= < 2.01/n the next sampled edge shares an endpoint with

nY_, —

2
the previous edge. The last step of the walk must go back to the start point, hence with
probability ﬁ < 2.01/n2 one samples this edge.
2

Analogously, for walks with fixed start and end vertices, the probability is at most
(2.01/n)*1(2.01/n?) = 2.01% /n*+1

Therefore, for every fixed r, we have

Enrnrego1yrn Z (2p)2|5‘]]"U:MTS
s€{0,1}7,s#0

r

< > (:)(2p)2t2tt!2.01t/nt+l/2

3 =0
/2 if1>0

- 3 <r) #1608t /nt+1/2
¢

3 iti=0
/2 if1>0

S Z Tt1608t€2t/nt+l/2
. 3 ifl=0
/2 if1>0
where the last inequality is due to the fact that (:)t! < rt. The factor of 2t¢! accounts for
ordering the ¢ edges arbitrarily (¢! ways) and independently partitioning it to multiple walks
(2t ways).
Notice that for [ = 0, one needs to select at least 3 distinct edges to form v = 0" since

s # 0. The number of edges cannot be 2 because two edges do not form a cycle in a simple
graph. For [ > 0, one needs at least [/2 edges. Note that the desired expectation is a weighted
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sum of the expectations for every fixed r. We have

Er:GrG, 0o Z (20)2! Ly pyr
s€{0,1}7,57#0
2|s|
<  dnax Enr:mefo,1yrxn Z (20)"" Ly

s€{0,1}7,s#0
r

< max > rt1608' 2t /nt+l/?

T r<an/e?
. 3 ifl=0
/2 ifl>0
< > (1608a)! /n'/?
. 3 ifl=0
/2 ifl>0
< 10103 ifl=0
| (10%a/n)? if1>0
The sum is dominated by small ¢ because it is a decreasing geometric sum when o < 1074, <«

With Lemma 5, we are able to bound the statistical distance between pj; and the uniform
distribution.
» Lemma 6. Fix three parameters € € (w (ﬁ) ,0.05) , Y > w (ﬁ log n) and a €
[%, min(10~7y~2, 10’4)} . Let 7= (y+a)va and ¢ = vy/n+1log(1/7). Let A C {0,1}" of

size at least 2", and let f : {0,1}" — {0,1} be the indicator of A. Let G be a random
graph sampled from G, onje2. Then

Enlllpa = Urlffual = O((0® +4%)a)
Proof. Recall that by inequality (1),
2 22n £roN2 2/s
||pM - UTHtvd < W Z Z f(’l}) Z(Qp) ‘élﬂv:]\/[Ts
1>0 ve{0,1}m,|v|=l s#0

We break this summation into two parts: the part [ € [0,4¢") and the part [ € [4¢/,n].
For the first part, by Lemma 4 and Lemma 5

2277, 4C/—1 . s
]EM W Z z f(’U)2 Z(Qp)2| I]]-v:MTs
[=0, 1 is even ve{0,1},|v|=L s#0
4c'—1 l
) 4/2¢
<100 + Z < \lfc ) - (10*a/n)/?

=2, 1l is even

<O(@®)+ Y (10%%a/1?)!?

=2, | is even
=0((a® +7°)a)

22n

where |A|2f(0”) =1 and 105¢%a < 0.1.
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For the part I € [4¢/, n], we have

En |2 Z Z fw)? 2(20)2|S|1u:MTs

1>4¢’ ve{0,1}7,|v|=l 540
<2< . (104a/n)2C
:(\/i . 104a/n)27\/ﬁ+0(logn)

:nfw(log n)

where we used the fact that
22n 22n

a2 JWrsgm 3 S \A|2C

ve{0,1}7,|v|=L ve{0,1}n
Together with the part I € [0,4¢’), we have
Enlllpar = Ul = O((0” +9%)a) <
We will need the following lemma, which is the Lemma 5.6 from [31].

» Lemma 7 (Lemma 5.6 of [31]). Let (X, Y1), (X,Y?) be random variables taking values on
finite sample space 2 = Q1 x Q. For any x € Q1 let Y}, i = 1,2 denote the conditional
distribution of Y given the event {X = x}. Then

1YY = (XY o = Ex[|Yy — Y lvd]
We now prove Lemma 3.

Proof of Lemma 3. Let P(z) be Alice’s message function and let Q(M,i,w) be Bob’s
function, where M is the edge incidence matrix of the input graph, w is input vector of Bob,
and 7 is Alice’s message. Since we are analyzing the protocol under a fixed input distribution,
we can assume P and ) are deterministic.

Let D' denote the distribution of (M, P(x),w) under YES instances, and D? the same
under NO instances. We aim to show that

ID" = D¥|uwa = O (7 +a)a'?) |

which implies that the protocol’s distinguishing advantage is at most O ((y + a)y/«) on
PD-BHP.

The function P(z) partitions {0,1}" into sets Aj,. .., Age, where ¢ = y4y/n is the number
of bits communicated. Since there are 2¢ such sets, at least a 1 — 7 fraction of {0,1}" is
contained in those A; of size at least 72" ¢, where we define 7 := (a + v)/a. We call any
message ¢ with |A;| > 72"~ a typical message. Then the probability that i = P(x) is not
typical on a uniformly random input = is at most 7.

Let us write D' = (M,4,pan ), where ppr; is the conditional distribution of w given
M and i under the YES distribution, and write D? = (M, 4, U,.), where U, is the uniform
distribution over {0,1}". For each M and i, let D(M,i) ‘= pup,; and D(QM,i) := U, denote the
respective conditional distributions of w.

Applying Lemma 7, we get:

ID" = D¥|tva = E: [Ear [[1D{ars = Diarlleval |
< Prli not typical] + Ens [||par,ir — Urlltva]  (i' any typical message)
<7+ En [||paris — Urllod)
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Now fix any typical message i’. Then, by definition, |A;| > 2" where ¢/ = vv/n +
log(1/7). Lemma 6 then implies

En [le\l,i’ - Ur”tzvd] =0 ((’72 + 012)0‘) .

Applying Jensen’s inequality yields

En [HPM,Z'/ - UT‘H‘Wd] < \/]EM [”pM,i’ - Ur||t2vd] =0 ((7 + 04)\/&) :

Combining this with the earlier bound, we conclude that

1D = D*|leva = O ((v + ) V@),

as claimed. |

3.3 Same vector problem

We prove a query-space lower bound for the following problem in the random query model.

Same vector problem

Let N = (3), p € [0,1] and k = o(N). Let ¢ < N divides N. Let X,Y7,...,Y}, be binary
vectors drawn from Bern(p)Y independently, i.e., they are length-N vectors with each bit
being 1 with probability p. An algorithm for this problem has k phases. At each phase
k' € [k], the algorithm makes ¢ random queries. The return of each random query is a pair
(I, Wy,) where I €g [N] independently. For Wr,, (i) in the YES case, Wi, = Xp,; (ii) in the
NO case, Wy, = Yy 5, at phase k’. The algorithm must distinguish between the two cases
above.

When k > 1, a trivial upper bound is to memorize O(N/kq) queries from the first kq/2
queries, and check if there is any collision with the latter kq/2 samples. We show that the
upper bound is tight using information theory. Formally, we obtain the following lower
bound.

» Lemma 8. Fiz k> 1 and q¢ > 2n. Fizp € [0,1] to be a function of n. For every algorithm
that solves the same vector problem correctly with probability > 2/3, the algorithm must
use QU(N/kq) bits of memory. Specifically, this is true when the algorithm outputs correctly
w.p. > 2/3 on an input distribution where the input is in the YES case and the NO case
uniformly.

We will need to use Fano’s inequality and Shearer’s lemma in the proof.

» Proposition 9 (Fano's inequality). Let X — Y — X be a Markov chain, and let p, =
Pr[X # X]. Let H(z) = —zlogz — (1 — x)log(1 — ) denote the binary entropy function.
Let X be the support of X. Then

H(pe) + pelog(|X]| —1) = H(X[|Y)

» Proposition 10 (Shearer's lemma [19]). Let Xi,...,X,, be random variables, and let
S1,...,Sm C [n] be subsets such that each i € [n] belongs toat least k sets. Then

ke H(X1,...,X,) <Y H(X;:i€08)
j=1
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Proof to Lemma 8. We will prove the lower bound to any algorithm over the distribution
where the input is in the YES case and the NO case uniformly.

Let ¢ denote the length of the memory. For every j € [kql, let M; € {0,1}° denote the
memory after receiving the j-th random query. Specifically, My = 0V denotes the initial
memory.

Without loss of generality assume that My, is the output of the algorithm. Let D be an
indicator such that D = 1 at the YES case, and D = 0 at the NO case. Let D — My, — My,
be the Markov chain. By Fano’s inequality and p, < 1/3, we get

0.92 > H(1/3) > H(pe) > H(D|Myy) = 1 — I(D; Myq) 2)

We will decompose the mutual information I(D;My,) into the sum of increases of
mutual information in each phase. Formally, we denote by I(;) the list of random variables
Ii(g—1)+1,- - > I(tq) in phase ¢, and we use the same notation for other variables.

I(D; M)

k
= I(D; M) — I(D; M_1),)
t=1

k

<D I(D; Mi-1yg Ly, Wi,y) = 1(D; My 1))
=1 3)
k
= I(D;14), Wr, |M(—1yq)
t=1

= Z I(D; Wi, Ly, Mt—1)q)

by the data processing inequality.

We will upper bound each I(D; Wi, (1), M(z—1yq) by I(M—1)q; X1 |D, I1y). For every
t,m and i(y), let Yem,i.,, = Pr[D = 0[M;—1 = m, I; =i¢)]. We can rewrite

k
Z 1(D; Wi, 4), M(t—l)q)

t=1

k
= HWi, Iy, M—1)g) = HWr, D, Iy, M(_1),)

t=1
k
< HWi, | I4)) = B [HW, | D, Iy = iy, Mig—1)g = m)]
t=1
k
= Z H(Wl(t) |I(t)) - ]Em,i(t) b/t,m,iH(WI(t) |D = 07 I(t) = i(t)a M(t—l)q = m)+
t=1

(1= Ym, i) HWi ) |D =1, Ity = i), M(1—1) = m)]

where the inequality follows from the fact that conditioning reduces entropy.

And we can rewrite the above as the summation of I(Mg_1)4; X1 |D, Iy ):
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k
D I (M1yg; Xy 1D L)

t=1

k
=Y H(X1,|D, 1) — H(X1,|D, M1y, Lr))

t=1
k
= H(Xf(t) u(t)) - Em,i(t) [H(Xf(t) |D7 M(tfl)q =m, I(t) = Z.(t))]
t=1
k
= Z H(W]m |I(t)) - Em,i<,,) [’Yt,m,iH(XIm |D =0, I(t) = i(t)7 M(t—l)q = m)—|— (4)
t=1

(1 - ’Yt,m,i)H(XQt) ‘D =1, I(t) = Z‘(t)» M(t—l)q = m)]

HWr o, Lty) = Eumigyy em i H(Wr | D = 0, Ly = i), M(1—1)q = m)+

I
o~
I

—

= Ye,mi) HWr, |D =1, Iy = iy, M(s—1)g = m)]

M=

> I(D;W](t)|l(t)7M(t71)q)

t

1

We are able to replace the conditional entropy of Xy, by Wy, regardless of whether the
answer is YES or NO. When D =1 (the YES case), Wi, = X1, by our definition. When
D =0 (the NO case), Wi, = Y1, is independent from previous samples, and follows the
same (conditional) distribution as Xr,, .

Let S + [N]? denote a random subset S C [N] to be the range of a random vector from
[N]?. We have

1
H(M(t1)g; X1y | D L) = 51 (M—1)g5 X1 |D = 1. 1 11))

1
2
1
= §JESHN]Q [H(Xs|D =1) — H(Xs|D =1, M;_1),)]
1
2

Ese vy [[(Mp—1)q; Xs|D =1)]

1
Egnje [H(Xs|D =1)] - éE&—[N]q [H(Xs|D =1, My_1),)]

1 1
= 5Ese (v [Z H(X;|D=1)| - S Es e [H(Xs|D =1,Mu_1))] (5)

i€S

Let = Prg[nje[i € S],Vi € [N]. We have p=1— (1 —1/N)? < q/N. Then, by Shearer’s
Lemma (Proposition 10),

Es~re, [H(XS|D = 17M(t—1)q)] >p-H(X|D = lvM(t—l)q)-

And,
Es~r,, lz H(X|D = 1)] = S<_P[}“V]q[i €S]-H(X;|D=1)
€S 1€[N]
=p| > HXiD=1)
1€[N]

= p H(X|D =1).
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Substituting in Equation (5), we get

T(My_1y; X1, |D = 1,Ip)) < gH(X|D —1)— gH(X|D =1, M(_1,)
- gI(M(t,l)q,)qD ~1)
<
= 9N

Combined with inequalities (2), (3), (4), we obtain

k k
ckq

0.92 > 1—1(D; My,) > 1—;1'([); Wi, Hieys Mt—1)) > 1—;I(M(t,l)q;XIm\D,I(t)) >1-oy
and we get a space lower bound ¢ > 0.16,71\2. <

3.4 Proof to the main theorem

In this section, we prove the main theorem, which is a query-space lower bound to approxim-
ating the max cut in the random query model. We repeat the theorem here.

» Theorem 1. Let G = (V, E) be an undirected simple graph with n vertices. Let I be
any randomized algorithm that, in the random query model, approrimates the correlation
clustering cost of G to within an additive error of en® with probability at least 99/100. For
this algorithm, if the worst-case query complexity is q and the space used is at most y/n
bits, then the following lower bound holds:

Q ( min 6;%,%)) ify<1

q: . n n/n .
Q ( min W’Tf)) ify>1

for parameters € € (w (ﬁ) ,0.05) and v € (w (l‘z/g;) ,0(\/75)]

The lower bound is obtained through a reduction from both the same-vector problem and
the PD-BHP problem to the max cut problem. Our reduction follows a similar structure
to [31] despite adding a reduction to the same vector problem. This reduction is necessary
in our case. We start from introducing the reduction used in [31]. Then we outline how
we adapt this reduction to obtain our result. After presenting a full map, we will show the
formal reduction.

In [31], the main result is a Q(y/n) space lower bound for (2 — ¢)-approximating the max
cut given a stream of edges of the input graph. To that end, they show that every algorithm
with limited space cannot distinguish a bipartite graph from an Erdés-Rényi graph with the
same expected number of edges. The lower bound is also achieved by a reduction to the
D-BHP problem, which is similar to the PD-BHP problem we study in this work but (i) the
noise vector is always 0™; (ii) the number of edges given to Bob is ©(n/k) where k = ©(logn)
is the number of phases. Besides, their total number of edges over all k£ phases in the stream
is only O(n).

Their reduction has two steps. First, they show that a stream of k independently sampled
random graphs of O(n/k) edges is close in total variation to a stream of the edges of a
random graph of ©(n) edge. This holds both when the graph is sampled from an Erdos-Rényi
distribution or when the graph is a random bipartite graph given a fixed random partition.
It is true because the total number of edges is ©(n) and it is unlikely an edge will be sampled
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twice in two different phases. Given the first step, we only need to show that algorithms
cannot distinguish between a stream of k& phases of random sparse bipartite graphs given
and a stream of k£ phases of random sparse Erdos-Renyi graphs.

The next step is the standard hybrid argument. For every ¢ € {0,...,k}, let D(};) denote
the input distribution where the first ¢ phases are random sparse bipartite graphs given a
fixed random partition, and the last k£ — ¢ phases are sparse Erdos-Rényi graphs. By the
hybrid argument, if there is an algorithm that can distinguish the two cases with constant
advantage, there also exists an index i € [k] such that the algorithm can distinguish the two
distributions ng) and Dz) with Q(1/k) advantage. Such an algorithm II can be used to
device an algorithm for the D-BHP problem: Alice, given a partition as input, samples ¢ — 1
sparse graphs of O(n/k) edges and runs II on it locally. Then, Alice sends the content of the
space of II to Bob. Bob sets the graph of the i-th phase to be its input graph, and the last
n — ¢ phases to be Erdés-Rényi graphs. Bob runs I on the given space and the last n — ¢+ 1
phases, and outputs the output of II. Finally, by the lower bound to D-BHP, the streaming
algorithm also requires 2(,/n) space.

In our case, however, it is impossible to show that a stream of random samples of pairs of
vertices to the graph is statistically indistinguishable from a stream of k£ phases of independent
random graphs of 1/k size. This is because each phase has w(n) pairs of vertices in our case.
Therefore, almost certainly many pairs of vertices will be sampled twice and cause a conflict
(i-e., a pair of vertices is connected in one phase, but disconnected in another). To that
end, we use our lower bound established above for the same-vector problem to show that
every algorithm in the random query model with bounded time and space cannot distinguish
a stream of consistent random queries of a fixed random graph from a stream of random
queries that consists of k& phases of independent random graphs. Given that, we still use the
hybrid argument to reduce the streaming lower bound to the communication lower bound for
the PD-BHP problem studied in Section 3.2. We refer readers to Figure 1 for an illustration
to our reductions.

Proof to Theorem 1. Suppose for the sake of contradiction that there is a randomized
algorithm in the random query model that makes ¢ queries to the input graph, uses y/n
bits of memory, and approximates the correlation clustering cost to within additive error en?
with probability at least 99/100. Here we let

Q (min | 2 M)) ify<1

t:=C- SV
Q (min 62"72,"7&)) ify>1

where C' > 0 is a small enough constant. By Yao’s minimax principle, there also exists a
deterministic algorithm IT with the same query complexity and space complexity such that IT
approximates the correlation clustering cost given a random input from D; = %’D}/ + %D{V
with > 99/100 probability. Let II' be the algorithm that outputs 1 if and only if the output
of IT is less than ”72 —2.5en?. By Lemma 2, II' is a distinguisher for input distributions D}
and DY with high advantage. Formally, we have

Sff[gy [H/(S) = 1] > 99/100 — nf‘”(l) (6)
and
SE%N[H’(S) =1] < 1/100 + ) -

where S denotes the input stream.
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Let k£ = max (% . Without loss of generality, we assume k divides . We obtain that

3

Pr [I(S)=1]>0.
SHDYM[ (5)=1]=0.6
Otherwise, by (6), IT" solves the same-vector problem correctly with probability > 0.695 —
n~“M on the distribution %D}l + %Dt,k, which contradicts Lemma 8 since % < yy/n/C.
Analogously, by (7) and Lemma 8, we have
!
— < .
S5, I =1 <04
By the standard hybrid argument, there exists a number ¢ € [k] such that II’ distinguishes
between Dy ;1 and Dy ;. Formally, if we let p; := Prgp, ,[I'(S) = 1] for every i = 0,...,k,
we have

1 1 1
i — Di-1| 2 T i — Pi—1| = —|pk —po| = (0.6 —0.4)/k = —
max |pi — pi-1] k;\p pi-1l = 7 |pk = pol > ( k=

Given such an algorithm IT" and index i, we can obtain an algorithm for the PD-BHP
1
10k
Formally, the algorithm works as follows: when Alice receives a partition P € {0,1}" as

problem with > advantage in the communication model.

input, she independently samples a sequence of i — 1 graphs G4, ...,G;_1 drawn from G}
locally. Alice then runs the algorithm IT' on %t random queries to these graphs. After that,

she sends the content of the space of II' to Bob. Bob receives the space of IT', the input graph G
and the input vector w. He samples a sequence of t/k triples ((u1,v1,e1), ..., (Uy/k, Ve/k, €1/k))
on the marginal distribution that a random graph from Qn’ t/k is exactly G, where each
e; is the the corresponding bit in w. After this, Bob samples a sequence of k — i graphs
Git1,...,Gy from GV and correspondingly k;it random queries. Bob then simulates II’ on
these random queries with its initial content of the space set to the message of Alice. Finally,
Bob outputs the output of II'.

To see its correctness, notice that the input distribution of Bob is exactly the distribution
of subgraphs induced by the i-th phase of the random queries. On the YES case, Alice
and Bob together simulates II' on the input distribution D;j, whereas on the NO case,
they simulates IT" on D, ;,_1. Hence the above algorithm distinguishes YES cases from NO

1

cases with advantage > 5z. However, when v < 1, by applying Lemma 3 and setting

o= ﬁ/e? < C' - v, the advantage should be < (v + «) - y/ao < C - v,/7, which is smaller
c

than ﬁ = 0.1y,/7 when C’ is small enough. When v > 1, by setting o = ﬁ/e? < o2
the advantage should be < (v + ) - /a < €' < 15z = 0.1. Here C’ is a constant that is
decreasing when C tends to 0. Therefore, we get a contradiction. <
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