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—— Abstract

In this paper we study a basic and natural question about Fourier analysis of Boolean functions,
which has applications to the study of Matching Vector based Private Information Retrieval (PIR)
schemes.

For integers m, r, define a delta function on {0,1}" C Z;, to be a function f : Z;, — Cif f(0) =1
and f(z) = 0 for all nonzero Boolean x. The basic question that we study is how small can the
Fourier sparsity of a delta function be; namely, how sparse can such an f be in the Fourier basis?

In addition to being intrinsically interesting and natural, such questions arise naturally while
studying “S-decoding polynomials” for the known matching vector families. Finding S-decoding
polynomials of reduced sparsity — which corresponds to finding delta functions with low Fourier
sparsity — would improve the current best PIR schemes.

We show nontrivial upper and lower bounds on the Fourier sparsity of delta functions. Our
proofs are elementary and clean. These results imply limitations on improvements to the Matching
Vector PIR schemes simply by finding better S-decoding polynomials. In particular, there are no
S-decoding polynomials which can make Matching Vector PIRs based on the known matching vector
families achieve polylogarithmic communication for constantly many servers.

Many interesting questions remain open.
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1 Introduction

In this paper we study some basic and natural questions about Fourier analysis of Boolean
functions. Specifically, we study the Fourier transform of functions f defined on the whole
group Z! given constraints on the values that f takes on the Boolean hypercube {0,1}".
These questions were originally motivated by a connection to Matching Vector based Private
Information Retrieval (PIR) schemes, but we feel that they are intrinsically interesting in
their own right.

The relationship of the subset {0,1}" with the superset Z! is of central importance in
many aspects of complexity theory. Many fundamental results about {0, 1}" begin by viewing
it as a subset of Z;, (or F}), and using the more powerful algebra of the larger domain.
This includes the Razborov-Smolensky lower bounds for ACy, arithmetization as a tool for
interactive and probabilistically checkable proofs, and many more.

Let m, r be integers. Our main concern is the Fourier behaviour of the Boolean hypercube
{0,1}" contained within the abelian group G = Z, . Specifically, we will be interested in
estimating the minimum possible Fourier sparsity of a delta function f : G — C.
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Fourier Sparsity: For i € [m"], let ¢; : G — C be the Fourier characters of G. Every
function f from G to C can be expressed uniquely as a linear combination of the ;. The
number of ; that get a nonzero coefficient is called the Fourier sparsity of f.

Delta function: A function f: G — C is called a delta function if f(0) = 1, and for all
x € {0,1}"\ {0}, we have f(z) = 0 (informally, it behaves like “the delta function” on

{0,137).

On first reading, it may be useful to think about the asymptotic where m is a fixed
constant, even 3, and r — oo.

The set of all delta functions is a (m” — 2")-dimensional affine subspace of the m"-
dimensional space of all functions, and thus by general linear-algebra principles, there is
always a subset of 2" Fourier characters whose span contains some delta function. Can this
2" be reduced?

1.1 Overview of Results

When m = 2, there is only one delta function; and its Fourier sparsity is 2.

Already for m = 3, the situation turns out to be quite interesting, with both nontrivial
upper and lower bounds. We show that there are delta functions with Fourier sparsity
< O((+/3)"), while any delta function must have Fourier sparsity at least Q((1.5)").

The situation drastically changes with growing m. We show that once m > r, there are
delta functions with Fourier sparsity < r + 1, and this is tight!

For general m (with 7 — o00), we show an upper bound of O(m/(m=1) = exp (logm . 7")

m—1
and a lower bound of €2 ((%)T) = exp (¥ . r).

m—1

More general groups

For applications to PIRs (discussed below), we actually need to study a slightly generalized
problem.

The abelian group G is now taken to be of the more general form [[._, Z,,,, where
mi,..., M, are positive integers,

Instead of C-valued Fourier characters, for a field F containing m; distinct m;’th roots of
unity, we work with F-valued Fourier characters.

Even in this generalized setting, we can talk about the Boolean hypercube {0,1}" C G (which
is simply the product of each {0,1} C Z,,,), delta functions, and the Fourier expansion of
functions f: G = F.

Appropriate generalizations of our lower bounds from the case where all the m; are equal
to m continue to hold in this generalized setting. However our upper bounds break down,
and for the setting relevant to PIRs, this leaves open a much bigger gap, which would be
very interesting to close.

Delta functions on {—1,0,1}"

One could also talk about delta functions on sets more general that {0,1}". For a subset
B C G with 0 € B, a B-delta function is a function f with f(0) =1 and f(b) = 0 for all
be B\ {0}.

A natural and well known example is the case B = G. The unique G-delta function is
the average of all its Fourier characters: this means that its Fourier sparsity is |G]|.
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A another natural set to consider is B = {—1,0,1}" (when G = [[,_, Z,,,). One would
expect that the Fourier sparsity of B-delta functions to behave very similar to the case of
{0,1}". Surprisingly, there is a big difference!

Again from general principles, since |B| = 3", there is always a B-delta function of
sparsity at most 3". Are there B-delta functions with smaller sparsity?

We show that for all G, the Fourier sparsity of a B-delta function is at least 2”. This is
in sharp contrast to the {0, 1}" case, where the sparsity decays sharply with m in the group
G =Z;,, and there are are delta functions of sparsity as small as r + 1 once m > r.

Techniques

Our proofs are all elementary and simple. The lower bounds for {0, 1}" are based on studying
the product of a purported Fourier sparse delta function with a suitably constructed auxiliary
function with desirable Fourier and primal support. The upper bounds for {0,1}" are by
explicitly giving the functions. The lower bounds for {—1,0,1}" are proved using the linear
algebra method of combinatorics.

We feel that closing the gaps between our upper and lower bounds will need some new
insights about the Fourier analysis of Boolean functions, which may potentially be useful in
the many other situations in theoretical computer science where {0,1}" is viewed as a subset
of the larger domain Fy.

Another related theme we would like to mention is the uncertainty principle in finite
abelian groups, which gives lower bounds on the Fourier sparsity of functions f : G — C
with small support. See [6, 13, 16] for various statements of this principle.

1.2 Matching Vector PIRs

The original motivation for studying Fourier-sparse delta functions is from questions about
Private Information Retrieval (PIR). A PIR scheme! is an interactive protocol between a
user and ¢ non-communicating servers, which allows the user to access any desired bit a;
of a database (aq,...,a,) € {0,1}™ without revealing any information about i. PIRs have
been extensively studied ever since their introduction by Chor, Goldreich, Kushilevitz and
Sudan [5] in 1995. The main question is to achieve this with as little communication as
possible. Very little is known on the lower bounds front; it is consistent with our knowledge
that PIR can be achieved with 2-servers and poly log(n) communication complexity!

When the number of servers t is constant, it was originally believed that the amount of
communication needed to be at least polynomial in n, of the form Q(n°t). However, many

years later, surprising results of Yekhanin [17] and Efremenko [9] strongly refuted this belief.

These protocols are the Matching Vector PIRs, and achieve a communication complexity of
O(exp((logn)t)) — and these are the only known way to achieve communication complexity
subpolynomial in n with a constant number of servers.
There are two key ingredients of Matching Vector PIRs:
An S-matching vector family: for a subset S C Z,, with 0 € S, an S-matching vector
family is a collection of 2n vectors u;,v; € ZE,, for i € [n], such that:
(ui,vj> =0if1 :j,
(i, 0;) € S\ {0} if i # j.

We would like n as large as possible.

1 PIR schemes are very closely related to Locally Decodable Codes (LDCs). Many breakthroughs happened
for both these notions together, but we only talk about PIRs in this paper. In particular, there are
implications of our results for the LDCs known as Matching Vector codes.
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An S-decoding polynomial: for a subset S C Z,, and a field F containing an m-th
root of unity 7,,, an S-decoding polynomial is a polynomial P(Z) € F[Z] such that:
P(°) =1,
P(y*) =0 for each s € S\ {0}.
We would like P(Z) to be as sparse as possible.

The best known PIR protocols [9, 7, 8, 10] use the S-matching vector families coming from the
work of Barrington-Biegel-Rudich [2] and Grolmusz [11]. Here m is taken to be the product
of primes my,...,m,, and S is taken to be a product set [[\_,{0,1} C [[\_, Zp, =~ Zy,.
Such S is called a canonical S for Z,,.

Even with trivial S-decoding polynomials, the above S-matching vector family alone is
enough to achieve the dramatic improvement of communication complexity from polynomial
to subpolynomial. It achieves communication exp((logn)ct). A clever choice of S-decoding
polynomial further improves the communication complexity. The theory of sparse S-decoding
polynomials was developed and advanced by Yekhanin [17], Raghavendra [14], Efremenko [9],
Itoh-Suzuki [12] and Chee-Feng-Ling-Wang-Zhang [4], to achieve significant improvements
for small t. Under plausible number theoretic conjectures, [4] reduces e; by an absolute
constant factor for all ¢.2

To improve Matching Vector PIR parameters further, there are two immediate avenues.
The first is to get even larger S-matching vector families — this is an extremely interesting
and basic question about linear algebra mod m, and has attracted quite a bit of interest [3, 1].
To summarize the current status: it is wide open whether these exist.

The other approach to improved PIRs, is to get sparser S-decoding polynomials for the
known S-matching vector families. This approach, a priori, could also be capable of achieving
polylogarithmic communication for a constant number of servers: this would be possible if
there exist S-decoding polynomials of constant sparsity modulo any m. This is the approach
that this paper addresses.

Our results imply that for the S relevant for the known big matching vector family over
Z,, any S-decoding polynomial has sparsity at least r + 1. This means that for a Matching
Vector PIR using the known matching vector families and the best possible S-decoding
polynomial, the communication complexity for ¢ server PIR is at least exp((logn)'/?). In
particular it cannot achieve polylogarithmic communication for a constant number of servers.

1.3 Questions
There are two very nice and basic open questions that we would like to highlight.

1. Let mq,...,m, be distinct primes, and let F be a field containing all the m;’th roots of 1.
We work with the F-valued Fourier characters. How small, as a function of r, can the
Fourier sparsity of delta functions on {0,1}" C [['_; Zm,?

We showed that it cannot be smaller than r 4+ 1, while the best upper bounds are
exponential in r (these come from known sparse S-decoding polynomials [4]).

Can it be r 4+ 1? This would improve PIR communication to exp((logn)'/?).
Surprisingly, if we drop the assumption that the m; are distinct, then r + 1 is achievable
(see Lemma 16).

2 The improvement is more stark for fixed ¢: the communication complexity using a clever S-decoding
polynomial is a further subpolynomial in the communication complexity achieved using trivial S-decoding
polynomials.
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2. We have the same setup as above (with the m; being distinct primes), but now we fix F to
be the complex numbers C. We conjecture that every delta function on {0,1}" C [[/_; Zn,
has Fourier sparsity at least 2": there is no improvement on the trivial bound!

We prove the r = 2 case in Appendix C. The proof uses ideas related to the classical
Schwarz lemma from complex analysis, and boils down to studying certain Md&bius
transformations and their behavior on the unit disk. For larger r it seems to be a
challenging yet basic question.

Again, for identical m;, Fourier sparsity r» + 1 is achievable, so the distinctness of the
primes m; has to be used.

Finally, the question of determining the Fourier sparsity of delta functions on Z;, for
fixed m is a very cleanly stated question which we do not fully understand. We know that it

is exponential is 7, but the base of the exponent is somewhere between m=-T and ™.

2 Main Result

In order to state our main results, we need the following definitions.
» Definition 1. Let G be a group and F be a field, 0 € B,B C G. We say:
f:G—TF

is a delta function on B (or f is delta on B, or f is a B-delta function) if:
f(0)=1
For all b € B\ {0}, we have f(b) = 0.

For F-valued functions f on the abelian group G, we will be working with the F-valued
Fourier transform f (generalizing the usual C-valued Fourier transform), discussed in Sec-
tion 3.

In the special case where the domain is Z, and the function is delta on {0,1}", the
following theorem provides explicit bounds on the Fourier sparsity. Parts (i) and (ii) are
special cases of the general lower bounds proved later in Section 3.2, namely Theorems 11
and 14, while parts (iii) and (iv) correspond to the upper bounds established in Lemma 16
and Claim 18. The proofs of all four parts appear in Section 3.2.

» Theorem 2. Let f : Z7 — F be delta on {0,1}" C Z7 . We have:

~

(i) [Supp(f)l =z r+1

o~

(i) [Supp(f)l = (725)"
In the other direction: R
(iii) For m > r, there exists f : Z], — F which is delta on {0,1}" with |Supp(f)| =r+ 1.
(iv) For m,r with (m — 1) | r, there exists f : Zy, — F which is delta on {0,1}" with
|Supp(f)| < m7=.

One application of our results is to S-decoding polynomials, a tool in the construction of
Matching Vector PIRs. We describe this now.

» Definition 3 (S-decoding polynomial for the canonical set S). Let m = p; - - - p, and define
the canonical set

S={x €Ly, :2*=ur}
={z€Zy,|(r modp;) € {0,1} for each i}.

Let TF be a field containing a primitive m-th root of unity vm. A polynomial P(Z) € F[Z] is
called a S-decoding polynomial if
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P(~5) =0 for all s € S\ {0},
P(yy,) =P(1) = 1.

If P has exactly t monomials, we say it is t-sparse.

We restrict here to the canonical set S; a more general definition for arbitrary subsets
S C Z,, will be given in Section 4.1.

S-decoding polynomials play a central role in the construction of Matching Vector PIR
schemes: sparser polynomials yield the same communication complexity with fewer servers.
For the canonical set S C Z,,, our results show that such polynomials cannot be very sparse.

The following theorem gives the precise lower bound; its proof appears in Section 4.1 as
Corollary 24.

» Theorem 4. Let m = py - py, and let S be the canonical set for m. If P(Z) € F[Z] is an
S-decoding polynomial, then the number of its monomials is at least r + 1.

The consequences for Matching Vector PIRs are discussed in Section 4.

Our final main result concerns delta functions on a set different from the Boolean
hypercube, namely {—1,0,1}". For such functions we obtain a much stronger lower bound
on Fourier sparsity, that does not decay with m. The proof will be given in Section 3.3 as a
corollary of Claim 19.

» Theorem 5. If f: ZI' — F is delta on {—1,0,1}", then we have:

~

|Supp(f)| > 2"

3 Bounds for Delta Functions

In this section, we first derive bounds for delta functions on the Boolean hypercube {0,1}",
and then we establish a lower bound for delta functions over {—1,0,1}".

3.1 Basic Facts from Fourier Analysis

We collect the Fourier-analytic facts used in this paper. Throughout, G is a finite abelian
group of size m, written additively.
For a function h on a finite set X, we define its support as

Supp(h) == {x € X :h(z) #0}.
For subsets A, B of an additive group, we write
A+B = {a+b:ac A be B}

for their sumset.
We now define the Fourier transform and state the basic Fourier inversion formula.

» Definition 6 (Fourier transform over a finite abelian group, F-valued). Let G be a finite
abelian group, and let e denote the exponent of G (i.e., the least common multiple of the
orders of elements of G). Let F be a field with char(F) t |G| such that F contains all e-th
roots of unity (equivalently, a primitive e-th root of unity, and hence all its powers).

A character of G is a group homomorphisms from G to F*, where F* is the multiplicative
group of F. Let G be the group of all characters of G.

For a function f: G = F, its Fourier transform is the function ]?Z G—F defined by

Fw) = =Y f@e@ ™, ved.

|G| zeG
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Whenever we talk about the Fourier transform of F-valued functions on G, we assume
that char(|F|) |/|G|, and that F has the required roots of unity in it. The first assumption is
non-negotiable. The second assumption is without loss of generality, by replacing F with a
finite extension containing the required roots of unity (this is possible because of the first
assumption).

Next we state the basic fact about the Fourier transform of the product of functions.

» Lemma 7 (Character basis and explicit parametrization). Let F be a field and G = ®7_1Zn,
be a finite abelian group such that char(F) t|G| and F contains primitive m;-th roots of unity
W, for1 <i<r.

For any a = (a1, ...,ay) € ®_1Zy,, we have a character 1, given by:

Va1, .0y ) = Ty

every character ¢ : G — F is of the form 1, for some a.
Thus the character group G is isomorphic to ®_,Zy,,, and we identify them.
With this notation, every function f: G — F can be written as

f= Z J?(a)-%

aea

» Lemma 8. Let G be a finite abelian group and F be a field. Suppose f,g: G — F are
functions and define h = f - g as their pointwise product. Then the Fourier transform of h is
given by the convolution of the Fourier transforms of f and g:

h(a)=( f+g)(a)=>_ F(b)gla—0b)
bel

This implies:

o~ ~

Supp(h) € Supp(f) + Supp(g)

» Corollary 9. Let f,g: G — F be functions on a finite abelian group G, and set h= f - g.

Then

|Supp(h)| < |Supp(f)||Supp(3)|-

Finally, we recall the Fourier expansion of the (unique) G-delta function, which we call
the total delta function to avoid ambiguity.

» Lemma 10 (Fourier expansion of the total delta function). Let G be a finite abelian group
and let F be a field with char(F) 1 |G|. Let 0 denote the total delta function on G, i.e.

5(2) — {1 ifz=0,

0 otherwise.

Then its Fourier transform is given by

g(a) = @l for alla € G.

In particular, 8 is nonzero on every character, and so § has Fourier sparsity exactly |G|.

68:7

ITCS 2026



68:8

Fourier Sparsity of Delta Functions and Matching Vector PIRs

3.2 Bounds for Delta Functions on the Boolean Hypercube

In what follows, we first prove two lower bounds for functions
fiZm X XLy, = F
that are delta on {0,1}". We then turn to the more specific setting
f:z, — F,
and establish an upper bound. In particular, when m > r, this upper bound matches the
lower bound r + 1, showing that the bound is tight.

First lower bound

Let
fiZpmy X XLy, = F

be a delta function on {0,1}". We present two proofs showing that its Fourier sparsity is at
least r + 1.
The following theorem formalizes this bound.

» Theorem 11. Let
filmy X X Loy, = F

be a delta function on {0,1}" C Zp, X -+« X L, where my,...,m, are (not necessarily
distinct) positive integers. Assume further that F contains m;-th roots of unity wy,, for
1<i<r. Then

~

|Supp(f)| > r+ 1.

First proof (of the first lower bound)

Our first proof proceeds by constructing an auxiliary function g supported on {0,1}".
Multiplying f by g will produce a global delta function, and from this we can deduce a
structural relation between the Fourier supports of f and g. The following lemma makes
this precise.

» Lemma 12. Let
fiZm X XLy, — F

be a delta function on {0,1}", where my, ..., m, are (not necessarily distinct) positive integers.
Suppose g : Ly X -+ X Ly, — F is a function such that

g(x) =0 for all x ¢ {0,1}",
9(0) #0.

Then

~

Supp(f) + Supp(g) = Zm, X -+ X Ly,
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Proof. Let h = fg. By Lemma 8,

o~

Supp(h) < Supp(f) + Supp(g).

Since ¢ is supported on {0,1}" and f vanishes on {0,1}" \ {0} with f(0) # 0, we see that h
is supported only at 0. Thus h is a nonzero scalar multiple of the total delta function on the
whole group, and so by Lemma 10,

Supp(h) = L, X -+ X Ly .

This gives

o~

Supp(f) + Supp(§) = Zpmy, X -+ X Ly, <

To apply Lemma 12, we need an explicit function g satisfying the required conditions
and whose Fourier support we can describe precisely. The following example provides such a
construction.

» Example 13. Let F be a field containing primitive m;-th roots of unity wy,, for 1 <i <r.

Define
G: Loy X -+ X Ly, — F

by

g(xla“wx?“): (W,:{L H (WZ"ZL_wgnL))

i=1 j=2

For each coordinate i, define

m,;—l
hi(zs) = wyi H (Wi —wl)
j=2

Hence h; lies in the span of the characters { wfnz :1<b; <m; —1}. Consequently, g lies
in the span

T
g € Span{waij" : 1§bi§mi—1}.
i=1

It follows that the Fourier support of g is exactly

=1

and therefore

T

|Supp(@)| = [](mi —1).

i=1

We are now ready to give the first proof of Theorem 11.
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Proof of Theorem 11. By Lemma 12 and Example 13, we know that

r

Supp(f) + [[{1.....mi — 1} = [J{0.1,...,m; — 1}
i=1

i=1

This implies the following property: for every element

uEH{O,l,...,mi—l},
i=1

~

there must exist some a € Supp(f) such that u; # a; for all coordinates i.
Now assume, for the sake of contradiction, that

Supp(f) = {b',... 0"},  t<r

That is, suppose the Fourier support has size at most r. Construct a vector u €
[1;-,{0,1,...,m; — 1} by setting

u:(b%’b§7"'7b§707"'70)’

where the first ¢ coordinates are taken from the corresponding elements b',...,b" in the
support, and the remaining coordinates are set to 0.

By the mentioned property, there must exist some b € Supp(f) such that b; # u; for
every coordinate j. But by construction, for each i <t we have u; = b%, which forces b # b
for all ¢ = 1,...,¢. This contradicts the assumption that Supp(]?) ={b',... bt}

Therefore, our assumption was false, and we conclude that

o~

|Supp(f)| = 7+ 1. <

Second proof (of the first lower bound)

Unlike the first proof, which relied on support-sum arguments, our second proof of Theorem 11
uses a polynomial identity arising from the delta property of f on {0,1}".

Proof. By assumption, there exists w,,, € F where each w,,, is an m;-th root of unity. By
Lemma 7, we can expand f as

t T

flay, ... x) = ZbJHw%i(i)xi-
j=1 i=1

For convenience, define the vectors o; € F! by

ai = (ai(1), ..., 0u(t), () i=w@® for1<j<t.

m;

With this notation we can rewrite f as

t T

flr, ) =Y b [Jeali)™.
j=1 =1
Since f is a delta function on {0,1}", we have

fl@)=0 forall xz €{0,1}"\ {0}, f(0,...,0) £0.
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Equivalently,

¢ t
Z b; H a;(j) = 0 for every nonempty B C [r], Z b; # 0.
j=1

j=1 ieB
Observe that, introducing formal variables 11, ..., T, expanding

T

H(l + Tici ()

i=1
produces terms of the form [],;. 5 Tic;(j) for subsets B C [r]. Therefore

t

;bjilj + Ty (j —Z(HT)(iijai(j))-

BC[r] i€B j=1 4cB

By the vanishing property established above, every inner sum with B # () equals zero, while
for B = ) we get Z;Zl b; # 0. This proves the polynomial identity

t t

Zb H (14 Tis(j)) = D _ by
j=1 i=1

Jj=1

If r > ¢, we may choose T; = —1/a;(i) for 1 < i < t. With this choice, each term in the
left-hand side vanishes, so the entire left-hand side equals 0, while the right-hand side is
nonzero. This yields a contradiction. <

Second lower bound

We again use Lemma 12 and Example 13, but this time in combination with a counting
argument, to derive a multiplicative lower bound.

» Theorem 14. Let
fiZm X XLy, — F

be a delta function on {0,1}" C Zyy, X -+ X L., where my,...,m, are (not necessarily
distinct) positive integers. Then

Proof. By Lemma 12 and Example 13, we have

Supp(f)+ B =[J{0.1,....mi =1},  B=][{L,....mi—1}.
i=1 i=1

Since A + B has size at most |A] - |B| for any sets A, B, we obtain

n |Supp(f) + B
|Supp( )| > T

Here |Supp(f) + B| = [}, ms, while |B| = [}, (m; — 1). Therefore

N H’L lm'L _ - mq

|Supp(f)| = (e — 1) i[[lmi—l'

» Corollary 15. If f : Z], — F is delta on {0,1}", then:
(i) [Supp(f)

o~

(i) |Supp(f)

Z (m 1)7“
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Upper bound

We next study upper bounds for the Fourier sparsity of delta functions on {0,1}". The
following construction illustrates how to achieve small support when m > r, and will serve
as a building block for further results in this section.

» Lemma 16. Let m > r and let w € F be an m-th root of unity. Then there exists a function
f:z, — F
which is a delta function on {0,1}" C Z7

v, and has exactly r + 1 nonzero Fourier coefficients.
Proof. Define

T

f(xh'“,mr) _ H(wz1+...+wr7wi).

i=1
We first check the delta property. For any = € {0,1}"\ {0} we have 1 <zy 4+ -+ 4+ 2, <7,
hence one of the factors vanishes, and thus f(z) = 0. On the other hand, f(0,...,0) =
[T;_,(1 — w") # 0. Therefore f is indeed a delta function on {0,1}".

%

Finally, observe that f can be expressed as a linear combination of the r 4+ 1 characters
Vi) (@150, 1) = w i@t ten) 0<i<r.
Thus f has exactly r + 1 nonzero Fourier coefficients, as claimed. |

» Corollary 17. When m > r, the above claim gives a construction of a delta function with
Fourier sparsity r + 1. By Corollary 15, we also have the lower bound r 4+ 1. Thus, in this
case, the upper and lower bounds coincide, yielding a tight result.

» Theorem 18. Suppose m — 1 divides r. Then, there exists a function
f:z, - F

which is a delta function on {0,1}" and satisfies

~ T

|Supp(f)] < mm-1.

Proof. Partition the index set {1,...,7} into
r

m—1
disjoint subsets, denoted A1, ..., Ay, each of size m — 1. For each 1 < k < ¢, define a function
fr depending only on the coordinates indexed by Ay, as in Lemma 16:

m—1

fk((xj)jeAk) _ H <w2j€Ak T wi)’

i=1
where w is a fixed primitive m-th root of unity. By Lemma 16, each fj, is delta on {0,1}4*
and satisfies

|Supp(f)| = m.

Now define the overall function
¢
flxy,. o z) = H fe((z))jea,)-
k=1

Clearly, f is delta on {0,1}". Applying Corollary 9 , we obtain

T

¢
|Supp(f)| < H|Supp(fk)| =mt = mm-1, <
k=1
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3.3 Bounds for Delta Functions on {—1,0,1}"

We now turn to delta functions on {—1,0,1}". Using a general structural claim, we derive
lower bounds on their Fourier sparsity. In particular, we show that such functions must have
support size at least 27.

> Claim 19. Let f: G — F be a delta function on a set B C G with 0 € B. Suppose D C B
is such

D-DCB,

where D — D is the difference set {dy — ds | d1,d2 € D}. Then

o~

|Supp(f)| = |D|.

Proof. Write f as a linear combination of characters supported on some set T' C G:

F@) = Y catla).

acT

For d € G, define the translate fy: G — F by:
fa(z) == f(z — d).

Then we compute the Fourier expansion of f; as follows:

fa(@) =Y catbal —d) =Y (cathy (d)) Yal(2),

a€T acT

and thus:

fa € Span{t, : a € T}.

We now show that the functions {fy : d € D} are all linearly independent. Enumerate
D ={dy,...,dp}. For each d € D, consider the evaluation vector

va = (fa(d), ., faldip))) € FIPL.
By construction,
fa(di) = f(d—d;).

If d # d;, then d—d; € B\{0}, so f(d—d;) = 0. If d = d;, then f4(d;) = f(0) # 0. Thus vq is
a nonzero scalar multiple of the i-th standard basis vector e;. Hence the vectors {vy : d € D}
are linearly independent.

Therefore, the functions {fy : d € D} are linearly independent, all lying inside Span{t, :

a € T}. It follows that

IT| = |DI.

~ ~

Finally, since T' = Supp(f), we conclude that |Supp(f)| > |D|, as claimed. <

» Corollary 20. If f : Zy, X ... X Loy, — F is delta on {—1,0,1}", then we have:

o~

|Supp(f)| = 2"
Proof. Apply the previous claim with B = {-1,0,1}" and D = {0,1}". For distinct

dy,dy € D, the difference d; — ds lies in B\ {0}, so the conditions of the claim are satisfied.

Since |D| = 2", the result follows. <

68:13

ITCS 2026



68:14

Fourier Sparsity of Delta Functions and Matching Vector PIRs

4 From Fourier Sparsity to Matching Vector PIRs

In this section, we first establish the connections between the Fourier sparsity of delta
functions and S-decoding polynomials. We then recall how the sparsity of S-decoding
polynomials is related to Matching vector PIRs. Combining this with our results from
the previous section we derive new bounds on the number of servers required in such PIR
schemes.

4.1 Fourier Sparsity and S-decoding Polynomials

For Matching Vector PIRs, there are two key ingredients: a large S-matching vector family
in ZF | and a sparse S-decoding polynomial, where S C Z,,.

For all the superpolynomially large S-matching vector families that we know?3, S has to
have a special form: it must essentially be a canonical set for m, defined below?.

» Definition 21 (Canonical set). Let m € Z be a positive integer. We define the canonical
set for m to be the following set:

S ={x € Z, s.t. 2°> =2 mod m}

Note that when m = py - - - p, is a product of r distinct primes, the canonical set consists
of the following 2" values:

S ={s€Zy,Yp; s mod p; € {0,1}}
For example, for m = 6 we get:
S=1{0,1,3,4}
which are precisely the four values being 0 or 1 mod 2, 3.

» Definition 22 (t-sparse S-decoding polynomial). Let S C Z,, be a set containing 0, F be
a field containing an element v, which is a primitive m-th root of 1: namely v' =1 and
i # 1 fori=1,2,...,m— 1.

A polynomial P(Z) € F[Z] is called an t-sparse S-decoding polynomial if P has t monomi-
als, and the following conditions hold:

Vs e S\{0}: P(v:)=0

P(yp) =P1)=1

For m = p; X ... X p;, for distinct primes pi,...,p., we use ¢ to denote the Chinese
remainder isomorphism:

D Ly, = Ly, X ... X L,

¢(a) = (a(l),...,a(r)), a(i) = a mod p;

Also, we use ¢(a); to denote a(i) = a mod p;.
The next claim shows the relation between Fourier sparsity and S-decoding polynomials
for canonical sets S.

3 They all come from the Barrington-Biegel-Rudich method involving the Chinese remainder theorem.

4 More precisely, S must contain a product set of the form S1 x Sa ... x Sy, where §; C Z,, has size at
least 2, and Z,, is viewed as Hl Zp, for distinct primes p1,...,pr. S-decoding polynomials for such S
easily translate into S-decoding polynomials for the canonical S.
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> Claim 23. Let m = p;...p, be a product of r distinct primes and S be the canonical set
for m, F be a field containing an m-th root of unity. Then, having a t-sparse S-decoding
polynomial in F[Z] is equivalent to having a function:

fiZy X .. XLy, —F
such that

f|{0,1}r

is a delta function, |Supp(f)| = t.
Proof. Let P(Z) € F[Z] be an S-decoding polynomial,

t
P(Z)=" b;2%
j=1

Let v, € F be a primitive m-th root of unity. Then, since p;’s are pairwise coprime, we can
write it as:

.
= [
i=1

for wy, € F, 1 <4 <r, with each w,, a primitive p;-th root of unity. Therefore,

T

Yoo = ([T wp)* = T Jwp®"
i=1

i=1
Observe that:
t T t T
P(ys) =0 < Y b([Jwp®)™ =0 < D b [Jwpl)?®i =0
j i=1 j=1 i=1

j=1
Now note that
S ={s €Zy:smodp; €{0,1}} ={s € Z, : ¢(s) € {0,1}"}

Hence, having such an S-decoding polynomial is equivalent to constructing a function f such
that:

t T
flxy,.yx,) = ij Hw;ij(i)xi,
j=1 i=1
and:

flosngon =0,
f(0) #0.

By Lemma 7, []/_, w;‘,‘j(”)"“ = 14, (), and so the above expression for f equals:

Fla) = 3" by, @),

Thus having such an S-decoding polynomial is exactly equivalent to having a function

~

[ L = Ly, X ... X Ly, — F such that f|ss) is delta and [Supp(f)| = [{b; : j € [t]}| = t.
<

By applying Theorem 11 to the above claim, we obtain the following corollary:

» Corollary 24. Let m = p; X ... X p,, S be the canonical set for m, P(Z) € F[Z] be an
S-decoding polynomial. Then, the number of monomials of P is at least r + 1.
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4.2 Applications to Matching Vector PIRs

We now discuss the relationship between S-decoding polynomials and Matching Vector based
PIRs.

» Definition 25 (S-Matching Vector Family). Let S C Z,,,0 € S and F = (U,V) where
U = (Ur, oy tn),V = (U1, ..., u,) with u;,v; € ZE,. Then F is said to be an S-matching
vector family of size n and dimension k if the following conditions hold:
(us,v;) = 0 for every i € [n]
(ui,v;) € S\ {0} for every i # j

The connection between decoding polynomials and matching vector PIR schemes is made
explicit by the following result:

» Theorem 26 (Theorem 2.3 in [10]). Let m be a positive integer with r distinct prime
factors, and let p be a prime not dividing m. Set M = mp, and let

F=UV)

be an Sys-matching vector family over Zy; of size n and dimension k, where Sy; denotes the
canonical set for Zyy.

Suppose F is a field of characteristic p such that, for the canonical set S,, C Z,,, there
exists an Sp,-decoding polynomial over F with sparsity t.

Then there exists a t-server PIR scheme with communication complexity O(k).

The above theorem highlights the role of S-decoding polynomials in such PIR schemes.
In particular, designing sparser S-decoding polynomials leads directly to improved PIR
constructions: The same communication complexity can be achieved with fewer servers. In
other words, the sparsity of decoding polynomials dictates the number of servers required.

Theorem 27 gives the best known construction of large matching vector families, where
the set S is taken to be the canonical set.

» Theorem 27 (Large Matching Vector Families, Theorem 1.4 in [11]). Let m = p1ps...p, where
P1,D2, -y Pr are distinct primes and r > 2. Then, there exists an explicitly constructible S-
matching vector family F in ZF, of sizen > exp (Q (%)) where S is the canonical
set for m.

Combining this with Theorem 26, we obtain that any S-decoding polynomial for the
canonical set directly yields a PIR scheme with parameters determined by the sparsity of
the polynomial. In particular, a ¢t-sparse decoding polynomial for the canonical S gives rise
to a t-server PIR scheme with communication complexity exp(O((log n)rlﬁ)) and database
size n.

For the canonical set S C Z,,, Corollary 24 shows that every S-decoding polynomial has
sparsity at least r + 1. Consequently, the Matching Vector PIR scheme based on the above
matching vector family requires at least r + 1 servers.

Stating this another way, the communication complexity of a ¢ server Matching Vector
PIR scheme based on the this matching vector family and an arbitrary S-decoding polynomial
is bounded below by

exp(((log n)l/t)) .

Hence these PIR schemes cannot achieve polylogarithmic communication with a constant
number of servers merely by improving the S-decoding polynomials.
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It would be extremely interesting to find S-decoding polynomials matching this sparsity

bound. Today, the best known sparsity comes from the results of [4], and is approximately is
(v/3)" under a plausible number theoretic hypothesis.
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A A more sensitive lower bound

Define F(my,...,m,) to be the smallest size of a subset S C [, Zy,, such that:
S+ H(Zmi \ {0}) = HZmi-

Our proof in Section 3 actually shows that this quantity is a lower bound on the Fourier
sparsity of delta functions on {0,1}" C [, Zy,,. It is a common generalization of the bounds
r+1and [], m’?jl. Here we note a simple recursive inequality for it that is stronger than
both the above bounds. It implies, for example, that when r = 2m, that the Fourier sparsity
of delta functions on Z], is at least =~ e - m (while the best upper bound we know for this

case is that there exist delta functions with Fourier sparsity < m?).

» Lemma 28.

F(mlv"'vmr)>[

Ty — lF(ml,...,mr,lﬂ.

In particular, we have

My

T

F(mq,...,m;) > max <F(m1,...,mr_1)+1,

1F(m1,...,mr_1)) y

and

r+1 r<m-—1
Fim,m,...,m) > r—m+1
m~(m) r>m

m—1

Proof. Let G =[], Zy,. Let H = [[,(Zm, \ {0}). Suppose S C G is such that S+ H = G.
For x € Zy,, let S, be the set of all v € S with v, = x. Choose x with |S,| as large as
possible: then [S,| > --|S].
Observe that for any v € S, and any w € v + H, we have w, # x.
Thus:

((S\ S:)+ H) 2 <HZmi> x {a}.

i<r
Projecting to the first » — 1 coordinates, we see that the projection S’ of S\ S, to the
first » — 1 coordinates satisfies:

S"+ H(Zml \{0}) = HZmi'
i<r i<r
Thus |S’| > F(mq,...,my_1). Combined with the inequality:

my —

1
1S < 1S\ Se| = |S] = [S:] < 151,

my
we get the result. |

In fact, the proof even shows that

Fimi,...,mp_1) < F(mq,...,m;) — { 1 F(ml,...,mr)-‘

My

(since in the notation of the proof, we get |S’| < |S| — (%JSH)
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B Covering the cube by affine hyperplanes over F,

A classical result of Alon and Furedi shows that any set H of affine hyperplanes in R” that
cover all but one of the points of the Boolean hypercube must have size at least r. Specifically,
if the hyperplanes of H cover ({0,1}"\ {0}) C R" using affine hyperplanes, none of which
contain 0, then |H| > r.

Our results imply something nontrivial about the analogous covering question for
({0,1}7\ {0}) C F}, for a prime p. Specifically, we show that if H is a set of hyperplanes,
and:

H=H,UH,...H,

is the partition of H into subsets of parallel hyperplanes, then:

H(|Hi| + 1) > max (r +1, (p:)T) .

7

On the other hand, there exist such sets H; with

[T +1) < (p1/<p—1>>r

K2

We now prove the lower bound. If W is a set of w parallel hyperplanes, then there is a
function fyw : F, — C with Fourier sparsity w + 1 and which vanishes exactly on the union of
those hyperplanes. Taking the product of fg, over all the 7 and scaling by a constant, we get
a delta function with Fourier sparsity [[,(|H;| + 1). Then our Theorem 2 implies the result.

The upper bound follows by observing that the Fourier sparse function constructed in
Claim 18 is of the above form.

C Sparsity of delta functions on G = Z,,,;, X Z,,, over C

In this appendix we consider the special case of delta functions on G = Z,,, X Z,, over the
complex numbers. We show that when m; and ms are coprime, there is no C-valued delta
function on {0,1}? C G with Fourier sparsity < 3, and thus the minimum Fourier sparsity of
such a function is 4. The argument uses complex-analytic tools.

By [9, 12, 4], there are some G of the form Z,,, X Z,,, (with m1,msy coprime and odd)
for which there exists a delta function f : G — Fa (the algebraic closure of Fy) with Fourier
sparsity 3. Thus our result needs to use some special property of complex numbers.

In brief, we express the property of being a delta function on G in terms of vanishing of
multilinear polynomials P(X,Y") at roots of unity. Vanishing of the multilinear polynomial
P(X,Y) can be expressed in terms of an associated Mobius transformation Y = Ap(X).
Finally, we use properties of Mobius transformations on the unit disk in C to get the result.

» Proposition 29. Let my, mo be coprime positive integers and let G = Zy, X L, . Suppose
f: G — C is a function that is delta on {0,1}2, i.e.

f(0,0):L f(l,()):f((),l):f(l,l):()
Then the Fourier sparsity of f is at least 4.

Proof. Write G' = Z,,, X Z,, and fix primitive m;-th and ms-th roots of unity wp,, , wm, € C.
Characters of G have the form

¢(a,b) ('Tay) = w'ranml wff)r:ggv (a7b) € Zml X Zmz'
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Assume for contradiction that f is a delta function on {0, 1}? with Fourier sparsity at
most 3. Assume that f has a Fourier expansion of the form

f(xa y) = Clw(al,bl)(‘ra y) + CQw(a27b2) ($, y) + C3¢(a3,b3)(x7 y)7

with (a;, b;) pairwise distinct and ¢, 2, c5 € C. Since f(0,0) = 1, not all the ¢; are zero.
Set
;= wh Bi = wf,’;Q (1=1,2,3),

my?

so that each «; is an mq-th root of unity and each (; is an mo-th root of unity. The values
of the three characters at the four points (0,0), (1,0), (0,1), (1,1) are:

Y(aib:)(0,0) =1, a, ) (1,0) = iy Va,5,)(0,1) = Biy Vi, ,)(1,1) = aifs.

Thus, if we form the 4 x 3 matrix

1 1 1
aq (0] ag
M =
B1 B2 Bs |’

a1 o asfs

the i-th column of M is the column vector of values of 94, 5,) on {0, 1}2.
The vector of values of f on {0,1}? is then

1

0 “
Mc = ol where ¢ := | co

0 “

In other words, the existence of a 3-sparse delta function with these three characters is
equivalent to the statement that

O O O =

lies in the column space of M.
By elementary linear algebra, e; lies in the column space of M if and only if every row
vector v € C* that is orthogonal to all the columns of M is also orthogonal to e, i.e.

v-M=0 = v-e; =0.

We now interpret such row vectors v in terms of multilinear polynomials evaluated at the
(s, ;). Write

v = (v1,vx,vy,vxy) € C*
and associate to v the multilinear polynomial
P,(X)Y) = v1 +uvxX +uyY +oxy XY.
Observe that for i = 1,2,3 we have

v (column ¢ of M) = P,(ay,5;).
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Thus v - M = 0 is equivalent to

Py(ar, p1) = Py(az, B2) = Py(as, B3) = 0.
On the other hand

v-e; =v1; = P,(0,0).

We conclude that the existence of a (< 3)-sparse delta function with support {w(ai,bi)}g’;l
is equivalent to the following statement:

Every multilinear polynomial P(X,Y) that vanishes at the three points (o, 5;), i = 1,2,3,
must also vanish at (0,0).

We now show that this statement is false.

» Lemma 30. Let mq, mo be relatively prime integers. Let o, ao, a3 € C be mq-th roots of
1, and By, B2, B3 € C be ma-th roots of 1.

Then there exists a multilinear polynomial P(X,Y) such that: P(«;, ;) =0 for each 1,
and P(0,0) # 0.

Proof. We take cases on whether the a; and 3; are all distinct or not.

Case 1: Some two (or more) of the «; are equal. Without loss of generality, assume
a1 = ag. Then P(X,Y) = (X — a1)(Y — (3) is a multilinear polynomial that vanishes at
all the (o, 8;) and is nonzero at (0, 0).

Case 2: Some two (or more) of the 3; are equal. Without loss of generality, assume
B1 = P2. Then P(X,Y) = (X — a3)(Y — 1) is a multilinear polynomial that vanishes at
all the (o, 8;) and is nonzero at (0,0).

Case 3: All the oy are distinct and all the §; are distinct. In this case, we use the basic

fact that Mobius transformations can take any 3 distinct points to any 3 distinct points.

Thus, there is a Mobius transformation

v +vxX

AX) = ———""—
0 vy + vxy X

with A(«;) = B; for each i. Rearranging this, we get that for the multilinear polynomial
P(X,Y) given by:

P(X7Y):’U1 +uoxX +oyY +uxy XY (1)
satisfies, for each :

P(a;, B;) = 0.

We now prove that P(0,0) is nonzero. This is equivalent to showing that A(0) # 0.

Suppose not; namely suppose A(0) = 0. Then the map A : C — C satsifies:
A(wy;) = B; for each 4. In particular, since all «; are distinct, all §; are distinct, they
lie on the unit circle |z| = 1, and Mébius transformations take circles to circles, we get
that A maps the unit circle to itself.
A(0) = 0.
Thus A maps the open unit disc D = {2 | |2] < 1} to itself.
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It is well known [15, Chapter 12] that Mobius transformations mapping D to D are of
the form:

Az) = az—b

bz—a
If in addition we have A(0) = 0, then we get:
—b
0=A(0) = —
which means that b = 0. Thus A(z) is of the form
A(z) = Az,
for some A = % € C.
Now A(a;) = B; for i = 1,2,3 implies 5; = Ae;. In particular, for any i # 7,
Bi _ Aa; _ Qi

Bi Ay oy

The left-hand side is an ms-th root of unity, and the right-hand side is an m;-th root
of unity. Since ged(my, ms) = 1, the only complex number that is simultaneously an
my-th and an mo-th root of unity is 1. So we must have §;/3; = 1 and hence 3; = 3;,
contradicting the fact that we are in the case where the §; are all distinct.

Thus our assumption that P(0,0) = 0 is wrong, and we conclude that the multilinear
polynomial P(X,Y") specified by Equation (1) is as desired.

This concludes the proof of Lemma 30. |

By the discussion preceding Lemma 30, we conclude that there are no delta functions on
G with Fourier sparsity < 3. <
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