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Abstract
This paper develops two game-theoretic notions of beyond worst-case analysis that give better than
worst-case guarantees on natural inputs. We illustrate them through the finite-horizon ski-rental
problem. First, we consider prior-independent design and analysis of online algorithms where, rather
than choosing a worst-case input, the adversary chooses a worst-case independent and identical
distribution over inputs. Prior-independent online algorithms are generally analytically intractable;
instead we give a fully polynomial-time approximation scheme to compute them. Second, we
consider the worst-case design of algorithms. We define “subgame optimality” which is stronger than
worst-case optimality in that it requires the algorithm to take advantage of an adversary not playing
a worst-case input. Algorithms that focus only on the worst case can be far from subgame optimal.
Highlighting the potential improvement from these paradigms for the finite-horizon ski-rental
problem, we empirically compare worst-case, subgame optimal, and prior-independent algorithms in
the prior-independent framework. Finally, we analyze the structure of their decisions across input
sequences: the prior-independent algorithm exhibits more extreme adaptations to observed data, in
contrast with the more conservative behavior of worst-case and subgame optimal algorithms.
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1 Introduction

We study the design of online algorithms, which must process inputs sequentially without
knowledge of the future. Classical analysis evaluates such algorithms using the competitive
ratio: the worst-case comparison between the performance of the online algorithm and that
of an offline benchmark that knows the input sequence in advance. While this worst-case
perspective has yielded important insights, it often underestimates performance on the
kinds of inputs that arise in practice. Motivated by this gap, we introduce two notions of
beyond worst-case analysis that provide stronger guarantees on more realistic inputs (cf.
Roughgarden [27]).

We begin with prior-independent optimality for online algorithms, a refinement of com-
petitive analysis that incorporates stronger informational assumptions. In this framework,
the algorithm is evaluated in the worst case over a class of input distributions and compared
against the optimal algorithm that knows the distribution. As in much of the literature, we
focus on product distributions where the input coordinates are drawn independently and
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75:2 Prior-Independent and Subgame Optimal Online Algorithms

identically. The objective is to minimize the ratio of the cost of an online algorithm, which
does not know the input distribution, to that of the optimal online algorithm that does.
Hartline and Roughgarden [17] initiated the prior-independent setting within mechanism
design. Recent papers have adapted the framework to other domains such as online learning
(discussed with related work), but not classical online algorithms.

In general, prior-independent analysis does not yield closed-form characterizations of
optimal algorithms. Our approach is to identify structural conditions under which one can
efficiently compute a near-optimal prior-independent algorithm. This perspective highlights
how computational methods can uncover properties of robust algorithms, and it directs
attention to understanding which prior-independent design problems are computationally
tractable.

Our second contribution is to define subgame optimality for online algorithms, a stronger
requirement than traditional competitive analysis. The motivation is simple: worst-case
optimal algorithms, tuned to adversarial instances, may perform poorly on more realistic
inputs. Subgame optimality addresses this by requiring an algorithm to be optimal in every
subgame induced by the history of past decisions and adversary inputs.

As in competitive analysis, the benchmark is the ratio of an algorithm’s cost to the
optimal offline cost. The key strengthening is that this ratio must be optimized in every
subgame. 2 This requirement prevents algorithms from “overfitting” to the worst-case; in
subgames that are less adversarial, a subgame-optimal algorithm must deliver strictly better
guarantees. Consequently, every subgame-optimal algorithm is also worst-case optimal, but
the reverse need not hold – indeed, worst-case optimal algorithms can perform substantially
worse than subgame-optimal ones on non-worst-case inputs.

Our analysis views a robust online algorithm design problem generally as a two-player
zero-sum game between an algorithm designer and an adversary. This perspective enables
the application of the following known tools from game theory in the context of online
algorithms:

Efficient computability. Equilibria in two-player zero-sum games are efficiently com-
putable via online learning or the ellipsoid method even when one player has a very large
action space (Hellerstein et al. [18]).
Sequential structure. Online optimization is naturally a sequential game and the
sequential equilibrium concept of subgame optimality requires the algorithm to play
perfectly even on non-worst-case inputs.3
Value of the game. All equilibria of a two-player zero-sum game have the same value
(payoff to one player), and this value is guaranteed even if the opponent deviates to
suboptimal strategies. In mixed equilibria, the payoff of any action taken with positive
probability is the same. Equilibria under restricted action spaces can be lifted to equilibria
with unrestricted action spaces when general actions offer no benefit to either player.

We illustrate our framework by applying the concepts of prior-independence and subgame
optimality to the finite-horizon ski-rental problem. The algorithm faces a sequence of days,
each with either good or bad weather. After observing the weather on a given day, it must
decide to continue or stop (a.k.a., rent or buy). Stopping incurs a one-time cost of B, while
continuing incurs a cost of 1 on a good-weather day and 0 on a bad-weather day. The optimal
offline strategy is simple: either buy immediately for cost B, or rent throughout and pay 1

2 We focus on the case of a non-adaptive adversary. A non-adaptive adversary fixes the entire input
sequence in advance, independent of the algorithm’s choices.

3 In the literature “subgame perfect equilibria” are ones where all players play subgame optimal strategies.
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per good-weather day, whichever is cheaper. The difficulty for the online algorithm arises
from uncertainty – it must decide without knowing in advance how many good-weather days
will occur.

The ski-rental problem has long served as a canonical testbed in the online algorithms
literature, frequently used to showcase new techniques and concepts (see, e.g., Purohit
et al. [26] and Dinitz et al. [9]). The problem is rich enough to capture both computational
aspects of the prior-independent framework and the behavior of algorithms on non-worst-case
inputs under the subgame optimal framework. This makes it a natural setting for comparing
the two notions of robust optimality – by highlighting the performance gap between the
algorithms. We provide a brief overview of our results and contributions below.

1.1 Results and Technical Contributions
Prior-Independent Online Algorithms

We provide a general framework to compute near-optimal prior-independent online algorithms
for settings that satisfy certain properties (listed below). In general, the class of algorithms
and distributions has infinite cardinality. We reduce the problem of computing such an
algorithm to the problem of computing an approximate Nash equilibrium in a finite zero-sum
game (Khachiyan [21] and Freund and Schapire [11]).

A novelty of our technique is that it takes the point of view of the adversary. The
framework computes an optimal algorithm by learning a worst-case distribution over inputs.
The framework relies on four properties, as follows:

(Small-Cover) There exists an ϵ-cover of the class of distributions with small size such
that for every fixed algorithm, the elements of the cover approximate the adversary’s
objective.
(Efficient Best Response) For any distribution over the cover of distributions, the al-
gorithm’s problem of minimizing the ratio between an algorithm’s cost and the Bayesian
optimal cost can be solved efficiently.
(Efficient Utility Computation) For the computed optimal algorithm; for each distribution
in the cover, the ratio of its expected performance to the Bayesian optimal cost can be
computed efficiently.
(Bounded Best Response Utility) For the computed optimal algorithm; for each distribution
in the cover of distributions, the value computed by Efficient Utility Computation is
bounded and is polynomial in the input size.

Our prior-independent result states that if these properties are satisfied, then a near-optimal
prior-independent algorithm can be computed efficiently. We apply the above computational
framework to the finite-horizon ski-rental problem. In this problem, each day is good with
probability p ∈ [0, 1], independently across days. Further discussion appears in Section 3.

Subgame Optimal Online Algorithms

We characterize an optimal worst-case algorithm in the finite-horizon ski-rental problem. The
time horizon plays a crucial role in the decisions taken. For a large time horizon, specifically
T ≳ 2B, the algorithm coincides with the optimal strategy for the infinite-horizon ski-rental
problem (Karlin et al. [20]).

We characterize the subgame optimal algorithm via a reduction to the worst-case algorithm
problem. Finally, we compare these algorithms, showing that on non-worst-case inputs their
performance gap can be as large as the worst-case approximation ratio. Further discussion
appears in Section 4.

ITCS 2026
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Figure 1 The time horizon is fixed at T = 9. The stopping cost B is varied continuously over
[1, T ]. The figure plots the approximation ratio of each algorithm against the worst-case distribution
of the adversary in the prior-independent framework.

Comparisons Across Models

We empirically compare the algorithms in the prior-independent framework. Figure 1
plots the approximation ratio of each algorithm against the worst-case distribution over
distributions. The subgame optimal algorithm outperforms the worst-case optimal algorithm.
The near-optimal prior-independent algorithm has the best performance out of the three.

We compare the structural behavior of the algorithms. The optimal prior-independent
algorithm exhibits more extreme choices than the worst-case and subgame optimal algorithms:
it stops more aggressively after observing a good day, and less aggressively after observing a
bad day.

Together, these frameworks offer complementary approaches to robust algorithm design,
giving practitioners principled options based on the reliability of their knowledge about the
input distribution. When the input exhibits some distributional structure, it is natural to
optimize for the prior-independent objective. In contrast, when no such structure can be
assumed, one may instead aim for a subgame optimal algorithm.

1.2 Limitations Of Our Analysis
We note some of the assumptions and limitations of our analysis. First, the prior-independent
framework assumes that input coordinates are drawn independently and identically. Although
standard in the prior-independent literature, real-world inputs often exhibit correlation.
Developing a meaningful intermediate model of correlation remains an important direction
for capturing a more realistic setting. Second, our analysis does not yield an analytical
characterization of the optimal prior-independent algorithm, even for a simple and canonical
setting such as ski-rental. One way forward may be to identify simple approximations of the
prior-independent optimal.

1.3 Related Work
A central theme in beyond worst-case analysis is the study of online algorithms with distribu-
tional information. Koutsoupias and Papadimitriou [22] introduce a diffuse adversary model,
in which performance is measured by the worst-case ratio – taken over input distributions
– between the algorithm’s expected cost and that of the optimal offline benchmark. In
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contrast to their setting, the benchmark in the prior-independent framework is the optimal
online algorithm with full knowledge of the input distribution. Dehghani et al. [7] study
the k-server problem with distributional advice, in which each request is sampled from a
known independent distribution specific to that period. They aim to design algorithms that
approximate the Bayesian optimal benchmark, but the approach is not prior-independent
since the algorithm depends on the request distribution. Mahdian et al. [24] study online
algorithms in a stochastic setting and propose a general framework for resource allocation
that combines two types of guarantees: one from an algorithm tailored to specific distribu-
tional assumptions and another from a classical worst-case algorithm, thereby achieving a
best-of-both-worlds guarantee.

There is a substantial body of work in the Bayesian online selection literature that designs
online policies competing against the Bayesian optimal benchmark. A canonical problem in
this area considers a seller with multiple items facing buyers who arrive online and submit
(typically random) bids; the seller must allocate items without knowledge of future arrivals.
Some variations of this online auction and pricing problem include Huang et al. [19], Anari
et al. [1], Papadimitriou et al. [25], Braverman et al. [5] and Fu et al. [12]. Algorithms
in these papers generally assume knowledge of the input distribution, or, alternatively,
provide constant-factor approximations to the Bayesian optimum. In a prior-independent
setting, Babaioff et al. [3] achieve constant-factor guarantees. By contrast, our work identifies
conditions under which an FPTAS exists, enabling a direct comparison between robust
algorithms in the prior-independent and worst-case frameworks.

Two recent works establish prior-independent results in the context of online algorithm
design. Hartline and Johnsen [15] develop a general method for proving lower bounds on
the performance of prior-independent algorithms. Hartline et al. [16] link prior-independent
design to worst-case benchmark problems and, in their application to no-regret expert
learning, establish that the follow-the-leader algorithm is prior-independent optimal.

The ski-rental problem has also been studied from a distributional perspective. Madry
and Panigrahi [23] analyze a two-stage game formulation of the problem under distributional
assumptions. Diakonikolas et al. [8] study a setting closely related to ours, where the good
days are drawn from a log-concave distribution. A key distinction, however, is that their
algorithm relies on access to samples from the distribution. By contrast, our problem can be
viewed as the sample-free analogue of their framework.

Beyond this, our notions of subgame optimality and prior-independence can be interpreted
as providing robustness and consistency guarantees – two performance criteria that are central
in the literature on online algorithms with advice (see Purohit et al. [26] and Gollapudi and
Panigrahi [13]). In our setting, the “advice” available to the algorithm is the specification of
a class of i.i.d. input distributions. While this connection is conceptually useful, we do not
pursue the algorithms-with-advice perspective further in this paper.

Our analysis of prior-independent online algorithms can be interpreted as a reduction from
computing a near-optimal prior-independent algorithm to computing an approximate Nash
equilibrium in an infinite-dimensional two-player zero-sum game. Following Khachiyan [21],
equilibria in zero-sum games can be computed in time polynomial in the size of the payoff
matrix. A large body of work has since developed online-learning methods for approximating
Nash equilibria. When both players adopt no-regret learning strategies (e.g., Freund and
Schapire [10], their average play converges to a Nash equilibrium at a rate of O(1/

√
T ).

Daskalakis et al. [6] present a no-regret learning algorithm that, when used by both players
simultaneously, guarantees convergence to an approximate equilibrium at a faster rate of
O(log T/T ), while retaining the O(1/

√
T ) guarantee in adversarial environments. These

ITCS 2026
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algorithms, however, are not applicable in our setting since the space of algorithms is
exponentially large. Assos et al. [2] study equilibrium computation in two-player zero-sum
games with general payoffs and infinite action spaces assuming access to a best-response
oracle. Their approximation bounds are exponential in the desired accuracy and thus not
directly applicable in our setting.

2 Robust Algorithm Design

Let T denote the input length of the online algorithm. The input space is X T , and a particular
input is denoted by X = (X1, . . . , XT ), where each element Xi ∈ X . Let F ⊆ ∆(X T ) denote
the class of distributions over inputs, where a distribution is denoted by F . The class of
feasible deterministic algorithms is denoted by A, with a representative algorithm A ∈ A.
The expected performance of A under F is

A(F ) = EX∼F [A(X)].

A randomized algorithm A′ ∈ ∆(A) is a distribution over deterministic algorithms, with
expected performance

A′(F ) = EA∼A′ [A(F )].

We now turn to the Bayesian optimal framework and the robust algorithm design framework.

▶ Definition 1. The Bayesian optimal algorithm design problem is given by a distribution F

and a family of algorithms A and asks for the algorithm OPTF with the minimum expected
cost

OPTF (F ) = arg min
A∈A

A(F ).

It is without loss of generality to restrict the Bayesian optimal algorithm design problem to
deterministic algorithms. For any randomized algorithm, one can identify a deterministic
algorithm in its support that incurs weakly lower cost. We now turn to the definition of the
robust algorithm design framework.

▶ Definition 2. The robust algorithm design problem is given by a family of distributions F ,
a family of algorithms A and solves the minimization problem

β = min
A′∈∆(A)

max
F ∈F

A′(F )
OPTF (F ) .

The algorithm which solves it is denoted as OPTF .

Solving this optimization problem guarantees a multiplicative approximation factor of β

relative to the Bayesian optimal performance for all distributions in the feasible class.
The robust algorithm design problem can be formulated as a two-player zero-sum game

between an algorithm player, with strategy set A, and an adversary, with strategy set F .
The optimization problem corresponds to computing a mixed min-max strategy profile in
this game, which guarantees a β-approximation to the Bayesian optimal performance.

Our focus will be on two special cases of the robust algorithm design problem: prior-
independent algorithm design and worst-case algorithm design, each distinguished by different
distributional assumptions over the input space.
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Prior-Independent Algorithm Design

A distribution in F is such that, for D ∈ ∆(X ), Xi ∼ D, i.i.d. across all i ∈ [T ], that is,

F := {Xi ∼ D, i.i.d. ∀i ∈ [T ] : D ∈ ∆(X )}.

Worst-Case Algorithm Design

The class of distributions is degenerate distributions over the input space, that is,

F := {Pr[X] = 1 : X ∈ X T }.

We formalize the above ideas using the finite-horizon ski-rental problem, which serves as
our primary application of beyond worst-case analysis in this paper.

2.1 Finite-Horizon Ski-Rental Problem
An agent observes an online sequence of days, each having either good or bad weather. The
agent has knowledge about the length of the sequence, denoted by T , but observes the
weather of each day in an online fashion. We represent the sequence as X ∈ {0, 1}T where
the ith component of X, represented by Xi, is the weather on the ith day. A good weather
day corresponds to Xi = 1 while a bad weather day corresponds to Xi = 0. Upon observing
the weather, the agent needs to decide whether to stop, incurring a fixed known cost B ∈ R+,
or continue, incurring a normalized cost of 1 on good days and 0 on bad days. This decision
must be made without knowledge of the future sequence. Once the agent decides to stop, no
further costs are incurred.

A deterministic algorithm is specified as a tuple of functions mapping observed sequences
of days to the actions stop or continue.

▶ Definition 3. A deterministic algorithm is a tuple of functions (A1, A2, . . . , AT ) where

Ai : (X1, . . . , Xi) → {S, C} ∀ (X1, . . . , Xi) ∈ {0, 1}i ∀i ∈ [T ]

where S is a decision to stop and C is a decision to continue.

Prior-Independent Algorithm Design

Each day the weather is good with some probability p, i.i.d. over T days. The class of
distributions is P = [δ, 1], with δ > 0. 4 An optimal prior-independent algorithm solves

min
A′∈∆(A)

[
max

p∈[δ,1]

EA∼A′ [A(p)]
OPTp(p)

]
.

Worst-Case Algorithm Design

An optimal worst-case algorithm is given by

min
A′∈∆(A)

max
X∈{0,1}T

EA∼A′ [A(X)]
OPTX(X) ,

where OPTX(X) denotes the optimal hindsight cost for the sequence X. If a sequence
contains k =

∑T
i=1 Xi good weather days, then OPTX(X) = min{k, B}.

4 We consider the range of feasible distributions to be [δ, 1], for δ > 0 as p = 0 is a null instance
for which the Bayesian optimal performance is zero. This would lead to an undefined payoff in the
prior-independent framework. We do not make any assumptions on the magnitude of δ. It can be
arbitrarily small, but must be positive.

ITCS 2026
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To solve the robust algorithm design problem, we draw on standard equilibrium concepts
from game theory. For completeness, we review these preliminaries in the full version of the
paper.

3 Efficient Computation Of Robust Algorithms

This section adopts a computational perspective on robust algorithm design. Although a
full analytical characterization is generally intractable, a game-theoretic formulation offers a
tractable pathway for computing optimal algorithms.

In particular, the problem reduces to computing a mixed Nash equilibrium in the zero-sum
game between algorithm and adversary. The difficulty lies in the fact that the algorithm’s
pure strategy space is exponentially large, while the adversary has infinitely many pure
strategies. As a result, traditional methods for equilibrium computation – such as no-regret
learning (Freund and Schapire [11]) or the Ellipsoid algorithm (Khachiyan [21]) – cannot be
applied directly.

We identify structural properties that reduce the problem to a half-infinite action game in
which one player has access to a best response oracle. This oracle computes a best response
to any mixed strategy of the opposing player in time polynomial in the size of the support of
that strategy. In such settings, equilibrium computation is known to be efficient.

▶ Lemma 4 (Freund and Schapire [10] and Hellerstein et al. [18]). There exists an algorithm
which computes an ϵ-approximate Nash equilibrium in a two-player zero-sum game, where
one player has a finite set of actions and the other player has access to a best response oracle,
in time which is polynomial in the number of actions of the first player, 1/ϵ and the upper
bound on the payoffs of the game.

We now state the properties required by our framework.

▶ Property 1 (Small-Cover). Given ϵ > 0, there exists a set Fϵ of size poly
(
T, 1

ϵ

)
, where

T is the size of the input, such that for every F ∈ F , there exists a corresponding Fϵ ∈ Fϵ,
such that∣∣∣∣ A(F )

OPTF (F ) − A(Fϵ)
OPTFϵ

(Fϵ)

∣∣∣∣ ≤ ϵ

4 ,

for all algorithms A ∈ A.

▶ Property 2 (Efficient Best Response). There exists an algorithm which solves the optimiza-
tion problem

AF ′ = arg min
A∈A

EF ∼F ′

[
A(F )

OPTF (F )

]
for any F ′ ∈ ∆(Fϵ), efficiently in the size of the representation of F ′ and length of the
input T .

▶ Property 3 (Efficient Utility Computation). For any F ′ ∈ ∆(Fϵ), for the optimal algorithm
AF ′ obtained by Property 2, there exists an algorithm which computes, for any F ∈ Fϵ, the
utility AF ′ (F )

OPTF (F ) in run-time poly(T ).

▶ Property 4 (Bounded Best Response Utility). For any F ′ ∈ ∆(Fϵ), any best response AF ′

is such that, for any F ∈ Fϵ, the utility AF ′ (F )
OPTF (F ) is at most poly(T ).
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Remarks on the sufficient conditions

Any problem instance that admits an efficient dynamic program satisfies Efficient Best
Response. Moreover, the existence of such a dynamic program typically ensures that Efficient
Utility Computation and Bounded Best Response Utility hold. Although the property formally
requires computing an optimal algorithm, an approximately optimal algorithm is sufficient;
in this case, performance degrades linearly with the approximation error in the best response.

Small-Cover intuitively says that the class of distributions F can be approximated by a
finite subclass Fϵ. This property depends on the specific distributions and algorithms under
consideration. Although it may appear to be a strong requirement – since it must hold for
all A ∈ A – in practice the algorithm class can often be restricted to a subclass with the
property that, for any distribution chosen by the adversary, an optimal best response of the
algorithm lies within it. The four properties can then be applied to this restricted subclass.

Further concerning Small-Cover, it is relatively straightforward to show that a fixed
algorithm performs similarly on two nearby distributions. The difficulty lies in bounding the
ratio of the algorithm’s performance to that of the Bayesian optimal. Since the Bayesian
optimal cost can be arbitrarily small, naive bounds on this ratio can become very loose,
necessitating an excessively fine cover and leading to longer running times. In Section 3.1, we
establish a non-trivial bound on this objective, despite the possibility of vanishing Bayesian
optimal costs.

The primary application in this paper is the finite-horizon ski-rental problem. Beyond this
setting, the properties we develop have proved useful in other areas of algorithm design. For
instance, Guo et al. [14] build on our framework to compute a near-optimal prior-independent
information aggregator, overcoming the key technical challenge of constructing a small cover
of the space of information structures. We now state our main result.

▶ Theorem 5. If the class of algorithms A and the class of distributions F satisfy Small-
Cover, Efficient Best Response, Efficient Utility Computation and Bounded Best Response
Utility, an approximate robust optimal algorithm can be computed in time poly

(
T, 1

ϵ

)
for

inputs of length T .

We now turn to the proof of Theorem 5. A challenge in computing an optimal algorithm
is the size of the players’ strategy spaces. A natural direction leads to the question of
computing a near-optimal robust algorithm which reduces to computing an approximate
Nash equilibrium. The key idea is to adopt the adversary’s perspective and learn a worst-case
distribution over inputs. The four properties then ensure the existence of a reduced strategy
game in which any approximate equilibrium also serves as an approximate equilibrium of the
original game.
Original Game: Pure strategy set of the algorithm player is A. Pure strategy set of the

adversary is F .
Reduced Game: Pure strategy set of the algorithm player is A. Pure strategy set of the

adversary is Fϵ.

We begin by establishing two facts that relate equilibria in the original and reduced
games. For any algorithm and any adversary strategy in the original game, one can identify
a corresponding adversary strategy in the reduced game whose payoff is ϵ-close.

▶ Lemma 6. Assuming Small-Cover, for a fixed algorithm strategy, for every adversary
strategy in the original game, there exists an adversary strategy in the reduced game such
that their payoffs are ϵ

4 -close to each other.

ITCS 2026
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Utilizing Lemma 6, we next establish that approximate equilibria in the reduced game
transfer to the original game.

▶ Lemma 7. Assuming Small-Cover, an ϵ
4 -approximate Nash equilibrium in the reduced

game is an ϵ
2 -approximate Nash equilibrium in the original game.

An application of Lemma 4 to the reduced game implies the existence of a FPTAS to
compute an optimal robust algorithm. The learning algorithm takes the point of view of the
adversary by learning a worst-case distribution over inputs. A complete proof is provided
below.

Proof of Theorem 5. Applying the algorithm in Lemma 4, we compute an ϵ
4 -approximate

Nash equilibrium. By Efficient Best Response, Efficient Utility Computation, Bounded Best
Response Utility and Small-Cover, the run-time of the algorithm in Lemma 4 to compute an
ϵ
4 -approximate Nash equilibrium will be poly

(
T, 1

ϵ

)
. By Lemma 7, an ϵ

4 -approximate Nash
equilibrium in the reduced game will be an ϵ

2 -approximate Nash equilibrium in the original
game. It follows that the mixed strategy of the algorithm player will be an ϵ-approximate
prior-independent optimal algorithm. ◀

Before applying the framework to the ski-rental problem, we establish a preliminary result
that restricts the class of algorithms to be considered when computing a robust algorithm.
Specifically, it suffices to reduce the algorithm player’s strategy space to best-response
algorithms.

▶ Lemma 8. In a two-player game between player 1, with pure strategy set A, and player 2,
with pure strategy set F , if for any mixed strategy that player 2 chooses, a best response of
player 1 lies in a subset of strategies A∗ ⊂ A, then an ϵ-approximate Nash equilibrium in the
reduced game between player 1 and player 2 with pure strategy sets A∗ and F respectively is
an ϵ-approximate Nash equilibrium in the original game.

3.1 Prior-Independent Finite-Horizon Ski-Rental Problem
This section establishes that the prior-independent ski-rental problem satisfies the Small-
Cover, Efficient Best Response, Efficient Utility Computation and Bounded Best Response
Utility properties. By Theorem 5, it follows that there exists an FPTAS for computing a
near-optimal prior-independent algorithm.

▶ Definition 9. The prior-independent problem is given by the class of distributions P = [δ, 1],
for δ > 0, the class of algorithms A and solves for the randomized algorithm that optimizes
for the worst-case ratio

β = min
A′∈∆(A)

[
max

p∈[δ,1]

EA∼A′ [A(p)]
OPTp(p)

]
In general, the prior-independent ratio will depend on the stopping cost B and time horizon T .
For illustration, Figure 2 plots the prior-independent ratio of the ski-rental problem for
various instances of B and T . The approximation parameter is set to ϵ = 0.01, and the
underlying zero-sum game is approximately solved using an online learning reduction with
the Multiplicative Weights Update algorithm (Freund and Schapire [11]). 5

5 We state the run-time guarantee of the Multiplicative Weights Algorithm in Freund and Schapire [11]
as established in. Consider a two-player zero-sum game in which the first-player has a strategy space of
size d, the second player has access to a best-response oracle with run-time L, and payoffs are uniformly
bounded by ū. Then an ϵ-approximate equilibrium can be computed via Multiplicative Weights in time
O

(
ū2L log d

ϵ2

)
.
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(a) Prior-Independent ratio as a function of T . (b) Prior-Independent ratio as a function of B.

Figure 2 Figure 2a plots the prior-independent ratio as a function of integral T for a fixed B = 4.
Figure 2b plots the prior-independent ratio as a function of continuous B for a fixed T = 9. Compare
these values to the worst-case ratio for the finite-horizon ski-rental problem as derived in Section 4.

The plots show that the prior-independent ratios achieved are strictly better than the
corresponding worst-case ratios. A structural comparison between optimal algorithms under
the two frameworks is provided in Section 5.

3.1.1 Characterization of the Bayesian Optimal Algorithm

We begin by characterizing the Bayesian optimal algorithm for a given horizon T , stop
cost B ∈ (1, T ), 6 and distribution p ∈ [δ, 1]. This characterization admits a closed-form
expression for the Bayesian optimal cost OPTp(p).

▶ Theorem 10. For a given time horizon T and stop cost B, the Bayesian optimal algorithm,
for a distribution p ∈

[
B−1
T −1 , 1

]
, is to stop on a good day at time index k if p ≥ B−1

T −k , otherwise
continue, where k ∈ [min{⌈T − B⌉ , T −1}]. For p ∈ [δ, B−1

T −1 ], the Bayesian optimal algorithm
always continues.

For p ∈
[

B−1
T −1 , 1

]
, let k denote the last day on which algorithm OPTp stops. The Bayesian

optimal cost is then

OPTp(p) = B[1 − (1 − p)k] + (1 − p)kp(T − k).

When p ∈
[
δ, B−1

T −1

]
, since the algorithm always continues, the cost is simply

OPTp(p) = Tp.

Analyzing the expected cost of a general algorithm A will be important both for understanding
utility behavior in the associated game and for establishing the Small-Cover property.

6 The prior-independent problem is trivial when B ≥ T . This is because no matter what the distribution
p is, the Bayesian optimal is to always continue and thus the agent strategy of continuing for all days
achieves the best possible prior-independent ratio of one. From now on we only consider B < T .
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3.1.2 Properties of the Prior-Independent Ski-Rental Problem
In this section, we verify that the properties required by the framework are satisfied. To this
end, we establish that it is without loss of generality to restrict attention to algorithms that
are information-symmetric and that never stop on a bad-weather day.

Backwards Induction is an algorithm that, for any randomization over distributions P ,
solves the optimization problem

min
A∈A

Ep∼P

[
A(p)

OPTp(p)

]
.

It is useful to note that for any distribution over distributions, a best response never stops
on a bad-weather day. Indeed, any strategy that does so is strictly dominated by one that
instead waits to stop at the next good day. Hence, it is without loss of generality to restrict
attention to such algorithms.

Moreover, an optimal algorithm bases its decisions on the number of good days observed
in a given prefix of the sequence. We refer to such strategies as information-symmetric.
Formally, in Definition 11, the first argument of Ai represents the number of good weather
days observed in the first (i − 1) days, while the second argument specifies the weather on
the ith day.

▶ Definition 11. An information-symmetric deterministic algorithm A = (A1, A2, . . . , AT )
is such that

Ai : {0, 1, . . . , i − 1} × {0, 1} → {S, C} ∀ i ∈ [T ]

where S is a decision to stop and C is a decision to continue.

We show that for any fixed distribution that the adversary plays, an optimal algorithm
obtained by backwards induction is information-symmetric.

▶ Lemma 12. For any distribution over distributions, P ∈ ∆([δ, 1]), that the adversary plays,
an optimal algorithm for that distribution obtained by Backwards Induction is information-
symmetric.

A direct application of Lemma 8 and Lemma 12 shows that it is without loss of generality
to restrict attention to algorithms that are information-symmetric and never stop on a bad
weather day:

A = {A : A is information-symmetric; does not stop on observing bad weather}.

From this point onward, we restrict attention to algorithms from the class defined above.
Under this restriction to information-symmetric algorithms, we can show that, for any discrete
distribution chosen by the adversary, an optimal algorithm can be computed efficiently via
Backwards Induction, thereby satisfying the Efficient Best Response property.

▶ Theorem 13. For a discrete distribution with support size | supp(P )|, Backwards Induction
finds an optimal solution to the optimization problem

min
A∈A

Ep∼P

[
A(p)

OPTp(p)

]
,

in time O(| supp(P )|T 3).

A similar argument establishes the Efficient Utility Computation property as well.
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▶ Lemma 14. For any information-symmetric algorithm A, and any p ∈ [δ, 1], the utility
u(A, p) = A(p)

OPTp(p) can be computed in time poly(T ).

We now show that the Small-Cover property is satisfied. Specifically, we construct an
ϵ-cover of the probability space that preserves the Lipschitz property in utility space. Recall
that the utility is expressed as a ratio, with a denominator that can become arbitrarily
small. To ensure utilities remain close, we discretize the interval [δ, 1] into a suitable grid.
The intuition is that the expected performance of an algorithm changes only slightly when
evaluated at two probabilities that are close to each other, making such a discretization
sufficient.

▶ Lemma 15. For a fixed algorithm A, for any two probabilities pα, pβ such that

|pα − pβ | ≤ ϵ

T 2 ,

the expected costs of the algorithm are such that

|A(pα) − A(pβ)| ≤ ϵ(B + T )
T

.

While the result above establishes a notion of performance closeness, our main interest
lies in utility closeness: for probabilities that are close, the utility A(p)/OPTp(p) should also
be close for any algorithm. A trivial lower bound of Tδ on the Bayesian optimal cost yields a
bound that depends on 1/δ, which is undesirable since δ may be arbitrarily small. We instead
establish a tighter utility-closeness bound that is independent of δ. Proving that the ratio of
utilities remains close requires an additional decomposition property of the algorithmic cost.

▶ Lemma 16. For any k ∈ [min{⌈T − B⌉ , T − 1}], consider two probabilities pα, pβ in the
interval

(
B−1
T −k , min

{
B−1

T −k−1 , 1
}]

such that

|pα − pβ | ≤ ϵ

8(B + 1)2(T + 1)2T
.

Then for any algorithm A, we have

|u(A, pα) − u(A, pβ)| ≤ ϵ

4 .

This utility-closeness property also holds when pα, pβ are in the interval
[
δ, B−1

T −1

]
.

Our focus has been on establishing the Small-Cover property, during which we also show
the Bounded Best Response Utility property.

A key point is that the discretization must be performed separately within each interval
where the Bayesian optimal algorithm remains unchanged. As formalized in Lemma 16, the
utility of an algorithm is close only for probabilities lying in the same such interval. When
two nearby probabilities fall into different intervals, the Lipshitz bound no longer applies.

▶ Theorem 17. The class of algorithms A and the class of distributions P in the prior-
independent ski-rental problem satisfy Small-Cover.

Having shown that all four properties in the framework are satisfied, we give a bound on
the running time to compute an approximate-optimal prior-independent ski-rental algorithm.

▶ Theorem 18. There exists an algorithm to find an ϵ-approximate prior-independent optimal
algorithm in time Õ(T 12ϵ−3).
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Remarks on the computational perspective

An alternative approach is to learn the distribution p. This would involve continuing on an
initial set of days to form an empirical estimate of the probability. We do not pursue this
direction for the following reason: such algorithms typically approximate the Bayesian optimal,
with the approximation factor improving as T grows. Our focus is on (near) optimality,
as it distills and allows a clear comparison of features of each framework. Moreover, our
simulations (see Section 5) reveal that optimal prior-independent algorithms are structurally
aggressive on moderate input lengths, tending to buy as soon as a good day is observed
rather than delaying to collect data for estimation.

Finally, we note that our computational framework is not tied to the online nature of
the problem; it applies more broadly to any robust environment that admits a suitable
discretization.

4 Subgame Optimal Algorithms

This section examines the worst-case paradigm of online algorithm design and introduces
the notion of subgame optimal algorithms. These algorithms are worst-case optimal but can
also exploit mistakes made by the adversary. In Section 4.1, we formally define subgame
optimality and contrast it with standard worst-case optimality. In Section 4.2, we apply
these ideas to the finite-horizon ski-rental problem.

4.1 Strategic Form and Extensive Form Representation
The worst-case algorithm design paradigm solves

β = min
A′∈∆(A)

max
X

A′(X)
OPTX(X) ,

where OPTX(X) denotes the cost of the optimal offline algorithm with full knowledge of the
sequence X.

As noted earlier, this problem reduces to solving for a mixed Nash equilibrium in a
zero-sum game between the algorithm player, whose strategy set consists of algorithms, and
the adversary, whose strategy set consists of input sequences. Our analysis focuses on a
non-adaptive adversary, one that commits to an input sequence in advance without observing
the algorithm’s decisions.

A worst-case algorithm can be found by solving for equilibrium in the strategic form
representation of the game. In this framework, the adversary selects a worst-case input
sequence, referred to as on-path; any input on which the algorithm performs strictly better is
off-path. A consequence of the framework’s assumptions is that the resulting algorithm need
not perform optimally off-path and may fail to exploit adversarial mistakes. This motivates
the consideration of stronger equilibrium concepts.

A natural representation of an online problem is through its extensive form representation
(see Chapter 6 in the textbook by Borodin and El-Yaniv [4] for an introduction to the different
representations of a game). An algorithm obtained through the strategic form game need
not take optimal decisions at each decision node in the extensive form game. A subgame
optimal strategy captures the notion of off-path optimality. Such a strategy takes an optimal
decision at every node in the decision tree.
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It is useful to clarify what we mean by a subgame in the setting of an oblivious adversary.
By definition, an oblivious adversary commits to an input sequence in advance, without
observing the algorithm’s decisions as they unfold. The sequence is then revealed incrementally
to the algorithm over time. In game-theoretic terms, all decision nodes of the adversary lie
in the same information set.

A subgame in our setting is defined with respect to each partially revealed input sequence
X ∈ {0, 1}t−1, for every time index t ∈ [T ]. Conditioned on continuing for (t − 1) days, the
subgame reduces to a finite-horizon ski-rental problem with horizon T − t + 1, played against
an oblivious adversary and with utilities specified as follows. The algorithm’s cost consists of
the rental cost incurred during the initial (t − 1) days of continuation, while the benchmark
hindsight cost is evaluated with respect to the full input sequence X.

▶ Definition 19 (Subgame Optimal Algorithm). Consider an online algorithm design problem
and its extensive form representation. An algorithm is said to be subgame optimal if it is
optimal in every subgame. Such an algorithm is denoted by SG-OPT.

With this notion, we can define a new benchmark for the algorithm design problem.

▶ Definition 20 (Subgame Optimal Benchmark). The performance of an algorithm A, against
the subgame optimal benchmark is

max
X

A(X)
SG-OPT(X) .

In general, solving for a subgame optimal algorithm may be computationally and ana-
lytically intractable. The benchmark allows for a comparison across different worst-case
algorithms, with the approximation ratio capturing their performance on off-path inputs.

4.2 Finite-Horizon Ski-Rental Problem
This section applies the concept of subgame optimality and compares its performance to an
optimal worst-case algorithm.

4.2.1 Optimal Randomized Algorithm
We begin by solving for an optimal randomized algorithm, thereby determining the compet-
itive ratio of the finite-horizon ski-rental problem. As noted earlier, this algorithm can be
obtained by solving for equilibrium in the strategic-form representation of the game, denoted
by SRP.

We show that it is without loss of generality to restrict the adversary to providing a
contiguous block of good weather days followed by bad weather days. To formalize this
simplification, we define a reduced two-player zero-sum game, denoted by SRP-R.

In SRP-R, the adversary’s pure strategies are indexed by the number of initial good days.
Formally,

Fg := {F k : k ∈ {1, 2, . . . , T}},

where F k denotes the input with k consecutive good days followed by bad days. The
algorithm’s pure strategies are indexed by the number of good weather days for which they
continue after which they stop. Formally,

Ag := {Al : l ∈ {0, 1, . . . , T}},
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where Al denotes the algorithm which continues for the first l good days after which it
stops on the (l + 1)st good weather day. A deterministic algorithm in Ag implicitly defines
the decision it takes on all possible input sequences; the algorithm ignores any bad day by
continuing, only keeping a track of the number of good days. The pure strategy AT continues
for all days.

The utility to the adversary player for algorithm strategy Al and adversary strategy F k is

u(Al, F k) =
{

l+B
min{k,B} if k > l

k
min{k,B} if k ≤ l

.

We establish that any mixed Nash equilibrium in SRP-R is also a mixed Nash equilibrium
in SRP. Consequently, the algorithm player’s mixed strategy in SRP-R constitutes an optimal
worst-case algorithm.

▶ Lemma 21. Any mixed Nash equilibrium in SRP-R is a mixed Nash equilibrium in SRP.

A sketch of the proof is as follows. Given a mixed-equilibrium in SRP-R, we must verify
that no player has an incentive to deviate in SRP. For the algorithm player, this is immediate,
as its strategy remains optimal. For the adversary, the off-path actions of deterministic
algorithms in Ag ensure that deviations yield no improvement.

We now solve for an equilibrium in SRP-R. The strategy space of each player can be
further reduced as follows. The set of pure strategies {F k : k ∈ {⌈B⌉ , . . . , T − 1}} is weakly
dominated by FT . To see this, note that the optimal hindsight cost for any strategy F k where
k ∈ {⌈B⌉ , . . . , T}} is B. Among these, F T yields a weakly higher cost for every algorithm
strategy by providing more good-weather days. For the algorithm player, the set of pure
strategies {Al : l ∈ {T − ⌊B⌋ , . . . , T − 1}} is weakly dominated by AT . The algorithm will
never choose to stop within the last ⌊B⌋ time steps for any input sequence, since it incurs a
smaller cost by continuing.

Thus, in solving for an equilibrium in SRP-R, it is without loss to restrict attention to
the zero-sum game where the algorithm’s strategy set is

A′
g = {Al : l ∈ {0, . . . , T − ⌊B⌋ − 1} ∪ {T}},

and the adversary’s strategy set is

F ′
g = {F k : k ∈ {1, . . . , ⌈B⌉ − 1} ∪ {T}}.

Theorem 22 characterizes the algorithm player’s strategy in a mixed Nash equilibrium of
SRP-R. A sketch of the computation is as follows. A property of game theory is that in any
mixed equilibria, the expected payoff of any pure strategy that has positive probability is
the same (this payoff may differ across players). Depending on the value of T relative to B,
we eliminate a set of strategies that are dominated in both A′

g and F ′
g. The result follows by

solving the system of equations obtained by equating the expected payoffs of strategies for
each player in the resulting game.

▶ Theorem 22. A mixed strategy for the algorithm player in SRP-R:
If ⌈B⌉ + ⌊B⌋ ≥ T + 1, is,

PrT [Al] =
(

B

B − 1

)l

× Pr[A0] ∀l ∈ {0, 1, . . . , T − ⌊B⌋ − 1}

PrT [AT ] =
(

B

T − B

) (
B

B − 1

)T −⌊B⌋−1
(B + ⌊B⌋ − T ) × Pr[A0].

If ⌈B⌉ + ⌊B⌋ < T + 1, is the same as the infinite-horizon ski-rental problem.



J. Hartline, A. Johnsen, and A. Shah 75:17

The worst-case competitive ratio is given by the value of SRP. This value is obtained
by evaluating the expected utility of the adversary when the algorithm plays the mixed
strategy described in Theorem 22. At equilibrium, the adversary is indifferent among all
pure strategies in its support, so the expected utility coincides with the utility on the input
sequence consisting of one good weather day followed by bad weather days.

If ⌈B⌉ + ⌊B⌋ ≥ T + 1, the competitive ratio of the finite horizon ski-rental problem is

BPr[A0] +
T −⌊B⌋−1∑

l=1
Pr[Al] + Pr[AT ] = 1

1 − (T −B)(B−1)
B⌊B⌋( B

B−1 )T −⌊B⌋−1

.

If ⌈B⌉ + ⌊B⌋ < T + 1, the competitive ratio is

BPr[A0] +
⌈B⌉−1∑

l=1
Pr[Al] = 1

1 − (⌈B⌉−1)
B

(
B−1

B

)⌈B⌉−1 .

The ratios derived above can be compared to the competitive ratio of the classical ski-rental
problem. Recall that in the classical setting the buy cost B is a fixed integer and T → ∞.
In this case, the ratio simplifies to

1
1 −

(
1 − 1

B

)B

which recovers the classical result.
The randomized algorithm obtained in Theorem 22 is an optimal worst-case algorithm.

However, it performs sub-optimally if the adversary does not provide the worst-case input
sequence. In the next section, we solve for a subgame optimal algorithm. We show that
the problem of characterizing a subgame optimal algorithm reduces to that of the optimal
worst-case algorithm.

4.2.2 Subgame Optimal Algorithm
Consider an instance of the finite-horizon ski-rental problem with time horizon T . It will
be helpful to write the worst-case algorithm as a probability of stopping, conditional on
observing and continuing on a sequence of contiguous good days. On observing k contiguous
good weather days, let ηT

k denote the probability of stopping, conditional on continuing for
these days. An immediate application of Theorem 22 gives us the following probabilities.

▶ Corollary 23. Consider an instance of the finite-horizon ski-rental problem with time
horizon T . Conditional on continuing for the first (k − 1) contiguous good weather days, the
probability of stopping on the kth contiguous good weather day for an optimal randomized
algorithm:

If ⌈B⌉ + ⌊B⌋ ≥ T + 1, for k ∈ {1, . . . , T − ⌊B⌋}, ηT
k , is,

ηT
k = 1

B⌊B⌋
T −B

(
B

B−1

)T −⌊B⌋−k

− (B − 1)
.

If ⌈B⌉ + ⌊B⌋ < T + 1, for k ∈ {1, . . . , ⌈B⌉ − 1},

ηT
k = 1

(B − 1)
(

B
B−1

)⌈B⌉−k
B

⌈B⌉−1 − (B − 1)
.

Additionally, ηT
⌈B⌉ = 1.
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To obtain a characterization for a subgame optimal algorithm, an optimal choice must be
made at each decision node. Let us first observe the optimal strategy of the algorithm player
on observing an initial contiguous sequence of bad weather days.

▶ Lemma 24. If the adversary initially provides a contiguous sequence of l bad weather days,
the optimal strategy of the algorithm player implements the optimal randomized algorithm for
time horizon (T − l).

By Lemma 24, the probability of stopping on the sequence0, . . . , 0,︸ ︷︷ ︸
l

1, . . . , 1︸ ︷︷ ︸
k

 ,

conditional on continuing to time index l + k − 1, for the subgame optimal algorithm, is
ηT −l

k .
It remains to characterize the subgame optimal decisions on input sequences that start

with a good weather day. We show that the conditional probability of stopping is the same
as that of stopping had all the bad weather days been provided contiguously before providing
the good weather days.

▶ Lemma 25. Consider a sub-sequence (X1, . . . , Xi, 1) such that the total number of good
weather days in (X1, . . . , Xi) is k − 1. The probability of stopping at (X1, . . . , Xi, 1), condi-
tional on continuing up until this point, is ηT −i+k−1

k .

This completes the reduction from subgame optimal algorithms to worst-case optimal
algorithms. We can compare the worst-case algorithm in Theorem 22 to the subgame optimal
algorithm. The objective we use is the worst-case ratio of their performances. Let WC-OPT
denote a worst-case optimal algorithm and SG-OPT denote a subgame optimal algorithm.
The competitive ratio according to the benchmark defined in Definition 20 is then

max
X

WC-OPT(X)
SG-OPT(X) .

▶ Theorem 26. The competitive ratio against the subgame optimal benchmark for WC-OPT
is the value of the game.

The result above tells us that the difference in the performance of worst-case optimal and
subgame optimal can be as bad as the worst-case approximation ratio. If one expects to not
see worst-case inputs, as has been argued for real-world applications Roughgarden [27], a
subgame optimal algorithm gives better guarantees while maintaining the same worst-case
approximation ratio.

5 Empirical Comparison of Frameworks

This section presents simulations evaluating the performance of the three robust algorithms:
prior-independent optimal, subgame optimal and worst-case optimal. We begin by empirically
comparing their performance within the prior-independent framework, and then examine the
structural differences across the three algorithms.
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Figure 3 The time horizon is fixed at T = 9. The stopping cost is varied continuously from [1.1, T ].
The figure plots the approximation ratio of each algorithm against the worst-case distribution of the
adversary in the prior-independent framework.

5.1 Comparison of Algorithmic Performance
Our simulation setting is as follows. We fix the time horizon at T = 9 and vary the stopping
cost B continuously over the interval [1.1, T ]. Figure 3 compares the algorithms in the
prior-independent framework by plotting their approximation ratio against the worst-case
adversary distribution for the near-optimal prior-independent algorithm.

Recall that in the prior-independent setting, the adversary chooses a distribution over
probabilities. The plot illustrates the advantage a subgame optimal algorithm has over
a worst-case algorithm. Because of the statistical assumptions in the prior-independent
framework, every input sequence occurs with non-zero probability (except when p = 1).
The subgame optimal algorithm is designed to perform optimally on subgames that are not
worst-case, thereby achieving strictly better performance.

We choose the worst-case adversary distribution for the near-optimal prior-independent
algorithm as the common basis for comparison. An alternative would be to compare each
algorithm against its own worst-case distribution, that is, the adversary best responding
separately to the worst-case and subgame optimal algorithms. However, such a comparison
would obscure the advantages that a subgame optimal algorithm enjoys over a worst-case
algorithm. To see why, the worst-case distribution for both these algorithms is p = 1 and on
this distribution both these distributions perform the same.

5.2 Comparison of Algorithmic Structure
We next compare the decisions of each algorithm and highlight key structural differences.
Fixing the time horizon at T = 11, we empirically analyze the probability an algorithm
chooses to stop under two representative input sequences:
1. Continuous sequence of good days: Xg = {1, 1, . . . , 1}.
2. Bad days followed by continuous good weather days: Xb = {0, 0, 0, 1, 1, . . . , 1}.
These sequences are chosen to illustrate how algorithms adapt to different patterns of
information.

Figure 4 compares the stopping probability on a continuous sequence of good days,
Xg. Each point (t, pb) on the plot indicates that, when observing Xg online, the algorithm
continues until time t and then stops with probability pb. The x-axis is restricted to days
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(a) stop cost B = 4.
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(b) stop cost B = 7.

Figure 4 This figure plots the probability of stopping at each time index along Xg for a near-
optimal prior-independent algorithm and a subgame optimal algorithm. Figure 4a considers stop
cost B = 4. Figure 4b considers stop cost B = 7.

on which the subgame optimal algorithm assigns a positive probability of stopping (see
Section 4.2 for a characterization). Notably, the optimal prior-independent algorithm also
stops only on these days.

The figure highlights a key structural difference between prior-independent and worst-
case algorithms. On sequences of good days, the optimal prior-independent algorithm is
more aggressive, stopping earlier and with higher probability than the worst-case algorithm
(subgame optimal and worst-case optimal are identical on a sequence of good days). In
particular, the prior-independent algorithm stops by the second day with significantly larger
probability – even when the stop cost is large, a case where the worst-case algorithm assigns
significant probability to continuing through all days.

Moreover, in the low-cost regime, the two algorithms differ in the monotonicity of their
stopping probabilities (see Figure 4a). The worst-case algorithm increases its probability of
stopping over days, hedging against the risk of purchasing early and then encountering a
worst-case sequence of bad days. By contrast, the prior-independent algorithm decreases its
stopping probability over time, placing the highest probability on stopping immediately if
the first day is good. Although illustrated for B = 4, this behavior persists for stop costs
below roughly T/2.

This behavior arises from two factors: the algorithm’s belief that the input follows
a distributional structure, and the low stop cost. After observing a good first day, the
algorithm anticipates that most subsequent days will also be good. Coupled with the low
cost of stopping, this makes it optimal to stop most aggressively on the first day. In the
high-cost regime however, the monotonicity reverses: the algorithm initially waits to confirm
the likelihood of good days, and once sufficient evidence is observed, it stops with high
probability.

Figure 5 shows the stopping probability on input Xb: three bad days followed by a
sequence of good days. Although one could compare performance on inputs with longer
initial stretch of bad days, even this case yields a structurally revealing contrast.

On the first good day, the prior-independent algorithm is more cautious than the subgame
optimal algorithm – because of its distributional assumptions, it anticipates that most
subsequent days will also be bad. However, after observing a second good day, the algorithm
becomes confident of observing a more balanced mix of good and bad days ahead. Combined
with the low stop cost, this leads it to stop more aggressively than the subgame optimal
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(a) stop cost B = 2.
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(b) stop cost B = 3.

Figure 5 This figure plots the probability of stopping at each time index along Xb for a near-
optimal prior-independent algorithm and a subgame optimal algorithm. Figure 5a considers stop
cost B = 2. Figure 5b considers stop cost B = 3.

algorithm. The plot illustrates this for B = 2 and B = 3. This contrast highlights a key
distinction: distributional assumptions allow the prior-independent algorithm to take more
extreme actions, while worst-case optimality compels the subgame optimal algorithm to
hedge and remain structured.

6 Conclusion

In this paper, we studied the design and analysis of online algorithms through the lens of
beyond worst-case analysis, adopting a game-theoretic approach to their evaluation.

First, we considered prior-independent optimality for online algorithms. This is a weaker
requirement than traditional competitive analysis. We provided sufficient conditions on
the design problem which imply the existence of an FPTAS and demonstrate that these
conditions are satisfied in the prior-independent finite-horizon ski-rental problem.

Second, we introduced the concept of subgame optimal online algorithms, a stronger
solution concept than worst-case optimality. Subgame optimal algorithms are required to be
optimal at every stage of the input revelation process. We solved for the subgame optimal
algorithm in the finite-horizon ski-rental problem and showed that the gap between its
performance and that of a worst-case algorithm can be as large as the worst-case competitive
ratio itself.

Finally, we conducted an empirical comparison of the different solution concepts within
the prior-independent framework. We also examined the structural differences between the
algorithms, finding that prior-independent algorithms exhibit more extreme adaptations to
observed data, whereas worst-case algorithms behave more conservatively.

The primary concern of this paper is the (near) optimality of the prior-independent and
worst-case framework. This guides the computational perspective and choice of the ski-rental
problem as a motivating application. An interesting direction for future work is to explore
the applicability of this computational framework in other settings. It would also be valuable
to study approximation guarantees of worst-case algorithms under the subgame optimal
benchmark, as well as to further investigate the structural differences between them.
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