
Hardness of Dynamic Tree Edit Distance and
Friends
Bingbing Hu # Ñ

University of California San Diego, La Jolla, CA, USA

Jakob Nogler1 # Ñ

Massachusetts Institute of Technology, Cambridge, MA, USA

Barna Saha # Ñ

University of California San Diego, La Jolla, CA, USA

Abstract
String Edit Distance is a more-than-classical problem whose behavior in the dynamic setting, where
the strings are updated over time, is well studied. A single-character substitution, insertion, or
deletion can be processed in time Õ(nw)2 when operation costs are positive integers bounded by
w [Charalampopoulos, Kociumaka, Mozes, CPM 2020][Gorbachev, Kociumaka, STOC 2025]. If
the weights are further uniform (insertions and deletions have equal cost), also an Õ(n

√
n)-update

time algorithm exists [Charalampopoulos, Kociumaka, Mozes, CPM 2020]. This is a substantial
improvement over the static O(n2) algorithm when w ≪ n or when we are dealing with uniform
weights.

In contrast, for inherently related problems such as Tree Edit Distance, Dyck Edit Distance,
and RNA Folding, it has remained unknown whether it is possible to devise dynamic algorithms
with an advantage over the static algorithm. In this paper, we resolve this question by showing that
(weighted) Tree Edit Distance, Dyck Edit Distance, and RNA Folding admit no dynamic speedup:
under well-known fine-grained assumptions, we show that the best possible algorithm recomputes
the solution from scratch after each update. Furthermore, we prove a quadratic per-update lower
bound for unweighted Tree Edit Distance under the k-Clique Conjecture. This provides the first
separation between dynamic unweighted String Edit Distance and unweighted Tree Edit Distance,
problems whose relative difficulty in the static setting is still open.
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1 Introduction

The Tree Edit Distance (TED) measures the minimum number of insertions, deletions,
and substitutions required to transform one labeled, ordered tree into another3, and has
found numerous applications in settings where tree structures arise: computational biology
[35, 65, 39, 77], data analysis [16, 20, 33], image processing [11, 48, 47, 62], and more.

There is a long line of work spanning over thirty years [67, 78, 46, 28] on improving the
running time of TED to arrive at a cubic algorithm [28]. It has only been shown recently
that from a computational point of view, weighted TED (where there is a weight associated

1 Work done while the author was visiting the EnCORE Institute at UC San Diego.
2 Õ(·) hides polylogarithmic factors.
3 More specifically, upon deleting a node, the children of the deleted node become the children of the

original parent of the deleted node. Insertion is the reverse process of deletion.
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with every operation, and the goal is to minimize the total weight of the transformation)
resembles the All-Pairs Shortest Paths (APSP) Problem. Bringmann et al. [13] proved that
weighted TED cannot be solved in O(n3−ε) time under APSP, and subsequently Nogler et
al. [57] showed that it is, in fact, equivalent to APSP. For unweighted TED, however, the
situation is drastically different and truly subcubic algorithms are known [54, 32, 57], with
the best running time to date being Õ(n(3+ω)/2) = O(n2.6857) [57]4. On the other hand,
from a lower bound perspective all we know is that unweighted TED is at least as hard as the
String Edit Distance. It remains a major open problem whether unweighted TED is strictly
harder than String Edit Distance, conditioned under some fine-grained hardness hypothesis.

In this paper, we study the complexity of TED (both weighted and unweighted) in the
dynamic setting. While this question is well understood for the String Edit Distance problem,
its complexity remains wide open for TED. Note that the String Edit Distance, also known
as the Levenshtein distance, is defined as the minimum number of single-character insertions,
deletions, and substitutions required to transform one string into the other. When each
operation is assigned a weight and the goal is to minimize the total cost, we obtain the
weighted edit distance. Computing the (weighted or unweighted) edit distance between two
strings of length n is a standard introductory example of dynamic programming, solvable
in O(n2) time [75, 56, 76, 64]. Surprisingly, despite its simplicity, this algorithm is in fact
optimal under the Strong Exponential Time Hypothesis (SETH) [9, 1, 4, 15].

The complexity of the Edit Distance Problem is well understood in the dynamic setting,
where the strings undergo updates (insertions, deletions and substitutions) and we need
to maintain the edit distance throughout the updates. After initial works that considered
updates occurring only at the endpoints of the two strings [52, 43, 42, 70], Charalampopoulos,
Kociumaka, and Mozes gave the first algorithm for the most general scenario [19], where
updates can happen anywhere. In the unweighted setting, their algorithm supports updates
in Õ(n) time, and this is conditionally optimal under SETH. In the uniform-cost setting
(where insertions and deletions have equal positive integer cost) bounded by w = nO(1),
their algorithm supports updates in Õ(n · min(

√
n, w)) time. Very recently, it has been

shown that Õ(n
√

n) is (conditionally) optimal when w is a large polynomial in n [17].
Moreover, an Õ(nw) update-time algorithm for general positive weights has been given [34].
Beyond this, dynamic string Edit Distance has been also studied in more specific settings:
Gorbachev and Kociumaka showed in [34] that if the edit distance is bounded by k, then
the update time improves to Õ(k). Moreover, for approximate (unweighted) Edit Distance,
there is an algorithm achieving subpolynomial amortized update time with a corresponding
approximation guarantee [49].

As stated earlier, it is a major open question whether unweighted TED is strictly harder
than unweighted string edit distance, and this same question remains in the dynamic setting.

Question 1: Is unweighted TED stricty harder than String Edit Distance?

Very recently, TED has been extensively studied in settings such as the approximate
case [12, 63] and the bounded case [25, 24, 50], where several breakthrough results have
been achieved. However, almost nothing is known about its behavior in the dynamic setting.
The only (very recent) work about TED that supports update is a dynamic algorithm with
approximation factor n1/2+o(1) and subpolynomial update time [26]. However, this result is
obtained through an embedding into String Edit Distance and employing known algorithms
for strings, rather than an algorithm specific to trees.

4 ω < 2.372 is the fast matrix multiplication exponent [8].
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The lack of knowledge for dynamic (exact) TED stands out even more jarringly when
contrasted with our good understanding of dynamic APSP [44, 45, 29, 30, 68, 69, 6, 36, 21, 55]
(which, in the static setting, is equivalent to weighted TED) and dynamic String Edit Distance
(which may still be no easier than unweighted TED). In fact, it is reasonable to assume from
the recent work of [57] that dynamic improvements for TED might be possible: The authors
introduce the notion of border-to-border distance on tree-based graphs. It is a generalization
of the string alignment graph, which is used by [19] in their dynamic algorithm for String
Edit Distance. When we represent the strings as two sequences of singleton trees, we recover
exactly the string alignment graph. The seeming connection between the alignment graphs
raises the question:

Question 2: Is there a dynamic advantage for dynamic Tree Edit Distance?

Dyck Edit Distance and RNA Folding. Another problem closely related to String Edit
Distance is the Dyck Edit Distance Problem, which asks for the minimum number of edits
needed to transform a given (not necessarily balanced) parentheses string into a well-balanced
one. A further related problem is the RNA Folding Problem: given a string over the
nucleotides A, U, C, and G, the goal is to find a maximum set of non-crossing base pairs (A,U
and C,G) so that the string “folds” into a valid secondary structure. (See Section 3 for formal
definitions and a discussion of why these problems are so closely connected.)

In the static setting, both problems allow for a simple O(n3) dynamic programming
solution, assuming constant grammar size for Dyck Edit Distance [7, 58]. A series of
(inexhaustive) works [74, 14, 73, 22] improves this running time to the current best of
Õ(n(3+ω)/2) via bounded-monotone min-plus products [23]. A lot of attention has also been
given to the approximation setting [60, 61, 27, 51, 12, 63]. In terms of hardness, Abboud et
al. [2] show a combinatorial Ω(n3) lower bound for both problems. However, this does not
exclude the possibility of a faster dynamic (combinatorial) algorithm, as such an algorithm
would be highly desirable in practice. However, in the dynamic setting, nothing is known
of these two problems except for an approximation algorithm [26] for dynamic Dyck Edit
Distance, which relies on an embedding into strings. This leads to our third question:

Question 3: Is there a dynamic advantage for dynamic Dyck Edit Distance and RNA
Folding?

Our Results

In our paper, we make progress in answering the above questions. Technique-wise, we use
static hardness conjectures to prove lower bounds for dynamic problems, a technique started
by [5]. We base our hardness on the Min-Weight k-Clique Conjecture and the k-Clique
Detection Conjecture in fine-grained complexity (see [71] for background). The two problems
are defined as follows:

Min-Weight k-Clique
Input: A weighted graph G = (V, E, w), where V = [ 1 . . n ].
Output: minv1,...,vk∈V

∑
i<j w(vi, vj) such that v1, . . . , vk is a k-clique.

k-Clique Detection
Input: A unweighted graph G = (V, E) on n nodes, where V = [ 1 . . n ].
Output: yes if there are v1, . . . , vk ∈ V such that v1, . . . , vk is a k-clique, and no
otherwise.

ITCS 2026
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▶ Conjecture 1 (Min-Weight k-Clique Conjecture). For any ε > 0, there exists a constant
c > 0 such that for any k ⩾ 3, the Min-Weight k-Clique Problem with edge weights in
{1, . . . , nck} cannot be solved in O(nk(1−ε)) time.

▶ Conjecture 2 (Combinatorial k-Clique Detection Conjecture). For any ε > 0, the k-Clique
Detection Problem cannot be solved in O(nk−ε) time by any combinatorial algorithm.

The term “combinatorial algorithms” has been used very frequently by the research
community (including but not limited to [37, 59, 5, 38, 72, 3]), although it is not a well-
defined term. In our paper, as well as many other papers, it is used to refer to algorithms
that do not use “algebraic” techniques such as in Strassen’s algorithm [66], which underlie all
known algorithms for fast matrix multiplication. (This definition has been first introduced
by Ballard et al. [10].) Compared to algebraic algorithms, combinatorial algorithms are
generally more feasible to implement in practice. Thus, a lower bound for combinatorial
algorithms can be somehow also considered as a “practical” lower bound.

For the first question, we show that unweighted TED is strictly harder than String Edit
Distance in the dynamic setting when restricted to combinatorial algorithms.

▶ Theorem 19. Unless Conjecture 2 fails, for any ε > 0, there is no combinatorial algorithm
for (unweighted) dynamic TED of size O(N) that satisfies p(N)+N(u(N)+q(N)) = O(N3−ε),
where p(N), u(N), and q(N) denote the preprocessing, update, and query times of the
algorithm, respectively. This lower bound holds even when the alphabet size is constant.

Thus, even though it still remains open whether unweighted TED can be solved in the
same time complexity as String Edit Distance, we show that at least in the dynamic setting,
these two problems are separate.

For the second question, we show that there is no dynamic advantage to weighted TED.

▶ Theorem 25. Unless Conjecture 1 fails, for any ε > 0, there is no algorithm for dynamic
TED of size O(N) and alphabet size O(N) that satisfies p(N) + N(u(N) + q(N)) = O(N4−ε),
where p(N), u(N), and q(N) denote the preprocessing, update, and query times of the
algorithm, respectively.

Thus, while both weighted String Edit Distance and APSP admit faster dynamic advantage,
weighted TED does not: under the Min-Weight k-Clique Conjecture, it cannot be improved
beyond recomputing from scratch after each update. This highlights a major difference
between weighted TED and the two problems which it is most closely related to, both
computationally and definition-wise. In fact, our lower bound holds even for incremental
and decremental TED.

To answer the third question, we show that there is no dynamic advantage to RNA
Folding and Dyck Edit Distance among combinatorial algorithms.

▶ Theorem 29. Unless Conjecture 2 fails, for any ε > 0, there is are no combinatorial
algorithms for dynamic RNA Folding or dynamic Dyck Edit Distance of size O(N) that satisfy
p(N) + N(u(N) + q(N)) = O(N4−ε), where p(N), u(N), and q(N) are the preprocessing,
update, and query times of the algorithm, respectively. This lower bound holds even when the
alphabet size is constant.

Finally, we remark that by combining existing results, one can obtain a dynamic advantage
for RNA Folding and Dyck Edit Distance when the updates are only insertions at the end of
the string (essentially placing us in an online setting). By combining [31] and [41], one can
show an even stronger result: in this online setting, these problems achieve the same time
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complexity as Online Matrix-Vector Multiplication (OMv) Problem [38]. The latter is one
of the most recent studied problems in fine-grained complexity for dynamic lower bounds:
given an n × n matrix M and a sequence of vectors v1, . . . , vn arriving one by one, the task
is to output Mvi before the arrival of vi+1.

▶ Lemma 3. There is a randomized algorithm that solves online RNA Folding and online
Dyck Edit Distance of size O(N) in the same total time complexity as OMv (currently
N3/2Ω(

√
log(N)) by [53]), and succeeds with high probability.

2 Overview

Lower Bound for Dynamic Unweighted TED. We show how to reduce an instance of
3k-Clique Detection, G, to an instance of dynamic unweighted TED. The key ingredient is
the construction of embeddings CLG and CNG, referred to as clique gadgets, which map two
k-cliques X, Y in G into strings CLG(X) and CNG(Y ) of length O(n log n). These gadgets
are designed so that ed(CLG(X), CNG(Y )) = C for some fixed constant C if and only if X

and Y are fully connected; otherwise, the edit distance is strictly larger than C.
First, we enumerate the set S of all k-cliques in G. Then, for each fixed Z ∈ S, we

construct two trees T(Z) and T′(Z) that satisfy:
1. The tree edit distance ted(T(Z), T′(Z)) minimizes, over all X, Y ∈ S, the sum

ed(CLG(X), CNG(Y )) + ed(CNG(X), CLG(Z)) + ed(CLG(Y ), CNG(Z))

2. The sizes of T(Z) and T′(Z) are O(nk+1 log n), while the part of the construction that
depends on Z involves only O(n log n) nodes in T(Z), T′(Z).

Next, we run |S| = O(nk) rounds, one for each Z ∈ S. In each round, we maintain
T(Z), T′(Z), update them to the next instance using only O(n log n) updates, and then
query for the tree edit distance. This allows us to solve the 3k-Clique Detection instance in
O(nk+1 log n) updates and O(nk log n) queries. A careful analysis of the factors, together
with choosing k sufficiently large, yields Theorem 19.

Lower Bound for Dynamic Weighted TED. Our starting point is the TED lower bound
construction of Bringmann et al. [13], which encodes a Minimum Weight Triangle instance
(known to be equivalent to APSP) into a TED instance. We extend such a reduction into
another one that simultaneously ensures the two following:
1. instead of yielding the minimum weight triangle, the instance should yield the minimum

weight 4-clique with one of the four vertices fixed; and
2. the portion of the instance that depends on the chosen fixed vertex should involve only

O(1) nodes.
This allows us to proceed similarly to the unweighted case. Given a 4-clique instance G,
the algorithm runs for n rounds, one for each vertex in G. In each round, we maintain the
instance corresponding to the fixed vertex, update it to the next instance using only O(1)
updates, and then query for the minimum-weight 4-clique containing the current vertex.
Taking the minimum over all queried values yields the minimum weight 4-clique.

We remark that although, at a high level, this reduction may appear similar to the one
for the unweighted case, the unweighted instances T(Z) and T(Z ′) differ significantly from
the weighted TED instances (compare Figure 1 with Figure 2b). The latter rely heavily on
extremely large weights, whereas the construction of T(Z) and T(Z ′) is closer in spirit to
gadgets used for unweighted string edit distance such as [9] than to those for weighted TED.

ITCS 2026
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Lower Bound for Dynamic RNA Folding and Dyck Edit Distance. Our starting point is
once again the static lower bound [2]. Conceptually, the reduction is similar to the previous
ones: the static lower bound encodes a 3k-Clique Detection instance into a single RNA
Folding instance. For the dynamic lower bound, however, we instead encode a 4k-Clique
Detection instance into a single RNA Folding instance, where k of the vertices are fixed
for each round. Similar to the previous reductions, we must ensure that the part of our
dynamic RNA Folding instance depending on the currently fixed vertices is small in size, so
the number of updates stays small. Regarding Dyck Edit Distance, we do not need to build
any new instance. We use the embedding of RNA Folding into Dyck Edit Distance from [18].

Organization of the Paper. First, we set up notation in Section 3. Section 4, Section 5
and Section 6 are dedicated to the proof of Theorem 19, Theorem 25, and Theorem 29,
respectively. For the sake of completeness, the proof of Lemma 3 is presented in the appendix
of the full version [40].

3 Preliminaries

Sets. For integers i, j ∈ Z, we write [ i . . j ] to represent the set {i, . . . , j}, and [ i . . j ) to
denote the set {i, . . . , j − 1}. We define ( i . . j ] and ( i . . j ) similarly.

Strings. An alphabet Σ is a finite set of symbols. A string X ∈ Σn of length n is written as
X = X[ 1 ]X[ 2 ] · · · X[ n ], where each X[ i ] denotes the i-th character of X, for i ∈ {1, . . . , n}.
The length of string X is denoted as |X|. Given indices 1 ≤ i ≤ j ≤ |X| + 1, we define the
fragment X[ i . . j ) := X[ i ] · · · X[ j − 1 ]. A prefix of X is any fragment starting at position
1, and a suffix is any fragment ending at position |X|. A string Y of length m ∈ [ 0 . . n ] is
a substring of X if there exists an index i such that Y = X[ i . . i + m ). For two strings A

and B, their concatenation is denoted by A ◦ B or simply AB. The notation Ak represents
the string formed by concatenating k copies of A. The reverse of a string X is written as
XR := X[ n ] · · · X[ 1 ].

Finally, for strings A and B, we denote by ed(A, B) the (string) edit distance (in short,
ED) between A and B, defined as the minimum number of character insertions, deletions,
and substitutions to transform A into B.

Tree Edit Distance (TED). We consider ordered, node-labeled trees from an alphabet Σ.
Given a node v in a tree, we use ℓ(v) to denote its label, and we use sub(v) to denote the
subtree rooted at v.

Weighted Tree Edit Distance
Input: Two trees T, T′ labeled from an alphabet Σ and a cost function δ : Σ∪{ε}×Σ∪{ε} 7→
R.
Output: ted(T, T′) defined as the minimum cost of transforming T into T′ by performing
a sequence of edit operations, which consist of the following three types:

Changing the label of a node from ℓ to ℓ′, ℓ ̸= ℓ′ at cost δ(ℓ, ℓ′).
Deleting a node v and attaching its children (if there are any) to the parent of v in
their original order (if v is the root, then we obtain an ordered forest) at cost δ(ℓ(v), ε).
For an existing node v′ inserting a new node v as a new leaf child in some position,
or selecting consecutive children w1, . . . , wk of v′, inserting a new node v as the new
parent of w1, . . . , wk, and placing v as a child of v′ at cost δ(ε, ℓ(v)).
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When all edit operations cost 1, we say the tree edit distance is unweighted. For our
paper, it is more convenient to work with a different definition of TED, which is more similar
to the definition used in [54] and [57], and is defined through the notion of tree-alignment.

▶ Definition 4. For two trees T, T′, we say the sequence A = {(vi, v′
i)}k

i=1 ∈ T × T′ is a
tree-alignment of T onto T′ if for all 1 ≤ i < j ≤ k:

vi is an ancestor of vj in T iff v′
i is an ancestor of v′

j in T′,
if neither vi nor vj is the ancestor of the other, then vi comes before vj in the pre-order
traversal of T iff v′

i comes before v′
j in the pre-order traversal of T.

For a tree-alignment A = {(vi, v′
i)}k

i=1 ∈ T × T′ and i ∈ [ 1 . . k ], we say A aligns vi with
v′

i. If further ℓ(vi) = ℓ(v′
i), then we say A matches vi with v′

i, otherwise we say A substitutes
vi with v′

i. The cost of a tree-alignment A, denoted by cost(A), is defined as

cost(A) :=
∑

(v,v′)∈A
ℓ(v) ̸=ℓ(v′)

δ(ℓ(v), ℓ(v′)) +
∑

v∈T:∄v′ (v,v′)∈A

δ(ℓ(v), ε) +
∑

v′∈T′:∄v(v,v′)∈A

δ(ε, ℓ(v′)).

Finding the minimum cost of a tree-alignment is an equivalent definition of TED [54]5.
In our paper, we also view String Edit Distance through the lens of string-alignment.

In this case, we can think of each string as a forest consisting of n single-node trees. Then
Definition 4 recovers exactly their string-alignment.

Path Gadgets. To describe more concisely our lower bound instances for TED, we define a
basic gadget P(S), which, given a string S = s1 . . . sd, constructs a path of length d with
nodes labeled s1, . . . , sd from top to bottom. Moreover, given a path P and a node v ∈ P,
we say that we right-attach a string S = s1, . . . , sd to v when we attach d nodes as right
children of v, labeled s1, . . . , sd from left to right. We define left-attaching analogously, for
attaching nodes to the left of v.

RNA Folding. The RNA Folding Problem is defined over strings on the alphabet Σ ∪ Σ′,
where each character in Σ has a correspondingly paired character in Σ′. For σ ∈ Σ, we
denote its paired character in Σ′ by σ′. Moreover, for a string S over Σ ∪ Σ′, we define p(S)
to be the string obtained by replacing each character with its paired character.

Two index pairs (i, j) and (i′, j′), where i < j and i′ < j′, are said to cross if either
i < i′ < j < j′ or i′ < i < j′ < j holds. Now, given a string S ∈ (Σ ∪ Σ′)n, a set of index
pairs F = {(i, j) : 1 ≤ i < j ≤ n} is a folding of S if:
(i) for all distinct (i, j), (i′, j′) ∈ F , the pairs do not cross; and
(ii) for all (i, j) ∈ F , we have S[i] = p(S[j]).
This allows us to define the RNA Folding Problem, along with a weighted variant.

RNA Folding
Input: A string S ∈ {Σ ∪ Σ′}n.
Output: score(S) := maxF folding of S |F |.

5 To be precise, in [54] and [57], the complementary problem is considered, i.e., finding the maximum value
of

∑
v∈T δ(ℓ(v), ε) +

∑
v′∈T′ δ(ε, ℓ(v′)) − cost(A), taken over all tree-alignments A. This is evidently

equivalent to minimizing cost(A), in which case we recover the tree edit distance.

ITCS 2026
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Weighted RNA Folding
Input: A string S ∈ {Σ ∪ Σ′}n and a weight function w : Σ ∪ Σ′ → [ 1 . . M ] where
w(σ) = w(p(σ)) for all σ ∈ Σ ∪ Σ′.
Output: scorew(S) := maxF folding of S

∑
(i,j)∈F w(S[ i ]).

The weighted version is convenient because it can be reduced to the unweighted problem with
only an overhead of M on the length of the new string, where M is the largest weight. This
allows us to work with the weighted formulation, as long as we keep M reasonably small.

▶ Lemma 5 ([2]). Let S ∈ {Σ ∪ Σ′}n be a string and w : Σ → [ 1 . . M ] a weight function.
Then, scorew(S) = score(S′) for the string S′ := s

w(s1)
1 · · · s

w(sn)
n . ⌟

Dyck Edit Distance. The Dyck Edit Distance Problem asks for the minimum number of
edits required to transform a given string into a well-balanced string of parentheses. It can
be thought of as a variant of RNA Folding, with three key differences:
(1) it is formulated as a minimization problem rather than a maximization problem;
(2) it also allows for substitution; and
(3) a symbol σ may be matched with its corresponding closing symbol σ′ only if σ appears

before σ′ in the string, but not the other way around.

Dyck Edit Distance
Input: A string S ∈ {Σ ∪ Σ′}n.
Output: dyck(S) := minS′∈Ldyck(Σ) ed(S, S′), where Ldyck(Σ) is the language defined by
the grammar with the rules S → SS, S → ε, and S → σSσ′ for all σ ∈ Σ.

Regarding Dyck Edit Distance, no additional setup is required: for the purpose of proving
lower bounds, one can directly reduce RNA Folding into Dyck Edit Distance.

▶ Lemma 6 ([18]). Let S = s1 · · · sn be a string over Σ ∪ Σ′. Let Σ̄ := {#} ∪
{0σ, 0′

σ, 1σ, 1′
σ}σ∈Σ, and define the function ϕ : Σ → Σ̄6 such that ϕ(σ) = 0σ # 1′

σ 0σ # 1′
σ

and ϕ(σ′) = 1σ 1σ 0′
σ 0′

σ, for σ ∈ Σ.
Then, for Φ(S) := ϕ(s1) · · · ϕ(sn), we have dyck(Φ(S)) = 3|S| − 2score(S)6. ⌟

Clique Gadgets. Central to the lower bound construction of [2], and also to the dynamic
lower bounds presented here for Dyck Edit Distance, RNA Folding, and unweighted TED,
are the gadget constructions from [2] that encode the neighborhoods of nodes and set of
nodes. To describe such gadgets formally, given a graph G = (V, E) and a node v ∈ V , we
use N(v) to denote the set of neighbors of v. For a subset V ′ ⊆ V , we define the neighbor
set of V ′ to be N(V ′) =

⋂
v′∈V ′ N(v′).

▶ Lemma 7 (Claim 4 in [2]). Let G = (V, E) be a graph with |V | = n, and let k ∈ Z+.
Then, there exist two string embeddings CLG : V k → Σλ and CNG : V k → Σλ of length7

λ = O(nk log n) over an alphabet of size |Σ| = O(1), and a constant C = C(n, k) such that
for any X, Y ∈ V k:

score(CLG(X) ◦ p(CNG(Y ))R) = C if X ⊆ N(Y ),
score(CLG(X) ◦ p(CNG(Y ))R) < C otherwise. ⌟

6 In [18], the author specifically considers the case |Σ| = 2, but its proof extends straightforwardly to
alphabets of arbitrary size |Σ| > 2 by symmetry, as long as distinct letters are used for each symbol in
the embedding.

7 In [2], the embeddings have length at most λ. We pad each one with two fresh symbols so that every
embedding now has length exactly λ, without affecting the score.
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Thus, these gadgets allow us to determine whether two k-cliques are fully connected to
each other.

4 Lower Bounds for Dynamic Unweighted TED

In this section, we prove Theorem 19. As a first step, we construct gadgets that serve the
same purpose as those in [2], but are adapted to work under edit distance.

▶ Lemma 8. Let G = (V, E) be a graph, and let k ∈ Z+. Then, there exist two string
embeddings CLG : V k → Σλ1 and CNG : V k → Σλ2 of lengths λ1, λ2 = O(nk3 log n) over an
alphabet of size |Σ| = O(1), and a constant C = C(n, k) such that for any X, Y ∈ V k:

ed(CLG(X), CNG(Y )) = C if X ⊆ N(Y ),
ed(CLG(X), CNG(Y )) > C otherwise.

Proof. In this proof, we use the alphabet Σ := {0, 1, 2, 3, $, #}. We set α = O(log n) to
be the number of bits needed to encode values of V = [ 1 . . n ] in binary. Moreover, for a
number x ∈ V , we denote with x̄ ∈ {0, 1}α its binary encoding.

For nodes v, u ∈ V = [ 1 . . n ], we define the node gadget NG(v) and list gadget LG(v) as

NG(v) :=
(
⃝n−1

i=1 2α $
)

v̄ $
(
⃝n−1

i=1 2α $
)

and LG(u) := (⃝n
w=1 gu(w) $),

where gu(w) = w̄ if w ∈ N(u) and gu(w) = 3α, otherwise.

▷ Claim 9. Let C ′ := (n − 1)(2α + 1). Then, for nodes u, v ∈ V , we have:

ed(NG(v), LG(u)) = C ′ if v ∈ N(u),
ed(NG(v), LG(u)) ∈ [ C ′ + 1 . . C ′ + α ] otherwise.

Proof. We first prove that ed(NG(v), LG(u)) ≤ C ′ + α (and if v ∈ N(u), then
ed(NG(v), LG(u)) ≤ C ′). To this end, construct the following (string) alignment Au:
(a) Substitute gu(v) with v̄ (if v ∈ N(u) then match exactly as gu(v) = v̄);
(b) Align the (α + 1)(v − 1) characters coming before gu(v) and v̄ to each other;
(c) Align the (α + 1)(n − v) characters coming after gu(v) and v̄ to each other; and
(d) delete the remaining characters.

We briefly argue that cost(Au) ≤ C ′ + α = (n − 1)(2α + 1) + α: in (a), we incur cost at
most α (this becomes 0 if v ∈ N(u)), in (b) and (c) we incur cost α(v − 1) and α(n − v),
respectively, as out of the (α + 1)(v − 1) and (α + 1)(n − v) characters, there are v − 1 and
n − v perfectly matched $. Finally, in (d) we incur cost (α + 1)(n − 1), as the remaining
characters include a length-(α + 1)(n − v) prefix and a length-(α + 1)(v − 1) suffix of NG(u).

To conclude the proof, we consider an optimal alignment A, and show that it has cost at
least C ′. Furthermore, we show that whenever A has cost exactly C ′, then v ∈ N(u).

To this end, let m be the number of positions i in LG(u) such that LG(u)[ i ] is not
matched perfectly by A. Note that m ≥ α(n − 1), as out of the nα many non-$ characters
in LG(u), no more than α many 0/1 characters can be matched exactly. Moreover, from
|NG(v)| ≥ |LG(u)| follows that the cost of A is at least

(|NG(v)| − |LG(u)|) + m ≥ (α + 1)(2n − 1) − (α + 1)n + α(n − 1) = (n − 1)(2α + 1) = C ′.

Now, if A has cost exactly C ′, this last inequality must be tight and m = α(n − 1). In
particular, this means that A matches perfectly all $ characters and α many 0/1 characters
of LG(u). Observe that these α many 0/1 characters must come from the same gu(w), for
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some w ∈ V . (If not, then at least one $ would be deleted, contradicting the fact that all $
of LG(v) are perfectly matched.) The only place where gu(w) can be matched perfectly to
is v̄, as it is the only part of NG(v) having 0/1 characters. Since gu(w) and v̄ are matched
perfectly, we have gu(w) = v̄, which can only happen when w = v and w ∈ N(u), i.e.,
v ∈ N(u). ◁

Next, for subsets X, Y ⊆ V k, we define the clique node gadget CNG(Y ) and clique list
gadget CLG(X) as

CNG(Y ) := ⃝v∈Y

(
NG(v) #ℓ

)k and CLG(X) :=
(
⃝v∈X LG(v) #ℓ

)k,

where ℓ := ⌈k2 · (C ′ + α)/2⌉. Thus, λ1, λ2 satisfy λ1, λ2 = O(k · ℓ) = O(nk3 log n).
For i ∈ [ 1 . . k2 ], let Bi and B′

i be the i-th substrings of the form NG(v) and LG(v)
appearing in CNG(Y ) and CLG(X), respectively. Moreover, let Hi and H ′

i be the substrings
#ℓ right after Bi and B′

i. Lastly, let A be an optimal (string) alignment that aligns CLG(X)
onto CNG(Y ) and maximizes the number of i, j such that H ′

i[ j ] is matched to Hi[ j ].

▷ Claim 10. There are no i, j ∈ [ 1 . . k2 ] such that i ̸= j and A aligns any character of Bi

and B′
j to each other.

Proof. For the sake of contradiction, assume there exist indices i ̸= j such that a character
from Bi matches a character from B′

j . Observe that Bi is preceded by (i−1)ℓ and followed by
(k2 − i − 1)ℓ occurrences of #, while B′

j is preceded by (j − 1)ℓ and followed by (k2 − j − 1)ℓ
occurrences of #. Since i ̸= j, alignment A necessarily incurs a cost of at least ℓ both before
and after the matched character between Bi and B′

j . Hence, cost(A) ≥ 2ℓ.
Now consider an alternative alignment A′ which matches every Hx perfectly with H ′

x,
and aligns each Bx optimally with B′

x for all x ∈ [ 1 . . k2 ]. By Claim 10, the cost of such
an alignment satisfies cost(A′) ≤ k2 · (C ′ + α) ≤ cost(A). This contradicts the assumed
optimality of A (and if cost(A′) = cost(A), then A′ is strictly better in terms of the number
of pairs (x, y) where H ′

x[ y ] is matched to Hx[ y ]). ◁

▷ Claim 11. For all i ∈ [ 1 . . k2 ], Hi and H ′
i are perfectly matched by A.

Proof. For each i ∈ [ 1 . . k2 ], let ci denote the number of characters in Hi that are deleted or
substituted in the alignment A, and define c′

i analogously for H ′
i. Note that

∑
i ci =

∑
i c′

i,
since they are the only substrings that contain the character #.

Now, consider modifying A to A′ by perfectly matching each Hi to H ′
i, and deleting any

characters that were previously involved in substitutions with characters in Hi. By Claim 10,
we have that A′ is still a valid alignment.

Let s denote the number of substitutions that are removed in this process. Then the
change in cost is cost(A′) − cost(A) = s −

∑
i ci −

∑
i c′

i. Since s ≤
∑

i ci +
∑

i c′
i, this change

is not positive, so also A′ must be optimal. By our choice of A, the number of pairs (i, j)
such that Bi[j] is matched to B′

i[j] cannot increase. Therefore, if such a number remains
unchanged, then

∑
i ci = 0, which implies that A already matches each Hi perfectly with H ′

i.
◁

Now observe that Claim 11 implies

ed(CLG(X), CNG(Y )) =
∑

i

ed(Bi, B′
i) =

∑
v∈Y,u∈X

ed(CG(v), LG(u)).

Since X ⊆ N(Y ) (or equivalently Y ⊆ N(X)) holds if and only if v ∈ N(u) for all u ∈ X,
v ∈ Y , it follows from Claim 9 that we can set C := C ′k2 to conclude the proof. ◀
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Next, we present the trees in our lower-bound construction. As part of our construction,
we use the label set Σ from Lemma 8 and introduce four additional labels: §, $, and #ℓ for
ℓ ∈ {L, R}. We assume these new labels are disjoint from Σ. Further, in our lower-bound
instance we use the gadgets CLG, CNG from Lemma 8 of lengths λ1 and λ2, respectively.
We set λ := max(λ1, λ2).

▶ Definition 12. Let G = (V, E) be a graph, let k ∈ Z+, and let X , Y, and Z all denote the
set of k-cliques in G. Suppose |X | = |Y| = |Z| = N . For Z ∈ Z define the two trees TX (Z)
and T′

Y(Z) as follows:
1. TX (Z) is obtained by attaching the following nodes to P($ ◦ ( ⃝X∈X CLG(X) ) ◦

§16λN+λ+1):
(a) We left attach #5λN

L to $,
(b) For each X ∈ X , we right attach #4λ

R ◦ CNG(X) to the last node of CLG(X) on
the path, and

(c) We left attach CNG(Z)◦#5λN
L to the last node belonging to any CLG(X) for X ∈ X

(so to the spine node right before the first node with label §).
2. T′

Y(Z) is obtained by attaching the following nodes to P($ ◦ ( ⃝Y ∈Y CNG(Y ) ) ◦
§16λN+λ+1):
(a) We right attach #5λN

R to $,
(b) For each Y ∈ Y, we left attach CLG(Y ) ◦ #5λ

L to the last node of CNG(Y ) on the
path, and

(c) We right attach #5λN
R ◦ CLG(Z) to the last node belonging to any CNG(Y ) for

Y ∈ Y (so to the spine node right before the first node with label §).

Refer to Figure 1 for a visualization of TX (Z) and T′
Y(Z). We remark that in TX (Z)

and T′
Y(Z), each gadget G(W ) for G ∈ {CLG, CNG} and W ∈ X ∪ Y ∪ {Z} appears exactly

once in each tree. Therefore, by a slight abuse of notation, we will also use G(W ) to refer to
the set of nodes comprising that gadget.

▶ Theorem 13. We have ted(TX (Z), T′
Y(Z)) equals to

min
Y ∈Y,X∈X

(
ed(CLG(X), CNG(Y ))+ed(CNG(X), CLG(Z))+ed(CLG(Y ), CNG(Z))

)
+D,

for D = 12λN − λ2N − λ1N − λ2 − λ1.

Proof. Throughout this proof, we abbreviate TX (Z) and T′
Y(Z) as T and T′, respectively.

Additionally, let X1, . . . , XN denote the sets in X such that CLG(Xi) appears on the spine
above CLG(Xi+1) in T, and let L (resp. R) be the nodes on the left (resp. right) of the
spine of T. We define Y1, . . . , YN and L′, R′ analogously for Y and T′.

Central in this proof is the alignment Aa,b of T onto T′, structured for a, b ∈ [ 1 . . N ] as
follows:
(i) The roots and the last 16λN +λ+1 nodes of the spines of T, T′ are perfectly matched.
(ii) The three pairs of gadgets CLG(Xa), CNG(Yb), and CNG(Xa), CLG(Z),

and CLG(Yb), CNG(Z) are aligned as the corresponding strings would be under
string ED.

(iii) Match or substitute the nodes of R \ CNG(Xa) with nodes labeled #R as follows. The
ones above the gadget CLG(Xa) with the nodes of 2(a), while those below with the
nodes of 2(c). Note that |R| = 5λN , so all nodes of R \ CNG(Xa) can be matched or
substituted as described, as in 2(a) and 2(c) we add enough to do so.
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Figure 1 The trees TX (Z) and T′
Y(Z) are depicted on the left and right, respectively.

(iv) Similarly, match or substitute the nodes of L′ \ CLG(Yb) with nodes labeled #L like
so: The ones above the gadget CLG(Yb) with the nodes of 1(a), while those below
with the nodes of 1(c).

(v) All remaining nodes are deleted.

▷ Claim 14. The alignment Aa,b has cost

ed(CLG(Xa), CNG(Yb)) + ed(CNG(Xa), CLG(Z)) + ed(CLG(Yb), CNG(Z)) + D.

Proof. The cost can be directly verified. Refer to [40] for a detailed proof. ◁

In order to prove Theorem 13, it suffices to show that any optimal alignment A trans-
forming T into T′ has cost at least as high as that of some alignment Aa,b. To do so, we
will demonstrate that A satisfies all construction steps, (i) through (v), for some choice of
a, b ∈ [ 1 . . N ].
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▷ Claim 15. For an optimal alignment A, the nodes on the spine of T must be matched
or substituted by A with nodes on the spine of T′, and similarly, the nodes of R (resp. L)
must be matched or substituted by A with the nodes of R′ (resp. L′).

Proof. It suffices to argue that A matches at least a pair of nodes labeled § with each other,
then by the rules of tree alignments, the structure specified in the claim follows. To this
end, suppose for the sake of contradiction that every node labeled § is deleted or substituted,
each incurring a cost of at least 1 and resulting in a total cost of at least 2(16λN + λ + 1).
By matching the roots and all nodes labeled § with each other and deleting the remaining
nodes, we incur cost 4 · 5λN + λ2 + λ1 + 2 · 4λN + 2λ2N + 2λ1N < 2(16λN + λ + 1), which
contradicts the optimality of A. ◁

By Claim 15, we may assume that A satisfies the three following:
(a) Let v, v′ ∈ T be two spine nodes such that v is an ancestor of v′, and such that v and

v′ but none of (sub(v) \ {v}) \ sub(v′), are matched or substituted by A. Then, none of
the spine nodes between v and v′ share the same label as v.

(b) Let v, v′ ∈ L be two nodes such that v occurs in the pre-order of T before v′, and such
that v and v′ but none of the nodes in the pre-order between v and v′, are matched or
substituted by A. Then, none of the nodes in the pre-order between v and v′ share the
same label as v.

(c) Similarly, let v, v′ ∈ R be nodes such that v occurs in the post-order of T after v′,
and such that v and v′ but none of the nodes in the post-order between v and v′, are
matched or substituted by A. Then, none of the nodes in the post-order between v

and v′ share the same label as v.

Whenever A has this form, we say A favors matching downwards. Note, if A does not
satisfy this structural form, then it can be modified (iteratively) so that it does, without
changing its cost.

▷ Claim 16. The roots labeled $, as well as the last 16λN + λ + 1 spine nodes labeled §, in
T and T′ are matched with each other by A. That is, construction step (i) is satisfied.

Proof. Clearly, the optimal alignment must match the two roots with each other.
Suppose, for contradiction, that for some i ∈ [ 1 . . 16λN + λ + 1 ], the i-th last node on

the spine of T and the i-th last node on the spine of T′ are not matched with each other.
Let i be the smallest such index. In the situation where either (1) both are deleted; or (2)
exactly one is substituted with some other node whose label is not §, we can further reduce
the cost of A by matching these two nodes together, contradicting the optimality of A. Thus,
at most one of the two nodes is substituted with another node labeled §, but this contradicts
our earlier assumption that A favors matching downwards. ◁

Next, consider the largest i ∈ [ 1 . . N ] such that a node right-attached to CLG(Xi−1)
is matched with a node labeled #R from 2(a) (if i = 1 then such a node does not exist).
Moreover, consider the smallest i′ ∈ [ 1 . . N ] such that a node right-attached to CLG(Xi′) is
matched with a node labeled #R from 2(c). Note that i′ is well-defined. Indeed, in A the
right-attached nodes to CLG(XN ) with label #R must match with nodes from 2(c) because
A favors matching downwards. Symmetrically, we define j, j′ indexing Y1, . . . , YN .

In the remainder of the proof, we show that A satisfies (ii), (iii), (iv), and (v), for a = i

and b = j.

▷ Claim 17. The indices i, i′ satisfy i′ ≥ i.
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Proof. First, note that since A is a valid tree alignment, we must have i′ ≥ i−1. To eliminate
the remaining case i′ = i − 1, for the sake of contradiction, suppose i′ = i − 1, which we can
only have if i > 1.

Observe that the condition i > 1 implies that among the 4λN + λ1N nodes in R, there
exists a node v ∈ R that is not matched with a node labeled #R from 2(c), but instead is
matched with a node w ∈ R′ from 2(a). Let w be the first such matched node encountered
in the pre-order traversal of T′.

As a result, there must also exist a node u ∈ R′ labeled #R from 2(c) that is neither
matched nor substituted. By the assumption that A favors downward matches, we may
assume u is the last node visited in the pre-order traversal of T′.

Finally, observe that the assumption i′ = i − 1 implies that CLG(Z) must be deleted.
Since no nodes between w and u are matched or substituted, this contradicts the assumption
that A favors matching downward. ◁

▷ Claim 18. The indices i, i′ satisfy i = i′.

Proof. Suppose, for contradiction, that i′ > i. Then all of the 4λ nodes labeled #R, which are
right-attached to CLG(Xi′−1), are deleted. This implies that also at least 4λ nodes labeled
#R from 2(c) must be deleted. By the assumption that A favors downward matching, we
may assume these deletions occur among the last 4λ nodes visited in the pre-order traversal
of T′.

We now modify A as follows: we match these 4λ last-visited nodes with the 4λ right-
attached #R-labeled nodes of CLG(Xi′−1), and instead delete all nodes from CLG(Xi′−1),
CNG(Xi′−1), as well as any nodes previously matched to the deleted gadgets (at most
2λ2 + 2λ1 nodes in total). This modification reduces the overall cost of A by at least
8λ − 2λ2 + 2λ1 ≥ 4λ > 0, contradicting its optimality. ◁

It is now not difficult to see, by Claim 15 and Claim 18, that all nodes in R \ CNG(Xi)
are matched to nodes labeled #R from 2(a) and 2(c), respectively, as specified in step (iii).
By symmetry, we have j = j′, and construction step (iv) is satisfied as well. Moreover, by
the optimality of A, the three pairs of gadgets CLG(Xi), CNG(Yj), CNG(Xi), CLG(Z), and
CLG(Yj), CNG(Z) must be aligned in the same way their corresponding strings would be
under standard string ED, thus satisfying step (ii). All remaining nodes must be deleted,
satisfying step (v). ◀

This allows us to conclude this section with the dynamic lower bound.

▶ Theorem 19. Unless Conjecture 2 fails, for any ε > 0, there is no combinatorial algorithm
for (unweighted) dynamic TED of size O(N) that satisfies p(N)+N(u(N)+q(N)) = O(N3−ε),
where p(N), u(N), and q(N) denote the preprocessing, update, and query times of the
algorithm, respectively. This lower bound holds even when the alphabet size is constant.

Proof. Let k be a sufficiently large constant to be determined later. We show that an
algorithm for unweighted dynamic TED, as described in the statement, can be used to
construct a combinatorial algorithm for detecting a 3k-clique with running time O(n3k−ε′)
for some ε′ > 0.

Given an instance G of 3k-Clique Detection, the algorithm proceeds as follows. We first
discover the set of all k-cliques in G, which we denote with S. The algorithm performs O(nk)
rounds, one for each k-clique Z ∈ S. In round Z, we dynamically maintain the two trees
TX (Z) and T′

Y(Z) where X = Y = S as defined in Definition 12. Note that between any two
consecutive rounds Z and Z ′, the corresponding trees TX (Z), TX (Z) and T′

Y(Z), T′
Y(Z ′)

differ only in the gadgets CNG(Z), and CLG(Z), respectively. Both gadgets have length
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λ = O(nk log n), and can be transformed into one another using O(λ) updates. After
constructing the instance for each round Z, we query the distance dZ := ted(TX (Z), TY(Z))
and keep track of the minimum value d := minZ dZ across all rounds. If d − D ≤ 3C for
C, D as defined in Lemma 8 and Theorem 13, respectively, then we return yes. Otherwise,
we return no.

By Theorem 13, we have dZ − D ≤ 3C if and only if there exist k-cliques X, Y ∈ S such
that X ∪ Y ∪ Z forms a 3k-clique. Since we iterate over all Z ∈ S, the algorithm checks for
the existence of a 3k-clique in G.

The total size of the unweighted instance maintained throughout is N = O(nk+1 log n),
treating k as a constant. This is also the number of updates and queries performed. Therefore,
if the total running time can be bounded by O(p(N)+N ·(u(N)+q(N))) = O(N3(1−ε)), then
for a large enough k and small enough ε′ > 0, this evaluates to O(n3(k+1)(1−ε) log3(1−ε) n) =
O(n3k−ε′), contradicting Conjecture 2. ◀

5 Lower Bounds for Dynamic Weighted TED

Our lower bound construction builds upon Bringmann et al. [13], where they reduce Min-
Weight 3-Clique to TED. Their construction of the TED instance is in the style of the
tree-alignment formulation as in Definition 4. Moreover, they do the following tweaks on the
cost function: Denoting the old cost function with δold, they define

δnew(ℓ(v), ε) := 0
δnew(ε, ℓ(v)) := 0

δnew(ℓ(v), ℓ(v′)) := δold(ℓ(v), ℓ(v′)) − δold(ℓ(v), ε) − δold(ε, ℓ(v′))

for all v, v′. Note that this definition does not change the optimal alignment. The advantage
that the new δ offers is that now we can ignore nodes that are not aligned by A (deleting
them has 0 cost), and cost(A) consists solely of the aligned pairs.

Given a Min-Weight 3-Clique instance G = (V, E, w), to make the weight function
complete, we additionally define w(i, j) = ∞ whenever (i, j) /∈ E, and w(i, i) = ∞ for all
nodes i.

▶ Definition 20 (TED Instance [13]). Given an instance G = (V, E, w) for Min-Weight-3-
Clique with w augmented as above, we define an instance (T1, T2, Σ, δ) for TED as follows.

Σ = {a1, . . . , an, b1, . . . , bn+1, a′
1, . . . , a′

n, b′
1, . . . , b′

n+1, c1, . . . , cn,

d1, . . . , dn+1, c′
1, . . . , c′

n, d′
1, . . . , d′

n+1}.
T1 is obtained from right-attaching the following nodes to P(a1 · · · anb1 · · · bn+1): For
every i ∈ [n], right-attach a leaf node a′

i to ai, and right-attach b′
i to bi.

T2 is obtained from left-attaching the following nodes to P(c1 · · · cnd1 · · · dn+1): For every
i ∈ [n], left-attach a leaf node c′

i to ci, and left-attach d′
i to di.

The cost δ(u, v) of matching nodes u and v is defined as follows, with M being a sufficiently
large constant:
1. δ(b′

k, d′
k) = −M2 − 2M · k for every k ∈ [ 1 . . n ]

2. δ(bk+1, c′
j) = −M2 + M · k + M · j + w(k, j) for every k ∈ [ 1 . . n ], j ∈ [ 1 . . n ]

3. δ(a′
i, dk+1) = −M2 + M · k + M · i + w(i, k) for every i ∈ [ 1 . . n ], k ∈ [ 1 . . n ]

4. δ(ai, cj) = −2M + w(i, j) − w(i − 1, j − 1) for every i ∈ [ 2 . . n ], j ∈ [ 2 . . n ]
5. δ(ai, c1) = −M(i + 1) + w(i, 1) for every i ∈ [ 1 . . n ]
6. δ(a1, cj) = −M(j + 1) + w(1, j) for every i ∈ [ 1 . . n ]
7. All other costs are set to ∞.
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Hence, we can view each of T1 and T2 as having a “top” part (the a-nodes and c-nodes),
and a “bottom” part (the b-nodes and d-nodes). Note that this instance has O(n) nodes and
O(n) alphabet size. Bringmann et al. show that the minimum weight of a triangle can be
extracted from the cost of an optimal tree alignment.

▶ Definition 21. Given a TED instance (T1, T2, Σ, δ) as in Definition 20, consider a
tree-alignment consisting of the following matchings, where i, j, k ∈ [ 1 . . n ].
(a) A matching (b′

k, d′
k)

(b) A matching (bk+1, c′
j)

(c) A matching (a′
i, dk+1)

(d) Consecutive matchings (ai, cj), (ai−1, cj−1), . . . , (ai−j+2, c2) if i ⩾ j;
otherwise (ai, cj), (ai−1, cj−1), . . . , (a2, cj−i+2)

(e) A matching (ai−j+1, c1) if i ⩾ j; otherwise (a1, cj−i+1)

We call a tree-alignment with the above structure Ai,j,k. Some simple calculations show
that Ai,j,k has cost −3M2 + w(i, k) + w(k, j) + w(i, j).

▶ Theorem 22 ([13]). Given a TED instance (T1, T2, Σ, δ) as in Definition 20, any optimal
tree-alignment is of the form Ai,j,k for some i, j, k ∈ [ 1 . . n ]. Therefore, an optimal tree-
alignment selects the i, j, k to achieve the minimum cost

−3M2 + min
i,j,k

w(i, k) + w(k, j) + w(i, j)

And the minimum weight of a triangle can be extracted from the alignment cost. Moreover,
each tree alignment not having the form Ai,j,k has cost at least −3M2 + M , for large
enough M . ⌟

Let us give some intuition on why these matchings encode a triangle. Note that weights (1),
(2), and (3) have a “−M2” summand in them, so in order to minimize the total matching cost,
the optimal alignment will for sure choose a matching of the form (b′

k1
, d′

k1
), a matching of

the form (bk2+1, c′
j), and a matching of the form (a′

i, dk3+1) for some k1, k2, k3, i, j. Moreover,
there can only be one matching of each type in order to not violate the rules of tree alignment.
In fact, one can show that k1 = k2 = k3 achieves the lowest cost. We can think of matchings
(k2, j) and (k3, i) as representing edges (k, j) and (k, i) for some k in the original graph.
Finally, to bridge (i, j), the spine-to-spine matchings form a telescoping sum, and the costs
eventually cancel out to be w(i, j).

Now, let us introduce our dynamic TED instance. See Figure 2 for an illustration.

▶ Definition 23 (dynamic TED Instance). Given an instance G = (V, E, w) for Min-Weight
4-Clique, and a node x ∈ [ 1 . . n ], build a TED instance (Tx

1 , Tx
2 , Σx, δx) from (T1, T2, Σ, δ)

from Definition 20 as follows:
Σx = Σ ∪ {a′′

1 , . . . , a′′
n, c′′

1 , . . . , c′′
n, b′′

1 , . . . , b′′
n, b̂x, d̂x, ĉx, ⊥}.

For every i ∈ [ 1 . . n ], attach a′′
i as the child of a′

i, c′′
i as the children of c′

i, and b′′
i as the

first child of bi (hence the left sibling of b′
i).

Attach b̂x as the child of bn+1, d̂x as the child of dn+1, and add node ⊥ between cn and
d1. Attach ĉx as a left child of ⊥.
We define δx(·, ·) out of δ. That is, we keep costs (1), (2), (3), (4), (5), and (6) from
Definition 20, and additionally define the following costs:
7. δ(b̂x, c′′

j ) = −M + w(x, j) for every j ∈ [ 1 . . n ].
8. δ(d̂x, a′′

i ) = −M + w(x, i) for every i ∈ [ 1 . . n ].
9. δ(ĉx, b′′

k) = −M + w(x, k) for every k ∈ [ 1 . . n ].
10. All other costs are set to ∞.
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Note that the alphabet size and number of nodes of our dynamic instance is still O(n).
We call the part of the instance from Definition 20 the underlying tree.

▶ Lemma 24. For a large enough M , an optimal tree-alignment in the above dynamic TED
instance has the structure of Ai,j,k on the underlying trees from Definition 20, and three
additional matchings (b̂x, c′′

j ), (d̂x, a′′
i ), (ĉx, b′′

k). Thus, an optimal alignment will choose i, j, k

that gives the minimum cost

−3M2 − 3M + min
i,j,k

w(i, j) + w(i, k) + w(j, k) + w(x, i) + w(x, j) + w(x, k)

Proof. Let OPT denote the optimal alignment cost. First, note that the above alignment
structure is a valid tree alignment. Thus OPT is upper-bounded by our desired cost.

It only remains to show that every alignment has at least this cost. For M large enough,
in an optimal alignment, either we choose all three matchings (b′

k1
, d′

k1
), (bk2+1, c′

j), and
(a′

i, dk3+1), or the total matching cost up to lower order terms is at least −2M2. We can
argue that k1 = k2 = k3 = k for some k. This is because if k1 < k2, then we can either
increase k1 or decrease k2 to further lower the cost, and likewise for k1 and k3. Now that
we have fixed these three matchings, an optimal alignment will also match b̂x with c′′

j , d̂x

with a′′
i , and ĉx with b′′

k , since adding these matchings decreases the total cost by another
3M , up to lower order terms. Note that by the definition of a tree alignment, these are the
only possible matchings for b̂x, d̂x, and ĉx. Now, by our definition of δ, the only possible
additional alignments are the spine-to-spine matchings. Note that our matchings can be
partitioned into two groups: the matchings containing d̂x, ĉx, d̂x and the remaining matchings
of the underlying trees from Definition 20. If the spine-to-spine matchings do not have the
form (ai, cj), . . . , (ai−j+1, c1), then by Theorem 22, we have that the tree-alignment on the
underlying tree has cost at least −3M2 + M . Hence the tree-alignment on the dynamicTED
instance has cost at least −3M2 − 2M , which is not optimal for M large enough. ◀

This allows us to conclude this (sub)section with the dynamic lower bound.

▶ Theorem 25. Unless Conjecture 1 fails, for any ε > 0, there is no algorithm for dynamic
TED of size O(N) and alphabet size O(N) that satisfies p(N) + N(u(N) + q(N)) = O(N4−ε),
where p(N), u(N), and q(N) denote the preprocessing, update, and query times of the
algorithm, respectively.

Proof. Given a Min-Weight 4-Clique instance G = (V, E, w) with n nodes, we construct our
algorithm to perform n rounds, one for each node x ∈ V , while maintaining the dynamic
TED instance (Tx

1 , Tx
2 , Σx, δx) throughout the rounds. Note that between consecutive rounds

x and y, we only change the label of b̂x, ĉx, d̂x into b̂y, ĉy, d̂y. In each round x, we query
the tree edit distance between Tx

1 and Tx
2 , and keep track of the minimum value across all

rounds (adding an offset of 3M3 + 3M to each).
By Lemma 24, the result of round x allows us to identify nodes i, j, k such that i, j, k, x

form a min-weight 4-clique containing x. After we iterate over all x ∈ V , we indeed return
the min-weight 4-clique. The size and alphabet size of our dynamic TED instance is O(n),
and there are O(n) updates and queries. Thus if there exists an algorithm for dynamic TED
running in overall running time O(p(N) + N(u(N) + q(N))) = O(N4−ε), we would solve
Min-Weight 4-Clique in time O(n4−ε). So for a Min-Weight 4-Clique instance G = (V, E, w)
satisfying the weight condition as in Conjecture 1, it would contradict Conjecture 1. ◀

ITCS 2026
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Lower Bounds for Incremental/Decremental Dynamic TED. An easy modification of
our construction allows us to also establish conditional lower bounds for incremental (resp.,
decremental) dynamic TED, where the updates are restricted to node insertions (resp.,
deletions). Let us briefly sketch the reduction to incremental dynamic TED here. The lower
bound for decremental dynamic TED can be shown similarly.

First we assign some order to the n nodes x1, . . . , xn in the Min-Weight 4-Clique instance.
Then we define δincr to contain all costs in δ from Definition 20, and additionally define
7. δincr(b̂xℓ

, c′′
j ) = −M · ℓ + w(xℓ, j) for every ℓ, j ∈ [ 1 . . n ]

8. δincr(d̂xℓ
, a′′

i ) = −M · ℓ + w(xℓ, i) for every ℓ, i ∈ [ 1 . . n ]
9. δincr(ĉxℓ

, b′′
k) = −M · ℓ + w(xℓ, k) for every ℓ, k ∈ [ 1 . . n ]

10. All other costs are set to ∞
Starting from an empty graph, we make O(n) insertions to arrive at the dynamic TED
instance Tx1

1 , Tx2
2 as in Definition 23. We make a query to our black-box incremental

dynamic TED algorithm to get a min-weight 4-clique containing x1. This concludes the first
round. For round ℓ, 2 ≤ ℓ ≤ n, we attach b̂xℓ

as the child of b̂xℓ−1 , ĉxℓ
as the child of ĉxℓ−1 ,

and d̂xℓ
as the child of d̂xℓ−1 , and query for a min-weight 4-clique containing xℓ. Taking the

minimum weight over all n rounds gives us a desired min-weight 4-clique.
To see the correctness, note that once b̂xℓ

, ĉxℓ
, d̂xℓ

are inserted, they gain priority over
all previously inserted b̂, ĉ, d̂-nodes to be matched. So, essentially, we are considering each
node x ∈ V independently as in the previous reduction to dynamic TED. As there are O(n)
updates and queries in this reduction, we can conclude that unless Conjecture 1 fails, for any
ε > 0, there is no algorithm for incremental dynamic TED of size O(N) and alphabet size
O(N) that satisfies p(N) + N(u(N) + q(N)) = O(N4−ε).

6 Lower Bounds for Dynamic RNA Folding and Dyck Edit Distance

We build upon the static lower bound instance from [2], summarized as follows.

▶ Lemma 26 ([2]). Let G = (V, E) be a graph on n = |V | nodes, and let k ∈ Z+. Then, there
exist embeddings CGA, CGB, CGC : V k → {Σ ∪ Σ′}≤ℓ, with ℓ = O(n) over a constant-size
alphabet Σ and a weight function w : Σ → [M ] with M = O(k4n log n), such that for sets
X , Y, Z ⊆ V k of size N , the string

S := #2N
A

(
⃝X∈X #′

A CGA(X) #′
A

)
#2N

A ◦
#2N

B
(

⃝Y ∈Y #′
B CGB(Y ) #′

B
)

#2N
B ◦

#2N
C

(
⃝Z∈Z #′

C CGC(Z) #′
C

)
#2N

C

satisfies the two following.
(i) There exists a positive constant C such that scorew(S) = C if there are X ∈ X , Y ∈ Y,

and Z ∈ Z such that X ∪ Y ∪ Z forms a 3k-clique in G. Otherwise, scorew(S) < C.
(ii) For every optimal folding F of S, there exists a set X ∈ X such that if CGA(X) appears

within the substring S[ x . . x + λ ), then for all pairs (i, j) ∈ F with {S[ i ], S[ j ]} =
{#A, #′

A}, it holds that either i < j < x or x + λ ≤ i < j. Similarly, there exist sets
Y ∈ Y and Z ∈ Z such that the same condition holds with respect to the delimiters
#B, #′

B and #C, #′
C, respectively. If scorew(S) = C, then this condition holds for all

X, Y, Z forming a 3k-clique. ⌟

We proceed to modify this instance to obtain a dynamic lower bound.
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1
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2
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n
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1
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2

c′
n

d1

d2

dn+1

d′
1

d′
2

d′
n

bn+1

(a) The TED Instance from [13]. The numeric labels indicate the ranges of a certain type of matchings.

d̂x

c′′
1

c′′
2

c′′
n

b′′
1

b′′
2

b′′
n

b̂x

⊥

ĉx

a′′
1

a′′
2

a′′
n

(b) Extension of the TED instance.

Figure 2 The figure illustrates how to extend the TED instance from [13] to obtain a dynamic
bound. Nodes newly introduced in Figure 2b are shown in full color, while those from Figure 2a are
rendered translucent.

ITCS 2026



78:20 Hardness of Dynamic Tree Edit Distance and Friends

▶ Lemma 27. Consider the string S and the weight function w from Lemma 26:
For W ∈ V k, modify the string S to get the string

SW := CLGA(W ) #2N
A

(
⃝X∈X #′

A p(CNGA(X))R CGA(X) #′
A

)
#2N

A ◦
CLGB(W ) #2N

B
(

⃝Y ∈Y #′
B p(CNGB(Y ))R CGB(Y ) #′

B
)

#2N
B ◦

CLGC(W ) #2N
C

(
⃝Z∈Z #′

C p(CNGC(Z))R CGC(Z) #′
C

)
#2N

C ,

where CLGA and CNGA are the strings CLG and CNG from Lemma 7, defined over a
new alphabet ΣA disjoint from Σ. Similarly, CLGB, CNGB and CLGC, CNGC are defined
over new alphabets ΣB and ΣC, respectively, each disjoint from one another and from
Σ ∪ ΣA.
Modify the weight function w from Lemma 26 to get w′ : Σ ∪ ΣA ∪ ΣB ∪ ΣC → [ 1 . . 4λM ]
defined as

w′(σ) =
{

4λw(σ) σ ∈ Σ
1 σ ∈ ΣA ∪ ΣB ∪ ΣC

where λ is the length of CLG, CNG.
Then, there is a constant D such that scorew′(SW ) = D if there are X ∈ X , Y ∈ Y, Z ∈ Z
such that X ∪ Y ∪ Z ∪ W is a 4k-clique, and scorew′(SW ) < D, otherwise.

Proof. We first present Claim 28, and then we argue how Lemma 27 follows from it.

▷ Claim 28. There are X ∈ X , Y ∈ Y, Z ∈ Z for which the following holds:

scorew′(SW ) = 4λ·scorew(S)+
∑

(t,T )∈{(A,X),(B,Y ),(C,Z)} score(CLGt(W )◦p(CNGt(T ))R). (1)

Moreover, if scorew(S) = C (where C is the constant from Lemma 26), the sets X, Y, Z are
such that X ∪ Y ∪ Z is a 3k-clique and such to maximize the summation of scores in (1).

Proof. Let FW be an optimal folding of SW with score sW =
∑

(i,j)∈FW
w(SW [i]), and let

s = scorew(S). Note that s > 0 if N > 0. Since S is a subsequence of SW , we have sW ≥ 4λs.
Moreover, as the alphabet Σ is disjoint from ΣA, ΣB, and ΣC, it follows that for any pair
(i, j) ∈ FW , either both positions i and j lie in S, or neither does.

We can therefore define a folding F of S by restricting FW to those pairs whose endpoints
are both in S. We claim that this folding F has score s, and must therefore be optimal.
Assume for contradiction that this is not the case. Then the score sW could be at most
4λ(s − 1) + 3λ, as the additional parts of SW can contribute at most 3λ to the total score.
This implies sW ≤ 4λ(s − 1) + 3λ = 4λs − λ, contradicting the earlier bound sW ≥ 4λs.

Since F is optimal, it satisfies the property stated in Lemma 26(ii). Importantly, this
property also holds for FW : there is X ∈ X such that if CGA(X) appears within the substring
SW [ x . . x + λ ), then for any pair (i, j) ∈ FW with {SW [ i ], SW [ j ]} = {#A, #′

A}, we have
either i < j < x or x + λ ≤ i < j. The same holds for some Y ∈ Y and Z ∈ Z.

At this point, it is not difficult to see that any optimal F would match the remaining char-
acters of SW (those not included in S) by including the matchings between the three strings
CLGA(W ) ◦ p(CNGA(X))R, and CLGB(W ) ◦ p(CNGB(Y ))R, and CLGC(W ) ◦ p(CNGC(Z))R.

This completes the first part of the statement. For the second part, observe that
if scorew(S) = C, then Lemma 26(ii) holds for all triples X, Y, Z that form a 3k-clique.
Therefore, such triples must maximize the second part of the sum (1), otherwise, we would
contradict the optimality of FW . ◁
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Next, set D = 4λC + 3C ′, where C, C ′ are the constants from Lemma 26 and Lemma 7,
respectively.

Now, suppose there exist X ∈ X , Y ∈ Y, and Z ∈ Z such that X ∪ Y ∪ Z ∪ W forms a
4k-clique. Since X ∪ Y ∪ Z already forms a 3k-clique, Claim 28 implies that the first part of
the sum (1) contributes 4λC. Additionally, by Lemma 7, the second part must contribute
3C ′. Therefore, we have scorew′(SW ) = D.

On the other hand, suppose scorew′(SW ) = D. Then we must have scorew(S) = C;
otherwise, we would get scorew′(SW ) ≤ 4λ(C − 1) + 3λ = 4λC − λ < D, which is a
contradiction. This implies that the sets X ∪ Y ∪ Z form a 3k-clique. Consequently, the
second part of the sum in (1) contributes D − 4λC = 3C ′, and by Lemma 7, this shows that
X ∪ Y ∪ Z ∪ W forms a 4k-clique. ◀

This allows us to conclude this section with the dynamic lower bound.

▶ Theorem 29. Unless Conjecture 2 fails, for any ε > 0, there is are no combinatorial
algorithms for dynamic RNA Folding or dynamic Dyck Edit Distance of size O(N) that satisfy
p(N) + N(u(N) + q(N)) = O(N4−ε), where p(N), u(N), and q(N) are the preprocessing,
update, and query times of the algorithm, respectively. This lower bound holds even when the
alphabet size is constant.

Proof. The proof follows the same pattern as Theorem 19 and Theorem 25. Refer to the full
version [40] for a detailed proof. ◀
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