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—— Abstract

We revisit connectivity-constrained coverage through a unifying model, PARTIAL CONNECTED RED-
BLUE DOMINATING SET (PARTIALCONRBDS). Given a bipartite graph G = (R U B, E) with red
vertices R and blue vertices B, an auxiliary connectivity graph Geonn on R, and integers k, ¢, the task
is to find a set S C R with |S| < k such that Geonn[S] is connected and S dominates at least ¢ blue
vertices. This formulation captures connected variants of MAXIMUM COVERAGE [Hochbaum-Rao,
Inf. Proc. Lett., 2020; D’ Angelo—Delfaraz, AAMAS 2025], PARTIAL VERTEX COVER, and PARTIAL
DOMINATING SET [Khuller et al., SODA 2014; Lamprou et al., TCS 2021] via standard encodings.

Limits to parameterized tractability. PARTIALCONRBDS is W[1]-hard parameterized by k
even under strong restrictions: it remains hard when Geonn is a clique or a star and the incidence
graph G is 3-degenerate, or when G is K> o-free.

Inapproximability. For every € > 0, there is no polynomial-time (1, 1 — X + £)-approximation
unless P = NP. Moreover, under ETH, no algorithm running in f(k) - n°*) time achieves an g(k)-
approximation for k for any computable function g(-), or for any € > 0, a (1 — é + £)-approximation
for t.

Graphical special cases. PARTIAL CONNECTED DOMINATING SET is W[2]-hard parameterized
by k and inherits the same ETH-based f(k) - nok) inapproximability bound as above; PARTIAL
CONNECTED VERTEX COVER is W[1]-hard parameterized by k.

These hardness boundaries delineate a natural “sweet spot” for study: within appropriate
structural restrictions on the incidence graph, one can still aim for fine-grained (FPT) approximations.
Our algorithms. We solve PARTIALCONRBDS exactly by reducing it to RELAXED DIRECTED STEINER
OUT-TREE in time (2¢)' - n®1. For biclique-free incidences (i.e., when G excludes Kgq as an
induced subgraph), we obtain two complementary parameterized schemes:

An Efficient Parameterized Approximation Scheme (EPAS) running in time 0(k?d/e)  ,0(1)

that either returns a connected solution of size at most k covering at least (1 — €)t blue vertices,

or correctly reports that no connected size-k solution covers t¢; and

A Parameterized Approximation Scheme (PAS) running in time 9O (kd(k?+logd)) [, O(1/e) tpat

either returns a connected solution of size at most (1 4 €)k covering at least ¢ blue vertices, or

correctly reports that no connected size-k solution covers t.

Together, these results chart the boundary between hardness and FPT-approximability for connectivi-
ty-constrained coverage.
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1 Introduction

In the last decade, FPT approximation has enjoyed a tremendous amount of success in obtain-
ing near-optimal approximations for NP-hard optimization problems that resist polynomial-
time approximations, as well as exact FPT algorithms. Indeed, this paradigm has led
to the best-known approximation guarantees for many fundamental problems, including
MIN k-Cur [31], k-MEDIAN/k-MEANS clustering [8], k-EDGE SEPARATOR [18], BALANCED
SEPARATOR [15], to mention a few. The field’s recent momentum owes much to the emer-
gence of accompanying hardness-of-approximation frameworks in the FPT setting, which
delineate the achievable frontier and indicate when to stop pursuing better ratios or faster
schemes [2,6,7,19,20, 25, 28, 29,42].

Possibly second only to clustering and treewidth, the strongest testament to the success
of the FPT approximation paradigm lies in its applications to MAX COVERAGE and its
variants. In the classical MAX COVERAGE problem, we are given a set system (U, F) and
a positive integer k, where U is a universe of n elements and F is a family of m subsets of
U. The goal is to select a subfamily F/ C F of size k that covers as many elements of U as
possible. A well-known greedy algorithm achieves a tight (1 — 1/e)-approximation [13,21],
and the problem is known to be W[2]-hard when parameterized by & [14].

Recent results have established that this approximation factor remains tight even if one
allows FPT running time. Specifically, Manurangsi [33] showed that assuming Gap-ETH, no
algorithm can achieve an approximation ratio better than (1—1/e) in time f(k)-(|U|4]F])°*),
even with the promise that there exist k£ sets that cover the entire universe. Very recently,
this result was strengthened by Guruswami et al. [20] by weakening the assumption to ETH.
Despite this barrier, significantly better results can be obtained for MAX COVERAGE and
its variants when the underlying set system has additional structural properties. This line
of research was initiated by Marx [35], who gave an FPT (1 — ¢)-approximation algorithm
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running in time O*(2°**/€))1 for the PARTIAL VERTEX COVER (PVC) problem. Here, the
task is to select k vertices in a graph that cover as many edges as possible — a special case of
Max COVERAGE. Subsequent works extended this to more general settings. In particular, for
set systems where each element appears in at most d sets (d = 2 for PVC), the running time
was improved to O*((d/e)°*)) [32,40]. More recently, Jain et al. [24] further generalized
these results to Ky 4-free set systems, where no d sets share d common elements.

Building on the success of FPT approximation for the vanille MAX COVERAGE, attention
has shifted to coverage with additional constraints, a class of problems previously studied
in the classical polynomial-time approximation regime. Many of these classical results
have been extended to obtain stronger FPT approximations for coverage problems with
fairness [23], matroid [23,39], and capacity [30] constraints, when the underlying set systems
are structurally well-behaved.

Connectivity Constraints. Among the constrained variants, connectivity-constrained cover-
age has received considerable attention in the classical setting. Motivated from applications in
sensor and social networks, Khuller et al. [26] introduced CONNECTED PARTIAL DOMINATING
SET, where, given a graph G, the goal is to find a minimum size connected subset S C V(G)
that dominates at least t vertices. For this problem, they designed a polynomial-time
O(log A)-approximation, where A is the maximum degree in G. For the complementary
problem, called CONNECTED BUDGETED DOMINATING SET — where the goal is to find a
connected vertex-subset of size at most k£ that dominates the maximum number of vertices —
they designed an (75(1 — 1))-approximation (this was also independently obtained in [27]).
Subsequently, Hochbaum et al. [22] introduced a more general CONNECTED MAX COVERAGE
problem, which is a variant of MAX COVERAGE, where the selected sub-family needs to
induce a connected subgraph in another connectivity graph additionally provided in the
input. For this problem, they gave an ((1 - %) . max{% - %, % )-approximation, where R
is the radius of the connectivity graph. Very recently, D’Angelo and Delfaraz [11] designed
bicriteria approximations for the same problem; specifically, polylogarithmic approximations
for the number of elements covered with a solution of size (1 + ¢)k.

However, to the best of our knowledge, these problems have not yet been systematically
explored within the parameterized approximation framework. The goal of our work is twofold:

1. To formulate a general model of connectivity-constrained coverage that is express-
ive enough to capture a broad range of problems studied in the prior polynomial-

time literature, and
2. To develop new techniques within the FPT approximation paradigm for designing

approximation schemes for the two fundamental minimization and maximization
problems that naturally arise in this framework.

7

Our model separates the constraint layer — a companion graph Gqn, that can enforce
connectivity, independence/packing, or fault tolerance — from the coverage layer — the
incidence bipartite graph Geoy = (R U B, E) that represents the set-element incidences
from a hypergraph. This separation lets us handle a wide range of set-system (hypergraph)
families, including bounded-rank and biclique-free incidences, bounded VC-dimension and
geometric ranges, as well as multi-coverage and weighted variants. In the next subsection,
we formally define our model and demonstrate its expressivity by showing how previously
studied problems can be naturally captured within this framework.

1 We use O*(-) to suppress polynomial factors in the input size, i.e., O*(T) = T - |I|°®), where |I| denotes
the input size.
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1.1 Our Model of Connectivity-Constrained Coverage

We introduce the following problem that is central to this work.
_ PARTIAL CONNECTED RED-BLUE DOMINATING SET (PARTIALCONRBDS)

Input: An instance Z = (Geopn, Geov, k, t), where
Geomn = (R, E) is an arbitrary graph, called the connectivity graph,
Geov = (RW B, E’) is a bipartite graph, called the coverage graph, and
k and t are non-negative integers.

Question: Does there exist a vertex subset S C R such that,

(1) [8] <k,

(2) GeomlS] is connected, and

(3) [Naw,(5)] =17

Let us unpack the definition. The input consists of two graphs Geopn and Geoy, and two
non-negative integers k and ¢t. Here, Gy is a bipartite graph with vertex set RW B, that is to
be thought of as the incidence graph of a set system — the “red side” (R) corresponds to the set
family F, and the “blue side” (B) corresponds to the universe U/, with an edge representing set-
element containments. Notice that under this interpretation, MAX COVERAGE corresponds
to selecting a k-sized subset of R that dominates the maximum number of vertices in B.
Next, we have a connectivity graph Geonn, Whose vertex set is also R. This graph is used
to model the connectivity of the solution, i.e., a solution S C R is required to induce a
connected subgraph of Geonn.

While the decision question asks whether there exists such a connected solution of size at

most k that dominates at least ¢ vertices in B, two natural optimization variants stem from
it: find a connected solution S that
(i)  maximizes |[Ng_,(5)] s.t. |[S] <k, and
(i)  minimizes |S]| s.t. |[Ng,, (S)] > t.
To handle both variants in a unified way, we define the notion of an («, 8)-approximation
algorithm: such an algorithm either finds a connected solution S such that |S| < ak
and |Ng,,,(S)| > Bt; or correctly outputs that there is no S C R satisfying the original
requirements.

Modeling prior problems. Here we describe how we can model the problems from the prior
literature as instances of PARTIALCONRBDS. Consider CONNECTED PARTIAL/BUDGETED
DOMINATING SET, studied in [26,27], where we are given a graph G, and we want to find a
connected dominating set (with dual objectives). To model it as PARTIALCONRBDS, we let
Geomn = G, and Gy is a bipartite graph on the vertex set RW B, where R = V(G), and B
is another copy of V(G). For each u € V(G), we add the edges between u and the copies of
all w € Ng[u] in the set B. Note that there is a close coupling between Gcopn and Gy while
modeling CONNECTED PARTIAL DOMINATING SET, which is not always the case. Indeed,
consider the CONNECTED MAX COVERAGE problem studied in [11,22], where we are given
a set system (U, F), and a graph G with V(G) = F. To model it as PARTIALCONRBDS,
we let Gy be the set-element incidence graph (as described above), and let Geonn = G. At
the other extreme, the vanilla MAX COVERAGE can be modeled by letting Geonn be a clique,
rendering the connectivity requirement redundant.

PARTIAL HITTING SET is the “dual variant”, where the roles of elements of the universe
U and the sets of F are reversed ( [17]) — we want to select a minimum number of elements
from U that hits at least ¢ elements. This again can be modeled as PARTIALCONRBDS by
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letting Gy be the set-element incidence graph as before; however with the roles of R and B
flipped (R corresponds to U, and B to F), and Geonn is a clique defined on the vertex set
that corresponds to U.

1.2 Our Algorithmic Results

PARTIALCONRBDS is W([l]-hard parameterized by k even under strong restrictions: it
remains hard when Geonn i & clique or a star and the incidence (coverage) graph Geoy is
3-degenerate, and even when G0y is Ko o-free. For every € > 0, there is no polynomial-time
(1, 1 — 1/e + ¢)-approximation unless P = NP; moreover, under ETH, no algorithm running
in time f(k) - n°®) achieves either a (g(k), 1)-approximation for any computable function
g(+) (with respect to the size bound k) or a (1, 1 — 1/e + €)-approximation (with respect to
the coverage threshold t). The graphical special cases reflect the same picture: PARTIAL
CONNECTED DOMINATING SET is W[2]-hard parameterized by k and inherits the ETH-based
f(E) -n°®) inapproximability bounds above, while PARTIAL CONNECTED VERTEX COVER is
WI[1]-hard parameterized by k. For more details see Section 1.3. These hardness boundaries
delineate a natural “sweet spot”: under suitable structural restrictions on the incidence
graph one can still aim for fine-grained (FPT) approximation schemes. All of these results on
parameterized and approximation lower bounds are established by modeling already existing
problems such as MAX COVERAGE, CONNECTED PARTIAL/BUDGETED DOMINATING SET
(See full version). Also the details of some sections/results marked with # can be found in
the full version of the paper.

A natural question is: which restrictions on the incidence graph suffice? Recall that
PARTIAL VERTEX COVER admits a (1—e¢)-approximation (for the coverage target t) [32,35,40]
and a +1 additive approximation (for the size bound k) [24]. In fact, these guarantees hold
when D is the class of incidence graphs of Ky 4-free set systems (i.e., no d sets share d
common elements). A natural next step is to ask whether the same techniques extend to
connectivity-constrained coverage — namely, when the chosen set S C R must also satisfy
graph-side constraints imposed by an arbitrary companion graph Geon,. Answering this
question (almost) affirmatively is the main technical contribution of our work.

Our main algorithmic contribution is parameterized approximation schemes for the two
natural optimization variants of PARTIALCONRBDS when the coverage graph Gy is Kg q4-
free. Specifically, we prove the following two theorems. The first of the following two theorems
is when we insist on a connected solution of size at most k, and wish to approximate the
number of blue vertices dominated by the solution.

» Theorem 1. For any e > 0, there exists an (1,1 —¢€)-approzimation algorithm with running
time 20(k*d/2) . |Z|°M) for an instance T of PARTIALCONRBDS where the coverage graph is
K q-free, and the connectivity graph is arbitrary. That is, this algorithm takes an instance
Z = (G conn, Geows ks t) such that G oy is Kg q-free, runs in time 90(k*d/e) |I|O(1) and either
(i) outputs S C R of size at most k such that G conn|S] is connected and |Ng,,,(S)| > (1 —e)t;
or (ii) correctly reports that there exists no S C R of size at most k such that G con[S] is
connected, and |Ng,,, (S)| > t.

We prove a complementary result, where we approximate the solution size, but insist that it
dominates at least ¢ blue vertices. More formally, we prove the following theorem.

» Theorem 2 (#). For any € > 0, there exists an (1 + €, 1)-approzimation algorithm with
running time 20(kd(k*+logd)) . |Z|°C/9) for an instance T of PARTIALCONRBDS, where
the coverage graph is Kgq4-free, and the connectivity graph is arbitrary. That is, this al-
gorithm takes an instance T = (G conny G covs ks t) such that G oy is Kg q-free, runs in time
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90 (kd(k* +log ) | 7|01/ and either (i) outputs S C R of size at most (14 &)k such that
G conn|S] is connected and |Ng.,, (S)| > t; or (ii) correctly reports that there exists no S C R

cov

of size at most k such that G.on|S] is connected, and |Ng.,,(S)] > t.

We reiterate that both of the following results are in the setting where C is arbitrary and D is
a family of bipartite incidence graphs that are K, 4-free for some d > 1. Recall that Khuller
et al. gave an O(log A)-approximation for PARTIAL CONNECTED DOMINATING SET. Our
result above (Theorem 2) improves upon this result by returning an (1 4 €)-approximation
in O*(2kAKR 108 A)) time,

Neighborhood Sparsifiers: A Conceptual Contribution. A natural approach to solve our
problem is to assign a weight to each red vertex proportional to its coverage degree in Geoy —
say w(v) = |Ng.,, (v)| and then pick a connected k-set in Geopn With maximum total weight,
i.e., a maximum-weight k-vertex tree in Gonn (solvable in 20(k) ,0(1) time; see Section 5).
The obstacle is additivity: overlaps in neighborhoods mean that a single weight function
w : R — Z>¢ satisfying w(S) — et < |Ng,,(S)] < w(S) + et forall SCR, |S| <k
(and computable in FPT time) appears out of reach.

Instead, when G¢oy is Kg 4-free, we construct a small family of surrogate weight functions,
one of which has the desired property. This reduces the task to, for each weight function,
solving a maximum-weight k-tree in Gonn and taking the best outcome. Technically, the
family arises from a combinatorial sparsification lemma for G .y: via a greedy step coupled
with random separation (later derandomized), we obtain a sparsified incidence graph that
preserves the neighborhoods of all k-sets. In the sparsified instance, the simple per-vertex
degree w(v) = deg,,0(v) serves as the required weight, yielding the desired approximation
once lifted back to the original graph.

» Lemma 3 (Neighborhood Sparsifiers for Ky 4-free coverage). Let T = (G conn, Geow, K, t) be
an instance of PARTIALCONRBDS with Gcoy Ky q-free. There exist ¢ = f(k,d,¢) - log|B|
weight functions {wi,...,w;}, w;: R — Zsq, computable in time g(k,d,e) - |B|°Y), such
that the following holds. For every S C R with |S| =k, for all j € [£] with w;(S) —et <
[Ne..,(S)| < w;(S), where w;(S) :=3_,cqw;(v).

We believe that Lemma 3 will find applications beyond this work, in the spirit of seminal
cut and spectral sparsifiers [3,41]. We do not prove the lemma in the form stated here, but
it follows from our results. We will include a proof of this specific version in the final version
of the paper.

1.3 Potential for a Dichotomy Program

Our results motivate a clean classification program separating regimes that admit FPT-
approximation from those that are provably hard. We study the (parameterized) complexity
of PARTIALCONRBDS over “(C x D)” families of instances, where the constraint graph
G comn Tanges over a class C and the coverage/incidence graph Ge.y ranges over a class D.
We instantiate this framework by varying C (e.g., bounded treewidth, clique/star) and D
(e.g., biclique-free, bounded rank/degeneracy), thereby charting the frontier between FPT-
approximability and hardness. We exemplify this by varying C and D in a few different
ways.

C = cliques, D = arbitrary. As mentioned earlier, this models an arbitrary instance of MAX
COVERAGE, and therefore PARTIALCONRBDS inherits all its positive and negative results.
We explicitly spell out these approximation and parameterized lower bounds in order to
contrast them with our positive algorithmic results.
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C = max degree A, D = arbitrary. In this case, we can enumerate n - A°*) connected
vertex-subsets of Gonn Of size at most k, and check whether any subset dominates at least
t blue vertices in Geoy. Therefore, in this case PARTIALCONRBDS is FPT parameterized
by k 4+ A. Note, in particular, that this captures the special case when G on, is a path
(in this case, in fact, the problem is polynomial-time solvable). It may be tempting to
conjecture that PARTIALCONRBDS is (fixed-parameter) tractable even when C is the
class of trees. This, however, turns out not to be the case.

C = stars, D = arbitrary. In this case, we can again model an arbitrary instance of MAX
COVERAGE, by adding a dummy set that maps to the central vertex of the star, and all
the original sets mapping to the leaves of the star. Thus, all the intractable results carry
over from MAX COVERAGE.

C = arbitrary, D = arbitrary. In this most general case, we design an FPT algorithm for
PARTIALCONRBDS parameterized by ¢, which runs in time O*((2¢)!) in Section 4.
This shows that, parameterized by the desired coverage, the problem is fixed-parameter
tractable in spite of the connectivity requirements.

C = arbitrary, D = each vertex in R has degree at most A . In this case, note that any
k-sized set S C R has |Ng_,(S)| < kA, implying that if ¢ > kA g then we can conclude
that we have a No-instance. Otherwise, the FPT algorithm from the previous paragraph
implies that PARTIALCONRBDS is FPT parameterized by k + Ag.

C = arbitrary, D = each vertex in B has degree at most Ap. Note that when Ag = 2,
this models the coverage of edges by vertices in a graph. Therefore, when Geony is a clique
or a star, one can model PARTIAL VERTEX COVER, which is known to be W([1]-hard
parameterized by k; and PARTIALCONRBDS inherits this hardness.

2 Technical Overview of Our Main Results

Next, we describe some of the technical ideas that lead to our algorithmic results Theorem 1
and Theorem 2. Due to the inherent nature of the problem, our algorithms and the
corresponding arguments need to juggle between the two graphs G opn and Geoy, and their
interplay with a hypothetical solution that we seek. These arguments go via a couple of
auxiliary graphs that make finding a solution easier, albeit at the expense of a small loss in
the quality of the solution (either in terms of the solution size, or in terms of the number of
dominated blue vertices).

Overview of the proof of Theorem 1. Suppose that the input instance Z = (G comn, Geov, &, t)
is a Yes-instance of PARTIALCONRBDS, where Gcony is arbitrary and Geoy is Kq 4-free. Let
S* C R =V (Gecom) = V(Geoy) be an (unknown) solution of size k that is connected in Geopn
and dominates at least ¢ blue vertices.

1. Defining and working with a conflict graph. We construct an auxiliary graph, called the
conflict graph, denoted as Geons, where V(Geons) = R, and there is an edge between two
vertices iff the number of common blue neighbors of the two vertices is a “significant
fraction” of ¢ (we will use ,%) Using the fact that Gcoy is Ky 4-free, one can show that
the maximum degree of Gons is bounded by some f(k, d, €), notably it is independent of ¢
(cf. Lemma 6). That is, for each red vertex u, the number of other red vertices that have
a significant overlap with u in terms of blue domination is bounded by f(k,d, ). Notice
that some pairs of vertices from S* (our unknown solution) can have significant overlap,

but maybe not all. Therefore, G¢one[S*] may be disconnected with at most &k connected

ITCS 2026



80:8

FPT Approximations for Connected Maximum Coverage

components, denoted by C*. Since A(Geont) < f(k,d,€), we can use the technique of
random separation to obtain a collection C of induced connected subgraphs of Gcons such
that, C* C C (even though S* is unknown to us). The success probability of this step is
inverse FPT in k, d, and ¢; and this step can be derandomized using known combinatorial
tools. Let us assume henceforth that we have such a collection C in our hand. The
algorithmic task is to figure out which set of connected components from C together form
the desired solution.

2. Using C to sparsify G,,. Recall that our unknown solution S* is partitioned across C
in such a way that, either all or none of the vertices of a component in C are a part of
S*. We process each blue vertex u as follows: whenever u has edges to two or more red
neighbors within the same component of C, we arbitrarily delete all but one of these edges.
We repeat this until every blue vertex has at most one neighbor in each component. The
resulting graph Ggpar is a subgraph of Gco,. This way, each blue vertex u has at most
one neighbor in Ggpay wWithin any component of C, and that neighbor will be responsible
for counting the domination of u. For each red vertex r € R, we define its weight as the
number of its blue neighbors in the sparsified graph Ggpar. Note that, while a solution
may span across multiple components, and hence some domination overlap across different
components may still remain, the construction of the conflict graph guarantees that such
inter-component overlap is a negligible fraction of ¢. Recall that the different weight
functions mentioned in Lemma 3 correspond to different weight functions obtained in
this manner, corresponding to different colorings from the random separation step.

3. Using sparsified weights to find an approximate solution. We now view Geon, as a
weighted graph, where the weight of each vertex is defined from the sparsification step.
Then, we find a connected subgraph of Geonn On at most k vertices with maximum total
weight. This can be done using an application of the classical color-coding approach [1].
If there exists a feasible solution S* of size k, it corresponds to a connected subgraph
with total weight at least t. Conversely, if we identify a connected subgraph S with total
weight at least ¢, then even after discounting the small amount of over-counting across
different components, we are guaranteed that |[Ng_ (S)| > (1 —e)t. This completes the
description of Theorem 1.

cov

Overview of the proof of Theorem 2. As before, suppose that the given instance Z is
a Yes-instance and let S* be an unknown solution. In this setting, the goal of (1 + ¢,1)-
approximation is flipped: we no longer insist that the solution has size exactly k (we allow
solutions of size up to (1 + ¢)k); but instead require that it dominates at least ¢ blue vertices.

1. A first attempt, and why it fails. We begin by running the algorithm from the previous
subsection with a suitable choice of §, obtaining an (1,1 — ¢)-approximate solution S of
size k that covers at least (1 — d)¢ blue vertices. If |Ng,,,(S)| > ¢, we are done. Otherwise,
the solution is only slightly short; but remember that we are allowed to add a few more
vertices to reach the required coverage.

Let H be the set of the g(k,d,d) highest-degree red vertices. A combinatorial lemma
(originally from [24]) guarantees that, when G.oy is Ky 4-free, at least one of the following
holds.

(i)  the unknown solution intersects H, i.e., H N .S* # (), or

(i)  there exists a vertex h € H such that S U {h} dominates at least ¢ blue vertices
This suggests a natural strategy: if case (i) holds, then we add h to the solution, and
recurse. Otherwise, in case (ii), we simply add h to S, yielding a solution of size k + 1,
which is much smaller than the allowed (1 + ¢)k. But there is a catch: we also require
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that the solution be connected in Geopn, and there is no guarantee that Geonn[S U {h}] is
connected. If A happened to be adjacent to, or close to, a vertex of S, this would be easy
to fix, but this does not hold in general.

2. A structural lemma to the rescue. To overcome this, we first provide a structural lemma
that may be of an independent interest: since Geon[S*] is connected, there exists a subset

C C 5™ of size at most 1/e such that every vertex of S* is at distance at most ek from C.

We “guess” C' by iterating over all subsets of R of size at most 1/¢, and in each iteration,

we require that the guessed set C' must be a part of our solution that we will build.

During recursion, C' may grow as we discover additional vertices that must belong to S™;
but the original C serves the purpose of “cheaply connecting” a vertex to the solution.

3. Amended recursive strategy. With this additional seed C, we run the previous algorithm
again to find a set S of size k containing C' that dominates at least (1 — §)¢ blue vertices
(this requires generalizing the previous algorithm so that we can provide to it an additional
terminal set—here C—that must be contained in the solution). At this point, we focus
only on high-degree vertices that are near C' in Gconn, since S* must be contained in this
neighborhood. We then apply the lemma from Step 1:

In case (i), we guess h € H that is guaranteed to belong to S*. Then we branch on all
possibilities for A, extend C' by including it, and recurse.

In case (ii), for some h € H, the set SU{h} dominates at least ¢ blue vertices. Because
h is close to C', we can connect it to S by adding a path P in G.on, of length at most
ek. The resulting set S U P is connected, has size at most (1 + €)k, and dominates at
least ¢ blue vertices. Iterating over all h € H, we return a solution whenever this case
applies.

This concludes the overview of the proof of Theorem 2. We note that the running time
of this (1 + ¢, 1)-approximation algorithm is of the form h(k,d) - |Z|®1/%) in contrast to
the (1,1 — ¢)-approximation of Theorem 1, which runs in time f(k,d,¢) - |Z|°1). A natural
question is whether the dependence on € in Theorem 2 can be improved, i.e., whether one
can achieve a running time of the form h(k,d,¢) - |Z|°"). In analogy with PTAS versus
EPTAS, this corresponds to improving from a PAS to an EPAS 2.

However, obtaining such an improvement would be unlikely due to the following simple
reason. Indeed, suppose for any € > 0 we could compute a connected solution of size at
most (1+¢)k that covers at least ¢ blue vertices. Setting € <— i would then yield a solution
of size at most k + %, which must in fact be of size at most k. This would give an exact
FPT algorithm for PARTIALCONRBDS parameterized by k and d; however the problem is
W/[1]-hard when parameterized by k even when d = 2 (cf. PARTIAL VERTEX COVER). Thus,
Theorem 2 achieves, in a precise sense, the best possible form of approximation scheme, apart
from potential improvements to the FPT factor of the running time.

3 Preliminaries

Let [n] be the set of integers {1,...,n}. For a graph G, we denote the set of vertices of G by
V(G) and the set of edges by F(G). For a directed graph D, we denote the set of vertices of
D by V(D) and the set of edges by A(D). We denote an edge of an undirected graph by uw

2 EPAS stands for Efficient Parameterized Approzimation Scheme, i.e., a (1 + ¢)-approximation in time
f(k,e) - \I|O(1> for some parameter x. PAS stands for Parameterized Approzimation Scheme, where the
running time can be f(k,e) - |[1]9().
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and an arc of a directed graph by (u,v). For a subset X of vertices X C V(G), we use the
notation G — X to mean the graph G[V(G)\ X]. For a vertex subset S C V(G), G[S] denotes
the subgraph of G induced on S, i.e., V(G[S]) = S, E(G[S]) = {uv : u,v € S,uv € E(G)}.
For a graph G and a vertex v € V(G), we define open neighborhood of a vertex as Ng(v) =
{u | uv € E(G)} and closed neighborhood of a vertex as Ng[v] .= Ng(v) U {v}. Further for

a set X C V(@), open neighborhood of X is defined as Ng(X) := ( U Ng(x)) \ X and
zeX

closed neighborhood of X is defined as Ng[X] := Ng(X) U X. We use standard terminology
from the book of Diestel [12] for those graph-related terms that are not explicitly defined
here. We refer to [9] for an introduction to the area of parameterized complexity and related
terminology.

4 FPT for PARTIALCONRBDS parameterized by ¢

In this section we design an algorithm for PARTIALCONRBDS, parameterized by t. The
result is obtained by giving an FPT reduction to RELAXED DIRECTED STEINER OUT-TREE
problem. A directed out-tree (or arborescence) is a digraph whose underlying undirected
graph is a tree and that has a unique root r such that every arc is directed away from r.
Equivalently, the root r has in-degree 0 and every other vertex has in-degree exactly 1. The
problem RELAXED DIRECTED STEINER OUT-TREE is defined as follows:

RELAXED DIRECTED STEINER OUT-TREE (RDSOT)

Input: A directed graph D = (V, A), a set of terminals T C V, an integer p.
Question: Is there a directed out-tree D' C D with |V(D')| < pand T C V(D')?

If in addition, we are given an additional distinguished vertex r € V' and ask to check
whether D contain a directed out-tree on at most p vertices that is rooted at r and that
contains all the vertices of T', then that problem is referred as DIRECTED STEINER OUT-TREE.
Misra et al. [36] gave an algorithm for DIRECTED STEINER OUT-TREE that runs in time
2IT1 . n©M) | Note that we can also solve RELAXED DIRECTED STEINER OUT-TREE in time
2IT1. M) by “guessing” (i.e., enumerating n choices for) the root vertex r, and solving the
resulting instance of DIRECTED STEINER OUT-TREE. Now we use this result to design a
randomized algorithm for PARTIALCONRBDS.

Randomized reduction from PARTIALCONRBDS to RDSOT. Let Z = (Geonn, Geovs Ky t)
be the given instance of PARTIALCONRBDS. Let f : B — [t] denote an arbitrary function
(referred to as a coloring), where each vertex of B is assigned an integer from [t]. For each 4,
let B; denote the vertices with color i according to f, i.e., B; = {v | v € B, f(v) = i} (we
omit the dependence of f in the notation for the sake of brevity).

Now, we construct a directed graph D¢ that will serve as the input for the eventual
instance of RELAXED DIRECTED STEINER OUT-TREE. We define

V(D) :=V(Geoy) W T, where T' = {7; : i € [t]}.

The arc set A(Dy) is constructed by adding the following three types of arcs.
Type 1: For every edge uv € E(Ggom), add both arcs (u,v) and (v,u) to A(Dy).
Type 2: For every edge uv € E(Geoy) with u € R,v € B, add the arc (u,v) to A(Dy).
Type 3: For each i € [t], add the arcs {(v,7;) : v € B;} to A(Dy).
Let p = k + 2t, and let 7} = (Dy,T,p) be the resulting instance of RELAXED DIRECTED
STEINER OUT-TREE.
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Our randomized algorithm works on the given instance Z = (Gconn, Geov, k, t) as follows.
First, it obtains a random f : B — [t], i.e., for each u € B, it independently and uniformly
assigns a color from [t]. Then, it constructs the instance Z; = (D¢, T,p) of RDSOT as
described above. Then, it runs the O*(2/71) = 0*(2!) time algorithm of [36], which returns
Yes iff Z} is a Yes-instance of RDSOT. It repeats this procedure (of selecting a random
coloring f and solving the resulting I}) independently up to e’ times. If in any of the iterations,
the algorithm of [36] outputs Yes, then our algorithm reports that the original instance Z of
PARTIALCONRBDS is a Yes-instance. Otherwise, if in all iterations the algorithm returns
No, then the algorithm outputs that Z is a No-instance of PARTIALCONRBDS.

» Theorem 4 (#). PARTIALCONRBDS admits a deterministic (resp. randomized) algorithm
that runs in time O*((2e)*°W) (resp. O*((2e)?) and outputs the correct answer with probab-
ility at least 1 —1/e).

5 (1,1 — e)-approximation for PARTIALCONRBDS

In this section we design an FPT algorithm (parameterized by k + d 4+ 1/¢) that achieves a
(1,1 — e)-bicriteria approximation for PARTIALCONRBDS when the coverage graph Geoy is
Kgg-free. If t < %, we invoke the exact algorithm of Theorem 4, which (when a solution
exists) returns a set of size at most k dominating at least ¢ vertices. When ¢ > %, assuming
there exists a solution of size at most k dominating at least t vertices, we compute a set
S C R with |S| <k, Gconn[S] connected, and S dominating at least (1 — &)t vertices of B in
Geov- Combining these two cases yields Theorem 17. Since the small-¢ case is handled by
Theorem 4, the remainder of this section focuses on the regime ¢ > %. We next present the
algorithmic components and then assemble them into the full procedure, referring back to
the corresponding subsections as needed.

Suppose T = (Geomn, Geovs k, 1) is a Yes-instance of PARTIALCONRBDS; i.e., there exists
S* C R with |S*| < k such that
(P1) Gecom[S™] is connected, and
(P2) [Ne, (5%)] =t
We will refer to these properties as (P1) and (P2) throughout this section.

5.1 Step 1: Construction of the Conflict Graph
In this subsection, we define the notion of a conflict graph as follows.

» Definition 5 (conflict graph). Let G omn and G.o, denote the connectivity and coverage
graphs, respectively, as given in the input. We define conflict graph, denoted by Geons
as follows: the vertex set V(Gconf) = V(Gw,m) = R, and E(Gconf) = {uv D u,v €
R and ‘Ng(u) N NGCW(’U)‘ > Z—; .

Note that the conflict graph can be constructed in time quadratic in the size of G oy. In
the following lemma, we bound the maximum degree of the conflict graph.

» Lemma 6 (Restatement of Lemma 4.1 from [24]). Suppose the coverage graph G, i
2
K q-free, and t > %. Then, the mazimum degree A = A(Gcons) of the conflict graph,
d
Geons as in Definition 5 is at most (d — 1) - (%) , where e denotes the base of natural

logarithm.

Proof. The proof is essentially identical to that of Lemma 4.1 of [24], but we describe it
here for the sake of completeness, using the terminology used in this paper. Recall that,
Geomns Geovs Geons denote the connectivity, coverage and conflict graphs respectively. We

80:11

ITCS 2026



80:12

FPT Approximations for Connected Maximum Coverage

show that the degree of every vertex v € V (Geont), that is degg  (v) is bounded. To this
end, fix an arbitrary vertex v € V (Geons). WLOG, we only focus on the vertices with
degg._ . (v) > 1; vertices with degree 0 trivially have bounded degree in Geone. Let us consider
the sets P := Ng__,(v) € R and @ := Ng_,(v) € B. Now consider the induced subgraph
Geov[P W Q)] of the original coverage graph Geoy. Let this induced subgraph be G

Let K denote the set of all K5 4’s in the graph GY,, where one vertex (the center vertex
of the star) belongs to Ngmf( ) € R and its d neighbors belong to Ng_, (v) C B. Since
v (u)] > 55 > d, it follows that each

cov’

every u € P has at least 7z > d neighbors in @, i.e.,

Et

d
Further, we claim that |[K| < (d — 1) <|§|) Assume towards contradiction that |KC| >

u € P participates in at least distinct copies of K7 4. Therefore, || > |P] - ( d )
(d-1) <|§|) For each set Z C @ of size exactly d, let x(Z) denote the number of K; 4’s in
K that all the vertices of Z together participate in. Then, it follows that (d — 1) - (|§|> <

K| = oo k(Z) < (|Q>/@(Zmax), where Zn.x = argmax x(Z). This implies that
ZCQ:|Z|=d ZCQ:|Z|=d

K(Zmax) > d — 1, i.e., K(Zmax) > d. However, this implies the existence of a K44 in GY

which is a subgraph of G..y, a contradiction. Therefore, we obtain that,

" <kdt) <|Kl<(@d-1): ('3') cd-1)- (2)

(Since |Q] < t, else singleton solution)

cov’

t
o (g)
<@-y. L (sinee (1)" < () < ()")
()"
N
<(@d-1)- (7)
This concludes the proof. |

5.2 Step 2: Isolating Connected Components of S* in G s

In this section we apply the classical random separation technique [5] to probabilistically
isolate the solution vertices from their G.ops-neighbors in any Yes-instance.

Let f: V(Geons) — {purple, green} be a random coloring in which each vertex of Gcons
is colored independently

A

1
purple with probability p := ——— and green with probability 1 —p = T A

1+A
where A == A(Geont). For a coloring f, write Vpurple = f~*(purple) and Vgreen = f~ ' (green).
Our objective for the coloring is the following “good separation” when the instance is a
Yes-instance with witness S™:
(V) S* C Vpurple, and
(") NGconf (S*) C Vgreen-
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Since |S*| < k and |Ng_ . (S*)| < Ak, we have

conf

Pr[good separation] > pl¥'1 (1 — p)!NGe: (ST > (ﬁ . (H%)A)k > ATk 9700
Derandomization. The random-coloring step can be derandomized using standard tools
such as (n, p, p?)-splitters (see, e.g., Exercises 5.15 and 5.21 in [10]) without affecting the
final running time®. Rather than presenting a randomized algorithm, we directly give a
deterministic one via an (n,p, q) lopsided-universal family of functions.

Let U be the ground set of vertices (so U = V(Geone) and n == |U|). An (n,p, q) lopsided-
universal family is a collection H = {f1,..., f¢} of functions f; : U — {purple, green} such
that for every A € (g) and B € (UEA) there exists f € H with A C f~!(purple) and
B C f~Y(green).

» Proposition 7 ( [1,10]). There is an algorithm that, given n, p, and q, constructs an (n,p,q)
lopsided-universal family H of size ((pJ;Q)2) (p+q)°M-logn in time ((p;q)z) (p+q)°M-nlogn.

O(dklogk)

d
In particular, forp =k and ¢ = k(d—1) (#) , the size of H is at most (1) log n.

€
ek? d :
For our purposes we set p .= k and ¢ = k(d — 1)(T> . Equivalently, let A, =

d
(d—1) (%) ; then ¢ = k A,. By Proposition 7, this yields an (n,p, q) lopsided-universal

family H of size (%)O(dk log k) logn. If in addition A(Geens) < Ay, then k A(Geons) < ¢, SO
the same family suffices for enforcing S* C f~*(purple) and Ng_,(S*) C f~!(green).

Filtering of Connected Components. For every coloring f € H we proceed as follows.
Delete all green vertices, i.e., set Vgeen = f~!(green) and form Gl e = Geont — Vreen -
The remaining graph G{onf
subgraph of Gcons on the purple vertices Vpurple :== f~* (purple). Finally, discard every purple
component C' with |C| > k; let C<x(f) denote the family of surviving components (those

with |C] < k).

is a disjoint union of connected components, each an induced

Motivation for the filtering step. Assume the instance is a Yes-instance and let S* C R,
|S*| < k, satisfy (P1) and (P2). While Gconn[S™] is connected, the conflict graph Geons need
not be a subgraph of G o there may exist u,v € R that are nonadjacent in Geonn but
adjacent in Geons due to a large overlap of their neighborhoods in Geoy (80 uv € E(Geons)
but uv ¢ F(Geomn)). Conversely, Geons[S*] need not be connected even though Geonn[S™*] is:
some pairs u, v € S* that are adjacent in Geonn can become nonadjacent in Geons by the very
definition of the conflict graph (so uv € E(Geconn) but uv ¢ E(Geont))-

Let Cf,...,C; be the connected components of Geone[S*], where 1 < ¢ < |S*| < k.
Clearly S* = Ule V(C¥). (When convenient, we do not distinguish between a component
C and its vertex set V(C).)

By the choice of the lopsided-universal family #, there exists f € H with S* C V,uple
and Ng., . (S*) € Vgreen. For this good f, deleting Viyeen removes no vertex of S*, and the
purple subgraph Gfonf = Gcont — Vgreen still contains Geons[S*] unchanged; in particular, each
Cf remains a connected purple component. Since |V(CF)| < |S*| < k, all these components
survive the size filter. Thus, the filtering step preserves every piece of S* we care about while
discarding large purple components that cannot be part of any size-k solution.

3 Note that A = Q(k?d/e) implies log A = Q(log k).
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Constructing GE2"P'° : Recall that C<(f) denotes the family of surviving (purple) com-

ponents, i.e., the connected components of Geons — Vareen Whose sizes are at most k. Fix a
coloring f € H and enumerate

C = C<i(f) = {C1,C4,...,Cs}, sothat 1< |C;| <k forallie[s].

We refer to the filtered purple subgraph as

urple
GIc)onE = Geont [Vpurple} - U C,
CCVhurple
C' is a purple component
|IC|>k

so each C; € C is a connected component of GEYP* with 1 < |Cy] < k. (When clear from

context, we drop the explicit dependence on f.) The next observation follows from the
purple

construction of G, 3

conf

» Observation 8. V (Gpurple) CV (Geons) =V (Geonn) = R.

5.3 Step 3: Construction of Sparsified Graph

The goal here is to compute a bipartite graph which is called as sparsified graph (will be
defined shortly) which will eventually help us find an approximate solution. To this end,

we first consider the induced bipartite subgraph of Go, defined on the vertices V (ch;‘;f le)

and B, namely Geoy [V (Gpurple) W B]. Based on Geoy[V (Ggfrffle) ¥ B] and GEar'®, we

conf

construct another bipartite graph, called sparsified graph, denoted by Ggpar as follows:

Construction of Ggpar

w V (Gopar) =V (Gpurple> W B (two parts of the bipartite graph).

conf

w Let C = {C4,...C} be the set of components in GE™P'°. Now we have the

following Sparsification process which helps to construct the edges in the sparsified
graph.
Sparsification Process: For every b € B and every C; € C, let E, de-
note the set of edges of G.,, with one endpoint at b and the other end-
point at a neighbor of b in the component C; in graph Gc,,. More formally,
Eb = {acb S E(Gcov) | B E V(CZ) n NGCOV(b)}.

Now we construct E(Gspar) as follows: for every b € B, if Ey, # (), then add
an arbitrary edge from Ej to E(Gspar)-

We now summarize few key properties of Ggpar-.
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Properties of Ggpar

Let C = {Cl, ... CS} be the set of connected components in G2, P 1 and Glpar be the
graph defined above.

purple
conf

» Property 9. For every connected component C; € C of G
vertices X C V(C;), it holds that,

() NG (X)| = D [Nay,. (@) = ) degg,,, (2) (1)

and every subset of

zeX reX
(7)) NG (X) € Na, (X) (if XcV(G)) (2
(i) Ne,,,(V(Ci)) = Ne.,,(V(C)) (if X=V(C)) (3)

» Property 10. Consider any pair of vertices x € V(C;) and y € V(C;) where
i,j € [s]. It holds that,

. et
(i) NG (@) N Na, ()] < 25

(i) Ng,,.(z) N Na,,, (y) =0 wheni=j (5)

when i # j and (4)

Proof for Property 9.

(i)

(i)

Equation (1) follows directly from the construction of Ggpar, obtained as a result of
Sparsification Process. More specifically, it follows that for every vertex b € B and for

every component C; € C, the vertex b is adjacent to at most one vertex of C; in Ggpar-

Thus, the vertex b contributes either 0 or 1 to each of the three terms in Equation (1),
and in each case, its contribution is same. This establishes the desired property.

It is clear that Ng,,. (X) C Ng,,,(X), because every vertex v € Ng,,, (X) must also
belong to Ng¢.,,(X), given that Ggpar is a subgraph of Geoy.

cov

(iii)  Moreover, when X = V(C;) and b € B is a vertex that has a neighbor in C; in the

graph Ggpar, then by the definition of the Sparsification Process, we have that b is in
fact adjacent to exactly one vertex of C; in Ggpar. Thus b contributes 1 to both sides
of Equation (3). <

Proof for Property 10.

(i)

(i)

Equation (4) follows directly from the property of Geons. Note that, Ng,,. (z) N
Neg.,..(y) € Na.,,(r) N Ng,,(y) since Gspar is a subgraph of Geo,. Further since
xz € V(C;),y € V(C;) for i # j, we have that x and y are non-adjacent in Gcons,
this implies that |Ng.,, (z) N Ng.,, (y)| < £ (by definition) which further implies that
| NG (2) 1 Ny ()] < 2.

Suppose, for the sake of contradiction, there exists a pair of vertices x,y € V(C})
for some C; satisfying Ng,,,.(7) N Ng,,..(y) # 0. Let z € Ng,,,. () N Ng,,,. (y). This
contradicts the property of Ggpar, since Ggpar is obtained as a result of Sparsification

Process, which ensures that both edges zz and yz cannot simultaneously appear in
E(Gspar)- <

Gpurple

In the next section, we assign weights to the vertices of G, ¢

, where each weight reflects

the number of vertices dominated by that vertex in Ggpar.
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conf

5.4 Step 4: Introducing vertex weights to V(Gp“rple)

In this section, we assign weights to the vertices of the graph GE™P*. Let w : V(Gp“rple) —

conf conf

Z>o be a weight function defined on V (G2, F le) as follows:
w(v) = ‘NGSW(U)‘ = degGSpar(v) for every v € V (Gf;ffle) (6)

By Observation 8, we have V(GEP'®) C V(Geont) = V(Geomn) = R. Therefore, the
assigned weights are restricted to a subset of the vertices in R. Before proceeding further, it
is important to note the following assumptions, which will be maintained throughout the
subsequent discussion.

We now state a crucial lemma that, via the weight function defined above, provides a
lower bound on the Geoy-coverage of any set Y C V(GPYP) with [Y] < k; equivalently, it

conf
lower-bounds |Ng_,, (Y] for all such Y.
» Lemma 11. For any subset Y C V(Gpurple) of size at most k, it holds that

conf
|Ne..,(Y)| > |Ng,,..(Y)| > Z w(y) — et (7)
yeY

Proof. By Inclusion-exclusion Principle, we have

INewe V)] = D Nawa )| = D [Nay (@) N Ney, ()]

yey z,yeYy

+ > |Noy.(®) N Na,,.. () N Ny, (2)] — - (8)
z,y,2€Y

Q)

> > NG )| = D [Naye () N Na,,.. (v)] 9)
yey z,yeYy

= > w) = > |Nay.(®) N Na,., ()] (10)
yey z,y€yY

Here, inequality () holds because, in Line 9, we truncate the Inclusion—Exclusion formula
by discarding all terms from the 3¢ term onward, thereby obtaining a lower bound on the
original expression. Line 10 follows from Equation (6). Now, it remains to provide an upper
bound on Z |Ne.,.. () N Ng,,.. (y)]-

z,yeY

Recall that C = {C},...C,} is the set of connected components in GEXP. For each
i € [s], consider the restriction of the connected component C; to Y, namely CY := V(C;)NY.
Note that GEYP[CY] need not be connected. Without loss of generality, we assume that for

every i € [s], C¥ #0), i.e., it contains at least one vertex from Y'; otherwise, we discard the
empty components from the collection {C’ZY ., CY } Thus we can write,

> NG (1) " Nay, )] = Y. [Nep. (@) N Nap )|+ > [Nay. (@) N Ne,, (v)]

@Y€y i€ls], i,j€[s] i
zyEC? IECX,
yecy

(11)

Notice that due to Equation (5) of Property 10, we have that for every C; € C and

for every z,y € V(Cy), it holds that Ng,,. (z) N Ng,,,. (y) = 0. Hence the first term of
Equation (11) becomes 0.
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Moreover, by Equation (4) in Property 10, for all distinct 4,j € [s] and all vertices
e Cl CV(C;) and y € Cf CV(Cj), we have

et

| NGar () N Neior (9)] < 35

since x and y are nonadjacent in the conflict graph Geens. Since |Y| < k, there are at
most (g) pairs in Y. Hence the second component of Equation (11) is upper bounded by

(g) - £ < k? - & = et. Substituting these values in Equation (11), we obtain

> NG () N Nay,.. (v)] < et
T,y €Y

Substituting all these values in Equation (7), we get that }NGSPar (Y)| > w(y) — et.
yeEY
Furthermore, since Ggpar is a subgraph of Geoy, we have

|NG..,(Y)| > |Ne,,.(Y)].

oree

(Equivalently, this follows by repeatedly applying Equation (2) from Property 9.) This proves
the lemma. <

We now require a converse to Lemma 11: an upper bound on the G..,-coverage of any
set X C V(GEMP®) with |X| < k, expressed in terms of the weight function defined above;
equivalently, we seek to upper bound |Ng_,, (X)| for all such X. However, we cannot establish
this bound for arbitrary X. Instead, we prove it for a particular class of sets, which is

sufficient for our purposes. The next definition characterizes this class.

» Definition 12 (Component-respecting set). Let C = {C4, ..., C,} be the collection of all con-
nected components of GEXP® A set Z C V(GRUP') is component-respecting (W.r.t. Gﬁ’éﬁ’le)

if for every i € [s], either C; C Z or ZNC; = ). Equivalently, Z is a union of some components
from C, in other words, there exists I C [s] with Z = (J,¢; C:.

» Lemma 13. For any component-respecting set X CV (Gpurple), it holds that

conf
> w(z) > [Ne,,(X)| (12)
zeX

Proof. We know that,

Z w(z) = Z |Ne.,.. (@) (due to the definition in Equation (6)) (13)
z€X zeX
Thus, it suffices to show that
> NGy ()] = [Na,, (X)) (14)

zeX

Every vertex b € N¢_,(X) C B contributes 1 to the right-hand side of Equation (14),
since every neighbor of X in Gy is counted once in ‘NGCW(X )|- To establish Lemma 13, it
s (X) C B contributes at least 1 to the left-hand
side of Equation (14). Recall that C = {C1,...,Cs} denotes the set of connected components
in GPUP - Consider an arbitrary vertex b € Ng,. (X) and an arbitrary component C; € C of
GPUP® guch that b € Ng_, (V(C;)). Note that such a component exists since b € Ng.. (X).

conf

Since X is component-respecting with respect to GPUP! it holds that V(C;) N X = V(C)),

conf

suffices to show that every vertex b € Ng
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i.e., V(C;) € X. Thus, by Equation (3), we have Ng_.(V(C;)) = Ne.,(V(Ci)). Hence,
by the construction of Ggpar, we have that b is adjacent to some z € V(C;) in Ggpar, i.€.,
b € Ng,,,(r). Hence b contributes 1 to |Ng,,, ()| in the sum on the left-hand side of
Equation (14) which concludes the Lemma. <

5.5 Step 5: Finding a Maximum Weighted Subtree in
Gconn [V(Gpurple)}

conf

In this section we work in the vertex-weighted graph Gopn [V(Gﬂ’éﬁ’ le)} , endowed with the

weight function w defined above (in Equation (6)). Our goal is to find a subtree on at most
k vertices maximizing total weight (the weight of a tree is the sum of the weights of its
vertices). We formalize this as the following subproblem.

MaxiMuM-WEIGHT k-TREE: Given a graph G, a weight function vy : V(G) — Z>, and an
integer k, find a subtree T C G with |V (T¢)| < k maximizing v(T¢g) = ZveV(Tg) ~v(v).

We solve this via WEIGHTED TREE ISOMORPHISM.

WEIGHTED TREE ISOMORPHISM: Given a host graph G, a tree T', and a weight function
v : V(G) = Z>o, find (if it exists) a subgraph Tz C G isomorphic to T and of maximum
total weight v(T¢).

» Proposition 14. WEIGHTED TREE ISOMORPHISM can be solved in time 2°) n®W) where
h=|V(T)| and n = |V(G)|.

Proposition 14 follows from standard techniques. One route is the classic color-coding
framework of Alon, Yuster, and Zwick [1, Thm. 6.3], whose dynamic program extends
to the weighted objective by maximizing (rather than merely detecting) over states; see
the discussion following [1, Thm. 6.3] (cf. also [38]). Alternatively, representative-family
techniques yield the same running time with a weight-aware state space [16].

To solve MAXIMUM-WEIGHT k-TREE, we enumerate all non-isomorphic trees on at most
k vertices and, for each such tree T, run WEIGHTED TREE ISOMORPHISM (Proposition 14).
Otter [37] showed that the number of non-isomorphic (unrooted) trees on h vertices is
tn = 2.956". Moreover, all non-isomorphic rooted trees on h vertices can be generated in
time O(tp, h) by the algorithm of Beyer and Hedetniemi [4].

» Proposition 15 ( [4,37]). The number of non-isomorphic trees on h vertices is tj, = 2.956".
Furthermore, all non-isomorphic rooted trees on h vertices can be enumerated in time O(tp h).

Combining Proposition 15 with Proposition 14 yields:
» Lemma 16. MAXIMUM-WEIGHT k-TREE can be solved in time 20*) n©1),

Proof. There are tz« = 2.956%", k* < k, non-isomorphic trees on k* vertices. For each such
tree T, WEIGHTED TREE IsOMORPHISM runs in 29*") n@() time (Proposition 14). Hence
the total running time is t;, - 20() RO = 20(k) ROM), |

5.6 Putting all the Pieces Together

By assembling all the components and present the complete algorithm as pseudocode in
Algorithm 1, we now obtain the main theorem of this section, and prove it by combining the
tools and ideas developed above.
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Algorithm 1 AlgPartialConnRBDS.

Input: Coverage graph Geoy = (RW B, E’) which is K, 4-free, connectivity graph
Geom = (R, E), integers k,t,e € (0,1)

Output: A subset S C R of size at most k such that (P1) Geconn[S] is connected,
(P2) |Ng,.,(S)|>(1—¢€)torreturns L  // L indicates no such set of
size k can dominate t vertices.

if t <4 then

‘ Run the exact algorithm of Theorem 4 and return that solution.
else

Construct the conflict graph Geons (described in Step 1 Section 5.1)

d
5 SetA<—(d—1)~(%)
6 Let H be the family of two-coloring functions obtained using Proposition 7,

(Section 5.2)
7 for each f € H do

cov

AW N

8 Compute GEMP' after color filtration (described in Step 2, Section 5.2).
9 Build the sparsified graph Ggpar (described in Step 3, Section 5.3).

10 Assign weights to vertices of GEXP'® (described in Step 4, Section 5.4).

11 Let Ty be a maximum-weight subtree in Geona[V (GEXP'®)] obtained using

Lemma 16 (see Step 5 in Section 5.5).
12 end

13 Let T be the maximum-weight subtree in Geonn [V (GP2P')] among all Ty, f€H.

14 | if w(T) <t then

15 ‘ return |

16 else

17 ‘ return V(T
18 end

19 end

» Theorem 17. Let T = (G eon, Geonn, k, t) be an instance of PARTIALCONRBDS, where G oy
and G eonn are the coverage and connectivity graphs, respectively. If G oy is Kq q-free, then
for every € € (0,1) there is an algorithm running in time O*(2O(k2d/5)) that either

(i)  outputs a set S C R with |S| < k, Geon[S] connected, and |N¢g_,,(S)| > (1 —e)t, or
(i) correctly concludes that no size-k set dominates at least t vertices in Geoy-

Proof. We first show that, if the instance is a Yes-instance, our algorithm returns a set
S C R with |S] < k, Geom[S] connected, and |[Ng_,(S)| > (1 —¢)t. Let S* C R be a size-< k
witness satisfying (P1) (i.e., Geonn[S™] is connected) and (P2) (i.e., |Ng,,, (S™)| > ©).

cov

Small t. If t < %, algorithm invokes the exact FPT algorithm of Theorem 4 to decide and,
if possible, return a size-< k connected solution covering at least ¢ vertices.

Large t. Assume t > %. The algorithm implements the purple/green separation by

enumerating an (n,p,q) lopsided-universal family H (Proposition 7) with p = k and ¢ =
d

k(d—1) (g) . By the defining property of such families, there exists a good f € H with

S* C Vourple and N, (5*) € Vigreen- Fix this f.

conf
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We delete all green vertices and retain only purple components of size at most k (the
filtering step); this preserves each connected piece Cf of Geons[S*]. We then define the
vertex-weight function w on V(GEXP*) (equivalently, on the host Geonn[V(GEEP)]), as
in Step 4 (Section 5.4). Finally, let T be a maximum-weight subtree on k vertices in
Geom[V (GPP')] computed via Lemma 16.

We can potentially take S = V(Ty). Since V(Tf) C V(GE2P) and |V (Ty)| = k, by
Lemma 11 we have

|New, V(T = D w(f) — et. (15)

feV(Ty)

Recall that S* has |S*| < k and Gconn[S*] connected; let T* be any spanning tree of
Goomn[S™*]. Since S* C Vpurple and each connected piece C} has size at most k, the filtering

step preserves Geon[S*], hence T* C Gcom[V(Gpurplc)]. Because T is a maximum-weight

conf
k-vertex tree in Gconn[V(Gf;ffple)L

S owl) > Y w) > Y w). (16)

f€V (Ty) vEV(T*) sES*

Moreover, by Lemma 13 applied to S* and using |Ng_,,(S*)| > ¢,

> w(s) > |Na,,. (S| > t. (17)

s€S*

Substituting (16) and (17) into (15) yields

INew, V(T))| = > w(f) —et
feV(Ty)
> Z w(s) —et
s€S*
>t—et = (1-e)t.

Thus S = V(Ty) satisfies |S| < k, Geonn[S] is connected, and |Ng_ (S)] > (1 —¢)t.

Our algorithm outputs either T ,  the maximum-weight k-vertex subtree in
Gleonn[V (GPEP')] over all colorings f € H, or L if w(T) < t. Since there exists a good f with
w(Ty) > > cq- w(s) > t, we have w(T) > w(Ty) > t, and thus the algorithm never returns

L. Set S == V(T). Because V(T) C V(GPUP') and |V(T)| = k, by Lemma 11 we obtain
INe, (V(T)] = Y wif) —et
Fev(T)

> Y w(f) et

fEV(Ty)

> Z w(s) — et
5€5*

>t—cet = (1—e)t.

Hence S satisfies the coverage guarantee. Since our guarantee is conditioned on Yes-instances
and we do not require bounds for the No-instance case, this completes the description of the
algorithm’s correctness and approximation analysis.
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Running time.

Small-t case. When t < @ we invoke the exact routine of Theorem 4, which runs in time

Tomall = O*(2O(t)) < O*(2O(k}2d/8))'

Large-t case. Fort > % we enumerate an (n, p, q) lopsided-universal family H (Proposition 7)

d
with p =k and ¢ = k(d — 1) (%) , whose size satisfies |H| < (%)O(dk tog k) logn. For each

f € H, all preprocessing — forming GE™P'°  filtering to components of size < k, and

computing the needed sparsifiers — is polynomial in n. The only exponential step per f is
solving MAXIMUM-WEIGHT k-TREE in the host Geon [V (GP2P!)], which takes 20 p©Q1)
time (Lemma 16). Hence

Targe = O*(|7'l| ) QO(k)) _ O*((é)O(dmng) _ 2@(@)_

Combined bound. Taking the worse of the two regimes and hiding polynomial factors, the

overall running time is
O*(QO(kZd/E))’

which matches the bound stated in Theorem 17. This conludes the proof. |

6 Conclusion

We introduced PARTIAL CONNECTED RED-BLUE DOMINATING SET (PARTIALCONRBDS)
as a unifying model for many connectivity-constrained coverage problems that have been
studied in prior polynomial-time approximation literature. The expressivity of our model
comes from having two separate graphs (i) Geonn for imposing structural properties on the
solution (in our case, connectivity), and (ii) Geoy for modeling hypergraph incidences (which
we use for requiring certain amount of coverage). We hope that this will serve as a model for
understanding a variety of problems from this two-layer perspective.

As for our algorithmic contributions, we began with an exact FPT algorithm parameterized
by t. In the realm of FPT approximation, we focused on biclique-free instances, and designed
an EPAS that finds a size-k connected set that dominates at least (1 — )¢ blue vertices; and
a complementary PAS that finds a connected set of size at most (1 4 ¢)k that covers ¢ blue
vertices. Our key tool is a small family of surrogate weight functions built via neighborhood

sparsification procedure, which lets us reduce the search to maximum-weight k-trees in Geopp-

Among the lower bound results, the main takeaway is that the problem inherits strong

W-hardness and approximation lower bounds from MAX COVERAGE, when G,y is arbitrary.

Together, these results mark a clear line between what is possible with FPT approximation
and what is not, and point to a clean classification by the structure of the coverage and
constraint graphs.

Future directions.
Faster algorithms. Improve the running time (and parameter dependence) of our
EPAS/PAS.
Broader tractable classes. Identify larger families of coverage instances where the
problem remains FPT (beyond biclique-free), e.g. bounded VC-dimension, or geometric
incidences.
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