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—— Abstract

The problem of recovering planted community structure in random graphs has received a lot of

attention in the literature on the stochastic block model, where the input is a random graph in which
edges crossing between different communities appear with smaller probability than edges induced by
communities. The communities themselves form a collection of vertex-disjoint sparse cuts in the
expected graph, and can be recovered, often exactly, from a sample as long as a separation condition
on the intra- and inter-community edge probabilities is satisfied.

In this paper, we ask whether the presence of a large number of overlapping sparsest cuts in
the expected graph still allows recovery. For example, the d-dimensional hypercube graph admits
d distinct (balanced) sparsest cuts, one for every coordinate. Can these cuts be identified given
a random sample of the edges of the hypercube where each edge is present independently with
some probability p € (0,1)? We show that this is the case, in a very strong sense: the sparsest
balanced cut in a sample of the hypercube at rate p = C'logd/d for a sufficiently large constant C
is 1/poly(d)-close to a coordinate cut with high probability. This is asymptotically optimal and
allows approximate recovery of all d cuts simultaneously. Furthermore, for an appropriate sample of
hypercube-like graphs recovery can be made exact. The proof is essentially a strong hypercube cut
sparsification bound that combines a theorem of Friedgut, Kalai and Naor on boolean functions
whose Fourier transform concentrates on the first level of the Fourier spectrum with Karger’s cut
counting argument.
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1 Introduction

Graph clustering, or community detection, is a fundamental problem in data analysis. The
input is a graph G = (V, E), where a subset C C V of vertices is considered a “community
if it is sparsely connected to the rest of the graph and is reasonably well-connected as an

”

induced subgraph. The task is to recover the communities.

Graph clustering with a planted solution has received a lot of attention in the literature.
In this setting the vertex set V' of the graph G is assumed to be partitioned into vertex
disjoint clusters C, Co, ..., Ck such that the clusters induce well-connected subgraphs and
are sparsely connected to the rest of the graph[24, 15, 13, 23, 16, 29, 31, 32, 3, 10]. For
example, in the stochastic block model (SBM; [1]) edges of G are generated independently,
where an edge {u, v} is included in the graph with higher probability if u and v belong to the
same cluster, and lower probability otherwise. A large body of work on the stochastic block
model shows that, if the edge probabilities satisfy a separation condition, the communities
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C1,C5, ..., Cy can be recovered from a sample graph with high probability. Determining
the exact recovery threshold is a fascinating information theoretic problem for which tight
bounds have been obtained over the past two decades [14, 30, 35, 12, 32, 3, 5]. Most of the
work on SBM has focused on the case of non-overlapping communities, with only a few works
allowing for some overlap. At the same time, in the practice of graph clustering one typically
does not expects to have very pronounced cluster. Instead, several clusterings of the vertex
set may be consistent with the edge set of the graph. Our central question in this paper is:

Can highly overlapping clusterings be recovered from a sample of the underlying graph?

Perhaps the most basic example of a graph with a large number of overlapping communities
is the hypercube graph on n = 2¢ vertices, where each of d coordinate cuts is a sparsest
cut, and defines a partition of the vertex set into two “communities”, namely the two
corresponding coordinate halfspaces. This setting is very different from the SBM with two
communities, where the expected graph is a union of two cliques on the two clusters and
a clique on the entire vertex set, and therefore the two communities are uniquely defined.
Formally, the main question we ask in this paper is a structured version of the stochastic
block model that allows for many communities with large overlaps:

Can coordinate cuts be recovered from the edge set of a subsampled hypercube?

A priori it would seem plausible that cuts of sparsity comparable to the coordinate cuts
may emerge in a subsampled hypercube. Intuitively, this could be a mixture of several
coordinate cuts in the original cube (a similar effect is seen in rounding the SDP solution to
the sparsest cut problem on the hypercube). However, we show that this is not the case:

» Theorem 1. Let Qq be the d-dimensional hypercube, and let Q!; be obtained by including
each edge with probability p > C-logd/d, where C is a sufficiently large constant. There exists
an algorithm with running time 2°1°8") that, given Q);, recovers d orthogonal balanced
cuts, each with Hamming distance O(2%/poly(d)) to a coordinate cut, with probability at least
1 —d=19 over the subsampling.

We say that a cut A C V is balanced if |A| = |V|/2. The Hamming distance between two
sets A, B C V is given by |AAB|, and we say A and B are orthogonal cuts if |AAB| = |V|/2.
We also remind the reader of the definition of the d-dimensional hypercube graph:

» Definition 2 (Hypercube). Define the d-dimensional hypercube to be the graph Q4 = (V, E)
with vertez set V = {0,1}%, and any two vertices are connected by an edge if their Hamming
distance is evactly 1. We let n == |V| = 2¢ denote the number of vertices.

We note that the subsampling rate in Theorem 1 is such that the expected degree of a
vertex is at least C'logd = C'loglogn, i.e. Theorem 1 allows for an exponential reduction
of the average degree after sampling. The guarantee in Theorem 1 is tight up to poly (d)
factors, since the expected number of isolated vertices in @, is at least 29 /poly (d). To see
this, note that the degree of each vertex in @, is distributed as Bin(d,p). For p = Ck’gd,
the probability that a given vertex is isolated is

ClOgd d _ log d)? 1
1— d _ 1 — > Clogd 1_(Cog) _ ]
aopt= (1= S 2 o (1 et - o

So in expectation, at least 2¢/poly(d) vertices are isolated, and we cannot hope to classify
those vertices.
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Exact recovery

Furthermore, we show that, similarly to SBM, exact recovery is possible for a sufficiently
high degree sample, specifically, a sample where every vertex has expected degree at least
Clogn,n = 2%, for a sufficiently large constant C' > 0. The hypercube itself is not a good
model to study this setting, as the degree in the hypercube itself is d = log, n. We therefore
study the k-distance hypercube, defined below:

» Definition 3 (k-distance hypercube). Define the k-distance hypercube to be the graph
Qar = (V, E) with vertez set V = {0,1}%, and any two vertices are connected by an edge if
their Hamming distance is exvactly k.

When £ is odd, the graph Qg is connected. When £ is even, Qg 1 splits into two connected
components, corresponding to the vertices of even and odd Hamming weight, respectively:

QY ={xec{0,1}¢: ]z =0 (mod 2)}, QF ={xec{0,1}¢:|z|=1 (mod 2)},

where |z| denotes the Hamming weight of z.
We show that if the sampling rate is such that a given vertex has at least logarithmic
expected degree, exact recovery is possible:

» Theorem 4. Let G = (V, E) be a connected component of the d-dimensional k-distance
hypercube Qq . Let G' = (V,E') be obtained by including each edge with probability
p > C -logd/d*=1, where C is a sufficiently large constant. There exists an algorithm
with running time 201987 that, given G, exactly recovers the d coordinate cuts, with

d*l()()

probability 1 — over the subsampling.

Related work on community detection on graphs with overlapping communities

A small number of works allow for overlapping communities. [5] considers SBM with
overlapping communities, and observes that this can be reduced to a standard SBM where
each “community membership profile” is considered as a separate community. The number
of profiles would be too large for our setting, making every vertex in the hypercube have a
profile of its own. The work of [37] considers a variant of the SBM with fractional community
memberships and proves asymptotic consistency under strong assumptions, such as the
existence of “pure” nodes that only belong to one community. Another line of work considers
dense graphs [7], but requires much higher densities than in our setting.

Related work on community detection in geometric random graphs

The geometric block model, introduced in [34], generalizes random geometric graphs in the
same way that SBMs generalize Erd6s—Rényi graphs: In this model, vertices are partitioned
into communities, randomly embedded in a metric space, and edges are formed as a function
of distances and community memberships. A number of variants and extensions have since
been studied [19, 20, 21, 26, 4, 2, 22, 8, 6]. These works, however, focus on detecting (non-
overlapping) communities and do not provide guarantees for recovering underlying geometric
structure.

Another related direction considers testing whether an observed graph is a realization of
an Erdés-Rényi random graph or a random geometric graph [11, 27, 9].
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Open problem

Our work leaves open a very exciting open problem of recovering coordinate cuts with the
same precision as our results, but in polynomial time. The SoS hierarchy seems to be a
promising direction.

2 Proof of Theorem 1

In this section we prove Theorem 1. The proof is algorithmic. We state the (simple) algorithm
below, and then proceed to analyze it.

The algorithm

Our algorithm finds d orthogonal sparse cuts in the subsampled hypercube by solving the

optimization problem (solved by direct enumeration in time 20(nlog ")):
d

min Z |E'(A;,V\ A subject to
= (1)
|A;| = 2971 Vi,
|A;ANA | = 2471 Vi # 3.

Known results from Fourier analysis show that before subsampling, every sparse cut in the
hypercube is close (in Hamming distance) to a coordinate cut. Using this, we will prove that
after subsampling, all cuts that are far from coordinate cuts remain large, and will therefore
not be a part of the optimal solution to (1).

We will need tools from Fourier analysis of boolean functions, and start by setting up the
necessary preliminaries.

Preliminaries

Let Qg = (V, E) denote the d-dimensional hypercube with vertex set V = {0,1}? and edges
connecting pairs of vertices that differ in exactly one coordinate. We write E’ for the set
of edges obtained from E after subsampling. For a subset A C V| we sometimes write
14 € {0,1}V for its indicator function, and 9(A) = E(A,V \ A) for its edge boundary. We
say that a cut A C V is balanced if |A| = ”;—I, and we say that cuts A, B C V are orthogonal
if |JAAB| = % For j € [d], b € {0,1}, we use the notation S;; for the coordinate cut
{z €{0,1}: 2; = b}.

For a function f: {0,1}¢ — R, we define its Fourier transform f : P(|d]) — R by

f(8) = el [f(x)xs(x)] =27 f, xs),

~

where yg is the the Fourier character xs(x) = (—1)21'65“. We call f(S) the Fourier
coefficient of f at S.

The Fourier characters form an orthogonal basis for functions on {0, 1}%, which gives the
inverse formula

fl@)y = f(S)xs
SC[d]
and Parseval’s identity

Z{}f(S)QM S e
SCld

z€{0,1}¢
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Furthermore, for every S C [d], the Fourier character xg is an eigenvector with eigenvalue
2|S| of the unnormalized Laplacian matrix £ = dI — A of the hypercube.
Finally, we need the fact that the singleton cuts are the minimum cuts in a hypercube.

» Lemma 5 (Folklore, see e.g., Example 4.1.3 in [36]). The min cut of the d-dimensional
hypercube Qq = (V, E) has size d, that is

min |[E(A,V\ A)| =d.
ACV:L|AILIV]/2

Every sparse cut is close to a coordinate cut

We begin by showing that every cut that is sparse in the original hypercube is indeed close
to a coordinate cut. For this, we use the following standard Fourier—analytic identity, which
expresses the size of a cut in terms of the Fourier coefficients of its indicator function (see
e.g. Theorem 2.38 in [33]). We include a proof for completeness.

» Lemma 6. Let Q; = (V, E) be the d-dimensional hypercube, and let AC V. Let f: V —
{0,1} denote the indicator function on A. Then

[E(A, V4] =213 7 IS]- f(S)*.
SCld]
Proof. Let £ be the unnormalized Laplacian of Q4. The cut size of A is given by

IBAVNA) = Y (fle) = f®)*=fTLS 2)

{z,y}eFE

Expanding f in the Fourier basis, we have f = SCld] j?(S’)XS. Since the Fourier characters
are eigenvectors of £ with eigenvalues 2|S|, we obtain

-
Fref=(>"FSxs | LD FS)xs | =D 2ISIF(S)>lxsl3 =2 > 191 F(9)*
SCd SCd SCld] SC[d]

3)
Combining Equations (2) and (3) gives the lemma. <

From the above lemma, we will show that every sparse cut must place most of its Fourier
mass on the first two levels. This is because the contribution of each Fourier coefficient
to the cut size is weighted by |S|, so the mass on higher levels contributes to the cut size
proportionally.

This will allow us to apply the Friedgut—Kalai-Naor (FKN) theorem, which states that
any boolean function with nearly all of its Fourier mass on the first two levels, has to be
close to the indicator function of a coordinate cut.

» Theorem 7 (FKN Theorem, Theorem 1.1 in [18]). If f: {0,1}? — {0,1} is a boolean
function, ||f|3 = p and if 218> F(8)2 < & then either p < K'§ orp > 1 — K'§ or
[ f(x1,20,...,2q) — x| < K0 for some i or || f(x1,22,...,24) — (1 — ;)| < KJ for some i.
Here, K' and K are absolute constants.

We remark that the conclusion of the FKN theorem is far from obvious. In particular,
the assumption that f is a boolean function is essential. For example, consider a convex
combination of coordinate cuts f(x) =), Aixi(x). This places all of its Fourier mass on the
first two levels, but is in general not close to any coordinate cut.

A corollary of the FKN Theorem (Theorem 7) is that every sparse cut in the hypercube
must be close to a coordinate cut. For completeness, we include a proof of this known fact.

85:5
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» Lemma 8 (Sparse cuts are close to coordinate cuts, Corollary 1.2 in [18]). Suppose A C Qq
with |A| < 2471 If |[E(A,V\ A)| < (14¢)|A|, then there exists a coordinate cut Sj;, such that

|AAS; 3| < 29K -e.
Here K is an absolute constant.

Proof. We start by bounding the Fourier mass above the first two levels in order to apply
the FKN theorem (Theorem 7). Suppose |E(A,V \ A)| < (1 + €)|A4]. From Lemma 6, we
have

(L+e)|A] > |B(A,V\ A)| =241 37 |8] - f(9)2 (4)
5Cld]

On the other hand, we have

Al =" f@)2 =243 f(9)? (5)
]

zeV SCld
and, since f(0) = 24 >eey f(@) =279 A|, we have
F(@0)> = 27244, (6)

Combining Equations (4), (5) and (6) gives

e|A] > 20+ Z EE J?(S)Q _od Z f(S)2 by (4) and (5)
SC[d] SCld]
=271 37 (IS| - D)F(S)? — 2 F0) + 2 Y f(9)?
[S|>1 SCld]
> 9d+1 Z f(5)2 + 2‘A| (; _ ;J) by (5) and (6)
[S|>2

The second summand is non-negative by the assumption that |[A| < 297! which gives
5|2 F(8)% < e2=(@+D|A| < ¢/4. Therefore, by Theorem 7 we have |AAS; | < 29K - € or
|A| < K’e. Finally, to rule out the second possibility, note that the above equation gives
2|A|(1/2 — |A]/29) < €|A|, which rearranges to |A| > 2971(1 —¢). <

Cut counting on the difference from a coordinate cut

Next, we want to show that a cut that is far (in Hamming distance) from every coordinate
cut, cannot become the sparsest cut after subsampling. Let A be a cut with E(A,V '\ A) =
(1 + €291 and € > 1/poly (d). Then |AAS| < O(e)2¢! for some coordinate cut S. We
want to show that with a high probability, |[E'(A,V \ A)| > E'|(S,V \ 5)|, i.e. that the
coordinate cut S is still sparser than A after subsamling. To show this, we want to apply the
Chernoff bound to show concentration for each cut, and Karger’s cut-counting theorem to
union bound over all possible choices of the cut A.

» Theorem 9 (Karger's cut counting theorem [25]). Let a > 1. Then for all graphs G, the
number of a-approzimate minimum cuts in G is at most 221 ([2’;]) .
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We start by noting that a direct cut counting plus Chernoff bound argument does not
work. Indeed, a direct Chernoff bound applied to E(A,V \ A) and E(S,V \ S) would require
concentration within a (1 & €) factor for all € > 1/poly (d) simultaneously, which is
too strong. Instead, we use the fact that A is close to S, and show that the differences
E'(A, VNA)\E'(S,V\S)and E'(S,V\S)\ E'(A,V \ A) concentrate well. In essence, we
apply a Karger-style cut counting argument on the difference between AAS, thereby
only requiring the Chernoff bound to handle a constant factor deviation.

Applying a Chernoff bound, using the trivial upper-bound

[B(A,V\ A)AE(S,V\ §)| < dJAAS| < d- 0(e)2",

we can show that E'(A,V \ A) and E’(S,V \ S) concentrate within a O(1/d)-factor with
probability at least 1 — e~®(Pe2'~"/d),

To union bound, we must enumerate over all cuts A with |[E(A,V \ A)| = (1 + €)2¢7L.
A naive application of Karger’s theorem (using mincut(Q4) = d, by Lemma 5) shows that
there are at most 20(2*~"/d) (O(ijl/d)) such cuts, which is too weak of a bound.

Instead, we observe that for a fixed coordinate cut S, the set A is uniquely determined
by AAS, so it suffices to enumerate the possible choices for AAS. Applying Karger’s cut-
counting theorem with the trivial bound 9(AAS) < d|AAS| < d - O(€)2¢~ 1 gives that there
are at most 20(92"" (0(3;,1) ~ 20()log1/e2” 1 nqgible choices for the set AAS. However,
this bound is still too weak. We will therefore derive a stronger bound on 9(A)Ad(S) and
I(AAS).

» Lemma 10. Let A CV be a set with |A| < 2971 and |0(A)| < (1 + €)|A| and let S be the
coordinate cut such that |AAS| < K - €2¢ (exists by Lemma 8). Then there exists a universal
constant C' such that

19(A)20(S)| < [O(AAS)| < C - €241,

Proof. It is straightforward to verify that for every pair of sets Ti,T», it holds that
O(T1)AI(T>) C O(T1ATy), which gives the first inequality. We now prove the second
inequality.

Let AT := A\ S and A~ := S\ A. Furthermore, write S =V '\ S. Then V is partitioned
into the four sets AN S, A=, AT and S\ A (see Figure 1). The high-level idea is that the
edge boundaries of AT and A~ consist of E(A7,S) and E(AT,S), which cross the cut 9,
and E(A~,ANS) and E(AT,S\ A), which cross the cut A. Since the former two sets cross
the coordinate cut, they have size at most |[AT| + |A~| = O(e)29!. Since the latter two
sets contribute to the cut A, they cannot be too large, as otherwise the edge-boundary of A
would have size significantly larger than (1 + €)2%~!. We now prove this more formally.

> Claim 11.
0(AT)[+10(A7) < [0(A)] = [0(S)] + 2| E(AT, S)| +2|E(A™, S)|.

Proof. Since A is partitioned into ANS and A+, and V '\ A is partitioned into A~ and S\ 4,
we have

|0(A)| = |E(ANS, S\ A)|+ |E(AT,A7)|+|E(ANS, A7)+ |E(AT, S\ A)|.

Similarly, since S is partitioned into AN S and A=, and S is partitioned into AT and S\ A4,
we have

10(S)| = |E(ANS,S\ A)| + |E(A™, AT)| + |E(AN S, AT)| + |[E(A™, 5\ A)|.

85:7
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A
e N
- )
sl
ANS
S\ A
N
S S

Figure 1 Tllustration of the sets A (red), S, A" and A~ and the edges incident on A" and A~
(blue).
Combining, we get

0(A)] = 10(9)| = |[E(A™, AN S)| +|E(AT, S\ A)| = |[E(AN S, AT)[ - |[E(A7, S\ 4)|
> |E(A™, AN S)|+|E(A*,S\ A)| - |E(A*,8)| - |E(A~,5)].

On the other hand, we have
[0(A7)[ +]0(AT)| = |[E(A™, SN A)| + |[E(A7, S)| + |[E(AT, S)| + |[E(AT, S\ A)|.
Combining the above two equations yields the claim. <

To continue, note that the edges in E(A*,S) and in E(A~, S) are crossing the coordinate
cut S. Since S is a coordinate cut, every vertex can have at most one edge crossing S incident
on it. This gives

|E(A*, )| +|B(A7,5)] < |AY| +|A7| = [AAS| < K - 27, (7)

where the last inequality follows by the lemma assumption. Combining with Claim 11, and
recalling from the lemma assumption that |9(A)| < (1 + €)|A| < (1 + €)297!, we obtain

[0(AAS)| < [0(A7)| +[0(AT)]
<10(A)| — |0(S)| + 2|E(AT, 9)| + 2|E(A™,S)| by Claim (11)

< [0(A)] — [0(S)] + 2K - €271 by Equation (7)
< (14 )20 — 2971 L oK . 27071 by the lemma assumption
=C .20, for C = 2K +1

which completes the proof. |

With this stronger bound on 9(AAS), we can now bound the number of cuts A of size
O(A) < (1 +e)2¢ L.

» Lemma 12. Let S be a coordinate cut. The number of sets A C Qy of size |A| = 2471
such that |0(A)| < (1+ 2€)2971 and |[AAS| < K - €24 is at most exp (270(e/d)log(d/e)).
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Proof. Let A C Qp be of size |A| = 297! such that |9(4)| < (1 + 26)(%1)2‘1_1 and
|AAS| < K - €2¢. Given S, the set A is uniquely determined by the choice of AAS, so we
just need to count the number of possible choices for AAS. Letting C' denote the universal
constant in Lemma 10, we have

0(AAS)| < Ce29 1

On the other hand, by Lemma 5, the minimum cut has size d, so 9(AAS) is an a-approximate
minimum cut with a = C 52‘1_1. Therefore, by Karger’s cut counting theorem (Theorem 9),
the number of choices for |AAS| is at most

-1 24 = :
2C6/d2d (C /d2d_1) S 2C6/d2d ! . 2H2(C6/d)2d S exp (QdO(e/d) 1og(d/e)) .
€

Here Hs(x) denotes the binary entropy function Hy(z) = —zlogx — (1 — x)log(l — x). <«

To bound the deviation of the cut sizes after subsampling, we use the additive Chernoff
bound (see e.g., Theorems 1.10.10 and 1.10.11 in [17]).

» Theorem 13. Let X,..., X, be independent random variables taking values in [0,1]. Let
X =" X, Let \>0. Then
1
Pr|X — E[X]| > A] < 26Xp( — - min{\?/E[X], )\}).
Applying the Chernoff bound, we show that with high probability, every cut A remains larger
than its closest coordinate cut after subsampling.

» Lemma 14. Let ¢ > 0 and let A CV be a set of size A = 2971 such that (1 + €)|A| <
E(A,V\ A) < (1+2¢)|A|. Let S be the coordinate cut such that |AAS| < O(e)2? (exists by
Lemma 8). Then

Pr [|E’(A, V\A)| > |E(S,V\S)|+ % 4L ] > 1 = gem U2,
Proof. Let Et :=3(A)\ 9(S) and let E~ = 9(S) \ 9(A). We have
[E'(A, V\A)| = [E'(S,V\S)| = [(9(A4) \ 0(5)) N E'| = (0(S) \ 0(A)) N E'|
=|EtTNE|-|E”-NE.

So we need to bound the probability of the event |[ET N E’| — |[E~ N E'| > £2971. From the
lemma assumption, we have

[EF|—[E7| = |E(A,V\A)| - |E(S,V\S)| > (1+e)|A] - |5 =e-2¢7". (3)
By Lemma 10, we have
E[|EYNE'|=plEY[<p-0(e)2! and E[E NE'[]=plE"[<p-0(e)2".

Let A = & - 2971 Then min{A, A?/p|E~[}, min{\, A\?/p|ET|} > Q (ep2?~1), so applying the
Chernoff bound (Lemma 13), we get

Pe[||E- B - plE|| > B 201 < et
and
Pr [ |E+ N E| —p|E+|‘ > % : 2d—1] < ge=Mep2' ™),

85:9
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By a union bound, with probability at least 1 — 4e=P2"™") it holds that

|[EYNE'|—|E-NE'|>pEY|—plE™|— % 2471 > pegd=l % L4t = 5 2d-1,

where the second inequality follows from Equation (8). |

We can now show that every sufficiently large cut remains larger than a coordinate cut after
subsampling.

» Lemma 15. Let p > n% for a sufficiently large constant r, and let g = d='°°. Then
with probability at least 1 —d =190 /2, the following holds: For every ¢ > €y and every balanced

cut A of size |E(A,V \ A)| = (1 +€)2¢71, it holds that
[E(AV\ A)] > [E'(S.V\ §)| + T2,

where S is the coordinate cut such that |AAS| < K - 2% (exists by Lemma 8).

Proof. Suppose k > 204C/D, where C' denotes the hidden constant in the O-notation
in Lemma 12 and D denotes the hidden constant in the Q-notation in Lemma 14. Let
€ = 2% for i = 1,...log(2%/ep). For every coordinate cut S = S;, with j € [d] and
b € {0,1}, and for every e;, let B(S,¢;) be the event that there exists a cut A of size
(14 €)297 L <|E(A,V\ A)| < (1 +2¢)2% ! with |AAS| < K - ¢;2% such that

E(AV\ )] < |B'(S,V\ 9)| + T2,

We now show that Pr[B(S, €;)] < d102/8. For every cut A of size |E(A, V\ A)| < (1+2¢;)2¢71
with |[AAS| < K - €;2¢, by Lemma 14, we have

Pr||E'(A,V\ A)| < |E(S,V\S) + %2‘1—1] < dexp (—Dep24t).

By Lemma 12, the number of such cuts is at most exp (QdC%i log(d/ei)). Therefore, by a
union bound, we have

Pr[B(S,€;)] < 4dexp

—~

—Deip2?7t) - exp (QdC% log(d/ei)>

=4exp (Qdei (Cilog(j/ei) — ?))

< 4exp (Zdei (101010361 — &D;ng>> since é < % < d'% and p > /il(zlgd
< 4exp (_quclogd) since £ > 204C/D

= 4exp (—Zd/poly (d)) since ¢; > ¢y = d—10°

< 8(1% for d sufficiently large.

Finally, taking a union bound over the 2d possible choices of S and the log(2¢/¢y) < 2d
possible choices for i, gives the lemma. <

Lemma 15 implies that the sparsest cut after sampling is close in Hamming distance to a
coordinate cut. However, since the objective value of (1) is a sum ), |E'(A;, V' \ 4;)|, we
need to exclude the possibility that the optimal solution includes a large cut |E'(A;, V' \ 4;)|
due to the other cuts being surprisingly sparse. Corollary 16 handles this.
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» Corollary 16. Conditioned on the success of the event in Lemma 15, for every balanced
cut A CV, it holds that

|B'(A,V\A) 2 |E'(S,V\ )|~ Ceo2?,

where S is the coordinate with the smallest hamming distance to A, C is a universal constant,

and ey = d—190.

Proof. Let C be he universal constant from Lemma 10. Let A C V be a cut of size
|B(A,V \ A)| = (1 4+ €)2971, and let S be the coordinate cut with the smallest Hamming

distance to A. By Lemma 8, we have |AAS| < K - 2971, Consider two cases depending on e.

Suppose € > €. Then by Lemma 15, we have |E'(A,V \ A)| > |E'(S,V '\ )], so we are
done.

Suppose instead that € < ¢y. Then by Lemma 10, we have |9(A)Ad(S)| < Cep2¢71,
which gives

|E'(A,V\A) = |E'(S,V\ 8)] = [0(A)20(S)| = [E'(S,V\ §)] = Ceo2? . <
We also need to bound the optimal value of (1).

» Lemma 17. Let K be the universal constant from Lemma 8. With probability at least
1 —d=190/2  all coordinate cuts S;, satisfy

E'(S;5.V\S;p)| —p2i-t] > L __gd-1
“ ( J\by \ j)b)l p ’ = ].OOKd ’

and in particular, the optimal value of (1) is at most (d + 10%)1() 2d-1p,

Proof. Fix a coordinate cut S;,. Then E[|E'(S;j5,V \ Sj5)|] = 2¢7!p, so applying the

Chernoff bound (Lemma 13) with A = 507529 'p, we obtain

e ] — p9d—1] > p d—1| _}# d—1
Pr{[IE(Si0 V\ Si0)] = 927! 2 172 }QXP< 3 1002 K2
= exp (—2¢/poly (d))
< d7101/2.

By a union bound over the d coordinate cuts, the above equation holds simultaneously for
all S;, with probability at least 1 — d~'%°/2. If this holds, then, since {S;;: j € [d],b = 0}
is a feasible solution to (1), the optimal value of (1) is at most

1 1
Q. ) <d- =1y = 100K “p.
;|E (S50, V\Sjo) <d (1 + 100Kd> 27p (C” 100K> 2 )

Finally, we put everything together to prove Theorem 1.

Proof of Theorem 1. The algorithm solves the optimization problem

d
min Y " [E'(A;,V\ A;)]  subject to

i=1
(1)
|A;| = 2071 Vi,
|A;AA;| = 2471 Vi j
and outputs the optimal solution Ay, ..., Aq4.
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Running time. We can solve this program by enumerating all feasible families of cuts, of
d

which there are at most ((23:)) = 90(2d) = 90(nlogn) apq computing the corresponding

edge counts, so the running time is 20(nlogn)

Correctness. Condition on the success of the events in Lemma 15 and Lemma 17. By a

union bound, this occurs with probability at least 1 — d—199.

Let {A;};c[q) be the optimal solution to (1). For every i € [d], let S; denote the coordinate
cut with the smallest Hamming distance to A;. We start by proving that this is a matching,
i.e., that the set {S;}q consists of d different coordinate cuts. Suppose not. Then S; = S;
or S; = S; for some i # j. If S; = S; = S, then by triangle inequality,

|AAS|+A;AS| > |A0A = 2478,
so either [A;AS;| > 2972 or |[A;AS;| > 2972 If instead S; = S; = S, then again by triangle
inequality,

|AAS| + |A;AS| = |AAS| + 2% — [A;AS| > 29 — |AAA;| = 2471,
so again either |A;AS;| > 2972 or |4;AS;| > 2472,

Let i be the index such that |A;AS;| > 2972, Applying Lemma 8 with € = 1/4 gives

|E(A;,V\A;)| > (14 £%)2%7!, where K is the universal constant from Lemma 8. Therefore,
by Lemma 15 and Lemma 17, we have

|E'(Ai, V\ Ai)| > |E'(S;, V' \ Si)| + 8%2‘171 by Lemma 15
1
> (1 - 100K> p2i1 8%2d_1 by Lemma 17

1 d—1
> P — .
= <1+ 10K>p2

Furthermore, letting C' be the universal constant from Corollary 16, for every j # i, we have

|E'(A;, V\ A))| > |E'(S;,V\ S;)| — Ceg2¢7? by Corollary 16
1
> (1 — 100Kd> de_1 — CeOQd_l by Lemma 17
1 d—1 : _ 3—100 D
>(1 50Kd>p2 since g = d <<Kd.

But then summing over all j € [d] gives

1 1
S I VA 2 (14 g ) ot = 1) (1 g ) o

JE€ld]
> (d+ b p27-1
100K ’

which is a contradiction, since objective value of (1) is at most (d + 1557 ) p2%, by Lemma 17.
Thus, the set {S;};c[q) must contain d distinct coordinate cuts.

So now suppose that we have a matching, i.e. that the set {S;};c[q contains d distinct
coordinate cuts. Then {S;};c[q is a feasible solution to (1). Recall that K is the universal
constant from Lemma 8 and C' is the universal constant from Corollary 16. Let L > 2K - C,|
and suppose for contradiction that

|A; AS;| > Leogd2%~1 /p
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for some ¢ € [d]. Applying Lemma 8 with e = %eoal/p7 gives
_ _ L d-1 -1
B4V A)| > (14 eod/p) 2471 > (14 2Ceqd/p) 21,
where the last inequality follows by choice of L. So by Lemma 15, we have
|E'(Ai, V\ A)| > |E'(Si, V\ S;)| + Cegd27 .
But then, by Corollary 16, we have
DB (A5 VN A = [E'(S;, V\ Si)| + Ceod2™ + 3 |E'(A;,V \ 4)]
j€ld] J#i
> |E' (S5, V\ Si)| + Cdeg2? ™ + > |E'(S;,V\ S;) — (d — 1)Ceo2%!
J#i
d
> Y B85, V\ S))l,
j=1

which contradicts the optimality of {A;};c[q), since {S;};c[q) is a feasible solution. Therefore,
we conclude that with probability at least 1 — d =19 it holds that |A4;AS;| < Legd2¢~1/p <
24=1 /poly (d) for all 1. <

3 Proof of Theorem 4

In this section, we prove Theorem 4, restated below for the convenience of the reader.

» Theorem 4. Let G = (V, E) be a connected component of the d-dimensional k-distance
hypercube Qqi. Let G' = (V,E') be obtained by including each edge with probability
p>C-logd/d*=t, where C is a sufficiently large constant. There erxists an algorithm
with running time 2°01°87) that, given G', exactly recovers the d coordinate cuts, with
probability 1 — d=19° over the subsampling.

The proof follows the same overall strategy as Theorem 1. The algorithm solves to
following optimization problem and outputs the optimal solution.

d
min Z |E'(A;, V \ Ai)| subject to
i=1
AAA,| = % Vi o .

We want to use the FKN Theorem (Theorem 7) to show that every sparse cut is close to a
coordinate cut, and then use Karger’s cut-counting theorem (Theorem 9) to union bound
over all cuts. In the k-distance cube, every vertex has degree (Z), and for every coordinate

cut S;p and every vertex v € V, exactly (Z:}) of the edges incident on v cross the cut Sj .

These higher degrees allow for better concentration bounds, which is why we can achieve
exact recovery. It is important to note that when £ is even, the k-distance cube Qg has
at least two components, corresponding to the vertices with odd Hamming weight, and the
vertices with even Hamming weight.
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» Definition 18 (Component of Qg ). Let ng, ng C Qu. be the subgraphs induced by
{ze{0,1}:|z|=0 (mod 2)}, and {xe{0,1}¢:|z|=1 (mod 2)},
respectively. We say that Q C Qq, s an component of Qg if
Q = Qqr and k is odd, or
Qe {ng,ng} and k is even.
We say that a cut S is a coordinate cut in @ if S = S, N Q for some coordinate cut S; .

Later, in Remark 23, we will see that when d is sufficiently large, the components of Qg
are exactly the connected components.

We start by analyzing the spectrum of the k-distance cube Qg . Known results for
the Hamming association scheme (see e.g. Theorem 5, Chapter 21 in [28]) show that the
eigenvalues {js}sc(q) of the adjacency matriz of Qg are given by binary Krawtchouk
polynomials

b= s = 300 ('S') (e5)

=0

Therefore, the elgenvalues {As}scpa of the Laplacian L satisfy

d S S
e (rer (D))

JE[k]: —J
7 odd

We include a direct calculation of the eigenvalues Ag in the full version for completeness.

» Lemma 19 (Eigenvalues of Qqx). Let k be an integer, and let L be the unnormalized

Laplacian of Qq,. Then the Fourier characters x g form an eigenbasis of L, with corresponding
eigenvalues

2 (60

JE[K]:
j odd

Using the above lemma, we can write the size of any cut in Q4% in terms of the Fourier

coefficients of its indicator function.

» Lemma 20. Let Qq be the d-dimensional k-distance hypercube, and let Q = (V, E) be
component of Q (as per Definition 18). Let A C V, and let f: V — {0,1} denote the
indicator function on A. Then

[E(A,V\A) =23 Asf(S)?
SC[d)

Proof. Since there are no edges between Q(If . and ng, we can use the unnormalized
Lapacian L of the entire graph Q4 to express the cut size of A as

|E(A,VNA)| = > (fla) - f)* =f'LS, (11)
{z.y}eE

On the other hand, expanding f in the Fourier basis, we have f = ng[d] f(S)XS. By
Lemma 19, every Fourier character y g is an eigenvector of £ with eigenvalue Ag, which gives
T

Frer=>"TFS)xs | LD FS)xs | =D AsF(S)2lxsl3 =27 > As-F(S)% (12)

5Cd 5Cd SC[d] SC[d]

Combining Equations (11) and (12) gives the lemma. <
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To argue that every sparse cut places most of its Fourier mass on the first two levels, we
first need to argue that the eigenvalues A\g with |S| > 1 are large compared to those with
|S] = 1.

» Lemma 21. Let k be a positive integer, and let d = d(k) be sufficiently large. Denote by
A1 the eigenvalue corresponding to sets S C [d] of size |S| = 1. Then:
If k is odd, then for every S C [d] with |S| > 2, it holds that Ag > 3 A;.

If k is even, then for every S C [d] with 2 < |S| < d — 2, it holds that \g > %)\1, and for
every S C [d] with |S| =d — 1, it holds that Ag = A1.

The proof of Lemma 21 is included in the full version. Using the spectral gap established in
Lemma 21, we will show that every sparse cut places most of its Fourier mass on the first
two levels. As a first step, we derive a lower bound on the expansion of a cut in terms of the
higher-level Fourier coefficients.

» Lemma 22. Let k be an integer, let d be sufficiently large, and let Q@ = (V, E) be a component
of Qai (as per Definition 18). Let A C Q with |A| < I%‘, and let f:{0,1}¢ — {0,1} be the
indicator function on A.

If k is odd, then

|E@LV\A>2(Zji) A+t Y sy

SC[d]:|S|=2
If k is even, then

vz (7)) (e S fsy

SC[d]:2<|8|<d—2

» Remark 23 (Coordinate cuts are sparsest cuts). Recall that the coordinate cuts have expansion

(Zj). Lemma 22 shows that every cut in the component ) has expansion at least this large,

and hence the coordinate cuts are the sparsest cuts. This also implies that the components
of Qg (as per Definition 18) are exactly the connected components of Qg .

Proof. We prove the lemma for the case when k is odd. The case when k is even is similar
and is included in the full version. We have

A= f(@)> =2 Y f(S) (13)
]

zeV SCld
and, since f(0) =279 >eev f(@) =274 A|, we have
FO)? =274l (14)

Denote by A\ = Q(gj) the eigenvalue corresponding to sets S C [d] of size |S| = 1. Also note
from (10), that Ay = 0. Combining Lemma 20, together with Equations (13) and (14) gives
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[E(AV\A) =213 Asf(S)? by Lemma 20
SCld]
=20 3" (s = M) F(S)2+ 290 D F(S)2 - 290 F(0)?
[S]=>2 SCld]
A ~ - "
d M 2 | od 2 od 2
> 215 >RSP +200 >0 F(S) =290 F(0) by Lemma 21
[S]=22 SCld]
_ M d a2 1 _ |A]
=5 (2 DTS+ A +2/4] (5 5 by (13) and (14)
[S|>2
d—1 ~
> (k—l) 203" F(S)P+ 4] | -
[S]=22
Here the last inequality uses that 1/2 — 27¢|A| > 0, by the assumption. |

As a corollary of Lemma 22, we get that sparse cuts place almost all of their Fourier mass
on the first two levels (and, in the even-k case, also on the top two levels).

» Corollary 24. Let k be an integer, let d be sufficiently large and let Q = (V,E) be a
component of Qax (as per Definition 18). Let A be a subset Q with |A| < Lz/‘ and suppose
that |E(A,V\ A)| < (1+¢) (Zj)|A\ Let f denote the indicator function of A. Then

If k is odd, then Y g5, f(S)? < §.

If k is even, then ZZS\S\SUFQ f(S)Q < 5.

Proof. We prove the lemma for the case when k is odd. The case when k is even is similar
and is included in the full version. By Lemma 22, we have

ara(f o)Az Eavianz () (e S fsr),

1
SCld]:|S|>2
which gives

2l > Al =20 Y f(9)2 <
SCld]:|S|>2

We now wish to apply the FKN theorem (Theorem 7) to argue that every sparse cut must
be close to a coordinate cut. We can do that in the case when k is odd. However, when k is
even, we are in a slightly different setting: First, the function f is only supported on one of
the connected components, and second, f puts most of its Fourier mass on both the bottom
two and the top two levels. Therefore, we need to extend the FKN theorem to the case of
even k.

» Lemma 25 (FKN theorem for even k). Let 1y denote the indicator function of the even
component Q% = {z € {0,1}? : |z| = 0 (mod 2)}. Suppose that f: {0,1}* — {0,1}
is a boolean function supported on QY such that | f||3 = % and Z2S\S\Sd—2 f(S)z < 4.
Then there exists an index i € [d] such that ||1g - (f(x1,22,...,24) —2;)|| < K§ or ||1g -
(f(z1,22,...,2q) — (1 —x;))|| < K§. Here K is an absolute constant.

The proof is included in the full version. We can now argue that sparse cuts are close to
coordinate cuts.
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» Lemma 26 (Sparse cuts are close to coordinate cuts). Let k be an integer and let d = d(k)
be sufficiently large. Let Q = (V, E) be a component of Qa (as per Definition 18). Suppose
A C Q with |A] = % If|[E(A,V\A)| <(1+¢) (Z:})|A\, then there exists a coordinate cut
S in Q (as per Definition 18) such that

|AAS| < K - 2%
Here K is an absolute constant.

Proof. If k£ is odd, then the lemma follows from Corollary 24 and the FKN Theorem
(Theorem 7).

If £ is even, then we can without loss of generality assume that f is supported on the
even component, and the lemma follows from Corollary 24 and Lemma 25. |

Next, we want to apply Karger’s cut-counting theorem (Theorem 9) and a Chernoff bound
(Lemma 13). Similarly to the proof of Theorem 1, we need to establish a strong bound on

the size of 0(A)AI(S) and I(AAS).

» Lemma 27. Let Q = (V, E) be component of Qa1 (as per Definition 18) and let A C Q
be a set with |A| < L;\ and |0(A)| < (1+¢) (Zj)\/ﬂ Let S be a coordinate cut in Q with
|AAS| < O(€)2¢ (exists by Lemma 26). Then

Lsas)| < loans)| < 0@~ )14l

The proof is almost identical to the proof of Lemma 10, and is included in the full version.

In order to apply Karger’s cut-counting theorem, we also need to establish the size of the
minimum cuts.

» Lemma 28 (The singleton cuts are min-cuts). Let k be an integer, and let d be sufficiently
large. Let Q = (V,E) be a component of Qqr (as per Definition 18). Then

BV = (}).

min
ACV:L|AIL|V]/2
Proof. If |A| = 1, then |E(A,V \ 4)| = (ﬁ) For the rest of the proof, we consider 2 < |A| <

|V'|/2 and split into two cases according to |A|.

Case 1: [A| > ()/({~1). By Lemma 22, we have

pavialz (f )= ().

Case 2: 2 < |A| < (Z)/(::i) Every vertex in @ has degree (Z) A vertex in A can

have at most |A| — 1 neighbors in |A], so it must have at least (Z) — |A] + 1 edges to V' \ A.

Summing over all vertices in A, we obtain

syl () - 1ae1) = () =) aa- 0+ () > (3):

where the last inequality follows from 2 < |A| < (Z)/(Zj) < (Z) <

We can now apply Karger’s cut-counting theorem to count the number of cuts of size
1 d—1 2d—1
(1+6() :
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» Lemma 29. Let Q = (V, E) be a component of Qq . (as per Definition 18), and let S be
a coordinate in Q. The number of sets A C Q of size |A| < \2L| such that |E(A,V\ A)| <
(1+ 26)(::1)|A| and |AAS| < O(€)2 is at most exp (2¢O(e/d) log(d/€)).

Proof. Given S, the set A is uniquely determined by the choice of AAS, so we just need to
count the number of possible choices for AAS. Let C denote the hidden constant in the big
O-notation in Lemma 27. By Lemma 27, we have

—1
|D(AAS)| < C - E(Z B 1) 2d4-1,

By Lemma 28, the minimum cut has size (Z), so O(AAS) is an a-approximate minimum
cut with a = CG(Z:})Qd_l/(Z) = Ce2?71/d. Therefore, by Karger’s cut counting theorem
(Theorem 9), the number of choices for |AAS| is at most

_ 2d _
O ) S 2V I < ey (0(c/) ().
€

Here Hy(x) denotes the binary entropy function Hy(z) = —xlogx — (1 — ) log(l — x). <«

» Lemma 30. Let Q = (V, E) be a component of Qa1 (as per Definition 18), and let A C @
be a set with |A] = % and (1 +¢) (g:i)|A\ < E(A,V\A) < (142 (z:i)|A\ Let S be the
coordinate cut in Q such that |AAS| < O(e)2¢ (exists by Lemma 26). Then

Pr||E'(A, V\A)| > [E"(S,V\ 5)| + % (Z B 1) |‘2/|] > 1 —dexp (—Q(epd*12971))

The proof is similar to Lemma 14, and is included in the full version.

» Lemma 31. Let Q = (V,E) be a component of Qqr (as per Definition 18). Suppose
p= /Qil‘zg,‘f for a sufficiently large constant k, and let eg = 274/ K, where K is the universal
constant from Lemma 26. Then with probability at least 1 —d—100/2, the following holds: For
every € > €g, and every balanced cut A C Q of size |[E(A, V\ A)| = (1+¢€) (g:%)%, it holds

that

E'(A,V\ A)| > [E'(S,V\ 9)] + p;(g: D'Z'

where S is the coordinate cut in Q such that |AAS| < K - €2? (exists by Lemma 26).

Proof. Let C be the hidden constant in the O-notation in Lemma 29 and let D be the hidden
constant in the 2-notation in Lemma 30. Suppose that k is a sufficiently large constant. Let
€; = 2% for i = 1,...log(2%/ey). For every coordinate cut S = S;;, N Q with j € [d] and
b e {0,1}, and for every ¢;, let B(S,¢€;) be the event that there exists a balanced cut A C Q
of size (14 €;)|A| < |E(A,V\A)| < (14 261-)(Z:1)|A| with |AAS| < K - €24 such that

, : pe; (d=1) V]
[E(A, VA A < |E'(S, VA S+ (k—l) 9

We now show that Pr[B(Q, €;)] < d=192/8. For every balanced cut A of size |[E(A,V \ A)| <
(1+2¢;)(421)|A] with |AAS| < O(€;)2¢, by Lemma 30, we have

(d—1
Pr ||E'(A,V\ A)| < |E'(S,V\9) +p;(z 1) “2/'} < 4exp (—Deipd"12).
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By Lemma 29, the number of such cuts is at most exp (2?Ce;/dlog(d/e;)). Therefore, by a
union bound, we have

Pr[B(S, ;)] < dexp (—De;pd™12%) - exp (2°Ce; /dlog(d/e;))

= 4dexp (2% (Clog(d/e;)/d — Dpd*~*/2))

< d4dexp (Zdel Clogdlog K — Drlogd/2)) , since log(1/¢;) <log(1/€p) = dlog K
< 4exp(—103logd), for r sufficiently large, since ¢g = 274/ K
< d-1028,

Taking a union bound over the 2d possible choices of S and the log(2%/¢y) < 2d possible
choices for ¢, we get the claim for € > €. |

» Corollary 32. Conditioned on the success of the event in Lemma 31, for every balanced
cut A C Q it holds that

[E"(A, VA A = [E'(S,V\S)].

Proof. Let A be a balanced cut of size |[E(A,V \ A)] = (1 + ¢) ij)|V|. If € > €, then

we are done by Lemma 31. If instead € < e, then [E(A, V' \ A)| < (1 +€)({_1)|A], so by
Lemma 26, there exists a coordinate cut S such that

|AAS| < Kep247! <1,

where the last inequality follows by the setting ey = 27¢/K. But then A is equal to S, so we
are done. <

» Lemma 33. Let K be the universal constant from Lemma 26. With probability at least
1 —d=190/2, all coordinate cuts S in Q satisfy

s> P (A= V]
~ 100Kd\k-1) 2~

and in particular, the optimal value of (9) is at most (d + 10%1{) (Z:})Qd’lp.

Aoy, )2

The proof of Lemma, 33 is almost identical to the proof of Lemma 17, and is included in the
full version.

Proof of Theorem 4. The algorithm solves the following optimization problem:

d
min Z |E' (A, V\ Ai) subject to
i=1
4 =17 vi, (9)
V
|A;AA;| = % Vi # 7,
and outputs the optimal solution Ay, ..., Aq4.

Running time. We can solve (9) by enumerating over all feasible families of cuts, of which
d
there are at most ((231)) = 20(2%d) — 90(nlogn) a4 computing the corresponding edge

counts, so the running time is 20("logn),
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Correctness. Condition on the success of the events in Lemma 31 and Lemma 33. By a
union bound, this occurs with probability at least 1 — d~'0°. Let {Ai}ic[q) be the optimal
solution to (9). For every i € [d], let S; denote the coordinate cut in @ with the smallest
Hamming distance to A;.

We start by proving that this is a matching, i.e., that the set {S;}4 consists of d different
coordinate cuts. Suppose not. Then S; = S; or §; = S; for some 7 # j. If §; = S; = S, then
by triangle inequality,

AAS|+ 4,08 > [and,) = VL

27
so either |4;AS;| > ‘%l or |[A;AS;| > l%. If instead S; = S; = S, then by triangle inequality,

A, 08] +A,885] = [4AS|+V — |4,88] > 20— |4,04,) = V]

so again either |A;AS;| > ‘Vl or [A;AS;]| > %.
Let i be the index such that |A;AS;| > |V| Applying Lemma 26 with e = 1/4 gives
|E(A;,V\A4)| > (1+ & )‘V‘ From Lemma 31 and Lemma 33, we have

BV A 2 BV A+ e (12 ]) by Lemma 31

1 d—1\ [V| p (d=1\|V]|
>(1—- —— Vi, p V] .
B ( 100K> (k_l)p 2 + SEK\L—1/) 2 by Lemma 33

(1+1()11r<> (Z 1) Igl

Furthermore, from Lemma 31 and Lemma 33, we have that for every j # 1,

d—1\|V|
/ . D> (g A > — p —.
B/ (45, VA 4] > 1B'(55, VA 8| = (1= 5072) <k—1> 2

But then summing over all j € [d] gives

V| 1 V] 1 |V|
/ . . > ‘ _ LA
D IE(A;, VA = (1+ n ,>p +d<1 mom)p 5 > (d+ 100K>

J€ld]
(15)

which is a contradiction, since objective value of (9) is at most (d + 155 K) P A4 , by Lemma 33.
Thus, the set {S;};c[q) must contain d distinct coordinate cuts.

So now suppose that we have a matching, i.e. that the set {S;};c[q contains d distinct
coordinate cuts. Then {S;};cq is a feasible solution to (9). Suppose for contradiction that
|A;AS;| > 1 for some i. Then by Lemma 31 applied to A;, we have

|E"(Ai, V\ Al > [E'(S3, V\ S5,
and for every j # ¢, by Lemma 32 applied to A;, we have
[E'(A;, V\ Aj)l > |E'(S;,V\ S)).

But this gives 3 [E/(4;,V \ 4;)] > ijl |E'(S;,V'\ Sj)|, contradicting the optimality
of {Ai}ie[d]~ <
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