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Abstract
Longest increasing subsequence (LIS) is a classical textbook problem which is still actively studied in
various computational models. In this work, we present a few results for the range longest increasing
subsequence problem (Range-LIS) and its variants. The input to Range-LIS is a sequence S of n

real numbers and a collection Q of m query ranges and for each query in Q, the goal is to report
the LIS of the sequence S restricted to that query. Our two main results are for the following
generalizations of the Range-LIS problem:
2D Range Queries: In this variant of the Range-LIS problem, each query is a pair of ranges, one

of indices and the other of values, and we provide a randomized algorithm with running time1

Õ(mn1/2 + n3/2) + O(k), where k is the cumulative length of the m output subsequences. This
improves on the elementary Õ(mn) runtime algorithm when m = Ω(

√
n). Previously, the only

known result breaking the quadratic barrier was of Tiskin [SODA’10] which could only handle
1D range queries (i.e., each query was a range of indices) and also just outputted the length of
the LIS (instead of reporting the subsequence achieving that length). Subsequent to our paper,
Gawrychowski, Gorbachev, and Kociumaka in a preprint have extended Tiskin’s approach to
handle reporting 1D range queries in O(n(log n)3 + m + k) time.

Colored Sequences: In this variant of the Range-LIS problem, each element in S is colored and
for each query in Q, the goal is to report a monochromatic LIS contained in the sequence S
restricted to that query. For 2D queries, we provide a randomized algorithm for this colored
version with running time Õ(mn2/3 + n5/3) + O(k). Moreover, for 1D queries, we provide an
improved algorithm with running time Õ(mn1/2 + n3/2) + O(k). Thus, we again improve on the
elementary Õ(mn) runtime algorithm. Additionally, we prove that assuming the well-known
Combinatorial Boolean Matrix Multiplication Hypothesis, that the runtime for 1D queries is
essentially tight for combinatorial algorithms.

Our algorithms combine several tools such as dynamic programming (to precompute increasing
subsequences with some desirable properties), geometric data structures (to efficiently compute the
dynamic programming entries), random sampling (to capture elements which are part of the LIS),
classification of query ranges into large LIS and small LIS, and classification of colors into light and
heavy. We believe that our techniques will be of interest to tackle other variants of LIS problem and
other range-searching problems.

2012 ACM Subject Classification Theory of computation → Data structures design and analysis;
Theory of computation → Computational geometry

Keywords and phrases Longest Increasing Subsequence, Range Query, Fine-Grained Complexity

Digital Object Identifier 10.4230/LIPIcs.ITCS.2026.87

Related Version Full Version: https://arxiv.org/abs/2404.04795

Funding Karthik C. S.: This work was supported by the National Science Foundation under Grant
CCF-2313372 and by the Simons Foundation, Grant Number 825876, Awardee Thu D. Nguyen.
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1 Introduction

In the longest increasing subsequence (LIS) problem, the input is a sequence of n real numbers
S = (a1, a2, . . . , an) and the goal is to report indices 1 ≤ i1 < i2 < · · · < it ≤ n, for the
largest possible value of t, such that ai1 < ai2 < · · · < ait . The length of the LIS is then
defined to be t. For simplicity of discussion, we will assume that all the real numbers in
the sequence are distinct. A standard dynamic programming algorithm reports the LIS in
O(n2) time, which can be improved to O(n log n) by performing patience sort [51, 52, 11, 27]
or by suitably augmenting a binary search tree which computes each entry in the dynamic
programming table in O(log n) time.

In many applications, such as time-series data analysis, the user might not be interested
in the LIS of the entire sequence. Instead they would like to focus their attention only on a
“range” of indices in the sequence. Here are a few examples to illustrate this point.

Consider a stock X in the trading market. Let the sequence represent the daily price of
stock X from 1950 till 2022. Instead of querying for the LIS of the entire sequence, the
user might gain more insights [38, 49] about the trends of the stock by querying for the
LIS in a range of dates (or time-windows) such as Jan 2020 till March 2020 or Feb 2018
till Dec 2018.
In modern times, social media platforms are the major source for generating enormous
content on the Internet on a minute-to-minute basis. Consider a time-series data with
statistics at a fine-grained level (of each minute of the day) about the number of Google
searches, number of Tweets posted, number of Amazon purchases, or the number of
Instagram posts. Monitoring the LIS under time-window constraints on such datasets
can lead to more insights in understanding the social media usage trends and can also
help in detecting abnormalities.
Popular genome sequencing algorithms identify high scoring segment pairs (HSPs) between
a query transcript sequence and a long reference genomic sequence in order to obtain a
global alignment, and this amounts to computing the LIS in the reference genome [9, 80, 8].
Typically many queries are made (corresponding to various transcripts/proteins) w.r.t. the
same reference genomic sequence, and this can be modeled as range queries to compute
the LIS.

Recently, in the theoretical computer science community, there has been a lot of interest
in the dynamic LIS problem [53, 43, 31], where the goal is to maintain exact or approximate
LIS under insertion and deletion of elements. Interestingly, an important subroutine which
shows up is the computation of LIS of a given range of elements in the sequence. For example,
Gawrychowski and Janczewski [31] design a dynamic algorithm to quickly compute the
approximate LIS for any range of indices in S. In fact, Gawrychowski and Janczewski go
further and design a dynamic algorithm which maintains the approximate LIS for a special
class of dyadic rectangles where the query2 is an axis-aligned rectangle in 2D and the goal is
to compute the approximate LIS of the 2D points (from the above mapping) which lie inside
the rectangle.

2 Consider mapping the ith element ai ∈ S to a 2D point (i, ai), to contextualize the notion of 2D queries.
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Motivated by this, in this paper we study several natural variants of the LIS problem
where the 1D queries impose restriction on the range of the indices and the 2D queries
impose range restriction on both the indices and the values in the sequence. For each of
these variants of the LIS problem there is a data structure counterpart that can be studied
as well, and these results are later listed in Table 2.

1.1 Vanilla Problem: One dimensional range LIS problem
The first problem is the 1D range longest increasing subsequence problem (1D-Range-LIS).
In the 1D-Range-LIS problem, we are given as input a sequence S = (a1, a2, . . . , an) of n real
numbers and a collection Q of m query ranges, where each q ∈ Q is a range (or an interval)
[x1, x2] ⊆ [1, n]. For each q = [x1, x2] ∈ Q, the goal is to report the LIS of the sequence
S ∩ [x1, x2] = (ax1 , ax1+1 . . . , ax2−1, ax2) (i.e., the output must be the longest increasing
subsequence in S ∩ [x1, x2]). The length of the LIS of the sequence S ∩ q is denoted by
LIS(S ∩ q). Throughout the paper, we abuse notation for simplicity by using LIS to refer to
both the subsequence and its length. We clarify the intended meaning wherever it may be
unclear.

A straightforward approach to solve the 1D-Range-LIS problem would involve no prepro-
cessing: for each range [x1, x2] in Q, we will retrieve the elements ax1 , ax1+1 . . . , ax2−1, ax2

and report their LIS. This would require Ω(mn log n) time in the worst-case (for instance
when many of the ranges in Q are of Ω(n) length). In a remarkable work, Tiskin [74, 76, 75]
broke the quadratic barrier, by designing an O((n + m) log n) time algorithm, albeit for
the computationally easier length version of the 1D-Range-LIS problem, in which for all
q ∈ Q, the goal is to only output the length of the LIS in the range q (i.e., LIS(S ∩ q)).
While the algorithm designed by Tiskin is tailored to handle the length version of the
1D-Range-LIS problem, in a subsequent work to the current paper, Gawrychowski, Gor-
bachev, and Kociumaka [29] extend Tiskin’s algorithm to handle the reporting version as
well by providing an algorithm which answers the reporting version of the 1D-Range-LIS
problem in O(n(log n)3 + m + k) time.

Since the vanilla version of the range LIS problem is completely understood (up to log
factors), we focus on the following three variants.

1.2 Problem-I: Two dimensional range LIS problem
The next problem is the 2D range longest increasing subsequence problem (2D-Range-LIS)
which is a natural generalization of the 1D-Range-LIS problem. As before, we are given as
input a sequence S = (a1, a2, . . . , an). Consider a mapping where the ith element ai ∈ S is
mapped to a 2D point pi = (i, ai). Let P = {p1, p2, . . . , pn} be a collection of these n points.
We are also given as input a collection Q of m query ranges, where each range in Q is an
axis-aligned rectangle in 2D. For each q ∈ Q, the goal is to report the LIS of P ∩ q, i.e., the
points of P lying inside q. See Figure 1(a) for an example.

Once again the naive approach to solve the problem would take O(mn log n) time, where
for each range q ∈ Q, we will scan the points in P to filter out the points lying inside q

and then compute their LIS. One might be tempted to use orthogonal range searching data
structures [3, 5, 24, 56, 13] to efficiently report P ∩ q, but in the worst-case we could have
many queries with |P ∩ q| = Ω(n). In this paper, even for the 2D-Range-LIS problem, we
succeed to improve on the basic quadratic runtime algorithm when m is roughly Ω(

√
n). We

obtain the following result where the Õ(·) notation hides polylog factors.
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87:4 Range Longest Increasing Subsequence and Its Relatives

q2

a

b

c

1 3 5 7 9
1

3

5

7

9

d

e

f

(a) (b)

q1

a

b

c

1 3 5 7 9
1

3

5

7

9

g

h

i

j

d

e

f

g

h

i

j

Figure 1 (a) Each element in the sequence S = (3, 5, 7, 8, 10, 2, 4, 1, 6, 9) is mapped to a 2D point.
For example, the element 7 is mapped to c = (3, 7). The 2D-Range-LIS of the points lying inside
q1 is (b, c, d). (b) The same input sequence S = (3, 5, 7, 8, 10, 2, 4, 1, 6, 9) is shown here. The set of
colors C = {orange, yellow, red}. Points b, d and h have orange color, points a, c and e have yellow
color, and points f, g, i and j have red color. The Colored-2D-Range-LIS of the points lying inside
q2 (the shaded region) is red color realized by the sequence (f, g, i).

▶ Theorem 1. There is a randomized algorithm to answer the reporting version of
2D-Range-LIS problem in Õ(

√
n · (m + n)) + O(k) time, where k is the cumulative length

of the m output subsequences. The bound on the running time and the correctness of the
solution holds with high probability.

1.3 Problem-II: Colored 1D range LIS problem

In the geometric data structures literature, colored range searching [41, 57, 59, 54, 45, 40,
14, 6, 34, 37, 46, 55, 71, 33] is a well-studied generalization of traditional range searching
problems. In the colored setting, the geometric objects are partitioned into disjoint groups
(or colors), and given a query region q, the typical goal is to efficiently report [22, 25, 23, 47],
or count [39], or approximately count [60] the number of colors intersecting q, or find the
majority color inside q [21, 44].

In the same spirit, we study the colored 1D range longest increasing subsequence problem
(Colored-1D-Range-LIS). In addition to the sequence S and 1D range queriesQ given as input
to the 1D-Range-LIS problem, in the Colored-1D-Range-LIS problem we are additionally
given a coloring of S using the color set C. Each element ai ∈ S has a color chosen from C
(the corresponding 2D point pi also has the same color). For all c ∈ C, let Pc ⊆ P denote
the set of points with color c and for any q ∈ Q, with a slight abuse of notation, we will use
LIS(Pc ∩ q) to denote the length of the LIS of Pc ∩ q. Moreover, we say a subsequence is
monochromatic, if all the elements in the subsequence have the same color. For each q ∈ Q,
the goal is then to report the longest monochromatic increasing subsequence whose length is
equal to max

c∈C
LIS(Pc ∩ q). See Figure 1(b) for an example in 2D. We obtain the following

result.
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▶ Theorem 2. There is a randomized algorithm to answer the reporting version of the
Colored-1D-Range-LIS problem in Õ(

√
n · (m + n)) + O(k) time, where k is the cumulative

length of the m output subsequences. The bound on the running time and the correctness of
the solution holds with high probability.

We complement the above result with a conditional lower bound that indicates that the
above runtime for Colored-1D-Range-LIS might be (near) optimal.

▶ Theorem 3. Assuming the Combinatorial Boolean Matrix Multiplication Hypothesis, for
every ε > 0 and C ∈ N, there is no combinatorial algorithm to answer the reporting version
of the Colored-1D-Range-LIS problem in k/2 + C · n0.5−ε · (m + n) time, where k is the
cumulative size of the m outputs. The lower bound continues to hold even when we are only
required to report the color of the longest monochromatic increasing subsequence for each
range query.

The Combinatorial Boolean Matrix Multiplication Hypothesis (CBMMH) roughly asserts
that Boolean matrix multiplication of two

√
n×
√

n matrices cannot be computed by any
combinatorial algorithm running in time n1.5−ε, for any constant ε > 0. Here “combinatorial
algorithm” is typically defined as “non-Strassen-like algorithm” (as defined in [12]), and this
captures all known fast matrix multiplication algorithms.

While CBMMH is widely explored since the 1990s [70, 48], there is no strong consensus
in the computer science community about its plausibility. In a recent breakthrough, Abboud
et al. [1], have come tantalizingly close to even refuting it. All that said, CBMMH remains
a widely used hypothesis for proving conditional lower bounds [66, 2, 35]. At the very
least, Theorem 3 provides evidence that any algorithm for Colored-1D-Range-LIS that is
significantly faster than the runtime given in Theorem 2, must be highly non-trivial.

The proof of Theorem 3 follows as a simple consequence of a CBMMH based conditional
lower bound in [21] for computing the mode of a sequence subject to range queries.

1.4 Problem-III: Colored 2D range LIS problem
The most general problem that we study in this paper is the colored 2D range longest
increasing subsequence problem (Colored-2D-Range-LIS). The queries in Q will be axis-
aligned rectangles. For each q ∈ Q, the goal is then to report the longest monochromatic
increasing subsequence which attains max

c∈C
LIS(Pc ∩ q). See Figure 1(b) for an example. We

obtain the following result.

▶ Theorem 4. There is a randomized algorithm to answer the reporting version of the
Colored-2D-Range-LIS problem in Õ(n2/3 · (m + n)) + O(k) time, where k is the cumulative
length of the m output subsequences. The bound on the running time and the correctness of
the solution holds with high probability.

We remark that the conditional lower bound of Theorem 3 continues to hold here too.
In Table 1, we have summarized the state-of-the-art upper and (conditional) lower bounds

for the various variants of Range-LIS discussed in this paper.

1.5 Data Structure Counterpart of the Three Variants of LIS Problem
A natural data structure counterpart question to the aforementioned four problems is to
design a data structure for these problems and measure the tradeoff in the time needed for
preprocessing the input sequence versus the time needed to answer a single range query. In
Table 2, we have summarized the preprocessing and query time bounds that can be derived
from the proofs of Theorems 1, 2, and 4.

ITCS 2026
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Table 1 State-of-the-art upper and lower bounds are listed for the variants of Range-LIS problem
considered in this paper. In the table, all upper bounds from this paper are randomized, and all
lower bounds from this paper are conditional and only against combinatorial algorithms. Also, recall
that n is the length of input sequence, m is the number of range queries, and k is the cumulative
size of the m outputs.

Problem Upper Bound Lower Bound

1D-Range LIS
O(n(log n)3 + m + k) Ω(m + n + k)

(Theorem 5.13 in [29]) (Trivial)

2D-Range LIS
Õ(

√
n · (m + n)) + O(k) Ω(m + n + k)

(Theorem 1) (Trivial)

Colored 1D-Range LIS
Õ(

√
n · (m + n)) + O(k) Ω

(
n1/2−o(1)(m + n) + k

)
(Theorem 2) (Theorem 3)

Colored 2D-Range LIS
Õ(n2/3 · (m + n)) + O(k) Ω

(
n1/2−o(1)(m + n) + k

)
(Theorem 4) (Theorem 3)

Table 2 State-of-the-art upper bounds are listed for the data structure variants of Range-LIS
problems considered in this paper. In the table, all the bounds are randomized. Also, kq is the
length of the output of a single query.

Problem Preprocessing Time Query time Reference

1D-Range LIS O(n(log n)3) O(kq) [29]

2D-Range LIS Õ(n3/2) Õ(n1/2) + O(kq) This Paper

Colored 1D-Range LIS Õ(n3/2) Õ(n1/2) + O(kq) This Paper

Colored 2D-Range LIS Õ(n5/3) Õ(n2/3) + O(kq) This Paper

Finally, we note that the proof of Theorem 3 also implies that assuming CBMMH, for
every ε > 0, there is no data structure for the reporting version of the Colored-1D-Range-LIS
problem (or the Colored-2D-Range-LIS problem) which can be preprocessed using a combina-
torial algorithm in O(n1.5−ε) time such that each query can be answered using a combinatorial
algorithm in kq

2 + O(n0.5−ε) time.

1.6 Related Works
LIS in popular settings and models

To the best of our knowledge, there is not much prior work on the reporting version of
Range-LIS . The results of Tiskin [74, 76, 75] on the length version of 1D-Range-LIS were
later adapted to the reporting version in [29], subsequent to our work. Therefore, for the
rest of this subsection, we list works on the LIS problem in some popular settings/models.

In the Dynamic LIS problem we need to maintain the length of LIS of an array under
insertion and deletion. The LIS problem in the dynamic setting was initiated by Mitzenmacher
and Seddighin [53]. In [31], an algorithm running in O(ε−5(log n)11) time and providing
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(1 + ε)-approximation was presented (this approximation algorithm can be adapted to
approximate the Range-LIS problem in the dynamic setting), and in [43] a randomized exact
algorithm with the update and query time Õ(n2/3) was provided. Finally, in [30], the authors
provide conditional polynomial lower bounds for exactly solving Range-LIS in the dynamic
setting.

In the streaming model, computing the LIS requires Ω(n) bits of space [32], so it is natural
to resort to approximation algorithms. In [32] is a deterministic (1 + ε)-approximation in
O(
√

n/ε) space for LIS problem, and this was shown to be optimal [26, 28]. We remark here
that the LIS problem has also been implicitly studied in the streaming algorithms literature
as estimating the sortedness of an array [7, 50, 32, 72].

In the setting of sublinear time algorithms, the authors of [68] showed how to approximate
the length of the LIS to within an additive error of ε · n, for an arbitrary ε ∈ (0, 1), with
(1/ε)1/ε · (log n)O(1) queries. Denoting the length of LIS by ℓ, in [67] the authors designed a
non-adaptive O(λ−3)-multiplicative factor approximation algorithm, where λ = ℓ/n, with
O(
√

n/λ7) queries (and also obtained different tradeoff between the dependency on λ and n).
In [58], the authors proved that adaptivity is essential in obtaining polylogarithmic query
complexity for the LIS problem. Recently, for any λ = o(1), in [10] a (randomized) non-
adaptive 1/λo(1)-multiplicative factor approximation algorithm was provided with no(1)/λ

running time.
In the read-only random access model, the authors of [42] showed how to find the length

of LIS in O((n2/s) log n) time and only O(s) space, for any parameter
√

n ≤ s ≤ n.

Range-aggregate queries

Range-aggregate queries have traditionally been well-studied in the database community
and the computational geometry community. See the survey papers [5, 65, 33]. In a
typical range-aggregate query, the input is a collection of points in a d-dimensional space,
and the user specifies a range query (such as an axis-aligned rectangle, or a disk, or a
halfspace), and the goal is to compute an informative summary of the subset of points which
lie inside the range query, such as the top-k points [15, 63, 64, 4, 17], a random subset
of k points [73, 36], reporting or counting colors or groups [25, 22, 61], statistics such as
mode, min [16], median [18], or sum, the closest pair of points [77, 78, 79], and the skyline
points [19, 20, 62].

In an orthogonal range-max problem, the input is a set P of n points in d-dimensional
space. Each point in P has a weight associated with it. Preprocess P into a data structure,
so that given an axis-parallel box q, the goal is to report the point in P ∩ q with the largest
weight. In this work, we will use vanilla range trees from the textbook [13] to answer
range-max queries (since the goal of this work is not to shave polylogarithmic factors).
The preprocessing time to build a vanilla range tree is O(n logd−1 n) and the query time is
O(logd n).

2 Our first technique: Handling small LIS

We design a general technique to obtain all our upper bounds. We note that throughout
the paper, there is ample scope to shave logarithmic factors in the runtime of our various
algorithms and subroutines. However, that is not the focus of this paper.

For the sake of simplicity, we provide an overview of the general technique for the simplest
case of 1D-Range-LIS which is in 1D and does not involve colors. Our strategy to solve the
1D-Range-LIS problem is the following. Consider an integer parameter τ ∈ [1, n]. For the

ITCS 2026
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1D-Range-LIS problem, τ is set to
√

n. We will design two different techniques. The first
technique is deterministic and reports the correct answer if LIS(S ∩ q) ≤ τ . If LIS(S ∩ q) > τ ,
then correctness is not guaranteed. The second technique is randomized and reports the
correct answer with high probability if LIS(S ∩ q) ≥ τ . As such, for each q ∈ Q, w.h.p., the
correct result is obtained by one of the two algorithms.

In this subsection, we will give an overview of the first technique for 1D-Range-LIS . In
our discussion we will use the terms element and point interchangeably. As discussed before,
the ith element in sequence S is equivalent to the 2D point (i, ai) in P . Consider the special
case where there is a vertical line with x-coordinate x∗ such that each query range in Q
contains x∗ (in the full version of the paper we show how to remove the assumption).

2.1 Idea-1: Lowest peaks and highest bases
Please refer to Figure 2(i) where eighteen points are shown. Chain C1 and chain C2 are
increasing sequences to the left of x∗ and both have length four. Our first observation is that
if we are allowed to store either C1 or C2, then it would be wiser to store C2. The reason
is that C2 can “stitch” itself with chain C3 and C4, to form an increasing subsequence of
length six and eight, respectively. On the other hand, C1 cannot stitch itself with C3 or C4
to form a larger increasing subsequence. Analogously, between chains C4 and C5, we will
prefer C4 since it can stitch with C2, whereas C5 cannot stitch with any chain to the left of
x∗. In fact, the LIS of the eighteen points is realised by the chain C2 ∪ C4 with length eight.
This motivates the definition of lowest peak and highest base.

C1

C2 C5

C4

C3

x1 x∗ x2

L[x1][3]

L[x1][2]

L[x1][1]

R[x2][3]

R[x2][2]

R[x2][1]

x∗x1
x2

(i) (ii)

a

b

c

d

e

f

g

h

i

j

Figure 2 (i) An example with eighteen points and five chains is shown. (ii) An example with ten
points. The query is the range [x1, x2]. In the range [x1, x∗], the sequence with the lowest peak of
length one is (b), of length two is (b, c) or (a, c), of length three is (b, c, e) or (a, c, e). In the range
[x∗, x2], the sequence with the highest base of length one is (j), of length two is (h, j), of length three
(f, h, j) or (f, i, j). The LIS of points in the range [x1, x2] is five and the corresponding compatible
pair is (L[x1][2], R[x2][3]).

For an increasing subsequence S ∈ S, we define peak (resp., base) to be the last (resp.,
first) element in S. The algorithm will store two 2-dimensional arrays:
Array L: For all integers 1 ≤ x1 ≤ x∗ and for all 1 ≤ α ≤ τ , among all increasing

subsequences of length α in the range [x1, x∗], let S be the subsequence with the lowest
peak. Then L[x1][α] stores the value of the last element in S.
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Array R: For all integers x∗ < x2 ≤ n and for all 1 ≤ β ≤ τ , among all increasing sequences
of length β in the range (x∗, x2], let S be the subsequence with the highest base. Then
R[x2][β] stores the value of the first element in S.

For example, in Figure 2(i), for the range [x1, x∗] and α = 4, the chain C2 is the
subsequence with the lowest peak; and for (x∗, x2] and α = 4, chain C4 is the subsequence
with the highest base. Efficient computation of the O(nτ) entries in arrays L and R will be
discussed later.

A pair (L[x1][α], R[x2][β]) is defined to be compatible if L[x1][α] < R[x2][β], i.e., it
is possible to “stitch” the sequences corresponding to L[x1][α] and R[x2][β] to obtain an
increasing sequence of length α + β. For a query range q = [x1, x2], our goal is to find the
compatible pair (L[x1][α], R[x2][β]) which maximizes the value of α + β, i.e.,

LIS(S ∩ [x1, x2]) = max
α,β
{α + β | L[x1][α] < R[x2][β]}.

2.2 Idea-2: Monotone property of peaks and bases
For a given query q = [x1, x2], a naive approach is to inspect all pairs of the form
(L[x1][α], R[x2][β]), for all 1 ≤ α, β ≤ τ , and then pick a compatible pair which maxi-
mizes the value of α + β. The number of pairs inspected is Θ(τ2) which we cannot afford.
However, the following monotone property will help in reducing the number of pairs inspected
to O(τ log τ):

For a fixed value of x1, the value of L[x1][α] increases as the value of α increases, i.e., for
any 1 ≤ α ≤ α′ ≤ τ , we have L[x1][α] ≤ L[x1][α′].
Analogously, for a fixed value of x2, the value of R[x2][β] decreases as the value of β

increases, i.e., for any 1 ≤ β ≤ β′ ≤ τ , we have R[x2][β] ≥ R[x2][β′].
See Figure 2(ii) for an example where L[x1][α] values are increasing with increase in α and
R[x2][β] values are decreasing with increase in β. For each 1 ≤ i ≤ τ , the largest βi for which
(L[x1][i], R[x2][βi]) is compatible can be found in O(log τ) time by doing a binary search on
the monotone sequence (R[x2][1], R[x2][2], . . . , R[x2][τ ]). Finally, report maxi(i + βi) as the
length of the LIS for S ∩ q. Overall, the time taken to answer the m query ranges will be
O(mτ log τ).

2.3 Idea-3: Pivot points and dynamic programming
Now the key task is to design a preprocessing algorithm which can quickly compute each
entry in the two-dimensional arrays L and R. We will look at R and an analogous discussion
will hold for L. Assume that we have computed the value of R[x2 − 1][β] and would like
to next compute R[x2][β]. Let px2 = (x2, ax2) be the point with x-coordinate x2 which is
encountered when we move the vertical line from x2 − 1 to x2.

Formally, we claim that the value of R[x2][β] is higher than R[x2 − 1][β] if and only if
there is an increasing subsequence with the following three properties: (i) the subsequence
length is β, (ii) the base of the subsequence is higher than R[x2 − 1][β], and (iii) the last
point in the subsequence is px2 . Please refer to Figure 3 for an example.

We define px2 to be a pivot point. Now to efficiently compute R[x2][β], we will need
the support of another two-dimensional array B defined as follows: among all increasing
subsequences of length β in the range (x∗, x2] containing pivot point px2 as the last element,
let S be the subsequence with the highest base. Then B[x2][β] is defined to be the value of
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(a) (b) (c)
x∗ x2−1

S1

S2

a

b

px2

x∗ x2−1

S1

S2

a

b px2

x∗ x2−1

S1

S2

a

b

px2

c c c

Figure 3 Two sequences S1 and S2 lie to the left of the vertical line x2 − 1. The value of
R[x2 − 1][5] is realized by the y-coordinate of point a. In (a) and (b), we have R[x2][5] > R[x2 − 1][5],
and in (c), we have R[x2][5] = R[x2 − 1][5]. In case (a), point px2 stitches with S1 to obtain a
subsequence of length five with with higher base than a. In case (b), by stitching point px2 with S2

and removing point a, we obtain a subsequence of length five and it has a higher base than a.

the first element in S. In Figure 3(a) and Figure 3(b), B[x2][5] is realized by the y-coordinate
of b and c, respectively. As a result, we can succinctly encode the three properties stated
above as follows:

R[x2][β]← max{R[x2−1][β], B[x2][β]}.

In other words, an increasing sequence of length β in the interval (x∗, x2] with the highest
base will either contain the pivot element px2 or not. The first term (i.e., R[x2−1][β])
captures the case where px2 is not included, whereas the second term (i.e., B[x2][β]) captures
the case where px2 is included. As such, the task of efficiently computing R has been reduced
to the task of efficiently computing B.

2.4 Idea-4: 2D range-max data structure
The final step is to compute each entry in B in polylogarithmic time. The entries will be
computed in increasing values of β. Assume that the entries corresponding to sequences of
length at most β−1 have been computed. Then the entries B[x2][β]’s can be reduced to
entries of B[·][β − 1]’s as follows:

B[x2][β] =


ax2 , if β = 1;
−∞, if ai > ax2 for all x∗ < i < x2;
max{B[i][β−1] | x∗ < i < x2 and ai < ax2}, otherwise.

We will efficiently compute B[x2][β]’s by constructing a data structure which can answer 2D
range-max queries. In a 2D range-max query, we are given n weighted points P in 2D. Each
point is associated with a weight. For each point pi = (i, ai) ∈ P , given a query region of the
form q′ = (−∞, i)× (−∞, ai), the goal is to report the point in P ∩ q′ with the maximum
weight. The 2D range-max problem can be solved in O(n log n) time (via reduction to the
so-called 2D orthogonal point location problem [69]).

Now with each point pi ∈ P , we associate the weight B[i][β−1] and build a 2D range-max
data structure. For each point px2 = (x2, ax2) ∈ P, the point in P ∩ (−∞, x2)× (−∞, ax2)
with the maximum weight is reported. If point pi is reported, then set B[x2][β] = B[i][β − 1].
The correctness follows from the third case in the above dynamic programming. Since β ≤ τ ,
the time taken to construct B is O(τ)×O(n log n) = O(nτ log n).

Therefore, the overall time taken by this technique to answer 1D-Range-LIS will be
Õ(mτ + nτ) + O(k) = Õ(m

√
n + n

√
n) + O(k) by setting τ ←

√
n.
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2.5 Idea-5: Generalizing L and R to handle 2D-Range-LIS
We briefly describe the challenge arising while handling 2D-Range-LIS where the queries are
axis-parallel rectangles. The definition of highest bases and lowest peak fail to be directly
useful. For example, see Figure 4, where LIS(P ∩ q) is equal to five, and is realized by
stitching S2 and S3. However, L[x1][3] will correspond to the sequence S1 and R[x2][2] will
correspond to the sequence S4, both of which lie completely outside q.

qS1

S2 S3

S4

x = x∗x1 x2

Figure 4 Four increasing subsequences lying in the range [x1, x2] × (−∞, +∞).

The key observation in the 2D setting is that for an increasing subsequence S and a query
rectangle q = [x1, x2]× [y1, y2], if the first and the last point of S lie inside q, then all the
points of S lie inside q. Accordingly, we generalize the definitions of L and R. Specifically,
in the 2D setting, R takes two arguments, the query q and an integer β, and is defined as
follows:

R(q, β)← max
pi=(i,ai)

{B[i][β] | pi ∈ q, i > x∗ and B[i][β] > y1}.

For example, in Figure 4, the new definition of R(q, 2) ensures that the sequence S3 gets
captured instead of S4. We construct L analogously. Note that in the 1D setting, L and
R were explicitly computed. However, in the 2D setting, the number of combinatorially
different axis-parallel rectangles is significantly more than our time budget. Therefore, L

and R cannot be precomputed and stored. Instead, for all 1 ≤ α ≤ τ (resp., 1 ≤ β ≤ τ), we
will compute L(q, α) (resp., R(q, β)) during the query algorithm in O(τ · polylog n) time.

3 Our second technique: Handling large LIS

Now we give an overview of our second technique for the 1D-Range-LIS problem (which we
show in the full version of the paper that it also extends to the 2D-Range-LIS problem). If
LIS(S ∩ q) ≥ τ , then this technique will report the answer correctly with high probability.

3.1 Idea-1: Stitching elements
One challenge with the LIS problem is that it is not decomposable. Consider a query range
q = [x1, x2]× (−∞, +∞) and an x∗ such that x1 < x∗ < x2. Let qℓ = [x1, x∗]× (−∞, +∞)
and qr = (x∗, x2]× (−∞, +∞) such that q = qℓ ∪ qr. Then the LIS of P ∩ q need not be the
concatenation of the LIS of P ∩ qℓ and the LIS of P ∩ qr, since the rightmost point in the LIS
of P ∩ qℓ might have a larger value than the leftmost point in the LIS of S ∩ qr.

However, suppose an oracle reveals that point pi ∈ P lies in the LIS of range q =
[x1, x2] × (−∞, +∞). Then we claim that the problem becomes decomposable. We will
define some notation before proceeding. For a point pi = (i, ai) ∈ P corresponding to an
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p8

p1

p2

p3

p4

p5

p6

p7

p9

p10

p11

p12

p13

p14

p15

NE(p8)

SE(p8)SW (p8)

NW (p8)

Figure 5 A collection of fifteen elements. Given a query range q = [2, 14] × (−∞, +∞), suppose
an oracle reveals that p8 lies in the LIS of P ∩ q. Then observe that we can discard the points
in SE(p8) and NW (p8) which are shown as shaded regions. The LIS of P ∩ q ∩ NE(p8) will be
(p8, p9, p13) and and the LIS of P ∩ q ∩ SW (p8) will be (p3, p5, p6, p8). Therefore, LIS of P ∩ q will
be (p3, p5, p6, p8, p9, p13).

element ai ∈ S, define the north-east region of pi as NE(pi) = {(x, y) | x ≥ i and y ≥ ai}.
Analogously, define the north-west, the south-west and the south-east region of pi which are
denoted by NW (pi), SW (pi) and SE(pi), respectively. Then it is easy to observe that,

LIS(P ∩ q) = LIS(P ∩ q ∩NE(pi)) + LIS(P ∩ q ∩ SW (pi))− 1. (1)

See Figure 5 for an example. In other words, knowing that pi belongs to the LIS decomposes
the original LIS problem into two LIS sub-problems which can be computed independently.
In such a case, we refer to point pi as a stitching element, which is formally defined below.

▶ Definition 5 (Stitching element). For a range q, fix any LIS of P ∩ q and call it S. Then
each element in S is defined to be a stitching element w.r.t. q.

The goal of our algorithm is to:

Construct a small-sized set R ⊆ P such that, for any q ∈ Q, at least one stitching element
w.r.t. q is contained in R∩ q.

For each pi ∈ R, in the preprocessing phase, the two terms on the right hand side
of equation 1 can be computed in O(n log n) time for all possible queries. Therefore, the
preprocessing time will be O(|R|n log n).

3.2 Idea-2: Random sampling
By using the fact that LIS(P ∩ q) ≥ τ , it is possible to construct a set R of size roughly
n log n

τ ≈
√

n log n via random sampling. For each 1 ≤ i ≤ n, sample pi ∈ P independently
with probability c log n

τ , where c is a sufficiently large constant. Let R ⊆ P be the set of
sampled points. Then we can establish the following connection between R and the stitching
elements.

▶ Lemma 6. For all ranges q such that LIS(P ∩ q) ≥ τ , if Sq is one of the LIS of P ∩ q, then
with high probability |R ∩ Sq| = Ω(log n).
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This ensures that the preprocessing time will be O(|R|n log n) = O(n3/2 log2 n). To answer
any range q, first scan R to identify the points which lie inside q. For each element pi ∈ R∩q,
compute the right hand side of equation 1 in O(log n) time. Finally, report the largest value
computed. Therefore, the query time is bounded by O(|Q| · |R| · log n) = O(m

√
n log2 n).

4 Our third technique: Handling small cardinality colors

4.1 A naive approach
The Colored-2D-Range-LIS problem is more challenging than the 2D-Range-LIS problem.
Firstly, the result of Theorem 1 does not really help in answering Colored-2D-Range-LIS
since it completely ignores the information about the colors. Secondly, there might be a
temptation to solve the problem “independently” for each color class. For example, consider a
setting where each color class has roughly equal number of points, i.e., n/|C| points. Consider
a color c and build an instance of Theorem 1 based on the points of color c. Then, for each
query q ∈ Q, we have the value of LIS(Pc ∩ q). Repeat this for each color in C. Finally, for
each query q ∈ Q, report the color c for which LIS(Pc ∩ q) is maximized.

Now lets (informally) analyze this algorithm. The running time bound of Theorem 1 has
three terms. For now, lets ignore the second term and the third term, which represent the
time taken to build the data structure and the time taken to report the output of the m

queries. The first term is the time taken to answer m queries (which is roughly
√

n time per
query). Adding the first term for each color class, we get∑

c

Õ(m|Pc|1/2) ≤ Õ(|C|m(n/|C|)1/2) = Õ(m
√

n|C|),

which is Õ(mn) when |C| = Θ(n) and Õ(mn
1+ε

2 )≫ m
√

n when |C| = nε, for any 0 < ε ≤ 1.
Therefore, in the worst-case this approach does not help achieve our target query time bound.

4.2 A technique to handle small cardinality colors
We will design a third technique which will be helpful to answer Colored-1D-Range-LIS and
Colored-2D-Range-LIS . The key idea is to handle all the colors in a “combined” manner.
The technique will work well when all the colors have small cardinality. Given a parameter
∆, assume that for each color c, the value of |P|c ≤ ∆. The key observations made by the
algorithm are the following:

Bounding the number of output subsequences. For a query q, let the output LIS be S

of color c. Let pi ∈ Pc (resp., pj ∈ Pc) be the first (resp., last) point on S. Call this a
pair (i, j). As such, whenever color c is the output, the number of distinct pairs will be
O(|Pc|2). Adding up over all the colors, the total number of distinct pairs will be:

∑
c

O(|Pc|2) ≤ O

(
∆
∑

c

|Pc|

)
= O(n∆).

If ∆≪ n, then this is a significant improvement over the naive bound of O(n2) distinct
pairs (or distinct output subsequences).
Reduction to an uncolored problem. For each possible output subsequence S of color c with
pi ∈ Pc (resp., pj ∈ Pc) as the first (resp., last) point point on S, we construct an axis-
aligned rectangle Rc(i, j) with pi (resp., pj) as the bottom-left (resp., top-right) corner. A
weight w(Rc(i, j)) is associated with rectangle Rc(i, j) which is equal to LIS(Pc∩Rc(i, j)).
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pi

pj

pi

pj

Rc(i, j)

Figure 6 On the left is an increasing subsequence of length four with all four points being of
color c. On the right is the corresponding rectangle Rc(i, j). The LIS of color c inside Rc(i, j) is
four (the other two points of color c do not participate in the LIS). Therefore, the weight associated
with Rc(i, j) is four.

See Figure 6. Let R be the collection of O(n∆) such weighted rectangles. As a result, the
problem of Colored-2D-Range-LIS is now reduced to the rectangle range-max problem,
where given an axis-parallel rectangle q, among all the rectangles in R which lie completely
inside q, the goal is to report the rectangle with the largest weight.
It is crucial to note that the colored problem has been reduced to a problem on uncolored
rectangles for which an efficient data structure exists: the rectangle range-max data
structure can be constructed in Õ(|R|) = Õ(n∆) time and the m range queries can be
answered in Õ(m) + O(k) time.

5 Putting all the pieces together

As an illustration we will consider the Colored-2D-Range-LIS problem and put together all
the three techniques discussed in the previous subsections in a specific manner.

5.1 Light and heavy colors
Define a parameter ∆ which will be set later. A color c is classified as light if |Pc| ≤ ∆,
otherwise, it is classified as heavy. We will design different algorithms to handle light colors
and heavy colors. The advantage with a light color, say c, is that we can precompute the LIS
for O(|Pc|2) 2D axis-parallel ranges and still be within the time budget. On the other hand,
the advantage with heavy colors is that there can be only O(n/∆) heavy colors.

5.2 Handling light colors
Let Pℓ ⊆ P be the set of points which belong to a light color. We will use the third technique
to answer Colored-2D-Range-LIS on Pℓ and queries Q. It follows that the running time is
Õ(m + n∆) + O(k) (see the full version of the paper for details).

5.3 Handling heavy colors and small LIS queries
Let Ph ⊆ P be the set of points which belong to a heavy color. In the full version of the paper
we will prove that for an arbitrary value of τ , the running time of the first technique will be
Õ(mτ +nτ). The first technique as described above only handles uncolored points. In the full
version of the paper we will “generalize” the first technique to answer Colored-2D-Range-LIS
problem as well. The running time of this generalized first technique on colored pointset Ph

and queries Q will be Õ
(

mτn
∆ + n2τ

∆

)
+ O(k), where the number of heavy colors is O(n/∆).
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5.4 Handling heavy colors and large LIS queries
In the full version of the paper we will prove that for an arbitrary τ , the running time
of the second technique will be Õ

(
mn
τ + n2

τ

)
+ O(k) for 2D-Range-LIS problem. In fact,

we will generalize this algorithm to the large LIS case of Colored-2D-Range-LIS with the
same running time (ignoring polylogarithmic factors). The generalized algorithm will answer
Colored-2D-Range-LIS on Ph and queries Q.

Combining all the three subroutines, the total running time will be:

Õ
(

m + mn

τ
+ mτn

∆

)
︸ ︷︷ ︸

query time

+ Õ

(
n2

τ
+ n∆ + n2τ

∆

)
︸ ︷︷ ︸

preprocessing time

+O (k)

We set the parameters τ ← n1/3 and ∆← n2/3 in the above expression to obtain a running
time of Õ(mn2/3 + n5/3) + O(k).

6 Open Problems

We conclude the paper with a few open problems.
Is it possible to extend the algorithm in [29] for the 1D-Range-LIS problem to solve the
2D-Range-LIS problem in O(n polylog n + k) time? Or, is there a (conditional) hardness
result which makes obtaining the upper bound unlikely?
Another interesting research direction is to design a deterministic algorithm which runs
in sub-quadratic time. Specifically, can the construction of stitching set be efficiently
derandomized?
For the Colored-2D-Range-LIS problem, can we bridge the gap between the upper bound
and the (conditional) lower bound. We conjecture that the upper bound can be further
improved.
Can we extend our algorithmic technique to beat the quadratic barrier for the weighted
version of 1D-Range-LIS?
Finally, it would be interesting to explore the Range-LIS in the dynamic model.
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