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—— Abstract

We initiate a study of solving a row/column diagonally dominant (RDD/CDD) linear system Mz = b
in sublinear time, with the goal of estimating ¢ ' «* for a given vector ¢ € R”™ and a specific solution
x*. This setting naturally generalizes the study of sublinear-time solvers for symmetric diagonally
dominant (SDD) systems [Andoni-Krauthgamer-Pogrow, ITCS 2019] to the asymmetric case, which
has remained underexplored despite extensive work on nearly-linear-time solvers for RDD/CDD
systems.

Our first contributions are characterizations of the problem’s mathematical structure. We express
a solution * via a Neumann series, prove its convergence, and upper bound the truncation error
on this series through a novel quantity of M, termed the maximum p-norm gap. This quantity
generalizes the spectral gap of symmetric matrices and captures how the structure of M governs the
problem’s computational difficulty.

For systems with bounded maximum p-norm gap, we develop a collection of algorithmic results
for locally approximating t' «* under various scenarios and error measures. We derive these results
by adapting the techniques of random-walk sampling, local push, and their bidirectional combination,
which have proved powerful for special cases of solving RDD/CDD systems, particularly estimating
PageRank and effective resistance on graphs. Our general framework yields deeper insights, extended
results, and improved complexity bounds for these problems. Notably, our perspective provides
a unified understanding of Forward Push and Backward Push, two fundamental approaches for
estimating random-walk probabilities on graphs.

Our framework also inherits the hardness results for sublinear-time SDD solvers and local
PageRank computation, establishing lower bounds on the maximum p-norm gap or the accuracy
parameter. We hope that our work opens the door for further study into sublinear solvers, local
graph algorithms, and directed spectral graph theory.
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1 Introduction

Solving systems of linear equations is one of the most fundamental problems in numerical
linear algebra and theoretical computer science. In the classic version of this problem, we
are given a matrix M € R"*™ and a vector b € R™ in range(M), and the goal is to compute
a solution vector * € R" satisfying Max = b. Beyond general-purpose solvers for arbitrary
linear systems (e.g., using fast matrix multiplication or the conjugate gradient method),
extensive research has focused on developing efficient solvers for special classes of systems.

In particular, for the important classes of Laplacian and symmetric diagonally dominant
(SDD) systems, the breakthrough work of Spielman and Teng [39, 40] established the first
nearly-linear-time (in nnz(M)) solvers. This gave rise to the influential Laplacian Paradigm,
which revolutionized algorithmic graph theory and numerical linear algebra, with widespread
applications ranging from network science to machine learning (see, e.g., [42, 44]). Among
subsequent efforts to generalize the SDD solvers, a line of work [13, 12, 11] developed nearly-
linear-time solvers for asymmetric row/column diagonally dominant (RDD/CDD) systems,
which significantly expanded the scope of the Laplacian Paradigm.

On the other hand, partly motivated by the advances in quantum algorithms for solving
linear systems in sublinear time [24], Andoni, Krauthgamer, and Pogrow [4] pioneered the
study of classical algorithms for approximately solving a single entry of SDD systems in
sublinear time. Under specific access models and error measures, they established:

a polylog(n)-time solver for well-conditioned SDD systems; *

aQ (52) lower bound for general SDD systems, where & is the condition number of M.
The second result demonstrates the necessity of a quadratic dependence on the condition
number (equivalently, the reciprocal of the spectral gap) for sublinear-time SDD solvers.

In light of the previous research for nearly-linear-time RDD/CDD solvers and sublinear-
time SDD solvers, it is natural to ask whether the sublinear-time SDD solvers can be
extended to the more general RDD/CDD cases. In this paper, we initiate a study in this
direction and give partial positive answers to this question. We show that the sublinear-time
solvers for well-conditioned SDD systems can be extended to “well-structured” RDD/CDD
systems, provided that we first define an appropriate generalization of the key structural
quantity, the spectral gap for symmetric matrices, to asymmetric matrices. We achieve this
by re-characterizing the problem’s mathematical structure and introducing a new concept
called the mazimum p-norm gap.

Algorithmically, the sublinear SDD solver in [4] works by solely generating random-walk
samplings based on M to approximate a truncated Neumann series of the solution. In
contrast, we conduct a deeper investigation of the complexity upper bounds by applying two
techniques in addition to random-walk sampling: the local push method, which performs local
exploration in M; and the bidirectional method, which integrates random-walk sampling with
local push. Together, we derive a suite of upper bounds for solving RDD/CDD systems under
diverse access models and error measures. For instance, we extend the algorithmic result
in [4] to RDD systems and derive new results for RCDD systems with smaller dependence
on some parameters.

Our algorithmic toolkit and investigation of the diverse upper bounds are inspired by
recent advances in local algorithms for estimating PageRank [9] and effective resistance [17] on
graphs [50, 49, 47, 45, 6, 43, 14, 52], which are important special cases of solving RDD/CDD
systems. The techniques of random-walk sampling [39, 19], local push [2, 1], and the

L In fact, [4] considers the (effective) condition number of a normalized version of the involved SDD
matrix. See Section 1.3 for details.
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bidirectional method [32] have been extensively studied for these problems, and recent works
have further uncovered their new properties and optimality in certain settings. Nonetheless,
previous works typically analyze their applications to PageRank and effective resistance
computation separately. Our perspective of formulating these problems as solving linear
systems, however, provides a more general and unified framework for understanding these
techniques and problems, revealing their deeper connections. As we shall see, this bigger
picture yields novel insights, extended results, and improved complexity bounds.

Notably, our perspective reveals a connection between two fundamental local push
algorithms on graphs, namely ForwardPush [2] and BackwardPush [1]2. These algorithms
iteratively perform local push operations to explore the graph in opposite directions. Although
both algorithms share similar approaches, they have been treated as distinct methods for
different problems, with each analyzed separately. In contrast, by abstracting both methods
as a single algebraic primitive, we demonstrate that ForwardPush and BackwardPush are
equivalent to applying this primitive to different linear systems. This characterization helps
to explain their distinct properties and enables unified analysis of both approaches.

On the lower-bound side, our framework inherits the hardness result for sublinear-time
SDD solvers, establishing the necessity of our assumption on the maximum p-norm gap; also,
known lower bounds for local PageRank computation imply lower bounds on the accuracy
parameter for our setting. As our work bridges the study of sublinear-time solvers and local
graph algorithms, we believe that further investigation could uncover more connections and
results for these topics.

In the remainder of this section, we formally define the problem, present our main
contributions, and provide a technical overview.

1.1 Basic Notations

For n € Z*, we define [n] := {1,2,...,n}. We call a matrix M € R™*™ RDD (row diagonally
dominant) if it satisfies M(j, j) > >_;_; IM(j, k)| for all j € [n] and its diagonal entries
are positive. We call a matrix CDD (column diagonally dominant) if its transpose is RDD,
and call a matrix SDD (symmetric diagonally dominant) if it is symmetric and RDD. It is
well-known that any SDD matrix is PSD (positive semidefinite). We call a square matrix
Z-matriz if its off-diagonal entries are nonpositive. We use e, to denote the k-th canonical
unit vector and 1 to denote the all-one vector. For any matrix or vector, we use | - | to denote
taking the entrywise absolute value.

We call two real numbers p, ¢ > 1 Hélder conjugates (or q is conjugate to p) if they satisfy
1/p+1/q = 1. By convention, we also formally let 1/00 := 0 and view oo and 1 as Holder
conjugates. For any p € [1, 00|, we use |||, to denote the p-norm of a vector «, and ||[M]|,
to denote the matriz norm induced by vector p-norm of a matrix M € R"*™,

Restriction and Pseudoinverse. For a subspace U C R", we use M|y to denote the
restriction of the linear map M to U, with induced norm [[M|y |, := maxgep, ||z, =1 [|[Mz||,

for any p € [1,00]. We write the pseudoinverse (a.k.a. Moore—Penrose inverse) of M as M™.

Spectral Gap. For an SDD matrix S € R"*" we define its spectral gap v(S) as half the
smallest nonzero eigenvalue of S := Dg L/ 2SD; Y 2, where Dg is the diagonal matrix that
satisfies D(k, k) = S(k, k) for each k € [n]. The (effective) condition number of S, denoted
by k(S), is defined as the ratio between the largest and smallest nonzero eigenvalues of S. It
holds that x(S) = O(1/~(8)).

2 Their original names are ApproximatePageRank and ApproxContributions, respectively.
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Graphs. We consider directed graphs G = (V, E), with n := |V| and m := |E|. We assume
that V = [n]. If (u,v) € E, we write u — v. We denote the (possibly weighted) adjacency
matrix as Ag € R"*". For each v € V, we define its indegree d(v) :== >, ., Ag(u,v)
and outdegree d,(v) := Y, .. Ag(v,u). The outdegree matriz Dg € R™ " is the diagonal
matrix with Dg(v,v) = df(v) for each v € V. We denote G’s minimum and maximum
outdegree as 6, := minyey {d(v)} and AL := max,cv {df(v)}, respectively.

Eulerian Graphs and Laplacian. We call a graph Eulerian if d(v) = df(v) for all v € V.
On Eulerian graphs, we simply write dg(v) := d§(v), dg = 6%, and Ag := A, Undirected
graphs constitute a special case of Eulerian graphs where each edge corresponds to two directed
edges in opposite directions. The directed Laplacian matriz is defined as Lg := Dg — Ag,
which satisfies 1"Lg = 0" and is CDDZ. L¢ is RCDDZ for Eulerian graphs and is SDDZ
for undirected graphs.

1.2 Problem Formulation

We consider a linear system Mz = b, where M € R"*" is an RDD/CDD matrix and
b € range(M), and a coefficient vector t € R™. We assume that b, ¢ # 0 and all nonzero
entries in M, b, and t have absolute values in [1 / poly(n),poly(n)] We assume that the
algorithms are given the dimension n and have oracle access to M, b, and t via the following
basic queries:

Diagonal queries for M: return M(k, k) in O(1) time for a given index k € [n];

Row/column queries for M: return the indices and corresponding values of nonzero

entries for a specified row/column of M, in time linear in the number of returned indices;

Entrywise queries for b and t: return b(k) or t(k) in O(1) time for a given index k € [n].
Our results will assume additional access operations, which will be specified in the statements.

Following the concept of local computation algorithms [36] and the previous work [4],
we consider a fixed solution x* that is determined by M and b, and require invoking the
algorithm with different ¢ and accuracy parameters returns estimates of ¢ " «* that are all
consistent with the “global” solution x*. Our choice of * will be given in Theorem 1.

We also consider the problems of computing (Personalized) PageRank [9] and effective
resistance [17] on graphs, viewing them as special cases of our formulation of solving
RDD/CDD systems. For these graph problems, we assume the standard adjacency-list
model [22], where each degree query takes O(1) time and each neighbor query returns a
neighbor index along with the edge weight in O(1) time.

For Personalized PageRank (PPR), we consider a directed graph G, a decay factor
a € (0,1), and a source distribution s € {y € RZ, : |ly[l; = 1}. To ensure that PPR is
well-defined, we assume that 63 > 0. The PPR vector TG,a,s is defined as the unique solution
to the following two equivalent forms of the PPR equation:

(I-(1-a)ALD;Y) TG .as = as, (1)
(DG —(1- a)Ag) (Délﬂ'G’a’s) = as. (2)

Both equations can be viewed as linear systems of the form Mx = b, where the coefficient
matrices T — (1 — a)ALDZ" and Dg — (1 — a)A/ are both CDDZ and invertible. Note that
for the second form, the solution to the corresponding system is Dalﬂg}%m an outdegree-
scaled version of the PPR vector. We define the PPR value from s to ¢ as wg o(s,t) :=
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TG,ae, (1), and the PageRank vector g o a8 TG.a = TG,a,1/n-1- 1t holds that g o(t) =
LS ey TGals,t) for all t € V. We also consider the following two equivalent forms of the
PageRank contribution equation:

(I-(1- a)D&lAg)ﬂ'a}%t = aey, (3)
(DG — (1 — Oz)_AG;)Tl'E;}O“5 = ozDGet, (4)

where t € V is a specified target node and ﬂ&}a)t is called the PageRank contribution vector to
t. It holds that ﬁa}a,t(s) =7a.als,t) for all s € V. Similarly, both equations can be viewed
as linear systems of the form Mz = b, where the coefficient matrices I — (1 — a)DalAG
and Dg — (1 — a)A¢g are both RDDZ and invertible. Note that for the second form, the
corresponding vector b is aDge;.

For effective resistance, we consider a connected undirected graph G and two distinct
nodes s,t € V. The effective resistance (a.k.a. resistance distance) between s and t, denoted
by Ra(s,t), is defined as the equivalent resistance between s, ¢ if the graph is thought of as
an electrical network with each edge (u,v) € E having resistance 1/Ag(u,v). Algebraically,
Ri(s,t) = (es — e:) "L (es — e;). As we will establish in Lemma 27, setting M = L¢ and
b=1t=e, — e in our formulation yields ¢t "x* = Rg(s,t). Here, M = L¢ is SDDZ and
b=e; —e; € range(M).

1.3 Previous Work for SDD Systems

[4] studies the case when the linear system is Sz = b for some SDD matrix S. Define Dg as
the diagonal matrix that satisfies D(k, k) = S(k, k) for each k € [n] and S := D§1/28D§1/2.
They formulate the fixed solution as x* := D§1/2§+D§1/2b and give a Neumann series
expansion of x*. For the algorithmic results, they assume that the algorithm is given k,
an upper bound on «(S) (alternatively, v as a lower bound on (S)) and set a truncation
parameter for the Neumann series as L := O (rlog (r - k(Ds)||bllo/c)) = O (k).

Based on the truncated Neumann series, they present a randomized algorithm that, given
a coordinate ¢ € [n], computes an estimate &, satisfying |2, — z*(¢)| < ¢ ||D§1bHOO with
probability at least 3/4. The algorithm runs in time O (f(S)L?log L/%) = O (f(S)r%e~2) =
9] (f(S)y3e72), where f(S) is the maximum time cost to simulate one step in the random
walk defined by S. This result is implicit in the proof of [3, Theorem 5.1].

On the negative side, [4] proves an  (k(S)?/ log® n) = Q (k(S)?) query lower bound (in
terms of probing b) for achieving a weaker absolute error bound of ¢ ||z*||_, for x(S) =
O(yv/n/logn) and e = ©(1/logn). The matrix S in their hard instance is a Laplacian
matrix of a fixed unweighted undirected graph with maximum degree 4 and thus satisfies
K(S) = O(k(8S)). Therefore, this lower bound can also be written as Q (1/7(S)?). To our
knowledge, no other work has explicitly studied sublinear-time SDD/RDD/CDD solvers.

1.4 Formulation of x* and the p-Norm Gaps

Our first contribution is a Neumann-series-based characterization of a solution * to Mx = b,
which is consistent with the solution considered by [4] for SDD systems.
We decompose M uniquely as M = DM — AK,[, where Dy isN a diagonal matrix and all
diagonal entries of Af; are 0. Define M := DR/II/QMDR/IU2 and Aj; = Di/ll/QAK/IDK/Ilﬂ.
The next theorem gives the definition of &* and its properties.
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» Theorem 1. For any RDD/CDD M and b € range(M), define * to be

oo

L1 1 _ f
T = 5[2:; (2 (I+DM1A{4)) Dy, b.

Then x* is well-defined and satisfies Max* = b. If M is SDD, then x* = DK/II/Q/IVI"’DR/II/zb.

Next, we study a truncated version of &* and upper bound the truncation error. As
previous analysis based on eigendecomposition is not directly applicable to asymmetric
matrices, we introduce a novel concept called the p-norm gap of M: for any p € [1, 0], we
define the p-norm gap of M as

1 . .
(M) =1 || (1+ Dy ALDy ")

range(I—DK/Il/qA;\r/[D;/Il/p)
P

where ¢ is conjugate to p. We further define the mazimum p-norm gap of M as Ymax(M) :=

maxye(1,o0] 7p(M).2 To our knowledge, no prior work has explicitly studied these quantities.

The following theorem guarantees that for any RDD/CDD matrix M, the maximum

P-NOrm gap Ymax(M) lies in (0, 1], and when M is SDD, Yiax (M) coincides with the spectral

gap v(M). Thus, it is a natural generalization of the spectral gap to asymmetric matrices.

» Theorem 2. If M is RDD/CDD, then 0 < Ymax(M) < 1; if M is SDD, then vymax(M) =
72(M) = ~7(M).

We will devise algorithms to estimate the truncated version of x*, defined as

= ‘
* —1AT —1
xh ::22(2 (I+DMAM)) Dy b (5)
£=0
for an integer truncation parameter L. The next theorem upper bounds the truncation error
in terms of a given lower bound on the maximum p-norm gap Ymax(M).

» Theorem 3. Suppose 0 < v < Ymax(M). To ensure that ’thcz —tha| < 1€, it suffices

to set

1 1 ~ (1
L:=0 (7 log (  dmax (M) |10 || Dzt . 1B]l0 ||Di£b||oo>) =0 () : (6)

Ve Y

where dmax(M) denotes the largest diagonal entry in M.

Relationship with the Formulation in [4]. Our formulations of #* and the maximum p-norm
gap generalize the ones in [4], in the sense that when M is SDD, x* = DK,[I/21/\V/I+D;/[1/2b
matches their solution and vpax (M) equals v(M), the spectral gap of M. Therefore, the
quadratic lower bound on 1/+(M) for SDD systems in that paper translates into a quadratic
lower bound on 1/vmax (M) for general RDD/CDD systems. Also, our setting of the truncation
parameter L in Equation (6) matches theirs when M is SDD and t is a canonical unit vector.

3 One could alternatively define ymax (M) := maxpe1,2,00} ¥p(M), which yields a possibly smaller quantity
but our main results continue to hold with this definition.

4 Here and after, we use © and O to hide polylogarithmic factors in n, 1/, 1/e, and (reciprocals of)
quantities in M, b, and ¢.



T.C. Kwok, Z. Wei, and M. Yang

1.5 Main Algorithmic Results

For our algorithmic results, we assume that the algorithm is given a quantity v > 0 as a lower
bound on ymax(M) and an accuracy parameter € > 0. We use v, €, and the specific terms in
the accuracy guarantee to set the truncation parameter L according to Equation (6), where

we assume that suitable upper bounds on the quantities in the logarithmic factor are known.

The statements of our results will use the following definition. For RDD M, we use
frow(M) to denote the maximum time cost to simulate a single step in the random walk
defined by the row substochastic matrix 3 (I+ Dy |Aqy|). This quantity depends on the
structure and representation of M. For instance, if each row of M has at most d nonzero
entries, then fiow(M) = O(d); if the nonzero entries in Apg have equal absolute values and
we are allowed to sample a uniformly random index of the nonzero entries in each column of
Ay in O(1) time, then frow(M) = O(1). For CDD M, we define feo1(M) := frow (MT).

Each of our algorithmic results excels under different system types, access models, and
parameter regimes. We present a selection of our results here, with additional results given
in the full version of this paper [28]. Furthermore, a remark at the end of this subsection
establishes that most of our results have “symmetric” counterparts (e.g., for CDD systems)
that can be obtained by exchanging the roles of certain quantities.

We first present our results of using random-walk sampling for RDD systems.

» Theorem 4. Suppose that M is RDD, we can sample from the distribution |t|/||t]|; in
O(1) time, and ||t||1 is known. Then there exists a randomized algorithm that computes an
estimate & such that Pr{|2 —tTa*| <e HDR/[leOO} > 3 in time O (frow(M)||t]|3L372) =
O (frow(M)[[t[|IF7~%e72).

This theorem subsumes the main algorithmic result of [4] for SDD systems and extends it
to the RDD case while achieving a mild (log L)-factor improvement. Their original result is
recovered as a special case when M is SDD and t is a canonical unit vector. Our algorithm is
similar to theirs, but we achieve the improved complexity by adopting a different random-walk
sampling scheme.

We also show that for RDDZ M along with nonnegative vectors b and ¢, if we allow the
relaxed error bound e||x*||», the complexity can be improved to depend quadratically on L
via a variance analysis of the random-walk sampling process. We adopt this error measure
since it provides a natural accuracy guarantee and has been previously studied in [4]. It is
shown in [4] that HDK/IleOO < 2||&*||so for RDD systems.

» Theorem 5. Suppose that M is RDDZ, b,t > 0, we can sample from the distribution
t/|[t]1 in O(1) time, and ||[t||1 is known. Then there exists a randomized algorithm that
computes a & such that Pr{|§7 — tT:c*| <ellx*]l} = 2 in time O (frow(M)||t|FL%e2) =
O (frow(M)|[t]|F72e72).

The following theorem further considers the relative error guarantee of € - t"a*. The
complexity depends quadratically on L and linearly on [|[|; |[Dy/b||__ /t"@* and is also
achieved using random-walk sampling.

» Theorem 6. Suppose that M is RDDZ, b,t > 0, we can sample from the distribution
t/|[t]]x in O(1) time, ||t||1 and HDi/Ileoo are known, and t'x* > 0. Then there evists a
randomized algorithm that computes an estimate T such that Pr{ 2—tTa*| <e- tTm*} > %
in expected time

o <fmw(M>t1 HDREbI\OOH) 5 (fm(M)HtHl HDifbHoo> .

e2.tlx* 722 -t
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Our next result leverages the local push method to derive a deterministic algorithm for
special RCDD systems, whose complexity depends linearly on 1/e.

» Theorem 7. Suppose that M is RCDD, its nonzero entries have absolute values of
Q(1), and we can scan the nonzero entries of b in O(||bllg) time. Then there exists a
deterministic algorithm that computes a & such that |& —t"@*| < e||t|| in time O(||b]lo)

plus O (b1 L3~1) = O (|bliy 3 1).

Lastly, applying the bidirectional method to special RCDD systems yields complexity
bounds with improved dependence on L and ¢, achieving either L7/3¢=2/3 or L5/2¢=1 using
different parameter settings.

» Theorem 8. Suppose that M is RCDD, its nonzero entries have absolute values of (1),
we can sample from the distribution |t|/||t||1 in O(1) time, ||t|1 and fiow(M) are known,
and we can scan through the nonzero entries of b in O(||bllo) time. Then there exists a
randomized algorithm that computes an estimate T such that Pr{’;ﬁ — tTm*’ < 6} > % mn
time O(||bllo) plus

: LonEnnsrI 2 1 S —=1p]% 731
O (min (o) £ 1817 L33, fron D) 81 ] DR B]|2, £E71))

1/2
o

1/2 -
5 [ [ Lo DB DYoo V)21t 611" [ D31 b]
= ~T/3£2/3 ’ ~5/2¢

» Remark. As we shall see, all theorems in this subsection except Theorem 5 still hold if we
replace RDD/RDDZ by CDD/CDDZ, swap b and t (except in ' x*), and replace frow (M)
by feol(M) in the statements. Theorem 5 is an exception because its proof relies on the
property that HDR/IleOO < 2||&*||oe for RDD M, which does not have a straightforward
analog for the CDD case.

1.6 Connections to PageRank and Effective Resistance Computation

Our results can be directly applied to the PPR or PageRank contribution equations and the
single-pair effective resistance problem to yield complexity bounds for different graph types
under various access models and accuracy guarantees. Notably, as we shall see, for PageRank
computation, half the decay factor serves as a lower bound on the maximum p-norm gap
of the corresponding systems; for effective resistance computation, the spectral gap of the
graph Laplacian equals the maximum p-norm gap of the system. Rather than exhaustively
presenting all applications of our results, here we highlight selected results that generalize
and improve upon the previously best complexity bounds.

The following theorem is derived by applying Theorem 6 to the PageRank equation (2)
combined with tighter lower bounds on 7 o () that we establish for Eulerian graphs.

» Theorem 9. For any unweighted Fulerian graph G, given the decay factor o, a target
node t € V, and d¢q, there exists a randomized algorithm that estimates the PageRank value
Ta,a(t) within relative error € with probability at least 3/4 in time

¢ (ozla2 ' dgc(;t) . nﬂ'Gl,a(t)> -9 (5215(; i (dz(;)7m/‘oi§(t)’ %’ {f)) '
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This improves over the previously best upper bounds of O (ﬁ - min (di—@, ?)),

B

which was given by [45] and stated for unweighted undirected graphs. Our algorithm is
essentially the same as that in [45], which generates random walks from the target node ¢,
and the improvement comes from our tighter lower bounds on mg o(t) for Eulerian graphs.

For effective resistance computation, recall that we consider connected undirected graphs
G. Lemma 27 establishes that the value ¢'z* that our algorithms approximate equals
Re(s,t) when setting M = Lg and b =t = e; — e;. Thus, Theorems 4 and 8 directly imply
the following complexity bounds for estimating effective resistance.

» Corollary 10. For any connected unweighted undirected graph G, given nodes s,t € V and
v > 0 as a lower bound on v(Lg), there exists a randomized algorithm that estimates the
effective resistance Rg(s,t) within absolute error e with probability at least 3/4 in time

. L3 L7/3 L5/2
O | min P 20 _2/3° - 1/2 ’
€2 - min (dG (s), dg(t)) € € - min (dg(s), dg(t))

. 1 1 1 1
where L := © (; log (76 <dG(S) + dG(t)))).
L3log L L7/3 log L

This subsumes the previous bounds of O (min (EQ,min(dG(s) G2 28 )) given by

[14] with essentially the same setting of L. Moreover, since Rg(s,t) can be lower bounded by
1/2/min (da(s),d(t)) [34, Corollary 3.3], by setting the absolute error parameter € to be
&y - 1/2/ min (dg(s), da(t)), the last bound in our result implies that an estimate of R¢(s,t)

within relative error €, can be computed in time O (min (da(s), dg(t))1/2L5/25;1). This

improves over the previous bound of O (min (da(s), dg(t))1/2L3 log L - 5;1) given by [52].

Our algorithms are essentially the same as those in [14, 52], i.e., using random-walk sampling
and the bidirectional method, and the improvements stem from our simpler sampling scheme
that avoids using extra data structures and a refined analysis.

On the other hand, known hardness results for local PageRank and effective resistance
computation can potentially yield lower bounds for sublinear-time solvers. We highlight the
following result, derived by establishing a reduction from estimating single-node PageRank
on undirected graphs to solving SDD systems and applying the lower bound for PageRank
computation from [45].

» Theorem 11. For any large enough n and e = Q(1/n), there exist b € R™ and t € [n]
that satisfy the following. FEvery randomized algorithm that, given access to an invertible
SDD matriz S € R™*™ whose spectral gap is Q(1), succeeds with probability at least 3/4 to
approzimate x*(t) within absolute error e||x*| s, must probe Q(1/e) coordinates of S in the
worst case. Here, x* = S™1b.

This result gives an ©(1/¢) lower bound for local SDD solvers with accuracy guarantee
el|@*|| 00, demonstrating the necessity of a linear dependence on 1/¢ in our Theorem 4. This
lower bound on the accuracy parameter complements the lower bound on the spectral gap
given by [4].

1.7 Understanding ForwardPush and BackwardPush on Graphs

Inspired by the local push algorithms ForwardPush and BackwardPush, we formulate our
Push algorithm as a unified primitive for estimating a summation of matrix powers applied
to a vector, which is closely related to our approach to solving RDD/CDD systems. This
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abstraction reveals that ForwardPush and BackwardPush, despite appearing as distinct
algorithms for two problems with different propagation strategies, are equivalent to applying
Push to different linear systems, modulo variable scaling. The apparent differences arise from
the scaling and the distinct behaviors that Push exhibits on different types of linear systems.

Specifically, for PageRank computation, ForwardPush from node s corresponds to applying
Push to Equation (2) with s = e; and outdegree scaling, while BackwardPush from node ¢
applies Push to the contribution equations (3) or (4). Our analysis demonstrates that Push
provides closed-form complexity bounds on certain CDD systems and accuracy guarantees
on RDD systems, which explains the known computational properties of ForwardPush and
BackwardPush on directed graphs.

For RCDD systems, Push inherits both complexity and accuracy advantages, clarifying
why ForwardPush and BackwardPush perform well on undirected graphs. This perspec-
tive further reveals that on Eulerian graphs, ForwardPush from any node is equivalent
to BackwardPush from that node on the transpose graph, establishing a basic connection
previously unrecognized.

1.8 Technical Overview

Our characterizations of the solution «* and the p-norm gaps are based on fundamental
properties of Neumann series and restricted linear maps. Since asymmetric matrices may be
non-diagonalizable, the eigendecomposition techniques used for symmetric matrices become
inapplicable. We address this challenge by analyzing the operator norms of restricted linear
maps to establish series convergence and derive truncation error bounds.

Our algorithms estimate ¢ @} = 1¢' fL:_Ol (3 I+ DK/IlAR—,[))Z Dy, b by adapting three
techniques for random-walk probability estimation on graphs: random-walk sampling [39, 19],
local push [2, 1], and the bidirectional method [32].

When M is RDD, the matrix % (I + DK/Il |AK/ID is row substochastic, enabling us to
interpret ¢ '@ as an expectation over random walks that start from the distribution |¢|/]|¢[1
and transition according to 3 (I+ Dy [Af;]). Such random walks may terminate early, and
the algorithm needs to record the signs of the entries in Apg along the walk. This method
extends the approach in [4], and we adopt a different sampling scheme and conduct variance
analysis in some special cases to reduce the dependence on L in the complexity.

Based on local push methods, we formulate a Push primitive that estimates the vector
Ti = EL;OI (3 I+ DK,IlAI\'—/I))Z Dy b through deterministic local computation. Push main-
tains coordinate variables initialized to DK/Ilb and iteratively applies the linear operator
% (I + Di,ll Al—\r/[) to selected coordinates. Our analysis relies on invariant properties preserved
by these operations, including an inequality variant that helps to handle negative entries.
This approach yields closed-form accuracy guarantees for RDD systems and complexity
bounds for special CDD systems. Combining these two aspects yield our result for special
RCDD systems.

The bidirectional method combines random-walk sampling and local push from two
directions. We adapt the BiPPR framework [32], performing Push from DK/Ilb and exploiting
the invariant property to construct an unbiased estimator for tTacz, which can be sampled
via random walks from [¢|/||¢|l1 when M is RDD. By balancing the costs of both components,
we achieve improved dependence on L and e, particularly for RCDD systems.

Crucially, we can transpose the expression for tT:Bz to obtain an equivalent summation
with AJ; replaced by Apg and the roles of b and t exchanged. This allows us to alternatively
apply Push from Dy, ¢ and random-walk sampling from |b|/||b||; when M is CDD, leading
to symmetric algorithmic procedures and complexity results.
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1.9 Paper Organization

The remainder of this paper is organized as follows. Section 2 introduces more related work.
Section 3 elaborates on our formulation of * and p-norm gaps and proves Theorems 1
to 3. In Sections 4, 5, and 6, we present our algorithms based on random-walk sampling,
local push, and the bidirectional method, respectively, and prove Theorems 4 to 8. After
that, Sections 7 and 8 relate our problem and results to local computation of PageRank
and effective resistance, respectively. In the full version of this paper [28], we provide more
preliminaries, discussions on future directions, detailed explanations of the relationship
between our Push primitive and the ForwardPush and BackwardPush algorithms, additional
results, and all omitted proofs.

2  Other Related Work

A vast literature exists on nearly-linear-time Laplacian solvers and their extensions, in-
cluding solvers for undirected Laplacian/SDD systems (e.g., [39, 40, 26]) and directed
Laplacian/RDD/CDD systems (e.g., [13, 11, 25]). These solvers achieve nearly linear time
complexity in nnz(M) with polylogarithmic dependence on 1/¢ and the condition number.
The development of global RDD/CDD solvers relies on reductions from solving RDD/CDD
systems to solving Eulerian Laplacian systems, combined with efficient methods for comput-
ing PPR vectors with small o and the stationary distribution of random walks on graphs [13].
However, the global techniques from algorithmic linear algebra and known reductions to the
Eulerian case do not directly apply to the local setting, revealing a fundamental distinction
between global and local RDD/CDD solvers. In fact, the lower bounds established in [3] and
this work demonstrate that local SDD solvers require polynomial dependence on 1/¢ and
1/~, indicating a separation between global and local SDD solvers.

[16] develops probabilistic logspace solvers for certain classes of directed Laplacian systems.
Their method also relies on approximating truncated Neumann series, but they bound the
truncation error using spectral radius and Jordan normal form, which yield truncation
parameters of at least n2. Such a huge truncation parameter makes their algorithm and
analysis inapplicable to the sublinear-time setting. As an aside, in the quantum regime, [41]
presents algorithms for inverting well-conditioned matrices in quantum logspace, but their
approaches are not directly applicable to our classical sublinear-time framework.

The idea of using random-walk sampling to solve linear systems dates back to the
von Neumann-Ulam algorithm for approximating matrix inversion [20, 48]. The bidirec-
tional method for estimating random-walk probabilities on graphs is first proposed in [33],
which is inspired by property testing techniques [23, 27] and later simplified by the BiPPR
framework [32].

The bidirectional idea has been widely applied to compute PageRank [5, 31, 32, 8, 49, 47,
6, 43, effective resistance [14, 52], heat kernel [8], and Markov Chain transition probability [5].
Among them, [47] proves that the simple BiPPR framework computes single-node PageRank
on unweighted directed graphs in optimal time complexity (in terms of n and m). Their
analysis relies on a new complexity bound of BackwardPush, which is parameterized by the
PageRank value of the target node. Recently, [52] shows that the bidirectional technique
can yield faster algorithms for constructing effective resistance sketch (as defined in [18]) on
expander graphs, and [43] combines random-walk sampling with a novel randomized local
push technique to improve the complexity of estimating single-node PageRank on directed
graphs with bounded in-degree.
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[37] uses the bidirectional method to estimate a single element in the product of a matrix
power and a vector, which relates to our estimation of %t—r f 01 ( (I + DMlAT ))Z DK,Ilb.
However, they only derive an average-case complexity bound under some bounded-norm
conditions and discuss its applications to solving PSD systems. In contrast, we conduct a
more comprehensive study of this problem and apply it to solving RDD/CDD systems.

PageRank and PPR have been extensively studied and widely applied; we refer interested
readers to the surveys [29, 21, 50]. More lower bounds for PageRank computation can be
found in [8, 50, 6] and references therein. The recent work [6] conducts a comprehensive
study of various types of PPR estimation problems using different graph access queries under
both worst-case and average-case settings. For constant decay factors, they provide nearly
tight complexity upper and lower bounds for achieving constant relative error guarantees
when the target value is above a given threshold.

Effective resistance is ubiquitous in spectral graph theory [17, 34, 38, 25]. A line of
work [35, 51, 14, 52] focuses on locally estimating single-pair effective resistance through
multi-step random-walk probabilities. [10] studies this problem on non-expander graphs
and establishes strong complexity lower bounds, though it does not explicitly give a lower
bound on the spectral gap of the graph. Recently, [52] provides a lower bound on the relative
error parameter for this problem. Besides, a line of work [30, 18, 52] studies the problem of
constructing effective resistance sketches. Technically, [30] leverages random-walk sampling,
[18] uses count sketches and SDD solvers, and [52] employs a bidirectional approach.

3 Formulation of * and the p-Norm Gaps

In this section, we prove Theorems 1, 2, and 3 and give further explanations on our
formulations of «* and the p-norm gaps.

1/qA—r idl/pH for certain

First, we need the following lemma that upper bounds HD

M and Hoélder conjugates p, q. Its proof is given in the full version of this paper [28].

» Lemma 12. The following hold:
1. If M is RDD, then |[Dyy Afyl <1
2. If M is CDD, then ||A{Dy ||, < 1.

3. If M is RCDD, then HDK,[l/qAR—/IDK,[l/pH <1 for any Holder conjugates p,q.
P

To establish our formulation of * in Theorem 1, we use the following lemma, which
characterizes the operator norm and Neumann series of certain restricted linear maps. The
proof of this lemma is given in the full version of this paper [28].

» Lemma 13. Suppose X € R™*™ and || - || is the operator norm induced by some vector

norm || - ||. If |X|| £ 1, then, for X := 3(I+X), we have HX|range(17X)H <1 and
¢

((I - X)|range(1—x)> - = % ( (I - X) |range(I—X)> - % 2 ( mnge(I—X)) :

Proof of Theorem 1. First assume that M is RDD. Applying Lemmas 12 and 13, we have
||D1:/11A11—/IHOO <1 and

oo

_ -1 1 _
<(I_DMIAI/I)|rang6(I DAL ) 52 ( I+D IAT)

L
range(l D, 1AT)> .
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As b € range(M) = range (Dy — Aj;), we have Dy b € range (I—DK,IlAi\'—,I), so x*
converges to

o0 1 B
(2 (I+DyfAyg)
£=0

] 14 ¢

1 1

3 > (2 (I+ DMlAK,I)) Dy b= ) Dy b
/=0 range(IfD;/IlA;\r/I)

1
2
—1
= ( (I - DR/IIA&) ‘range(lngﬂlA;\r/[)) DK/II b.

Thus, we can check that

Mz* = Dy (I- Dy Ayy) ((I —DyfAY)| 1 Dy b= DnDyfb = b.

range(I—DK/IlA& ))

Next, observe that for any Holder conjugates p, ¢, we have
1 ¢
DR/Il/P (2 (I + Dl\/Il/qA&Dl\/Il/p>) Dl:/Il/q
1 ¢ 1 ¢
~ D7 (DN (1+ DAL DY) D = (3 1+ DAL ) Dy
for each £ > 0, so

o] 14
1 1 . . .
2" = Dy (2 (T+ DMl/qA{dDMl/”)) D/

for any Holder conjugates p, g.

When M is CDD, we consider the expression &* = %DK/} oo (3 (I+ AK/IDK/Il))Zb.

We have ||AK/ID1(/11H1 < 1 by Lemma 12, so applying the above arguments shows that «*
-1
converges to Dy ((I — A D) |range(I—AIADI§f)> b and

—1
M = (- ALDy) DuDyf (1= AN |ge(r-agoy)) D=0

M

So we have proved that x* is well-defined and satisfies Mx* = b when M is RDD or CDD.

Next, assume that M is SDD. Then M is RCDD and Lemma 12 implies that H;&K/IH <1
2

Repeating the above arguments with DK/Il 2y e range (I — KK/I) gives

-1
Db,

Tzt = DK/Il/Z ( (I - -&I/I) range(l\N/I)> M

D;;/%b =Dy, /? (M

-1
range (I—X&) >

Since M is symmetric, M is also symmetric, so range(M) = ker(1\7[)l. By the property

1
of the pseudoinverse, we have x* = DK/II/Q (M . (1\7[)L> DR/Il/Zb = DK;NM‘*‘DK/;/Qb,
er
finishing the proof. <
dm(§)— MG,k
Recall that if M is RDD, then 1 — HDK,}AK/IHOO = Minjcy { M) %éf)l Sl >0,

and this quantity measures how strongly the diagonal entries dominate the off-diagonal
entries in each row. However, this quantity can equal zero, making it unsuitable as a
useful notion of “gap.” In contrast, our Theorem 2 shows that the maximum p-norm gap
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Ymax(M) is always strictly positive when M is RDD/CDD. As an example, 7o, (M) =
1 —1AT
- ‘ 2 (I + DM AM) |range(I—DK/IlA&) Hoo,

replacing DK,}A& with % (I + DK,IIAI—'\—,[) and restricting the operator to range (I - DR,IIAK/I).

which refines the quantity 1 — HDK/}AK/IHW by

Although the p-norm gaps only involve operator norms for the restricted linear maps,
Theorem 3 shows that they are sufficient to bound the truncation error between ¢ x% and
t"x*. The proofs of Theorems 2 and 3 are given in the full version of this paper [28].

4 Random-Walk Sampling

This section presents a Monte Carlo algorithm for estimating ¢ «* via random-walk sampling.
All our algorithms in this paper aim to estimate ¢ ' * by approximating tT:EE. By Theorem 3
and our setting of L, it suffices to ensure that the estimate & satisfies that ‘i‘ —t'x}| is at
most half the desired accuracy guarantee with probability at least 3/4, and we will omit this
matter in the following proofs.

We first focus on RDD systems and transfer the results to CDD systems by transposing
the expression of ¢"z} at the end of this section. When M is RDD, 1 (I+ Dy, |ALy]) is
row substochastic and we can estimate

L-1 £
1 1
tha; = 5tT > (2 (I+ Dg/IlAK/I)) Dy b
£=0

by generating random-walk sampling from |¢|/||£||;. In each sample, we first sample a walk
length ¢ from [0, L — 1] uniformly at random and sample a source coordinate v from the
distribution [¢|/||t||;. Then we simulate a lazy random walk for ¢ steps starting from v
according to the transition matrix % (I + DK/Il |AK/I|) Specifically, at each step from v, with

% the walk moves to each

u € [n], and with the remaining probability 3 — 2 ueln] % the walk terminates, where

dm(v) := M(v,v). Note that these probabilities lie in [0, 1] since M is RDD. Additionally,
we keep track of the product of the signs of the initial entry in ¢ and the entries in Apg along
the walk (where stay-put steps have sign 1), which is denoted as 0. After ¢ steps, if the
walk has not terminated and is at coordinate v, we take the value o - 3 |[¢]; - dﬁiq(’i) - L as the
estimate of this sample. We repeat this process for ng independent samples and return the
average as the final estimate £. We give a pseudocode for this approach in the full version of
this paper [28].

We emphasize that our sampling scheme is different from the framework in [4], in that
we first sample the walk length ¢ and then perform /¢ steps of the random walk, while they
perform L steps in each sample and take the quantities obtained in each step into account.

probability % the walk stays put at v, with probability

As it turns out, our scheme is easier to analyze and will save a factor of log L in the number
of samples.

We first establish the unbiasedness of the sampling scheme, whose proof is given in the
full version of this paper [28].

» Lemma 14. FEach sample described above gives an unbiased estimate of tT:cz.
We can now prove Theorem 4 by applying the Hoeffding bound.

Proof of Theorem 4. We use random-walk sampling as described above. The algorithm
returns & as the average of ng independent samples, where each sampled value has ab-
solute value at most 3||t||, ||D1§,Ilb||C>O L. Thus, by Lemma 14 and the Hoeffding bound,
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Pr{|d—t"a]

> %5 HDK,[leOO} is upper bounded by

2n, (e ||Dagd| ) e
N (3¢ | Dy ||oo)2 —9exp (_ ng 26 2).
(Itll: |[Dag bl L) 2|itlITL
To guarantee that this probability is at most 1/4, we set ng := © (||t|3L?/?).

As each sample simulates at most L steps of random walk, and each step takes O ( frow(M))
time, the time complexity is O (frow(M)L - ng) = O ( frow(M)||t[|3L3/?), as desired. <

The proof of Theorem 5 relies on a variance analysis when Apg, b, and t are nonnegative.

Additionally, Theorem 6 assumes that ||D1§,Ilb||OO is known and provides a relative error
guarantee. Its proof relies on the Stopping Rule Theorem given in [15] for adaptively setting
the number of samples in Monte Carlo estimation. The proofs of Theorems 5 and 6 are given
in the full version of this paper [28].

On the other hand, if M is CDD, then M is RDD and %(I—i—DR/Il \AMD is row
substochastic. As we can transpose the expression of tT:l:’i to obtain

T ,.% LT 71L71 1 -1 ‘ 1 TL71 1 -1 ‘ -1
tha) = b Dy > 5 (I+AmDy) | t=2b > 5 (I+DyAm) | Dyit,
=0 £=0

our algorithms and results for RDD systems (except Theorem 5) applies to CDD systems
by interchanging t with b and replacing A;\r/[ with Ang. This justifies our claim that we
can derive symmetric results by replacing RDD/RDDZ by CDD/CDDZ, swapping b and
t (except in t"x*), and replacing frow(M) by feo1(M) in the theorem statements. This
argument also straightforwardly applies to our subsequent algorithms and results based on
local push and the bidirectional method.

5 The Local Push Method

In this section, we adapt the local push methods to estimate tTmz. We first describe our
Push algorithm as a primitive that can be applied to both RDD and CDD systems. After
that, we establish different properties of Push for RDD and CDD systems. This leads to our
proof for Theorem 7.

For both RDD and CDD systems Max = b, we describe our Push algorithm as a primitive
that can be used for approximating the vector 2z} = ,@L;Ol (% (I + DR,}A&))Z DK/Ilb. The
pseudocode is given in Algorithm 1.

In the Push algorithm, the initialization step sets the reserve and residue vectors to O,
except that 7(? is set to be DK/[lb, which requires O(||b\|0) time if we assume that we can
scan through the nonzero entries of b in O(||b]lo) time. Next, the main loop iterates over
levels ¢ from 0 to L — 2. At each level ¢, the algorithm performs a local push operation

on each coordinate v whose residue 7 (v) exceeds the threshold .y in absolute value.

The push operation on v at level £ sets the reserve p(® (v) to () (v), increments r¢*+1 by
L (I+DyfAY) (r(v)e,), and sets 79 (v) to 0. In effect, the second step in the push
operation increases r“*1(v) by 2r()(v) and increases r(“+1)(u) by % -7 (v) for each
u € [n] with A(v,u) # 0, which can be done in HM('7U)||0 time given oracle row/column
access to M.

The following lemma gives the key invariant property of the Push algorithm. Its proof is
based on induction and can be found in the full version of this paper [28].
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Algorithm 1 Push(M, b, L, "max).

Input: oracle access to M and b, truncation parameter L, threshold rpy.x
Output: dictionaries p'© for reserves and r® for residues, for £ =0,1,...,L —1

170« 0,p® «—0for¢=0,1,...,L —1

2 r(0) DK,Ilb

3 for ¢ from 0 to L — 2 do

4 for each v with |r(£)(v)| > Pmax dO

s || P90 rOw)

o | | TV e (14 DAL (rO ()
7 r@O(v) + 0

g return p® and #® for ¢ =0,1,...,L —1

» Lemma 15. The push operations preserve the following invariant:

L—-1 1 4 L-1 L—-1L—¢—-1 1 14 ,
3 (2 (1+DI;41A1I4)> Dyb=> p+>" 3" (2 (I+DI;41A§A)> (),
£=0 £=0 {=0 ¢'=0

In light of this invariant, we use %tT 5;01 p® + (L= as an estimate of tTx%. Note

that this quantity can be computed during the push process. The next lemma shows that if
M is RDD, then the absolute error between this quantity and thz can be bounded.

» Lemma 16. If M is RDD, then ‘%ﬂ ( L1,0) +r(L*1)) —tTay

S %”t”le * "max-

Proof. By Lemma 15 and Equation (5), we have

1 L—1 L—2L—¢ -1 £
5t (Zp“)+r@1)> - Z 3 tT< (1+ Dy 1AT)> )
£=0 =0 (=0

L-2L—¢ -1

Z:: Z 122

4
(; I+ DK;AKA)) )

1
EHtH L * 'max;

N}

oo

where we used [ (1+ Do Ady) . < 3 (1+ [Dif A].) <1 for RDD Mana [
Tmax for any ¢ € [0, L — 2] as guaranteed by the process of Push. ” <

We will also use the following inequality version of the invariant to bound the running
time of the Push algorithm, whose proof is similar to that of the invariant equation and can
be found in the full version of this paper [28].

» Lemma 17. The push operations preserve the following inequality:

L—-1

> (0 mid k) Dt X+ 3 (G midlah) ).

£=0

The next lemma bounds the complexity of the Push algorithm by a convoluted expression.
We will shortly see how to simplify this expression for some special systems and settings.
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» Lemma 18. Suppose that we can scan through the nonzero entries of b in O(||bllo) time.
Then the complexity of the Push algorithm is bounded by

3 [t 3 (3 0Dy [44)) Dyl
axve[n]

Proof. Observe that each time a push operation is performed on a coordinate v € [n], the

0

value of e, Zf;ol | p(g)’ is increased by at least ryax- However, by Lemma 17, e ZL:—01 | p(z)’
is always upper bounded by e S>7—! (1 (I+Dy ’A D) Dy |b|. Therefore, the total num-

ber of push operations performed on v is at most ——-e, E ( (I + Dy ! |A D) i il
Since each push operation on v takes O (HM [ <> tlme the lemma follows by summing the
cost of the push operations over all v € [n] and addlng the O(||bllo) time for initialization. <

If M is CDD and the nonzero entries of M have absolute values of (1), the next lemma
shows that the complexity of Push can be simplified. Its proof is given in the full version of
this paper [28].

» Lemma 19. Suppose that M is CDD, the nonzero entries of M have absolute values of
Q(1), and we can scan through the nonzero entries of b in O(||bllo) time. Then the complewity
of the Push algorithm is O(||bllo + ||bl[1 L/max) -

Having established the properties of the Push algorithm for RDD and CDD systems, we
can readily combine them to prove Theorem 7 for RCDD systems.

Proof of Theorem 7. We run Push with 7. := E/L2 and use ftT (Ez 0 p (0 4 (L 1))
as the result. Since M is RDD, by Lemma 16, the absolute error between the estimate and
t"x; is upper bounded by L[|t]|1L? - rmax < 3¢|[t[|1. Since M is CDD and its nonzero entries

have absolute values of (1), by Lemma 19, the time complexity of the Push algorithm is
O(|Ibllo + 1Bll1 L /7max) = O(||bllo + ||bH1L3/e). This finishes the proof. <

6 The Bidirectional Method

This section combines the techniques of random-walk sampling and local push to develop
bidirectional algorithms for estimating ¢ 2*, which leads to Theorem 8.

The framework of the bidirectional method for RDD systems is presented in Algorithm 2.
First, we invoke the Push algorithm to obtain the reserve and residue vectors. Recall that
the invariant equation of Push (Lemma 15) implies that

S = 0) | (L-1) 1= & 1 ‘ (e

tha) — ot > p+r t Z > (5 @T+DyAL) ) v

=0 —0 (=0
mm(Lféfl,L72)

tT Z ( (I+DyfAYy ))1Z 3 )

£'=0

So, instead of directly using 2t—'— (Zf;ol p + r(L*U) as an estimate of tTw*L, we estimate
the right-hand side of the above equation using random-walk samplings from [¢|/||¢]|1 to
reduce approximation error. We employ the same sampling scheme as described in Section 4 to
obtain a walk length ¢ and the coordinate v reached by the random walk after ¢ steps, but each
sampled value now involves the summation me(L -1.L=2) ) (v). We take the average
of the estimates across ng independent samples and add it to 1tT (Z p(@ + (L= 1)) to
obtain the final estimate 2.
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We note that, compared to the sampling scheme in [14], our approach eliminates the need
for using additional data structures to maintain the prefix sums of residues, since we can
directly compute mf‘éL -1L-2) (6/)(7)) in O(L) time per sample without increasing the

asymptotic complexity.

Algorithm 2 bidirectional method for RDD systems.

Input: oracle access to M, b, and ¢, truncation parameter L, threshold rp.x,
number of samples n
Output: estimate & of t' x

1 7 and p® for £ =10,1,...,L — 1 + Push(M, b, L, "1nax)
s (0 1070)
3 for j from 1 to ngs do
4 ¢ + uniformly random sample from [0, L — 1]
5 v + random sample according to distribution |¢|/||t]|1
6 | o< sgn(t(v))
7 for k£ from 1 to ¢ do
8 simulate one step of the random walk from one of the following three
possibilities:
9 1. w.p. é, v v // stays put at v
10 2. w.p. w for each u € [n], v’ + u, 0 < o -sgn(Am(u,v)) // moves
to u
11 3. wp. 3 — Zue[n] %QAT(“(I’S”, o < 0, break the loop over k // terminates
12 | v
13 | @@+t S LY e )

14 return I

The next lemma establishes the unbiasedness of the bidirectional estimator.

» Lemma 20. The sum of %tT ( ZL:_Ol p) + T(L_l)) and each sampled value in the bidirec-

tional method described above gives an unbiased estimate of tTa:*i

Proof. Following the proof of Lemma 14 we can show that the expectation of each sampled

value is $t" pa o (3 (I+DyAY)) ( ?:(EL%*LLQ) r(e/)). Combining this with the

invariant equatlon in Lemma 15 completes the proof. <
Next, we prove Theorem 8 by proving the two stated complexity bounds separately in the

following two lemmas. Their proofs are partly inspired by [14] and [52], respectively. The
proof of Lemma 22 uses variance analysis and is given in the full version of this paper [28].

» Lemma 21. Suppose the same assumptions as in Theorem 8. Then there exists a randomized
algorithm that computes a & such that Pr{|& —t"a*| <e} > 2 in time O(||bllo) plus

O (Frow (MDA ]}/ L7/2672/%)

Proof. We use the bidirectional method as in Algorithm 2. Note that each sampled value
equals o - 1[|t[|; L me(L —¢=1L=2) ) (v) for some o € {0,+1} and v € [n] and the Push
algorithm ensures that H H < rmax for each ¢ € [0, L — 2]. Thus, the absolute value of

each sampled value is at most 3[|¢[|1L? - rymax. Using the Hoeffding bound, it follows that
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1 2ng(Le)? ng - €2
Pril|z —t z* >5} < 2ex (—2 =2ex - = ).
{| Lh=73 NN VEEE P\ 2eEL

To guarantee that this probability is at most 1/4, we set ng := © (|[t[|3L* - 2, /?), where
Tmax Will be determined shortly.

2/3 1/3
By Lemma 19, the push cost is O (||b||1L/Tmax). We set Tmax = = lbly

Frow (M)V/3[2]13/2 L4737
where ||b]|1 can be computed in O(||bl|) time given our assumptions. Consequently, the cost
for random-walk sampling and push both becomes O (frOW(M)l/?’||t||§/3||b||?/3L7/35_2/3),
completing the proof. <

» Lemma 22. Suppose the same assumptions as in Theorem 8. Then there exists a randomized
algorithm that computes a & such that Pr{|& —tTa*| < e} > 2 in time O(||bllo) plus

O ( Frow VD)2 1811 1B]11/2 | Ddb|| % 257271 .
1 M o)

Proof of Theorem 8. The theorem follows from Lemmas 21 and 22. <

7 Connections with PageRank Computation

This section discusses the connections between our framework and PageRank computation
and presents proofs for Theorems 9 and 11.

As mentioned in Section 1, the PPR equations (1) and (2) and PageRank contribution
equations (3) and (4) can be formulated as RDD/CDD systems. For example, by Equations (1)
and (3), for a node t € V, setting M = I — (1 — a)ALD;',b = 21,t = e, or M =
I-(1- Ot)D(_;lAg,b = ae;,t = %1 in our formulation both yield t'@* = mg 4 (t); by
Equation (2), for nodes s,t € V, setting M = Dg — (1 — @)AL, b = ae,, t = e; yields
t'z* =mwg a(s,t)/d5(t). It is worth noting that on Eulerian graphs, Equations (2) and (4)
are RCDD systems, and on undirected graphs, they are SDD systems.

By the definition of the p-norm gaps, we have

1
(-0 D) =1} @ 1 malng)

range(l—(l—a)AgDal) 1

:1—1(1—1-(1—0[)):101,

1 Ty—1

where we used range (I — (1 — «)ALDZ') = R™ since I — (1 — a)ADg' is invertible. Simi-
larly, we have v1 (Dg — (1 — @)AL) = 7o (I— (1 — @)D5'Ag) = 7o (Dg — (1 — a)Ag) =
%a. Thus, %a serves as a lower bound on the maximum p-norm gap of all these matrices
involved in the PPR and PageRank contribution equations.

7.1 Results for PageRank Computation when D¢ — (1 — a)A/, is RCDD

Our framework provides new insights and results for PageRank computation, in particular
when the involved system is RCDD. Theorem 9 stated in the introduction is one such example,
which shows that previous results for single-node PageRank computation on undirected
graphs can be improved and generalized to Eulerian graphs.

To prove Theorem 9, we investigate the case when the matrix Dg — (1 — a@)A/ in
Equation (2) is RCDD. This matrix is CDD, and it is also RDD if df(v) > (1 — a)dg(v)
holds for all v € V. In particular, this condition holds when G is Eulerian or « is large
enough. Now, by applying Theorem 6, we directly obtain the following result.
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» Theorem 23. For any unweighted graph G and decay factor a, suppose that dg(v) >
(1—a)dg(v) holds for allv € V.. Then there exists a randomized algorithm that, givent € V,
53, and accuracy parameter €, computes an estimate of Twa,o(t) within relative error & with
success probability at least 3/4 in time

o1 0.1y
ae? 5L nmga(t))’

where O hides polylog ( ) factors.

Proof. Consider applying Theorem 6 to Equation (2) with s = %1 and t = e;. Note that
the corresponding HDK/Ileoo equals —%=, L = O(1/a), frow(M) = O(1), [[t[1 = 1, and the
nog

obtained (1 + &)-multiplicative approximation of t'z* = wGa(t)/dE(t) directly yields a
(1 £ ¢)-multiplicative approximation of 7wg (t). Therefore, the time complexity is

~ a/(ndf) _Aa( 1 dg(t) . 1
© (a2€2 . ﬂg,a(t)/dg(t)) =0 <a62 5 er’a(t)) '

as desired. |

To prove Theorem 9, we establish some lower bounds on PageRank values in the
next lemma, which may be of independent interest. This lemma is partly inspired by
[8, Lemma 5.13], [46, 45], and [47, Theorem 1.1], and we give its proof in the full version of
this paper [28].

» Lemma 24. For any weighted directed graph G and t € V, we have

T@.a(t) > max (O‘ a(l —a)dg(t) (1*a)d5(t)2 (1704)d5(t)2 >
S  as lAcC Ol Al nvalAGC ], lAcle

where = Ag(u,v)| and ||Ag||r := Ag(u,v)? denote the en-
w,v€E[n] u,wEV

trywise 1-norm and the Frobenius norm, respectively. If G is Eulerian, we further have
TGa(t) > dc(t ;if G is unweighted Eulerian, we further have wg o(t) > 7”:1\/'%(’5).

oa NTG, o (t)

Proof of Theorem 9. Theorem 23 gives the complexity bound 0] (é cde(®) ;) By

Lemma 24, on unweighted FEulerian graphs, we have

(1—a>da< 2 dgl(t) W—de(t))

a
Ta.q(t) > max

n nHAG || |Acl, 1 nAg’ ny/m
_ (04 a(l —a)da(t)? da(t) vla'dc(f)>
=max [ —, , , .
n nm nAg n\/m

By plugging these lower bounds on 7 o () into the complexity bound, we obtain the desired
results up to polylog ( ) factors (where we omit the terms of 1/(1—a) since we often consider
the case when az — 0). These polylog ( ) factors can be removed by using non-truncated
random walks for sampling (cf. [45]), leading to the stated complexity bounds. <

7.2 A Lower Bound on the Accuracy Parameter for SDD Solvers

This subsection proves Theorem 11. To this end, we establish the following reduction from
single-node PageRank computation on undirected graphs to solving SDD systems.
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» Lemma 25. Suppose that there exists a randomized algorithm that computes an estimate Iy
such that Pr {|2, — x*(t)| < el|@*||oc } = 3 for any SDD system Sw=b in O (y Ve~ ") time.
Then there exists a randomized algorithm that, given dq, estimates wa o(t) on unweighted
undirected graphs G within constant relative error and with success probability at least 3/4 in

time O ((da(t)/6c)" Ja¥*T).

To prove this lemma, we use the following upper bound on 7 o (t) on Eulerian graphs,

whose proof is given in the full version of this paper [28].

» Lemma 26. On any Eulerian graph G and v € V, we have g o(v) <

— ndg

Proof of Lemma 25. Consider the PageRank equation (2) with s = 1/n-1. When G
is undirected, the matrix Dg — (1 — @)A/ is SDD. By setting v := /2 and ¢ :=

@(a(SG /da (t)), the supposed algorithm can compute an estimate £; such that |2; — “dGG((’t()t ) <
£€-Mmax,cy {"lfc“gg)} w.p. at least 3/4 in time O (y"e™") = O ((dg(t)/dc) " /a"*7). Using
Lemma 26 and 7g o (t) > a/n, we have max,cy {W;GL(YS)J)} < % < ”zTaG(t) Thus, with
probability at least 3/4, |da(t) - & — wa.o(t)| < e-da(t) - ”i*T"G(t) =0(mga(t)), soda(t) -2
is an estimate of g o(t) within constant relative error, completing the proof. <

Proof of Theorem 11. [45] establishes a complexity lower bound of Q(d¢(t)/d¢) for esti-
mating g o (t) within constant relative error with constant success probability on unweighted
undirected graphs, where « is constant and the bound holds for any possible combination
of ¢ and dg(t). This lower bound applies to the number of queries to the graph structure.
Therefore, combining this lower bound with Lemma 25 and noting that the reduction uses
£:= 0(adg/dg(t)) = Q(1/n) yield the desired lower bound of Q(1/¢) for e = Q(1/n). =

8 Connections with Effective Resistance Computation

This section justifies the relationship between our framework and effective resistance compu-
tation on graphs in Lemma 27 and proves Corollary 10.

Recall that in the context of computing effective resistances, we assume that G is
undirected and connected. In our framework, we set M = Lg and b =1t = e; — e;. By
Theorem 2, Ymax(Lag) = v(Lg), so a lower bound v on the spectral gap v(Lg) serves as
a lower bound on the maximum p-norm gap ymax(Lg). The following lemma states that
with this setting, the quantity ¢’ «* that our algorithms approximate equals the effective
resistance Rg(s,t).

» Lemma 27. When M = Lg and b=t = e, — e;, we have t' x* = Rg(s, ).

Lemma 27 can be proved using the results in 7], and we provide a different self-contained
proof in the full version of this paper [28].

Now we can directly apply Theorems 4 and 8 to prove Corollary 10. The only remaining
detail in the proof is to derive a better setting of L for the case b=t = e; — e;.

1
< 5

_ —1/2 —1/2 _
e 7L~HDM/ tHQHDM/ bH2=%-e L (#(8)—1—#(0) when M =Lgand b=t =e;, —e;.

Thus, setting L := © <l log (i (% + #))) ensures that ‘tTZB* —tTx*| < le. The
v ve \da(s) ' da(t) L 2
corollary then follows by applying Theorems 4 and 8 with this setting of L and noting that

|Dpp bl =1/min (da(s), dg(t)) and fiow(M) = O(1) in this case. <

Proof of Corollary 10. Following the proof of Theorem 3, we have |tTa:*i —tlTa
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