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—— Abstract

Motivated by practical applications in the design of optimization compilers for neural networks, we
initiated the study of identity testing problems for arithmetic circuits augmented with exponentiation
gates that compute the real function x — e”. These circuits compute real functions of form
P(Z)/P'(Z), where both P(Z) and P’'(Z) are exponential polynomials

y i(Z) - ex 9:(7)
> o(23).

for polynomials f;(Z), g:(Z), and h;(Z).

We formalize a black-box query model over finite fields for this class of circuits, which is
mathematical simple and reflects constraints faced by real-world neural network compilers. We
proved that a simple and efficient randomized identity testing algorithm achieves perfect completeness
and non-trivial soundness. Concurrent with our work, the algorithm has been implemented in
the optimization compiler Mirage by Wu et al. (OSDI 2025), demonstrating promising empirical
performance in both efficiency and soundness error. Finally, we propose a number-theoretic conjecture
under which our algorithm is sound with high probability.
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1 Introduction

Polynomial Identity Testing (PIT) is a central problem of theoretical computer science. Given
a multi-variate polynomial f : F* — F with certain properties, the goal of the problem is to
verify whether f is identically zero.

Early results on identity testing of polynomials date back to DeMillo and Lipton [8],
Zippel [26], and Schwartz [19] (see also [14] for a special case on finite fields). It is proved
that a black-box probabilistic testing, namely checking whether f(Z) = 0 for a random
element ¥ € F", works well for low-degree polynomials. This simple algorithm serves as a
key step in many randomized algorithms (see, e.g., [22, 12, 1]) as well as probabilistic proof
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systems, including the celebrated interactive proof system for PSPACE [20] and the PCP
theorem [3]. Subsequently, there has been a rich literature on identity testing of various
types of polynomials, including sparse polynomials and polynomials computed by depth-3
algebraic circuits (see, e.g., [17, 18] and the references therein).

Perhaps surprisingly, the probabilistic identity testing algorithm for low-degree polyno-
mials has recently been found useful in developing optimization compilers for deep neural
networks. Loosely speaking, deep neural networks are represented as a high-level programming
language, and the optimization compiler is designed to automatically identify redundancy
in programs to improve the efficiency of the neural network. In a recent optimization com-
piler PET [24], Wang et al. observed that redundancy detection in partial neural network
computation without non-linear activation can be naturally modeled as black-box identity
testing of low-degree polynomials. By applying the classical probabilistic testing algorithm
[8, 26, 19], PET achieves a significant speed-up over its benchmark.

» Remark 1 (black-box model). In the black-box setting, the algorithm is given oracle access to
the polynomial rather than its description. For the optimization compilers of neural networks
(e.g., [24]), the neural networks are gigantic and are usually loaded into optimization devices
such as GPUs or TPUs. Black-box identity testing algorithms are favorable, as evaluation
on (partial) neural networks exploits the optimization devices and is therefore efficient in
practice. In contrast, algorithms analyzing the circuit in white-box, even when they have
lower computational complexity in theory, may still be less efficient if they cannot make full

use of optimization devices.!

A natural question is, therefore, whether this approach can be extended to neural networks
with non-linear activation. In a subsequent work, Wu et al. [25] introduced a framework,
Mirage, that could benefit from extending the redundancy detection algorithm in PET [24]
to neural network components with exponentiation operators. This enables the modeling of
non-linear activation functions such as softmax(-). In the language of circuit complexity, the
program representation in Mirage can be modeled as integer-coefficient arithmetic circuits
with “exponentiation gates”, where there is at most one exponentiation gate in each path
from output gates to input gates (see Section 3.1). The goal of Mirage is to “efficiently”
check whether a circuit C' : R™ — R of such form is identical to 0 on R in a black-box query
model that is practically satisfactory.

Compared to polynomials and standard arithmetic circuits computing polynomials,
the behavior of circuits with exponentiation gates is not well studied. Integer-coeflicient
polynomials can be naturally evaluated over I, with modular arithmetic. However, it is not
a-prior clear what it the correct way to define the evaluation of circuits with exponentiation
gates over finite fields, as there is no standard analogy of the exponentiation function in finite
fields. This makes it hard to even define a suitable “black-box query model” for the identity
testing problem that is easy to analyze and captures the real-world constraints. Moreover, it
is unclear whether the standard randomized algorithm [8, 19, 26] works after we define the
evaluation of such circuits.

Our Contribution. Motivated by the practical applications, we initiate a theoretical analysis
of the identity testing of circuit with exponentiation gates.
We introduce a natural circuit model that formalizes circuits with exponentiation gates
x + exp(z), which suffices to captures components of modern neural networks such as
Attention [23] with certain non-linear activation functions. The circuit model generalizes
the standard algebraic circuit model by allowing exponentiation gates.

L Moreover, black-box algorithms are much easier to implement, as one can reuse the existing software
infrastructure for evaluating neural networks, making them more reliable while reducing human efforts.
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We prove that in the idealized model where the algorithm could query the circuit on any
real number, a simple probabilistic testing is correct with high probability.

We introduce an algebraic query model that captures the real-world constraints in opti-
mization compilers for deep neural networks such as Mirage [25], and design a simple
randomized algorithm that is perfectly complete and non-trivially sound. Concurrent
with our work, this algorithm is implemented in Mirage as one of its two redundancy
detection algorithms. We also introduce a conjecture about sparse polynomials in finite
field, under which our randomized algorithm in algebraic query model is sound with high
probability.

1.1 Main Results: A Simplified Setting

Before formally describing our circuit and query models in Section 3, we try to describe
a simplified version of the main mathematical problem. Let k£ € N, f;, g;, h; be n-variate
degree-d polynomials with integer coefficients in [—w, w], and P : R™ — RU{L} be a partial
real function defined as

P@ 2 Y fmen (40,

i=1

where exp(z) £ e®. This function is similar to the exponential polynomials that are used

in, e.g., transcendental number theory [4, Chapter 12]. For simplicity, we will call P(Z) a
degree-d exponential polynomial. The number of terms k in P(Z) is said to be the width of
P(Z). We call {fi(Z)}icn the coefficient polynomials of P(Z), and {gi(Z)/h:(Z)}icpy the
exponent fractions of it.
The algorithmic problem we are interested in is to check whether P(ZF) is identically zero
on R™ with queries of one of the following two forms:
(Real): Given Z € Q", the oracle outputs {0,1, L} indicating that P(Z) = 0, P(Z) €
R\ {0}, and P(#) = L (i.e. undefined due to division-by-zero), respectively.
(Algebraic): Let p,q be prime numbers such that ¢ | p — 1, G = (g) be the unique
multiplicative subgroup of F of order q. Given @ € F)),v € Fy, and a € G, the oracle
outputs

k
P,(,7) £ (Z £i(@) - @9 (@ (i() 7" mod q) mod p,
i=1

where (-)~! on the exponent denotes the multiplicative inverse in F,. The oracle returns
L if h;(¥) mod ¢ = 0 for any i € [k].
Before introducing our results, we make a few short remarks on our modeling of the identity
testing problem and its connection to real world engineering practice.

» Remark 2 (numerical stability issues). Testing whether P(Z) (modeling a program) is
identically zero on R™ is motivated by the following compilation task — compilers may replace
a (sub)program by another optimized one provided that they compute the same function over
real numbers. As real numbers are only an idealized model for, say, floating point numbers,
this optimization strategy may cause numerical stability issues. Nevertheless, most modern
classical and neural network compilers offer the option for users to enable such optimizations
as it may significantly improve performance, e.g., the -0fast option of GCC [21, Chapter
3] and the FlashAttention [7] implementation in PyTorch [15, 16]; see also [10, 24, 25].
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» Remark 3 (query models). The former type of query is an idealized model. In practical
applications (e.g. [24, 25]), there is no efficient algorithm to implement the oracle that
checks whether P(Z) = 0 precisely given Z, and the approximation of real numbers using
floating-point numbers is also unsatisfactory in practice. The latter type of query is more
realistic; indeed, it is implemented in the optimization compiler Mirage [25] where the explicit
representation of P(Z) is a (partial) neural network.? See Section 1.2 and 3 for more detailed
discussions.

Identity Testing Algorithms in the Simplified Setting. Now we describe our identity testing
algorithms in the simplified setting. First, we show that a simple randomized algorithm with
one query works in the real query model. The algorithm is to randomly sample & € [B]™
for B =20-d-k? and accepts if P(Z) € {0, L}. It is clear that the algorithm is perfectly

complete, and the soundness is given by the following theorem:

» Theorem 4 (Theorem 22, simplified). Let P(Z) be an n-variate degree-d exponential
polynomial of width k that is not identically zero on its domain, and S C Q be any finite
non-empty set. For ¥ € S™ sampled uniformly at random, Pr[P(Z) € {0, L}] < 8dk?/|S].

As the second result, we analyze the following simple randomized identity testing algorithm
in the algebraic query model: Let p, ¢, G be defined as above, the algorithm randomly samples
i € Fy, v € Fy,and a € G, and accepts if P, (u, v) € {0, L}. The following theorem formalizes
the completeness and soundness of the algorithm:

» Theorem 5 (Theorem 7, simplified). Let P(Z) be an n-variate degree-d exponential poly-
nomial of width k. Let p,q be prime numbers, ¢ | p— 1, and G = (g) be the unique order-q
multiplicative subgroup of F. Suppose that all integer coefficients in P(Z) are within [—w, w],
q > 2w, then:
(Completeness). If P(Z) is identically zero on its domain as a partial real function, for
any a € G, i € Fy, and v € Ty, P,(u,v) € {0, L}.
(Soundness). If P(Z) is not identically zero on its domain as a partial real function,
p,q > 2kw, then for uniformly random a € G, U € Fyj, and ¥ € ¥y, the probability that

p7
P,(a,v) € {0, L} is at most T+ O(dk?/q).
Note that for sufficiently large k,q € N such that Inq < k — 1, we have

2Ingq _ Ingq
— < =1 <] - —
k—1-1 T =T oo

1

Thus in a typical setting that dk* < ¢ < k°()| the soundness error is 1 — O(logk/(k — 1)).>
By parallel repetition of the randomized algorithm for O(klog k/logq) times, we can boost
the error probability to 1/ kKO This leads to an efficient randomized identity testing
algorithm when £k is relatively small and the evaluation is much more efficient than obtaining
the description of P(Z), which, in particular, captures the real-world constraints for the
optimization compilers such as Mirage [25].

2 The special case of the algebraic query model without exponentiation functions is implemented in [24].

3 The error probability is constant if ¢ is exponential in k. However, this setting is not meaningful: The
width k is usually comparable to the input length, and thus the arithmetic operations over ¢ would be
extremely inefficient.
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1.2 Connection to the Circuit Models

We stress that the abstraction in previous subsection is mathematically clean but omits
crucial details in modeling the real-world problem. Specifically:

It is not immediately clear how the identity testing results for exponential polynomials
apply to our motivating real-world application, namely identity testing of neural networks
formalized by “circuits with exponentiation gates” [24, 25].

It is also not clear how the function P,(#,¥) in Theorem 7 relates to the circuits, and
why it can be computed efficiently when P(Z) is explicitly given by a “circuit with
exponentiation gates”. This is important as in real-world applications, see [25], the
function P, (#, ) is implemented on specialized devices such as GPU or TPU, which are
optimized for specific computation patterns. Moreover, it is unclear where the restrictions
in the algebraic query model (e.g., a must be in G) come from.

Circuit Model. We briefly explain our circuit model (called AExp! circuits) and refer
readers to Sections 3 and 4 for more details. We work with (arithmetic) circuits with integer
coefficients, unbounded fan-in addition and multiplication gates, fan-in two division gates,
and fan-in one exponentiation gates. In addition, we impose the restriction that on each
path from input variables to output gates, there is at most one exponentiation gates — the
circuit cannot compute double exponential z — e¢” by composing exponentiation gates.
The evaluation of circuits over real numbers is defined by a standard gate-by-gate

evaluation algorithm, where the exponentiation gate is interpreted as the function x — e*.

However, it is unclear how to define the evaluation of such circuits over finite fields, as there
is no standard interpretation of the exponential function.

Let p be a prime number. To define the evaluation of an AExp! circuit C over Fp, a
natural idea is to replace the exponential function by = +— a® for some element a € F,,. This
is not ideal as such an interpretation is inconsistent with the evaluation over R: It could be
the case that

a11+x2 mod p ¢ a®la®? (mod p)

for z1,x9 € Fpy, while e®11%2 = e®1¢*2 for any x1,22 € R. As a result, this definition cannot
be used for the identity testing of AExp! circuits.

To address the issue, we exploit the algebraic structure of finite fields by using different
moduli over and under the exponents. Let p, ¢ be prime numbers such that ¢ [ p—1, G C Fy
be the unique order-¢ multiplicative subgroup, and a € G. It follows that

z1+wz modq — x1 | T2

a a®t - a (mod p)
for any x1,x2 € IFy. If we use ¢ as the modulus “over the exponent” and p as the modulus
“under the exponent”, the function z — a® will be consistent with the arithmetic law
eT1tT2 — o1 . g%z Following the intuition, we define the evaluation of C' with respect to
(p, q, a) using a gate-by-gate evaluation algorithm such that:

Each input variable or wire carries a pair (u,v) € (F, U{L}) x (F,U{L}).

Addition, multiplication, and division gates are implemented coordinate-wisely.

The exponentiation gate is implemented by (u,v) — (a* mod p, L).
This evaluation algorithm can be implemented efficiently given the description of the circuit
C. We refer readers to Section 3 for more details.

95:5
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A Structural Lemma. Let @ = (uy,...,u,) € F}, ¥ = (v1,...,v,) € Fy, we use Cy(, V)
to denote the output of the evaluation algorithm where the i-th input variable is assigned
to (u;,v;). Similar to the standard results that algebraic circuits compute polynomials [2,
Section 16], we can then prove that AExp! circuits can be converted to an equivalent fraction

of exponential polynomials:

» Lemma 6 (Lemma 20, informal). For every n-input AExp' circuit C, there are n-variate
integer-coefficient exponential polynomials P(Z) and P'(Z) such that the following holds:
For each i € R, C (@) = P()/P'(@0).
Let p, q be prime numbers such that ¢ | p— 1, G, 4 be the multiplicative subgroup of F} of
order q, and a € G, 4. Then for every (@, 7) € F, x F,, Co(@, 0) = P,(,7) - (P,(@, 7))~
(mod p), where (a)~! denotes the multiplicative inverse of a modulo p.

We stress that the structural lemma does not provide a polynomial upper bound on
the degree, width, or integer weight of the integer-coefficient exponential polynomials P, P’.
Nevertheless, it can be verified that the exponential polynomials P, P’ for AExp® circuits
from real-world neural network applications, such as softmax(-) and Attention with softmax
activations [23], tend to have relatively small degree, width, and weight; interested readers
are referred to Section 4.5 for more discussion, and [25] for experimental results.

The Main Theorem. Let domg(C) be the domain of the circuit C, i.e., the set of ¥ € R®
such that C(Z) # L. An AExp' circuit C is said to have degree d, width k, and weight w if
there are integer-coefficient degree-d width-k exponential polynomials P(Z) and P’(Z) with
all integer coefficients within [—w,w] that satisfy Lemma 6.

By generalizing Theorems 4 and 5 to fractions of exponential polynomials and combining
them with Lemma 6, we can obtain the final result:

» Theorem 7. Let C : R™ — R be an AExp' circuit of width k, degree d and weight w, p and
q be prime numbers such that q | p—1 and ¢ > 2(kw)?. Let G, 4 be the unique multiplicative
subgroup of F of order q. The following hold:
(Completeness). If C is identically zero on domg(C), then for every a € G, 4, Co(U, V) €
{0, L} for every (u,v) € F) x Fy.
(Soundness). If C is not identically zero on domg(C), then for uniformly random
@4 F2, 7 F a < Gy g, Pr(Cy(,7) ¢ {0,1}] > 1 —8dk* - 71 — ¢~ 1/ (-1,

1.3 Technical Overview

We briefly explain the proof of our simplified technical results Theorem 4 and Theorem 5
in the simplified setting, as well as the main theorem (see Theorem 7) that generalizes the
results to the circuit setting.

Real Queries. The idea behind Theorem 4 is very simple: We manage to combine the
Schwartz-Zippel lemma and Lindemann-Weierstrass theorem, i.e., e is transcendental (see
Theorem 13).

To avoid technical subtlety, we assume that P(Z) is a degree-d exponential polynomial
where the exponent fractions g;(Z)/h;(Z) are pairwisely distinct; that is, for every pair of
indices i,j € [k], i # 7, ¢i(Z)h;(Z) — g;(Z)h;(Z) is not a zero polynomial. Such an exponential
polynomial is said to be condensed, and the general case can be reduced to the condensed
case by considering another exponential polynomial P that “groups” coefficients based on
the exponent fraction; see Section 4.3. Moreover, we assume without loss of generality that
fi #0 and h; # 0 for each i € [k].
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Let S C Q be a non-empty finite set, we know by the Schwartz-Zippel lemma that for
any i € [k], j € [k], © # J, each of the following non-zero polynomials of degree at least 2d

fi(@),  hi(@),  9i(@)h; (L) — g;(Z)hi (%)

evaluates to zero with probability at most 2d/|S| for a uniformly random & € S™. By the
union bound, we can further prove that with probability at least 1 — 3dk?/|S|, none of the
polynomials evaluate to 0. For each of such Z, we can see that for the rational numbers
a; 2 gi(Z)/hi(¥) and ; £ f;(), we have

P(Z) = f1e* + [2e“? + -+ - + [re*,

which must be non-zero as e is transcendental.

Connection to Algebraic Queries. Unwinding the proof of Theorem 4, we could actually
give a necessary and sufficient condition for an exponential polynomial with integer weights
to be identically zero over real evaluations. Let P(Z) be a condensed degree-d exponential
polynomial

P =3 04 e (240)

i=1

with integer coefficients, then P (%) is identically zero on its domain (over real evaluation)
if and only if for every i € [k], f; = 0. Subsequently, if p,q are chosen to be larger than
the integer coefficients, the identity testing of a condensed exponential function P(Z) is
equivalent to testing whether f; =0 (mod p) for every i € [k].

With the characterization above, the completeness of Theorem 5 is relatively simple, so
we will focus on the soundness property.

We try to mimic the strategy in the proof of Theorem 4. Suppose that P(Z) is not
identically zero on real evaluations, we know by the discussion above that when p are
sufficiently large, there is at least one f; # 0 (mod p) for any ¢ € [k]. Moreover, if ¢ is
sufficiently large, we know that for any i # j, g;h; — g;h; # 0 (mod ¢). Assume without loss
of generality that f; # 0 for all i € [k]. For @ € F)y and ¢' € F}; sampled uniformly at random,
we still know by the Schwartz-Zippel lemma and the union bound that with probability at
least 1 — 3dk?/q, none of

fi(@) mod p, hi(¥) mod q, g;(Z)h;(Z) — g;(Z)h:(¥) mod ¢

evaluates to zero for i,j € [k], i # j. We can then define o; = ¢;(%)/h;(¥) mod ¢ and
Bi £ fi(%) mod p for i € [k] such that

P,(i,7) = f1a™ + ... Bra®" mod p,

where 1, ..., B are non-zero and g, ..., ay are pairwisely distinct.

A Weak Descartes’ Rule in Finite Fields. It then suffices to prove that for any non-zero
Bi,..., 8k € Fp and distinct aq, ..., € Fy, k > 1, if we sample a € G uniformly at random,
the probability that S1a® + ... Bra® mod p = 0 is at most ¢~/ * =1 We note that this
can be viewed as a generalization of the Descartes” Rule (see also [11]), which asserts that
any univariate polynomial with £ monomials has at most 2k roots.

95:7
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We provide an elementary proof of a weaker result: The probability that Sia®* +
... fra® mod p = 0 is at most 1 — 1/k. Theorem 5 is proved using a lemma from [11], which
employs a similar but slightly more complicated argument.

Recall that the order-¢ multiplicative subgroup G C Fy is a cyclic group. For any fixed
i € Fy, a random element a € G can be viewed as generated from randomly sampling g € G
and outputting g*. Our idea is to choose a good i € F, such that at least a 1/k fraction of g
satisfies that 81" + ... BLg"** mod p # 0.

We say that an index i € F, is good for a € F,; if i - a mod ¢ < (1 — 1/k) - ¢, and is said
to be good if for every j € [k], i is good for a;. It turns out that if there is a good i € Fy,

Y R T

can be viewed as a polynomial in I, [g] of degree at most (1 —1/k) - ¢; in that case, there are
at most (1 —1/k) - ¢ roots in F,, (and also in G).

Therefore, it remains to prove the existence of a good i. Since ¢ — 4 - v is a bijection in
F,, we know that for any fixed o, the probability that a random i € F, is good for « is at
least 1 — 1/k. By the union bound, we know that a random ¢ € F, is good for a1, ..., a
with non-zero probability. This implies that there must be a good i € F,, which completes
the proof.

» Remark 8 (related results). The analogy of Descartes’ Rule over finite fields has been
studied prior to our work. Motivated by understanding the security of the Diffie-Hellman
cryptosystem, Canettie et al. [5] proved an upper bound on the number of roots of sparse
univariate polynomials. This upper bound was later improved by Kelley [11]. We use the
techniques from [5, 11] and obtain similar upper bounds. Note that [5, 11] considers the
number of roots in IF),, while we consider the number of roots in a multiplicative subgroup
G C IFp; as a result, our upper bound is cleaner and easier to prove.

Generalization to the Circuit Setting. There are a few technical issues to obtain the main
theorem (see Theorem 7).

First, the proof overview above assumes that the exponential polynomial is condensed,
i.e., its exponent fractions are pairwisely distinct. For exponential polynomials that are
not condensed, we need to first condense the polynomial by merging terms with equivalent

. . . . . - 2 -3z
exponent fractions. For instance, the following exponential polynomial P(Z) = exp (2737") +

exp (Iiigz) may be condensed to P(f) = 2exp (mijgm) In general, such condensation

procedure results into another exponential polynomial P that has larger domain and agree
with P on the domain of P (see Proposition 19). We need to bridge the gap between P and
P with standard probability analysis.

Second, as shown in Section 1.2, AExp! circuits are converted to fractions P/P’ of
exponential polynomials rather than exponential polynomials. This requires a careful (but
straightforward) adaption of the techniques above. In particular, in the soundness analysis,
we use the observation that P/P’ is identically zero on its domain (over R) if and only if
the exponential polynomial P - P’ is identically zero on its domain (over R). This leads to a
quadratic overhead (in k) in the soundness error of Theorem 7 compared to Theorem 5, as
P - P’ may have width up to k? when both P and P’ are of width k.

Organization of the Paper. We review basic definitions and classical results that we will
need in Section 2. In Section 3, we formally describe our circuit model as well as the query
models we considered in our paper — the idealized real query model and the algebraic query
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model; we also briefly explain why the algebraic query model is a better abstraction in the
application of optimization compilers for neural networks. In Section 4, we define exponential
polynomials, discuss its basic properties, and prove the structural lemma that converts
circuits to fractions of exponential polynomials. In Section 5, we prove the correctness of our
probabilistic testing algorithm in the real and algebraic query models.

1.4 Discussion and Open Problems

The most interesting open problem is to improve the soundness error of Theorem 5 and
Theorem 7. We conjecture that the actual soundness error is 1 — (1). In particular, we
propose the following number-theoretic conjecture under which the soundness error is indeed
1—Q(1):

» Conjecture 9 (Strong Descartes’ Rule Conjecture over Finite Fields). There are constants
€,0 < 1 such that the following holds. Let p, q be sufficiently large prime numbers such that
q|p—1, g €F, be an element of order g, and G = (g) be the unique multiplicative subgroup
of F of order q. For any k < q°, distinct ay,...,ar € Fy, and By,..., B, € F, \ {0}, the
non-zero univariate polynomial

F(2) & Br2® + B2 4 - + B2
has at most ¢ - q roots in G.

This conjecture can be interpreted as a property of the isomorphism mapping

I:[f] = (fQ), f(9),--- f(g?™h)

from [y, [z]/ (27 —1) onto FY. Tt states that there is no non-zero polynomial [f] € Fy[z]/(2x?—1)
such that both f and I([f]) are very sparse. This seems to be an analogy of the “uncertainty
principle” in Fourier analysis (see, e.g., [13, Exercise 3.15]). We also note that numerical
experiments (see, e.g., [11, 6]) suggest that it is hard to construct sparse polynomials over
F, with many roots for prime p.

Complexity-theoretic Perspectives. It is also interesting to consider whether we can design
better identity testing algorithms for some restricted classes of AExp® circuits (e.g. of small
constant depth). This would potentially lead to real-world applications, as the structure of
circuits from neural networks is relatively simple. To start with, one may consider adapting
existing techniques for identity testing of algebraic circuits (see, e.g., [17, 18]) to AExp
circuits.

On the other hand, it is interesting to consider whether there are conditional or uncondi-
tional lower bounds for identity testing of AExp® circuits in black-box models, such as the
algebraic query models that we introduced in Section 1.2.

Other Modeling of the Problem. We note the the algebraic query model in Section 1.2
is not necessarily the only reasonable formalization of the real world problem. Recall that
in optimization compilers for neural networks [24, 25], the neural network (modeled by an
AExp' circuit) is loaded into specialized devices (such as GPU or TPU) that are optimized
for specific computation patterns and have high communication overhead with the CPU.
Algorithms in other black-box models are potentially useful for real-world applications if:
1. the queries can be efficiently implemented on those specialized devices; and

2. the communication overhead is small.
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ITCS 2026



95:10

Identity Testing for Circuits with Exponentiation Gates

We are not aware of other natural models that satisfies these constraints for identity testing
of AExp' circuits, and it remains an interesting open problem that may require joint efforts
of system and theory communities. Note that it may make it possible to design better
identity testing algorithms if we work with another black-box query model that has better
mathematical properties.

2 Preliminaries

2.1 Abstract Algebra

We assume basic familiarity to elementary ring and field theory (see, e.g., [9]). We will
use the standard notation: R[x1,...,2;] denotes the ring of m-variate polynomials with
coefficients in R; for any ideal I in R, R/I denotes the quotient ring of R modulo I; Quot(R)
denotes the quotient field (i.e. the field of fraction) extending an integral domain R. For any
prime p and u € F,, \ {0}, we use Inv,(u) to denote the multiplicative inverse of v modulo p.

Recall that an integral domain is a non-zero commutative ring where the multiplication
of two non-zero elements is non-zero. We will need the following result for polynomials.

» Lemma 10 ([9, Proposition 1 of Section 9.1]). For any integral domain R, the ring of
R-coefficient multi-variate polynomials R[xy, ..., %] is also an integral domain.
2.2 Schwartz-Zippel Lemma

» Lemma 11 ([8, 26, 19]). Let R be an integral domain and S C R be a finite subset of R.
For any m,d € N and any non-zero m-variate polynomial f : R™ — R of total degree d

d
P r)=0] < —
A1 f(@) =0 < Bk
where & = (x1,...,Tm) is uniformly sampled from S™.

2.3 Transcendental Number Theory

» Definition 12. A complex number o € C is called algebraic if it is the root of a non-zero
integer-coefficient polynomial of finite degree, and called transcendental if it is not algebraic.

Algebraic numbers, denoted by Q, is a sub-field of C. In particular, any rational number
«a = p/q is algebraic as it is the root of the degree-1 integer-coefficient polynomial gz — p.

» Theorem 13 (Lindemann—Weierstrass Theorem [4, Theorem 1.4]). If ay,...,a, € Q are
distinct algebraic numbers, e®*,... e € C are linearly independent over the field Q of
algebraic numbers. In particular, e is transcendental.

3 Circuit and Query Models

3.1 Definition of the Circuit Model

The circuit model we introduce next extends the standard arithmetic circuit model by
ezponentiation gates that is intended to model the exponential function exp(z) = e® over
real numbers. Formally, an AExp! circuit is a DAG consisting of vertices that are either an
input variable or a gate of the following types (all gates are of fan-out 1):
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1. constant gates C, of fan-in 0 intended to model a fixed integer a;

2. addition gates X(x1, ...,z ) of unbounded fan-in that are intended to model the addition
of real numbers, i.e., x1 + -+ - + Tup;

3. multiplication gates II(x1,..., %) of unbounded fan-in that are intended to model the
multiplication of real numbers, i.e., z1zs...T,.

4. division gates Frac(z,y) of fan-in 2 intended to model the division of real numbers, i.e.,
z/y;

5. exponentiation gates Exp(z) of fan-in 1 intended to model the exponential function, i.e.,
e”.

In addition, we do not allow compositions of exponentiation gates in AExp' circuits; that

is, for any AExp' circuit, there is at most one exponentiation gate along any path from an

input variable to an output gate.* We assume by default that an AExp' circuit has only one

output gate, though the definitions and our results can be easily generalized to multi-output

circuits.

Evaluation of AExp' Circuits over Real Numbers. The evaluation of AExp® circuits over
real numbers should be clear through the definition. Let C' be any n-input AExp® circuit
and & € R™, the evaluation of C(Z) is defined as the output of the output gate, where the
output values of gates are defined by gate-by-gate evaluation following a topological order.

In particular, if the divisor of a division gate is zero, C'(¥) is undefined. Therefore, an
AExp" circuit may compute a partial function C' : R — R. We define the domain of a C(&)
circuit on R, denoted by domg(C), as the set of & € R™ such that C(Z) is defined. For any
Z ¢ domg(C), we may also say C(Z) = L.

Practical Motivation: Modeling Components in Neural Networks. Our circuit model is a
straightforward formalization of the program representation in Mirage [25]. Intuitively, the
motivation to introduce AExp! circuit is to model components that are widely used in model
artificial neural networks that consist of non-linear activation functions.

3.2 Query Model over Reals, and Why it is not Satisfactory

Since AExp! circuits compute functions over R, a natural idealized model for the identity
testing problem is that the algorithm can evaluate the circuit over any real input. Formally,
a identity testing algorithm for AExp circuits C' in real query model is allowed to query the
following oracle:
(Evaluation). Given an input & € Q", the evaluation oracle reports whether C(Z) is
undefined, C'(%) =0, or C(Z) € R\ {0}.

The main problem of the real query model is that computers cannot deal with real numbers.

For real-world applications, real numbers are usually approximated by floating-point numbers,

which does not satisfy arithmetic laws such as the commutativity and associativity of addition.

This leads two-sided errors in the implementation of a testing algorithm in real query model:
(Completeness). Even if C' is identically zero over R, it may evaluate to a non-zero value
on some inputs when the evaluation queries are implemented in float-point numbers.

4 Similarly, one can define AExp” circuits where there are at most k exponential gates along any such
path. In this work, we focus on AExp® circuits as it is natural and is more relevant to the practical
motivation of this work.
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(Soundness). Even if C is not identically zero, it may evaluate to 0 on any input when

evaluation queries are implemented in float-point numbers, either because of the precision

issue or because of the failure of arithmetic laws.
The occurrences of errors on both sides reduce the consistency and reliability of the testing
algorithms. Take the example of optimization compilers PET [24] or Mirage [25] that aim to
detect redundancy in neural networks modeled as AExp! circuits. Two sided error will make
the algorithms less predictable and reliable to users; indeed, it could be possible that the
oracle will hardly ever report C(Z) € R\ {0} even if C(%) is defined and non-zero for most
or all & due to the floating-point issue. In that case, the optimization compiler will barely
find any redundancy. It is worth noting that the error is on top of the completeness and
soundness error of the identity testing algorithm, so it cannot be resolved by a better (e.g.,
deterministic) testing algorithm.

3.3 Query Model over Finite Fields

Next, we introduce a natural query model for the identity testing problem of AExp’ circuits
over finite fields that can be implemented in real-world applications without the precision
issue.

Evaluation over Finite Fields. Let p,q be two primes such that ¢ | p — 1, and Gy, 4 be the
(unique) multiplicative subgroup of F, of order ¢. Equivalently, G, contains the roots of
the univariate polynomial 2¢ — 1 over [F,,. Loosely speaking, we will define the evaluation of
C on the input (@, ) € Fyy x Fy and a € G}, 4 (modulo (p, q)) by

interpreting the exponentiation gate by the function z — a® mod p,

implementing all computation “on the exponent” in [,

implementing all computation “under the exponent” in Iy,
and evaluating the circuit gate by gate.

We use C, (4, ¥) to denote the evaluation above; see the full version for its formal definition.

Similar to the evaluation of AExp® circuits on R, C. (@, ) may be undefined, denoted by
Co(tt, V) = L, due to division-by-zero. For each a € G, 4, we define the domain of C' with
respect to a modulo (p, ¢), denoted by dom,, ; .(C), as {(@, ) € Fj; x Fy | C, (4, v) # L}.

Algebraic Query Model. Subsequently, we define the identity testing problem for an AExp®
circuit C over the algebraic query model as follows. Let p, q, G 4 be specified above. The
algorithm for identity testing is allowed to query the following oracle:

(Evaluation). Given (i, v) € Fy xFy and a € Gy 4, the oracle reports C, (4, v) € Fp U{L}.

This query model is efficient both theoretically and practically. It can be observed, for
instance, that the oracle in the algebraic query model can be implemented by algorithms in
O(s - (logp + logq)) space and polynomial time. In practice, the simplicity of the evaluation
model makes it possible to implement it in the neural network compiler scenario (see [24, 25]
for more details).

4 Exponential Polynomials

To understand the functions computed by AExp® circuits, we will define ezponential poly-
nomials that, intuitively, generalize (multi-variate) polynomials by allowing terms of form
exp(-). Formally:
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» Definition 14 (exponential polynomial). Let R be an integral domain and d,m be integers,
d >0, m > 1. An m-variate R-coefficient exponential polynomial P(Z) of degree d is
defined as

P o (42) o (2) - s ().

where T = (x1,...,Zm) denotes the indeterminates, f;, g; and h; are m-variate polynomials
of degree d with coefficients from R.

The number of terms k is said to be the width of P(Z), {fi(Z)}icpw are said to be the
coefficient polynomials of P(Z), and {g;(Z)/hi(Z)}ick) are said to be the exponent fractions
of P(Z).

In this paper, we only use the special case where R = Z, i.e., integer-coefficient expo-
nential polynomials. Nevertheless, we will develop the elementary arithmetic of exponential
polynomials with respect to an arbitrary integral domain R for coefficients.

4.1 Basic Arithmetic Properties

We stress that an exponential polynomial should be considered as an abstract expression
rather than a function. In particular, exp(-) should be considered as a symbol instead of the
exponential function over R. For simplicity, we will also use the summation symbol > to
define an exponential polynomial, i.e.,

1 S ().

where the summation symbol is a shorthand of the k-term summation in Definition 14.

We first define the addition and multiplication of exponential polynomials. Let R be a
ring and P(Z), P'(Z) be R-coefficient exponential polynomials defined as

K’

P@ 2 Y f@er (1D), P2 Y e (4D). )

=1 i=1

We can naturally define the addition and multiplication of P(Z) and P’(Z) as
P(@) + P(Z éZflfexp<gzw>+Zf < é((?)) (2)
eSS e <gi<> 0 o <>>. o

=1 j=1

Next, we consider the arithmetic laws for exponential polynomials. As hinted at in the
definitions of addition and multiplication, both operations are commutative and associative,
and multiplication is distributive over addition. Moreover, it is implicit in the definition of
multiplication that exponentiation symbol satisfies

o (1) (1) - (2210,

Furthermore, we impose the following axiom that allows merging terms with the same

exponent fraction:

r@esn (50) + r@es (50) = @+ r@ e (50 )
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We say that P(Z) and P'(Z) are identical, denoted by P(Z) = P’'(Z), if they can be transformed
to each other using the arithmetic laws above.
We note that the following two exponential polynomials

2
R ~ x* —2x
@) = en ()i R =ew (55
z—2
are not identical as the division law is not allowed in the exponentiation symbol. This is
intentional as in the evaluation of AExp' circuits, we will only evaluate the circuit gate by
gate without trying to simplify the circuit using the division law.

4.2 Evaluation of Exponential Polynomials

Similar to standard multivariate polynomials, we can define the evaluation of exponential
polynomials that explains how to view such abstract expressions as functions. In particular,
we will introduce two definitions corresponding to the real evaluation model and algebraic
evaluation model of AExp' circuits.

Let P(Z) be an n-variate integer-coefficient exponential polynomial defined by the coeffi-
cient polynomials {f;};c(x) and exponent fractions {g;/h; }ic[)

Evaluation of Exponential Polynomials on Real Numbers. We can view P(Z) as a function
P(:) : R™ — R as follows. Given an input % € R™, the evaluation of P(Z) on the input @ is
defined as

P & 3 - (143)

where all the operators (i.e., additions, divisions, multiplications, and exponentiations) are
interpreted as corresponding functions in R. If for some ¢ € [k], h; (@) = 0, the exponential
polynomial is said to be undefined on @. The domain of P(Z) over R, denoted by domg(P),
is defined as domg(P) = {@ € R™ | hy(@) # 0 Vi € [k]}.

Evaluation of Exponential Polynomials on Finite Fields. Similar to the algebraic query
model for AExp! circuits, we require two finite fields for the computation under and over
exponents to define the evaluation of P over finite fields. Let p,q be two primes such
that ¢ | p — 1, and G4 be the multiplicative subgroup of Fy of order ¢g. Given inputs
i € Fp,v € Fy, and a € Gp 4, the evaluation of P on @ and 4, denoted by P, (4, ), is
deﬁned as:

'E[ 17 (Zf Clgl (¥)-(hi (7))~ " mod q) mod p.

Note that P, (i, ¥) is undefined, denoted by P, (u, ¥) = L, if h;(¥) mod ¢ = 0 for some i € [k].
The domain of P(Z) over (p,q,a) is defined as

dom, .0 (P()) £ {(,9) € Fj x T | h(i@) # 0 mod q Vi € [k]}.

» Proposition 15. Let P(Z) and P'(Z) be identical integer-coefficient exponential polynomials,
p, q be two primes such that q | p— 1. For any a in the multiplicative subgroup of F7 of order
q, we have that domy, 4 o(P) = dom,, , o(P’) and P,(u,v) = P,(u,v) for any @ € Fy,v € Fy.
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4.3 Condensation of Exponential Polynomials

Recall that two exponential polynomials are said to be identical if they can be transformed
to each other by arithmetic laws. As there is no division law for the exponent fractions, the
exponential polynomials

Pi(z) £ exp(z); Pa(z) £ exp (i—jﬂ)

are not considered to be the same polynomial. In particular, we can notice that domg(P;) #
domg(P,). Nevertheless, these two exponential polynomials as functions are essentially the
same over all but the input x = 2.

We now introduce the condensation of integer-coefficient exponential polynomials that
simplifies an exponential polynomial by merging terms with “essentially the same” exponent
fractions together, which will be useful in proving our main results.

Equivalent Exponential Fractions. Let P(Z) be a multi-variate integer-coefficient exponen-
tial polynomial of width &, {g;(Z)/hi(¥)}iefx) be the exponent fractions of P(&). Suppose
that for each i € [k], h; is not a zero polynomial. We define ~p to be the relation over [k]
such that

i~pg  iff gi(@)hy(F) — g;(2)hi(T) = 0.

Note that g;(Z)h;(Z) — ¢;(Z£)h;(Z£) = 0 means that it is a zero integer-coefficient polynomial,
or equivalently, g;(@)h ( i) — g;(@)h; ( i) = 0 for any ' € R.

» Lemma 16. Suppose that h;(Z) is not a zero polynomial for any i € [k], then ~p is an
equivalence relation over [k].

Condensation of Exponential Polynomials. Subsequently, we define a condensation P of
an exponential polynomial P as obtained by grouping the coefficient polynomials according
to the relation ~p. Formally:

» Definition 17 (Condensation of exponential polynomials). Let P(Z) be an integer-coefficient
exponential polynomial of degree d and width k, {f;(Z)}ick) be the coefficient polynomials of
P(Z), {g:(Z)/h;(Z)} be the exponent fractions of P(Z) such that h;(Z) is not a zero polynomial
for each i € [k]. Let m = {[i1]x, [i2]xs- - -, [ie]x } e the partition of [k] induced by ~p, and
1,...,1 be arbitrary representation elements. We say that 13(:1'0') is a condensation of P(Z)
if it is of form

P(7) £ F1(7) - exp (gg) e FA) - exp (Z((?))

fi(Z) is an integer-coefficient polynomial of degree at most d.

where F;(7) = Die|

1€[i5]x

» Definition 18 (Condensed exponential polynomials). Let P(Z) be an exponential polynomial
with exponent fractions {g;(Z)/hi(Z)}icp). P(Z) is a condensed exponential polynomial if
hi’s are not zero polynomials and g;(Z)h;(Z) # hi(Z)g;(Z) fori,j € [k] and i # j.

We stress that the condensation of an exponential polynomial is not unique as we can
choose the representative elements i1, ...,i; arbitrarily from their equivalent classes. The
following proposition shows that P may have a larger domain compared to P, but they agree
on the domain of P.
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» Proposition 19. Let P be a condensation of an integer-coefficient exponential polynomial P.
Then:
domg (P) C domg(P), and P, P agree on domg(P).
Let p, q be prime numbers such that ¢ | p— 1, G, 4 be the multiplicative subgroup of F7 of
order g, and a € Gy, 4. Then dom,, 4 o(P) C dom, ,.4(P), and P, P agree on dom, ,(P).

4.4 Structural Lemma for AExp' Circuits

Now we are ready to prove a structural lemma showing that AExp! circuits can be seen as
fractions of exponential polynomials.

For simplicity, we introduce the following notation. Let P, P’ be n-variate exponential
polynomials, we define domg(P/P’) be the set {& € domg(P) N domg(P’) | P'(d) # 0},
i.e., the domain of the fraction P(&)/P’(Z). Similarly, let p, ¢ be prime numbers such that
q|p—1, Gp4 be the multiplicative subgroup of F of order ¢, and a € Gy, 4, we define
dom,, ; (P/P’) as the set {& € dom,, 4 o(P) Ndom, , .(P’) | P'(&) # 0}.

» Lemma 20. For every n-input AExp® circuit C, there are n-variate integer-coefficient
exponential polynomials P(Z) and P'(Z) such that the following holds:
domg(C) = domg(P/P’), and for each @ € domg(C), C(@) = P(@)/P'(u).
Let p,q be prime numbers such that q | p— 1, Gp 4 be the multiplicative subgroup of Fy
of order g, and a € Gp 4. Then domp 4 .(C) = dom,, 4 o(P/P’) and for every (u,?v) €
dom,, ¢ 4(C), Cy(t, V) = Py(d,0) - Invy (P, (1, 7)) (mod p).
In particular, if C does not contain exponentiation gates, both P and P’ do mot contain the
ezponentiation symbol, i.e., P and P’ are integer-coefficient polynomials.

The proof is left to the full version of the paper.

4.5 Width, Degree, and Weight of Concrete Neural Network
Components

It is proved in Lemma 20 that any AExp! circuit can be transformed to an equivalent fraction
of exponential polynomials. We can therefore define the width, degree, and weight of an
AExp! circuit.

» Definition 21 (width, degree, and weight of AExp' circuits). An AExp® circuit C' is said
to have width k, degree d, and weight w if there are integer-coefficient degree-d width-k
exponential polynomials P(Z) and P'(Z) that satisfy both conditions in Lemma 20.

We note that the transformation in Lemma 20 may not be efficient — the width, degree,
and the bit-length of the integer coefficients may grow exponentially with respect to the size
of the circuit. Nevertheless, it can be verified that many neural network components can be
simulated by fractions of exponential polynomials with relatively small width, degree, and
coefficients. We refer readers to the full version for more discussions.

5 Algorithms for Identity Testing

Now we are ready to describe our identity testing algorithms in real and algebraic query
models. Indeed, our algorithms are essentially the same one: Randomly sample an input x
(in corresponding models) and check whether the circuit evaluates to zero or L on the input
Z. We will first prove the correctness of the algorithm in real query model (see Section 5.1),
and generalize the proof to the algebraic query models in subsequent subsections.
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5.1 Identity Testing in Real Query Model

Formally, the identity testing algorithm in real query model works as follows: Suppose that
C :R™ — R is an AExp' circuit of width k& and degree d, let B = 20dk? be sufficiently large
and S = {1,2,..., B}, the algorithm uniformly sample z1,zs,...,z, € S, and accept if
C(asl,...,xn) 75 0.

It is clear that the algorithm is perfectly complete, and the soundness can be formalized
as the following theorem.

» Theorem 22. Let C : R" — R be an AExp! circuit of width k and degree d that is not
identically zero on domg(C). Then for any non-empty finite subset S C Q, if £ € S™ is
sampled uniformly at random, Pr[C(T) € {0, L}] < 8dk?/|S|.

The key step for proving Theorem 22 is a necessary and sufficient condition for an
exponential polynomial P to be identically zero. Intuitively, if the exponent fractions
g1/h1, ..., gi/hy of P are pairwisely distinct, then P is identically zero on R™ if and only if
all coefficient polynomials f1,..., fi are all identically zero. Formally:

» Lemma 23. Let P:R™ — R be a condensed exponential polynomial of form

P(@) = gfi(f) e (#40).

where fi, gi, h; are integer-coefficient polynomials of total degree d and h;(Z) is not identically

zero on R™ for every i € [k]. Then the following statements are equivalent:

1. P is identically zero on domg(P);

2. Pr[P(%) € {0, L}] > 3dk?/|S| for ¥ € S™ sampled uniformly at random for any non-empty
finite subset S C Q.

3. For every i € [k], f; is identically zero on R™.

The proof is omitted; see the full version of the paper.
We are now ready to prove Theorem 22.

Proof of Theorem 22. Let C': R® — R be an AExp! circuit of width k and degree d that
is not identically zero on domg(C). Let S C Q be a non-empty finite set. Then by the
definition of degree and width of C, there are exponential polynomials P, P’ defined by

P(%) = Z fi(Z) - exp (iiii%) , P(z)4 Z f;(f) - exp (igié;) .

ie[k] J€E[k]

such that C(Z) = P(%)/P' (%) for every & € R", and for each i € [k], j € [k, fi, gi, hi, f}, 9, )

are integer-coefficient n-variate polynomials of total degree at most d.

Note that for each i € [k], j € [k], we have that h;(%), h};(Z) are not identically zero on R™.

This is because otherwise at least one of P(Z), P'(Z) is undefined on every Z € R", which
implies that domg(C) = &. Moreover, we know that P and P’ are not identically zero on
their domains, respectively, as otherwise C' must be identically zero on its domain.

Let P(&) be a condensation of P(Z). As P is not identically zero on its domain, we know
by Proposition 19 that I:’(f) is not identically zero on its domain. Consider the random
variable & € S™ sampled uniformly at random. We calculate the probability of the following
events:

Let £p be the event that P(&) ¢ {0, L}, i.e., P(&) is defined and P(Z) # 0. By Lemma 23,

we can see that Pr[€s] > 1 — 3dk?/|S].
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Let £, be the event that P(Z) is defined, i.e., h;(Z) # 0 for every i € [k]. Note that
Pr[h;(Z) = 0] < d/|S] for every fixed i € [k] by Lemma 11. By the union bound, we know
that Pr[€,] =1 —Pr[-€.] > 1 —dk/|S]|.

Let Ep be the event that P(Z) ¢ {0, L}. Notice that

Pr[é’p] = Pl‘[gp A\ EJ_] + Pr[fp AN _‘gj_} >1- 3dk2/‘5|,
where Pr[s A €] = Pr[€p] by Proposition 19 and Pr[€p A €] < Pr[=€.] < dk/|S|.
Therefore, Pr[€p] > 1 — 3dk?/|S| — dk/|S| > 1 — 4dk?/|S|.

Following the same argument, we can prove that Pr[P’(Z) ¢ {0, L}] > 1 — 4dk?/|S| over
uniformly random & € S™. It follows that

Pr[C(Z) € {0, L}] = Pr[P(Z) € {0, L} V P'(Z) € {0, L}]
< Pr[P(Z) € {0, L}] + Pr[P'(Z) € {0, L}] < 8dk?/|S)|.

This completes the proof. |

5.2 A Weak Descartes’ Rule over Finite Fields

» Theorem 24. Let p, g be prime numbers such that ¢ | p—1, g € F,, be an element of
order q, and G £ (g) be the unique multiplicative subgroup of F} of order q. Let k < g,
o1,...,a € Fy be distinct, and p1, ..., Bk € Fp. Then the univariate polynomial

f(2) & B12% 4 B2 4 - 4 Brz®*

1-1/(k—1)

has at most q roots in G.

The key idea of the proof (which follows from [5, 11]) is to find a low-degree polynomial
that has as many roots as f(z) in G. Let p,q be prime numbers such that ¢ | p — 1, and
G = (g) be the unique multiplicative subgroup of Fy of order ¢q. Formally:

» Proposition 25. Let c € {1,2,...,q — 1} and f.(2) be the polynomial
fe(2) S Bz mod g . Bz modq 4 ... 4 By 2% mod ¢_

Then the polynomials { f.(2)}ccq—1] have the same number of roots in G.

» Lemma 26 (Lemma 4.1 of [11]). For aq,...,a4, N € N and n < N/ged(ay, ..., N),
there is a ¢ € [n — 1] such that

N
; - dN} < —.
mlos omed N} < oy

Proof of Theorem 24. Fixp,q € N,g € F),, k, elements a1, ...,a, € Fgand f1,...,0; € Fp.
Let f.(z) € F,[z] be the univariate polynomial

fe(2) 2 Bz mod g Bz modq 4 ... 4 By 2% mod g

and f(z) = fi(z). Assume that a3 < ay < --- < ag. We may further assume without loss of
generality that ay = 0, as otherwise we can consider the polynomial f(z)/z*' that has the
same number of roots in G.

Let N £ gand n = ¢, we have ged(aw, . . ., ag, N) = 1 and thus n < N/ ged(ag, . .., ax, N).
By Lemma 26, there exists some ¢ € {1,2,...,q — 1} such that for every i € {2,3,...,k},

a;-cmod g < ¢t~/ 1),

which further implies that the polynomial f.(z) is of degree at most ¢~/ (*~=1)_ Subsequently,

fe(z) has at most ¢'~'/*=1 roots in G. This completes the proof as f(z) and f.(z) have
the same number of roots in G by Proposition 25. <
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5.3 Identity Testing in Algebraic Query Model

» Theorem 7. Let C : R™ — R be an AExp' circuit of width k, degree d and weight w, p and
q be prime numbers such that ¢ | p—1 and q > 2(kw)?. Let G, 4 be the unique multiplicative
subgroup of F, of order q. The following hold:
(Completeness). If C is identically zero on domg(C), then for every a € G, 4, Co(U, V) €
{0, L} for every (4, v) € Fy x Fy.
(Soundness). If C is not identically zero on domg(C), then for uniformly random
@ F2, 5 4 F2 a < Gpg, Pr(Co(d,7) ¢ {0,L}] > 1 — 8dk* - 71 — ¢~ V/(**-1),

We first prove two lemmas: Lemma 27 is used to prove the completeness property, and
Lemma 28 is used to prove the soundness property.

» Lemma 27. Let P be a condensation of an integer-coefficient exponential polynomial P. If
P is identically zero on domg(P) and domg(P) # @, then P is identically zero on domg(P).

The proof is omitted; see the full version of the paper.

» Lemma 28. Let p, q be prime numbers such that ¢ | p—1, Gp 4 be the unique multiplicative
subgroup of Fy, of order q. Let P be a condensed integer-coefficient exponential polynomial

=30 e ()

1€[k]

of degree d and width k. Suppose that for every i € [k|, fi(Z) is not identically zero on F,, and
hi(Z) is not identically zero on ¥y, then for (i, v, a) uniformly sampled from Fy x Fy x G 4,

Pr[P,(i,7) € {0, L}] < 3dk? . ¢~ ' 4 ¢~ /=),
The proof is similar to that of Lemma 23; see the full version of the paper.

Proof of Theorem 7. By the definition of width, degree of AExp circuits, there are exponen-
tial polynomials

-5 o0 (89). 0= 5 o (1)

i€[k] i€k

such that the following hold:
fir 9is his f1, g}, B, are d-degree polynomials with coefficients in [—w, w] N Z,
domg(C) = domg(P/P’), and C (@) = P(u)/P’ (@) for 4 € domg(C),
dom,, 4 ,(C) = dom,, 4 o(P/P’), and C,(4,0) = P(d, V) - Inv,(P'(4,7)) for any a € Gp 4
and (4, 7) € domy, .(C).

Proof of Completeness. Let C' be an AExp' circuit that is identically zero on domg(C).
We first prove that either P(Z) is identically zero on domg(P), or P’(Z) is identically zero
on domg(P’).

Towards a contradiction, we assume that P is not identically zero on domg(P) and P’
is not identically zero on domg(P’). Let S C Z be a set of size 30dk?. By Theorem 22, we
know that for ¥ € S™ sampled uniformly at random,

Pr[P(%) € {0, L}],Pr[P' (%) € {0, 1}] <

C»-’)\*-‘
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By the union bound, we know that for & € S™ sampled uniformly at random, with probability
at least 1/3, P(%), P'(Z) ¢ {0, L}. For any such & € S™, we have that ¥ € domg(C') and
C(Z) = P(Z)/P'(Z) # 0, which is impossible as C is identically zero on its domain.
Suppose that P(Z) is identically zero on domg(P), we know by Lemma 27 that the
condensation P(Z) of P(Z) is also identically zero on domg(P). Let k' be the width of P and

A P2 oxn [ @) )
gk;]fz( )-e p<ﬁi(f)>

By Lemma 23, we know that for every i € [k'], f;(Z) is identically zero on R”™, or equivalently,
fi(Z) is a zero polynomial. In that case, we must have f;(Z) =0 (mod p) for every p. This
implies that

7.7) 9:(v)
(4, V) Z fi(@) - exp (h(U)) e {0, 1}

i€[k’] v

Subsequently, P,(d, ) € {0, L} as P and P agree on dom,, 4 . (P) (see Proposition 19), which
further implies that C, (@, %) € {0, L}.

Similarly, if P’(Z) is identically zero on domg(P’), then P! (i, ¥) € {0, L}, which implies
that C, (@, ¥) = L. This concludes the completeness of the algorithm.

Proof of Soundness. Let R(Z) = P(Z) - P/(Z). It can be verified that it is an exponential
polynomial with width k2, degree 2d and weight w?. It follows that:
For any @ € R", C(Z) = P(Z)/P'(Z) € {0, L} if and only if R(Z) € {0, L}.
For any ¥ € Ty x F},d € Gp 4, Co(Z) = Pu(Z)/P, (%) € {0, L} if and only if R,(7) €
{0, L}.

Since C is not identically zero on domg(C), i.e., C(z) ¢ {0, L} for some & € R™, R is not
identically zero on domg(R). Let Rbe a Condensatlon of R. By Proposition 19, R is not
identically zero on domg (R).

Let {f/ }le[kz] be the coefficient polynomials of R, and {gi' /1] }icpr2) be the exponent
fractions of R. Note that h/ is non-zero for every i € [k?], as otherwise domR(R) @. By
Lemma 23, we know that f/’ is non-zero for some i € [k?] and, without loss of generality, we
may assume that f/’ is non-zero for every i € [k?].

It can be verified that the integer weights in h are within [—w? w?]. Moreover, the
integer weights in f/’ are within [—(kw)?, (kw)?], as each f!’ is a summation of at most k>
polynomials that have integer weights within [—w? w?]. As p > ¢ > 2(kw)?, we know that
for every i € [k?], f/" is not identically zero on F}! and hi is not identically zero on Fy.

Let & = (4, v) € Fj xFy and a € G} 4 be random variables sampled uniformly at random.
We calculate the probability of the following events:

Let €4 be the event that R(Z) ¢ {0, L}. By Lemma 28, Pr[€s] > 1 —6dk* /g — ¢~ /=1

Let SL be the event that hY (7) # 0 for every i € [k?]. For every fixed i € [k?], by Lemma 11,

Pr[n!(¥) = 0] < 2d/q. Then by the union bound, Pr[€,] =1 — Pr[~€,] > 1 — 2dk?/q.

Let Eg be the event that R(¥) ¢ {0, L}. Notice that

Pr(€s] = Pri€y AEL]+ Prl€s A—EL] > 1 —6dk* /g — ¢~/ 1),
where Pr[€; A E1] = Pr[€g] and Pr[€s A —€1] < 2dk?/q. Therefore,
Pr[€r] > 1—6dk*/q— ¢/ * =D —2dk? /g > 1 — 8dk*Jq — ¢ /1)
This completes the proof, as Cy (%) € {0, L} if and only if R, (%) € {0, L}. <
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