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—— Abstract

The relationship between classical and constructive logics has long been illuminated by a series

of conservation results, beginning with Kolmogorov’s negative translation and Glivenko’s double
negation theorem, and later extended by Kuroda and Segerberg to first-order and minimal logics
respectively. These results reveal how certain classical principles can be interpreted or recovered
within weaker constructive frameworks, either via translations or through minimal extensions that
satisfy specific logical properties. In this paper, we propose a unifying generalisation of these
conservation theorems, that consolidates and expands the abstract methods introduced in earlier
studies, offering a unified perspective on the interplay between classical provability and constructive
reasoning.
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1 Introduction

The relationship between classical and constructive logics has long been a central topic in
proof theory and the philosophy of mathematics. Various syntactic translations and logical
extensions have been developed to reconcile classical reasoning with constructive principles,
leading to a rich body of conservation theorems that clarify how much of classical logic can
be recovered within weaker, constructive systems. These conservation results typically rely
on the mechanism of double negation.

Negative translations have already been studied in the context of nuclei [48, 8] (see
Section 3.1), and have also proved useful in computer science [21], set theory [1], arithmetic
and analysis [44], ultimately contributing to applications like program extraction [40] and
proof mining [26]. Double negation over intuitionistic logic itself is a standard example of a
nucleus [2, 22, 25, 30, 39, 42, 43, 48]. Building on this observation, significant generalisations
of Glivenko’s theorem [18] were established in [12, 13, 10, 14], extending beyond propositional
logic to arbitrary sets equipped with consequence relations and replacing double negation
with arbitrary nuclei. These results subsume, as special cases, the classical theorems of Seger-
berg [41] and Kuroda [28], which concern the weakest extensions of minimal propositional
and intuitionistic predicate logic satisfying conservation. In [11], this approach was further
extended to the theory of negative translations, providing a unified framework that encom-
passes both Glivenko’s theorem and the classical negative translation results [47, 46, 15, 7]
by Kolmogorov [27], Godel [19], Gentzen [16], and Kuroda [28]. However, these two lines of
generalisation remained separate in those earlier works.
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The main contribution of the present article is to further generalise these results in two
key directions. First, the new approach simultaneously treats both the case of moving to an
extension of a logic (as in Segerberg’s claim and Kuroda’s use of the double negation shift)
and the case of applying a translation (as in the negative translations of Kolmogorov and
Kuroda). This unification broadens the applicability of the main theorem (Theorem 6) and
deepens our understanding of the interaction between classical and constructive logics under
various structural transformations. Second, unlike in the previous formulations [13, 11], we
do not assume that the function under consideration is a nucleus from the outset. Rather,
it suffices for it to behave as a nucleus only within the Glivenko extension itself, affording
greater flexibility and generality in the construction.!

In addition to this general conceptual unification, we show that several classical conser-
vation results — such as those of Kolmogorov, Segerberg, and others — can be derived as
particular instances of our main theorem, in suitably generalised forms. Furthermore, we ap-
ply the framework, and in particular its novel capacity to handle extensions and translations
simultaneously, to characterise the least logic for which Kuroda’s double negation theorem
holds, thereby clarifying the logical strength required for this form of translation.

Thus, this work not only consolidates and extends the abstract framework introduced
earlier but also provides a unified treatment that captures both extensions and translations
of logical systems within a single, comprehensive setting.

2 A brief account of conservation results

Classical logic adheres to the principles of the excluded middle and explosion. The former
asserts that every proposition must be either true or false (¢ V —), while the latter states
that from a contradiction, any proposition can be derived (L — ¢). In the early 20th century,
L. E. J. Brouwer [5, 6] criticised the principle of the excluded middle for its nonconstructive
nature: showing that the nonexistence of an object leads to a contradiction allows one to
conclude that the object exists, without explicitly constructing it. Rejecting the principle of
excluded middle, Brouwer introduced intuitionistic logic, later formalised by Kolmogorov [27],
Glivenko [17, 18], and Heyting [23]. Intuitionistic logic satisfies two key properties: the
existential property (if there exists an object satisfying a certain property, then we can
explicitly provide a witness) and the disjunction property (if a disjunction ¢ V 1) is provable,
then either ¢ is provable or v is provable).

2.1 Kolmogorov

In 1925, Andrey Kolmogorov published a seminal paper [27] aimed at clarifying the logical
foundations of intuitionism. Kolmogorov accepted the intuitionist critique of classical logic,
especially the rejection of the principle of the excluded middle. However, he went further
by also rejecting the principle of explosion, arguing that it lacks constructive meaning.
His reasoning was that deriving an arbitrary conclusion from a contradiction does not
correspond to constructing a proof of that conclusion, and hence explosion is epistemically
and constructively illegitimate. Kolmogorov described this more restricted logical system as
intuitionistic logic, but today it is known as minimal logic — a term introduced by Ingebrigt
Johansson in 1937 [24], likely independently of Kolmogorov’s earlier work.

L A comparison with [10] is necessary here, since that work established that being a nucleus is both a
necessary and sufficient condition for conservation, which may initially seem to conflict with the present
results. However, the earlier paper focused exclusively on the case without extensions, corresponding
precisely to our Corollary 14.
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Kolmogorov then introduced a key syntactic technique, now called the Kolmogorov
negative translation, which provides a faithful embedding of classical logic into minimal logic.
This translation K recursively transforms any formula ¢ by double negating atomic formulae
and systematically wrapping all logical connectives and quantifiers in double negations. By
adopting more modern conventions, we can write it as follows:

K(p) ==y, if  atomic,
K(p1 % p2) := (K (p1) * K(p2)), if x€{A,V,—},
K(Qz o) := —Qz K(yp), if Q € {v,3}.

Kolmogorov’s negative translation theorem asserts that ¢ and K () are classically equivalent,
and that ¢ is provable in classical logic if and only if K(y) is provable in minimal logic.

Kolmogorov viewed minimal logic as the true logic of mathematical construction, while
classical principles like excluded middle and explosion correspond to what he called pseudo-
truths: a formula ¢ is a pseudotruth if its translation K(¢) is provable in minimal logic.
These pseudotruths behave like truths within classical reasoning but do not reflect genuine
constructive knowledge. According to Kolmogorov, the reason classical reasoning avoids
contradictions is that it operates on pseudotruths rather than actual constructive proofs.
This radical yet elegant perspective anticipated much later developments in proof theory,
realisability, and constructive mathematics.

2.2 Glivenko

In 1928-1929, Valery Glivenko published two brief but influential notes [17, 18], written
largely in response to criticisms directed at intuitionistic logic by Marcel Barzin and Alfred
Errera [4]. Barzin and Errera had misunderstood Brouwer’s position, suggesting that
intuitionism implied the existence of a “third” truth value — something neither true nor false
— for statements whose truth had not yet been established.?

Glivenko set out to clarify this misconception and, in doing so, gave the first formal
presentation of intuitionistic logic that included the principle of explosion. He proved that
the principle of excluded middle, ¢ V =, is not refutable in intuitionistic logic; indeed, one
can prove =—(p V —p). This shows that intuitionism does not deny the excluded middle
outright, but merely refuses to assert it in the absence of a constructive proof. In this sense,
the law of excluded middle behaves like the parallel postulate in geometry: it is independent
of the other axioms, neither provable nor disprovable without additional assumptions. Thus,
Glivenko’s analysis refuted the idea that intuitionistic logic admits a “third” logical value.

In the course of this work, Glivenko also established two results that would later be
known collectively as Glivenko’s theorem. First, he showed that if a propositional formula is
provable in classical logic, then its double negation is provable in intuitionistic logic. Second,
he proved that a negated propositional formula is intuitionistically provable if and only if it
is classically provable.

2.3 Godel and Gentzen

In 1933, Kurt Godel and Gerhard Gentzen independently introduced negative translations
embedding classical arithmetic into intuitionistic arithmetic [19, 16], apparently unaware of
Kolmogorov’s earlier work. Although Gentzen completed his manuscript that same year,

2 For a more detailed history of the Barzin—Errera controversy, we refer to [45].
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he withdrew it during the galley proof stage upon learning of Gédel’s result. Gentzen’s
translation G inserts double negations in front of atomic formulae, disjunctions, and existential
quantifiers, and just propagates through the other constructions, i.e.,

G(p) == —p, if ¢ atomic,
G(p1 * p2) = G(p1) * Glep2), if x € {A, =},
Gl V ¢2) = —(Glp1) V Gl2)),
G(Vx @) :=Vz G(p),
G(3z @) := ——Jz G(p).

and behaves like Kolmogorov’s elsewhere. His negative translation theorem states that a
formula ¢ is classically provable if and only if G(p) is provable in intuitionistic logic, and
that ¢ and G(ip) are classically equivalent. Godel’s variant G placed double negation also in
front of implications:

G'(p1 = p2) = ==(G'(p1) = G'(2)),

thus occupying a middle ground between Kolmogorov’s and Gentzen’s schemes. His result
asserts that ¢ is provable classically if and only if G(p) is provable in intuitionistic logic.
Although Godel’s and Gentzen’s translations are distinct in their original form, they are often
conflated under the term Gddel-Gentzen negative translation [46, 15], typically referring to
Gentzen’s version. It is also well known that, over minimal logic, the translations K, G, and
G’ are pairwise equivalent [15]: for every formula ¢, we have b K(p) < G(¢) < G'(p).

Moreover, an important contribution of both Godel and Gentzen is that their negative
translations extend beyond logic to full arithmetic. In fact, already Kolmogorov had recognised
the possibility of applying this approach to mathematical theories, not just logical formulae,
thereby laying the groundwork for later developments in constructive interpretations of
classical mathematics.

2.4 Kuroda

In 1951, Sigekatu Kuroda published a summary [28] presenting results from his earlier
Japanese works. Kuroda introduced a novel negative translation and used it to generalise
Glivenko’s theorem from propositional to first-order predicate logic. He observed that
Glivenko’s original double negation result holds in predicate logic only for formulae free of
universal quantifiers, but more generally, one obtains a conservation result by applying a
translation now known as the Kuroda negative translation. This translation inserts double
negations not only in front of the whole formula but also inside every occurrence of the
universal quantifier within it. More precisely, we can write Kuroda’s negative translation as
——J, where J is defined as:

J(p) = o, if ¢ atomic,
J(p1#pa) = J(p1) % J(p2), ifx € {A,V, =},
J(3z ) =Tz J(p),
J(Vx @) = Va -—J ().
Similar to Kolmogorov’s, Kuroda’s Negative Translation Theorem asserts that ¢ and ——J(¢)

are classically equivalent, and that ¢ is provable in classical logic if and only if =—J(¢) is
provable in intuitionistic logic.?

3 Unlike Kolmogorov’s translation, Kuroda’s original translation does not apply to minimal logic. A
modified version suitable for minimal logic was introduced by Chetan Murthy in 1990 [29] and is
sometimes referred to as the minimal Kuroda negative translation [48, 15].
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Kuroda further isolated a key principle needed to lift Glivenko’s result to the predicate
level: the double negation shift for universal quantification, Vo —=—p(x) — —-—Vzp(z), a
principle that intuitionistic predicate logic does not validate. Assuming this shift, he showed
that classical provability of a formula entails the intuitionistic provability of its ordinary
double negation — that is, of the same ——-translation used in Glivenko’s original theorem and
not Kuroda’s own =—J (). In Kuroda’s terminology, a formula is then “free of contradiction”
exactly when its double negation is intuitionistically derivable, echoing Kolmogorov’s notion

of pseudotruth.

2.5 Segerberg

In 1968, Krister Segerberg [41] introduced what is now called Glivenko’s logic, originally
denoted JP’. He defined it as minimal propositional logic extended by the double negation
of the principle of explosion, =—(L — ¢). Segerberg also asserted* that JP’ is the weakest
logic L satisfying Glivenko’s theorem: a formula ¢ is provable in classical logic if and only
if == is provable in L. This establishes Glivenko’s logic as a foundational system with
distinctive structural properties.

The Glivenko logic offers a novel treatment of falsity and negation, presenting a com-
promise between intuitionistic logic and minimal logic. It rejects the principle of explosion,
aligning with the constructive nature of minimal logic, while simultaneously refusing to
outright negate the principle whenever falsity is unprovable. This ensures weak but crucial
consistency: not everything becomes provable. As such, the Glivenko logic strikes a balance
that is both philosophically compelling and potentially foundational for alternative reasoning
frameworks.

The characterisation of the Glivenko logic as the weakest logic satisfying Glivenko’s
theorem underscores its remarkable strength. By enabling classical reasoning to operate
under specific constraints, particularly in proofs of negated formulae, it provides a refined
framework for integrating classical and constructive methods. This duality enhances its
philosophical and technical relevance.

After its introduction in 1968, the Glivenko logic received limited attention. Beyond
Segerberg’s foundational paper, only two brief notes in the early 1970s [49, 20] touched upon
the topic, after which it vanished from the literature for nearly three decades, until it was
revived by Odintsov, mainly for technical purposes [35].

The study of the Glivenko logic becomes significantly more intricate when extended
to predicate logic. Combining insights from Kuroda and Segerberg shows that, to obtain
the Glivenko predicate logic — the minimal extension of minimal predicate logic for which
Glivenko’s theorem holds — one must incorporate both the double negation of explosion and
the double negation shift. As a result, this logic is incomparable with intuitionistic predicate
logic: it is neither weaker nor stronger, but rather a distinct intermediate logic lying strictly
between minimal and classical predicate logics [3].

3 Entailment relations

Let S be a set and Fin(S) be the set of finite subsets of S. Intuitively, the elements of
S are formula-like objects. By “U > b” we mean the element (U, b) of Fin(S) x S. Given
L C Fin(S) x S, we write “L - U > b” in place of (U,b) € L. We often omit “L F” if it is
clear from the context.

4 Segerberg did not provide a proof or citation for this claim. A rigorous proof was given only decades
later by Odintsov [35].
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Table 1 Properties of functions.

Property Rule Equivalent axiom
4 U, fla)>b L )
. " s 77 >
idempotency U, fz(a) 5b f*(a) > f(a)
progressive Uat> f(b) Lf (none)
monotonicity U, f(a) > f(b)
Uar>b
tabilit ——Lf* >
stability U f(a) o b ! fla)>a
Ur f(a)
infl ti it ———Rf > 2
inflationarity U f2 (a) f(a) > f*(a)
. Ura
expansivity m Rf at> f(a)

A (single-conclusion) entailment relation is a relation L C Fin(S) x S such that

U>b U>a a,V>b
—Reﬂ ———  Mono Trans
Ua>a UVi>b UV>b

W

where the comma “,” is used as a shorthand for union, and a lowercase letter on the left-hand
side represents a singleton. These three are the structural rules of reflexivity, monotonicity
(or weakening) and transitivity (or cut), respectively. Using finite sets as contexts, also gives
us contraction for free.

Quite often an entailment relation L is inductively generated from a given set R of rules
by closing up with respect to the structural rules above. These non-structural rules have
the form

r
U>b or, more compactly, U>b

for a finite or countable I. Countable premisses are required, for example, when working
with infinitary logic [3, 10, 11]. We call azioms the rules with no premiss, i.e. of the form

T
Urb

If L is inductively generated by a set R of rules, we write L = (R).
By an extension L’ of an entailment relation L we mean an entailment relation such that
LCL IfL=(R)and L' = (R,R'), we say that L is an inductive extension of L.

3.1 Properties of functions

Throughout this subsection, let L be an entailment relation on S. In particular, the structural
rules of reflexivity, monotonicity and transitivity are always assumed.

Let f: S — S be a function (intuitively represents a formula translation) and let m € N.
Consider the properties and their rule correspondents presented in Figure 1. Each property,

except progressive monotonicity, can be formalised as a rule, or equivalently as an axiom.”

% The conversion is carried out following the method outlined in [34, §6.3].
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This is crucial: if any of these properties holds in L, then it is preserved in every inductive
extension L’ of L, since derivability of the corresponding axiom is inherited by inductive
extensions. In contrast, progressive monotonicity corresponds to a non-axiomatic rule; in
particular, it is not automatically inherited by every inductive extension in the present
setting [10].

» Remark 1. It is immediate to see that:

1. stability = progressive monotonicity = idempotency,

2. expansivity = inflationarity.

Given a rule

{U¢\>bi:i€f}
r
U>b ,

we define its Glivenko f-variant ry by putting f in front of every consequent, and its
Kolmogorov f, m-variant r* by putting f™ in front of every element:

{Ui> fbiriel} Ui e ly
T T
U fb 7 U > f™b s

where f™U := {f™(b): b€ U}. If m = 1, then we just call it the Kolmogorov f-variant. Given
a set of rules R, we use the obvious notations Ry := {ry: 7 € R} and R} := {r}': 7 € R}.
If L = (R), we define

its Kleisli f-extension Kleisliy(L) by
Kleislif(L) := {(U,a): L+ U & f(a)},
its f, m-lifting Lift’}" by
Lift3" (L) := {(U,a): L f™(U) > f™(a)},
its Glivenko f-extension Glivy(L) as
Glivy(L) :== (R, Ry,Lf,Rf),
its Kolmaogorov f, m-extension Kol}" as
Kol (L) := (R, R, Lf ™, Rf ™),
its stable (or mazimum) f-extension Maxy(L) as
Max (L) := (R, Lf*,Rf).

It is clear by definition that Gliv(L), Kol}'(L), and Max; (L) are inductive extensions of L,
while Kleisli; (L) and Lift’'(L) are not.

CSL 2026
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These new structures are defined using the set of generating rules R of the original
structure. However, they are in fact independent of the particular choice of generating rules.
Indeed, it is straightforward to show that if a rule r is derivable from R, then its variant 7
is derivable from Ry U {Lf,Rf} and its variant r" is derivable from R

» Lemma 2. Let L := (R). For every r € R and every m € N, the rule r{* is admissible in
Lift} Kol (L).

Proof. By definition of Lift}c Kol} (L), we have that 7} is admissible in Lift}c Kol} (L) if and
only if r}"‘“ is admissible in Kol} (L). By a straightforward proof by induction using L f~
and Rf~, the latter condition is show to be equivalent to admissibility of r} in Kol} (L),

which holds by definition. |

Now consider two functions j, k: S — S. We say that

j is a nucleus in L if it is expansive and progressively monotone in L.
j is a stable nucleus in L if it is expansive and stable in L.

k is j-homogeneous in L if
1. kis a nucleus in Max;(L), and
2. jis a stable nucleus in Lift, (L);

k is a j-translation from Max;(L) to L if
1. kis a nucleus in Max; (L), and
2. Max;(L) C Lifty(L).

» Remark 3. It is immediate to see that:

1. Every function j is a nucleus in Gliv;(L) and a stable nucleus in Max;(L).
2. If j is a stable nucleus in L, then it is a nucleus in L.

3. If k is a j-translation from Max;(L) to L, then it is j-homogeneous in L.

3.2 Minimal logic

Our motivational example is minimal predicate logic Min, which is an entailment relation
on the set Frm of formulae in the first-order predicate language. To distinguish it from
the general abstract case, we use lowercase Greek letters for formulae and uppercase Greek
letters for sets of formulae. Its set M of generating rules is shown in Figure 1.

We then have the constant L, which has no rule, and we introduce the abbreviation:

= — L.

Upon minimal logic, we construct
intuitionistic predicate logic Int by adding the following to the set of generating rules:

—L1
1, I'>6
the Glivenko predicate logic Gli by adding the following to the set of generating rules:

——  DNX DNS
> (L = p) Vo ——p > 2—Va @

classical predicate logic Cla by adding the following to the set of generating rules:

Io>0 n
I=—p>d , or, equivalently, ——p> @

It is clear that the stable ——-extension of Min is just classical predicate logic Cla.
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RT
>T
T, >d T, >4 I'> g
Y1 $2 Ly ¥ Rv;
T, Va6 L'V (1 € {1,2})
o1, 00> 0 I'> '
$1, P2 LA Y1 P2 RA
o1 Apa> 6 ' o1 Ao
e Thy>o o>y
L— —— R~
e—=yvp>o 'se—vy
L oly/a =6 I L
,3zp>6 (y fresh) F'e>dze
Loolt/2]>0 I'> oly/]
I\Vrxep>6 I'>Vze (y fresh)

Figure 1 The set M of rules generating Min.

By the propositional fragment of a logic, we mean the subsystem obtained by omitting all
quantifiers and the corresponding inference rules from its predicate version.

The main example — and our motivating example — of a nucleus in Min is double negation
==, also known as the Glivenko nucleus [15, 48, 13, 11]. The proof that —— forms a nucleus
is straightforward and well-known, so we omit it. Consequently, we can freely use the rules
L—-- and R—— in Min.

Let us recall the following lemma, which will be useful later:

» Lemma 4. Over Min, DNX is equivalent to either of the following two formulations of
DNS,,:

© = > (= 1Y), or, equivalently, = ) > (= P).

Proof. This fact is known in the literature. For the sake of completeness, we include a proof
in Appendix A. <

4  Conservation

» Proposition 5. Let L := (R), j: S — S, L' := (R,R') such that all rules in R' are
derivable in Max;(L), and let k: S — S be j-homogeneous in L. Then

1. Max;(L") = Max;(L).

2. k is j-homogeneous in L.

3. Lifty (L) C Max;(L);

4. Kleisli; (L") € Max;(L).

Proof.

1. While Max;(L’) D Max; (L) is trivial, we also have Max; (L") C Max; (L) since all rules
in the inductive definition of Max;(L') are derivable in Max;(L).

2. Straightforward.

19:9
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L —— Kol (L) L' Max; (L)
Lift; (L) — Lift; Kol (L) == Lift; (L') == Lift; Max; (L)

Figure 2 The situation of Theorem 6.

3. We have:
Lift, (L) F U > b .
- U)o k(D) definition
L' C Max; (L)

Max;(L) - k(U) & k(b)
Max; (L) F U > b

()

where (*) denotes subsequent applications of Trans with multiple instances of expansivity
and stability. This is justified by the fact that j is a nucleus in Max;(L") = Max; (L)
since k is j-homogeneous in L.

4. Analogous. <

» Theorem 6 (Conservation). Let L := (R), j: S — S, L' := (R, R’) such that all rules in
R’ are derivable in Max;(L), and let k: S — S be j-homogeneous in L. Then the following
are equivalent:

(a) Lift (L") D Max;(L), i.e. k is a j-translation from Max;(L) to L';

(b) all rules in RUR’' are admissible in Lift,(L');

(c) Kolj(L)C L.

Proof.

[(a)=-(b).] By (a) and Proposition 5, we have Lift; (L) = Max;(L) = Max,(L’). Then (c)
directly follows from the definition of Max;(L’").

[(b)=>(a).] Suppose that Max; (L) - U t> b. We show that Lift;(L’) - U > b by induction
on the derivation of the former: the cases involving structural rules are trivial; the cases
Lj* and Rj are tantamount to j being a stable nucleus in Lift; (L’), which is the case
since k is j-homogeneous in L’; lastly consider the case r € R

Max;(L) - U; > b; L

i.h.
(Uisb:i eI} Lifty (L) - U; > by
Urb T, is converted into Lifty (L) F U > b

[(a)&(b)=(c).] We show that every rule generating Kol (L) is admissible in L’: every
r € R is admissible in L’ by definition; by (b), we have that every r € R is admissible in
Lift;, (L), which means that r} is admissible in L'; (the axioms corresponding to) Lk~
and Rk~ are derivable in L’ as a direct consequence of the fact that k is a nucleus in
Lifty (L) by (a).

[(c)=(a).] By Lemma 2, condition (b) is fulfilled by Kol; (L) when we take Kol} (L) as
the instance of L'. We have already established (b)=-(a), which gives Max;(L) C
Lift; (Kol (L)). On the other hand, from (c) we get Lift;,(Kolj (L)) C Lifty(L'). By
transitivity of C, we conclude Max, (L) C Lift,, (L'). <

The situation of this theorem is represented in Figure 2.



G. Fellin 19:11

5 From the abstract to the concrete

We now show that generalised versions of all conservation results mentioned in Section 2
follow from our main theorem. Negative translation theorems — such as those by Kolmogorov,
Godel, Gentzen, and Kuroda — arise as direct applications of the main theorem in the
special case where L = L. Minimality theorems — such as those by Kuroda and Segerberg —
correspond to the case where k = j. Glivenko’s theorem emerges as the most constrained
instance, where both L = L’ and k = j. Finally, we apply the full generality of our main
theorem, without these simplifications, to refine Kuroda’s negative translation theorem by
characterising the least logic for which it holds.

5.1 Translation theorems in the vein of Kolmogorov and Gentzen

» Corollary 7. Let L :=(R) and j: S — S. Now let k: S — S be j-homogeneous. Then the
following are equivalent:

(a) Lifty (L) D Max;(L), i.e. k is a j-translation from Max;(L) to L;

(b) all rules in R are admissible in Lifty(L);

(c) Kolj(L) C L.

Proof. This is just Theorem 6 with L = L. |

This corollary is a version of [11, Theorem 3.13] that does not require j to be a nucleus
already in L, and it can be regarded as an abstract version of Kolmogorov’s negative
translation theorem [27], as we are going to show. Proving Kolmogorov’s theorem from our
general result requires only some technical checks — somewhat lengthy due to the number of
cases in the inductive definitions involved, but conceptually straightforward.

Let us interpret L as minimal predicate logic Min, and let j be double negation ——.
For k, we consider two functions side by side: K, corresponding to Kolmogorov’s negative
translation, and G, corresponding to Gentzen’s negative translation:

K(p) = -, G(p) =, if ¢ atomic,
K(p1 % p2) = (K(p1) * K(p2)),  Glpr*p2) := Glp1) * Glp2), if x € {A, =},
K(p1Vp2) := (K (p1) V K(pa)), Glp1Va) :=—(Glp1) V Glp2)),

K(Vz ) := ——Vz K(p), G(Vz ) :=Vz G(yp),
K3z p) = -2 K(p), G(3z ) := -3z G(p).

» Lemma 8. K and G are ~—-homogeneous in Min.

Proof. It can be shown that K and G are nuclei in Cla = Max__(Min) by an easy induction
argument, using the fact that —— is a stable nucleus in this extension and can therefore be
“freely added and removed”.
We now need to show that —— is a stable nucleus Lift; (Min) in both cases k = K and
k = G. To do that, we prove by induction on the shape of ¢ that Lift,lc(Min) F == > o,
which amounts to Min - ——k(¢) > k(¢):
If k = K or ¢ is either atomic, a disjunction, or existential, then k(yp) := ——¢’ for
some ¢’. This case then reduces to Min - ————¢' > =—¢’, which is well-known.
Suppose that £k = G and ¢ := a A . By the induction hypothesis, we have Min F
-—G(a) > G(a) and Min F —-—G(8) > G(B). From these, we get Min + ——G(a) A
-=G(8) > G(a) A G(B). Moreover, since Min - —-—(G(a) A G(8)) > —G(a) A =—G(8),
by transitivity we obtain the desired conclusion.
The cases ¢ := a —  and ¢ := Vr « are handled in a similar manner by applying the
induction hypothesis and standard properties of ——. <
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» Lemma 9. Kol (Min) C Min, where k is either K or G.

Proof. One needs to prove that all rules generating Kol (Min) are already admissible in
Min. This is technical but straightforward; the details are provided in Appendix A. <

We can now retrieve Kolmogorov’s and Gentzen’s negative translation theorems. Gentzen
originally proved that G is a ——-translation from Cla into Int. However, we can give a
slightly stronger result, showing that it is also a ——-translation from Cla into Min:

» Proposition 10.
Kolmogorov’s negative translation theorem [27]:
The function K is a ~—-translation from Cla into Min.
Gentzen’s negative translation theorem [16]:
The function G is a =—-translation from Cla into Min.

Proof. Let k be either K or G. Since k is =—-homogeneous by Lemma 8, we can apply
Corollary 7. Moreover, item (d) of that corollary holds by Lemma 9; hence we obtain item (a),
which gives the desired conclusion. |

Analogously, our result can also be used to derive other negative translation theorems, such
as those established by Godel [19] and Kuroda [28], which we introduced in Subsections 2.3
2.4. Notice that many negative translation theorems were originally formulated and proved
over intuitionistic logic rather than minimal logic. As we have shown, some translations —
such as Gentzen’s — can indeed be pushed down to the minimal setting, but this is not true
in general. In Subsection 5.4, we apply our main result, Theorem 6, to identify the least
logic for which Kuroda’s negative translation theorem holds, and we show that this logic
properly extends minimal logic.

5.2 Minimality results a la Kuroda—Segerberg
» Corollary 11. LetL := (R), j: S — S, L' :== (R, R') such that all rules in R’ are derivable

in Max;(L) and j is a nucleus in L'. Then the following are equivalent:
(a) Kleisli; (L") D Max;(L), i.e. j is a j-translation from Max;(L') to L';
(b) all rules in R UR' are admissible in Kleisli; (L');

(c) Gliv;(L) C L.

Proof. Let L” := (R,Lj,Rj). First, we observe that, j is a nucleus in L”, and thus
L'+ U ja < L"FjU ja. (%)

In fact, the “=" direction corresponds simply to Lj, while the “<” direction follows from
repeated applications of transitivity using the instances u > ju for each v € U. This directly
entails Kleisli; (L") = Lift;(L"”). On the other hand, direct consequences of () also include
that, over the rules of L”| rules r; and 7"]1- are equiadmissible, and also that j is a nucleus
in Kol}(L”). These two observations mean that Kol}(L”) = Glivj(L"”). On the other hand,
it is clear that Gliv;(L"”) = Gliv;(L). The claim now follows from Theorem 6 upon taking
k = j and substituting L” for L. <

This corollary is a version of [11, Theorem 3.5]% that only requires j to be a nucleus
in L’ (and not in L), and can be regarded as an abstract formulation of several classical-to-
constructive conservation results, including Kuroda’s conservation theorem [28] (based on

6 The original formulation appears in [13, Corollary 3.11], where it was derived as a corollary of Theorem 3.8
(corresponding here to Corollary 14).
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intuitionistic predicate logic) and Segerberg’s claim [41, 35] (based on minimal propositional
logic); see also Subsections 2.4 and 2.5. We now prove a version that simultaneously
encompasses both, starting from minimal predicate logic.

First, we need a lemma:
» Lemma 12. Gli = Gliv__(Min).

Proof. Let us start with the inclusion Gli C Gliv__(Min). We need to show that both
DNX and DNS are derivable in Gliv__,(Min).

Since -—L and L are equivalent in Min, we have ==L > =—=p. By applying the rule
R— -, which is available in Gliv__(Min), we conclude > ——(L — ¢).

From ——p[y/x] >y /z], we apply LV to obtain V& =—p>——¢[y/x]. Then, by applying
RV_-, which is available in Gliv_-(Min), we conclude V& ——p > =—Vz ¢.

For the direction Gli O Gliv_-(Min), it suffices to show that all rules generating
Gliv_—(Min) are admissible in Gli. Again, this is technical but straightforward; details are
provided in Appendix A. <

» Proposition 13. Let L’ be an inductive extension of Min such that all rules generating it
are derivable in Cla. Then the following are equivalent:

a) Kleisli;(L') D Cla, i.e. =— is a ~—-translation from Cla to L’;
J
(b) GliC L.

Proof. Provided that Gli = Gliv.(Min) (Lemma 12), the claim is exactly an instance of
Corollary 11. <

5.3 Glivenko’s theorem

» Corollary 14. Let L :=(R), j: S — S, such that j is a nucleus in L. Then the following
are equivalent:

(a) Kleisli;(L) 2 Max;(L), i.e. j is a j-translation from Max;(L) to L;
(b) all rules in R are admissible in Kleisli;(L);
(c) Gliv;(L) C L.

Proof. This is Corollary 11 with L = L’. Alternatively, it can also be deduced from
Corollary 7 using the same strategy adopted in the proof of Corollary 11. <

This corollary is corresponds to [13, Theorem 3.8], and can be seen as an abstract
formulation of Glivenko’s theorem [18].

» Proposition 15 (Glivenko [18]). In propositional logic, Cla - T' = ¢ if and only if
Int T = .

Proof. Let us interpret L as intuitionistic propositional logic Int and j as double negation
——. It is straightforward to verify that DNX is derivable in Int. Consequently, the Glivenko
extension Gliv__ (Int) — that is, intuitionistic logic augmented with DNX — coincides with Int
itself. Then the claim follows from Corollary 14. |
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5.4 Kuroda’s negative translation theorem with minimality

In this subsection, we want to apply our results to describe the least logic for which Kuroda’s
double negation theorem holds. Consider Min, and define

J(p) = if ¢ atomic,
J(p1*p2) = (</71) «J(p2), ifx€{AV, =},
J(3z @) =3 J(p),
J(Va @) := xﬁﬂJ( )

It is easy to see that ——J is =—-homogeneous in Min. Let us define Kur, by adding the
following to the set of generating rules of Min:
IO, (@) e W)
() B~ (= 1) o

» Lemma 16. Kol!_;(Min) C Kur.

Proof. It suffices to prove that all rules generating Kol® _ 7(Min) are admissible in Kur.
Again, this is technical but straightforward; the details are provided in Appendix A. <

» Proposition 17. Let L be an inductive extension of Min such that all its generating rules
are derivable in Cla. Then the following are equivalent:

(a) ——J is a —=—-translation from Cla to L;

(b) Kur C L.

Proof. We clearly have Kur C Koll ;s(Min). Since also the other inclusion holds by
Lemma 16, the two logics in fact coincide. The desired result then follows from Theorem 6. <

In the final part of this section, we aim to show that Kur is distinct from the other logics
introduced so far. Clearly, we have Min C Kur, but we now show that this inclusion is
strict. Consider a quantifier-free formula ¢. Then, by the definition of J, we have J(¢) := ¢.
Observe that in Min we can easily derive:

> 2~(L = ),

Now, working in Kur, from the latter sequent we obtain

by an application of the rule R—? _ ;, which is applicable since J(p) := ¢ and J(L) := L.
Then, by cutting this with the former sequent, we conclude:

> —=(L = ),

that is, the double negation of explosion holds for quantifier-free formulae in Kur, which is
not the case in Min [41, 36]. Therefore, Min C Kur. Next, we show that the (unrestricted)
double negation of explosion ——(L — ¢) is strictly stronger than the rule R—!_ ;. Suppose
the premiss of the rule R—!_; is derivable; that is,

—=J(), ==J () > == J (¥).
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By applying the rule R—, we obtain:
—~=J () B> ==J(p) = ==J ().

On the other hand, from the double negation of explosion we can derive by Lemma 4:
2J(p) = 2 () B> o= (e = ).

By cutting these two sequents, we obtain the conclusion of the rule R—)LﬁJ, as required.
Since the double negation of explosion is derivable both in Int and in Gli, it follows that
both inclusions Kur C Int and Kur C Gli hold. As Int and Gli are incomparable, it
follows that both these inclusions are strict as well. Thus, we have established that Kur is
indeed distinct from all the other logics considered so far, as claimed.

The present discussion is intended only as an initial analysis: we identify Kur as the
minimal logic validating Kuroda’s negative translation theorem and show that it is not
reducible to any previously considered system. Further comparative questions — for example
its precise relation to Gli N Int — are left for future investigation.

6 Final remarks

In this note, we have unified and extended previous generalisations of Glivenko’s theorem
by providing an abstract framework capable of simultaneously treating both extensions and
translations of logical systems. Our approach relaxes prior assumptions by requiring the
nucleus property only in the Glivenko extension, thereby broadening the applicability and
flexibility of the framework. This generalisation subsumes and connects classical results such
as those by Glivenko, Kolmogorov, Kuroda, and Segerberg in a single, comprehensive setting.
In this respect, our framework resonates strongly with Fred Richman’s [38, 37] conception of
intuitionistic logic as a generalisation of classical logic. First, conservation theorems show
that classical results can be translated into constructive logic, supporting Richman’s claim
that classical and constructive mathematics need not be developed as separate, incompatible
enterprises but rather as facets of a unified mathematical practice. Second, by treating
translations and extensions in a fully abstract manner, our approach reflects the same
structural flexibility that, in Richman’s view, enables intuitionistic mathematics to include
classical theorems as special cases while preserving their constructive content.

An interesting direction for future work would be to investigate whether this abstract
approach can be further extended to encompass Orevkov’s results [36]. In 1968, Vladimir
Orevkov established a series of conservativity theorems concerning classical logic over intu-
itionistic and minimal first-order logics with equality. Notably, he identified seven distinct
classes of single-succedent sequents — the so-called Glivenko sequent classes — characterised
syntactically by the absence of positive or negative occurrences of certain logical symbols
in a first-order language with equality. Orevkov showed that within these classes, classical
derivability implies intuitionistic derivability, and that these classes are optimal in the sense
that any collection of sequents enjoying this conservativity property is contained within one
of the seven classes.

In recent years, simplified proofs of conservativity for some of Orevkov’s Glivenko classes
have been developed. For instance, Sara Negri [31] provided a remarkably concise, purely
logical proof for the first Glivenko class for coherent theories using G3-style sequent calculi.
This was subsequently extended to geometric theories [32] and then further generalised to
cover all seven Glivenko sequent classes [33, 9]. It would be worthwhile to explore whether
the abstract, nucleus-based approach presented in this work could be adapted to provide a
uniform account of these sequent-level conservativity results as well.
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A  Technical proof details

Proof of Lemma 4. As for DNS_, — DNX:

—  Refl
L,mp> L
—J_ > R—
? R DNS_,
> 1L = - L= > (L =)
Trans
> (L = )

As for DNX — DNS_,:

PRI
Re id R
P, L> L Y>> =Y
L—
mp : Y, o(p—=Y)> L
po oo (= P) >y -, o= P> L L
= 7, o > ) o = oh (e = ) > L
R— R—

Trans

o = =Y > (9 = P)

where m.p. (modus ponens) is an easy consequence of L—, while —(p — 1) > ——p is derived
as follows:
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————Refl ————— m.p.
h, —p, o > —p, > L

L—
J—_>w7_‘903§0[>1/}
Refl
L=, Limp> L L=, —p>p—0
L=l =), o> L
L=, =(p =) >
. NX ¥, ~(p = ¥) Y
> (L = 7) (L =), ~(p = P) > —p Teans

(o =) > e <

R—

Before giving the proof of Lemma 9, we need the following:
» Lemma 18. The following is admissible in Min, where k is either K or G:

o, D> k()
==, ' > k(0)

Proof. Proof by induction on the shape of §:

If k = K or ¢ is either atomic, a disjunction, or existential, then k(J) := ——d’ for some
¢0’, so rule L—— can be applied.

Suppose that k = G and ¢ := a A 5. We have ¢, ' > G(a) A G(B), which is equivalent to
have both ¢, I'> G(a) and o, T > G(B). By induction hypothesis, we have =—¢, T' > G(«)
and =—¢,I' > G(), which together yield ==, T' > G(a) A G(B).

The cases § := o — [ and J := Vz « are handled in a similar manner by applying the
induction hypothesis. |

Proof of Lemma 9. Let k be either K or G. We prove that all rules generating Kolj, (Min)
are already admissible in Min.
A straightforward proof by induction, using the fact that in Min a negated formula is
provably equivalent to its double negation, shows that k is inflationary and idempotent.
Let us consider the rule

k(L) > k(1) k() > k(e2)
k(L) > k(o1 A p2)

RA}

Assume that the two premisses are derivable in Min; we aim to show that the conclusion
is derivable in Min as well. If k = G, then it is trivial, so let us focus on the case in
which £ = K. First, observe that as an easy consequence of the rules RA and R——, the
following sequent is derivable:

k(e1), k(p2) > == (k(p1) A k(e2)),

which, by the definition of &, is equivalent to

k(p1), k(p2) > k(o1 A p2).

Finally, the desired conclusion follows by applying transitivity to this last sequent together
with the two premisses.

The rules L/\}f7 L—>,1€, and LV}c can be handled in a similar manner.

Let us consider the rule

k(I) > k(1) .
k(D) > k(o1 Vo) F
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Assume that the premiss are derivable in Min; we aim to show that the conclusion is
derivable in Min as well. First, observe that as an easy consequence of the rules RV and
R——, the following sequent is derivable:

k(1) > ==(k(p1) V k(p2)),

which, by the definition of &, is equivalent to

k(1) > k(p1 V p2).

Finally, the desired conclusion follows by applying transitivity to this last sequent together
with the premiss.

The rules RT}C, R\/%k, and Rﬂ,lC can be handled in a similar manner.

Let us consider the rule

k(L) k(p1) > k() Kk(I), k(p2) > k(9)
k(T), k(p1 V @2) > k(0)

Lv;

Assume that the two premisses are derivable in Min; we aim to show that the conclusion
is derivable in Min as well.
We want to show:

k(o1 V @2), k(1 — 0), k(o2 = 6) > k(0). (1)
First, observe that by applying the rules L— an LV, we have
k(1) V k(p2), k(p1) = Kk(8), k(p2) —= k(6) > k(0). (2)

We now distinguish two cases:
Case k = K. We can apply Lemma 18 thrice, and get

(K (p1) V K(2)), 7= (K (1) = K(9)), 7= (K (p2) = K(0)) > K(6),

which, by the definition of K, is the same as (1) for k = K.
Case k = G. We can apply Lemma 18 once, and get

~(Glp1) V G(p2)), Glp1) = G(9), G(p2) = G(0) > G(9),

which, by the definition of G, is the same as (1) for k = G.
Therefore, we have proved (1) in both cases, as claimed.
On the other hand, we observe that by applying R— and R—— to the two premisses,
respectively, we get

k(L) > —=(k(p1) = k(6)), and k(I') > == (k(p2) — k(6)).
k() > k(pr — ), and k(T) > k(o2 — 6).

Finally, the desired conclusion follows by transitivity between the latter two and (1).
The rule L3}, can be handled in a similar manner.
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Let us consider the rule

BO) RO B k)
B o h(p 5 g) Ok

Assume that the premiss is derivable in Min, we want to derive the conclusion. Then we
can derive the conclusion by a simple application of R—, with an extra application of
R——in the case k = K.

The rule RV}c can be handled in a similar manner. |

Proof of Lemma 12. We prove that all rules generating Gliv__(Min) are admissible in Gli.
Because the function —— is already a nucleus in Min, it is a nucleus also in Gli. This
means that L—— and R—— hold.

Let us consider the rule

F > 1 F > P9
I'>—=(p1 A g2)

RA--

Assume that the two premisses are derivable in Gli; we aim to show that the conclusion
is derivable in Gli as well. We notice that the proof we give here is already valid in Min.
First, observe that as an easy consequence of the rules RA and R—, the following sequent
is derivable:

©1, 92, (01 Apa) > L.

Now, using the fact that ——_1 and L are equivalent, we can apply L—-— twice:

=1, mpa, (1 A w2) B> L

from which we get

TP, P2 > ﬁﬁ(spl A SDQ)

by an application of R—. Finally, the desired conclusion follows by applying transitivity
to this last sequent together with the two premisses.

The rules RT_-, LA, LV, RVi——, RVo—, L—__, L3__, R4, LV__ can be handled
in a similar manner.

Let us consider the rule

F»SDD _'_‘/(/)
L'>—=(p = 1)

R—--

Assume that the premiss is derivable in Gli; we aim to show that the conclusion is
derivable in Gli as well. First, by R— we get

' p— -
On the other hand, by Lemma 4 we know that DNX entails
@ = 2p > 2=(p = ).

An application of Trans gives us the desired conclusion.
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Let us consider the rule

r > -
ely/al oo
I'>-——Vxo (y fresh)

Assume that the premiss is derivable in Gli. Then by RV we get
I' > Vo .
By cutting the latter with DNS, we get the desired conclusion. |

Proof of Lemma 16. We prove that all rules generating Kol®_, ;7(Min) are admissible in
Kur.
An easy proof by induction shows that J is inflationary and idempotent already in Min,
and these properties are immediately inherited by ——J. In other words, the rules L—-—J~
and R——J~ are admissible in Min, and hence also in Kur.
Let us consider the rule

——J(I) > ==J (1) —=J(T) > =—=J(p2)
== J(T) > = J (@1 A @2)

1
RAL_,

Assume that the two premisses are derivable in Kur; we aim to show that the conclusion
is derivable in Kur as well. We notice that the proof we give here is already valid in Min.
First, observe that by applying the rule RA, we have

J(p1), J(p2) &> J(p1) A J(p2),

which, by the definition of J, is equivalent to

J(p1), J(p2) B> J(p1 A p2).

Now, by using the rules R—— and L——, we obtain

== J (1), 7 (p2) B> == (01 A p2).

Finally, the desired conclusion follows by applying transitivity to this last sequent together
with the two premisses.

The rules RTLﬁJ, L/\lﬁﬁJ, R\/Lm}7 R\/%ﬁﬁj, L—>LﬁJ7 RHLﬁJ, and LVLﬁJ can be handled
in a similar manner.

Let us consider the rule

—J(D), J (1) > 2J(8) (), 2 (p2) > 2 J(6)
—=J(T), ~=J (1 A pa) > ~—J (8)

1
Lv:_;

Assume that the two premisses are derivable in Kur; we aim to show that the conclusion
is derivable in Kur as well.
First, observe that by applying the rules L— an LV, we have

(1) V I (p2), J (1) = J(0), J(p2) = J(6) > J(9),
which, by the definition of J, is equivalent to

J(p1V p2), J(p1 = 9), J(p2 — 6) > J ().
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Now, by using the rules R—— and L——, we obtain
=S (@1 V @2), 7= (01 = 6), 7S (92 = 6) > =T (6).

On the other hand, we observe that by applying R—>1ﬂﬁJ to the two premisses, respectively,
we get

_'_‘J(F) > _|_'J(Q01 — 5), and _‘_u](rl) > _\_‘J((,OQ — (S)

Finally, the desired conclusion follows by transitivity.
The rule L3!_; can be handled in a similar manner.
Let us consider the rule

~=J(0) > J(ely/x) .,
- J([) > ——~J(Vz ) 7 (y fresh)

Assume that the premiss is derivable in Kur; we aim to show that the conclusion is
derivable in Kur as well. By applying RV to the premiss, we get

- J(T) > Ve —=J(p),
which, by definition of J, is just
—-=J(T) > J(Vz ).

Conclude by R——. |
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