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Abstract
Interface theories, notably interface automata, serve as expressive frameworks for component-based
design, specifying component behavior and interaction in concurrent systems. Traditional interface
formalisms specify assumptions that a component’s environment must satisfy and the guarantees
that each component provides. This qualitative view of component interaction based on imposing
strict assumptions and Boolean guarantees may, however, not be expressive enough to capture the
system’s allowed or desired behaviors under different environments.

In this paper, we introduce reward interfaces to support component-based design while accom-
modating multi-valued correctness requirements and adaptive best-effort satisfaction of component’s
guarantees. Building upon interface automata, our framework enables modeling a rich class of
quantitative component specifications. We propose formal notions of implementation, refinement
and compatibility for reward interfaces. We study a class of reward interfaces with automata-based
representations, for which we provide algorithms for checking compatibility and refinement, and
existence of best-effort implementations. Our framework offers a comprehensive approach to reward
interface specification and design.
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1 Introduction

In system design and analysis, component-based techniques are essential for managing the
increasing size and complexity of modern systems. Specification theories, particularly those
based on interfaces or contracts [3, 9, 14], provide structured frameworks to address the
challenges posed by concurrent systems. Interface theories [15, 18, 10] are especially suited
for expressing interactions and dependencies of subsystems, offering formal specifications
for analysis and verification. Here, each component is modeled by an interface, enabling a
modular, independent design process, while ensuring compatibility between components.

One well-studied formalism are automata-based stateful interfaces, building on de Alfaro
and Henzinger’s seminal work on interface automata [14]. They model components with
distinct input and output actions, synchronizing with other components. Key properties are
compatibility, which allows abstraction of multiple components into a single subsystem, and
refinement, which supports independent component implementation. Interface automata have
been extended to express more complex system behaviors. For example, resource interfaces [6]
handle quantitative aspects like resource usage, while modal interfaces [20, 23, 21] capture
richer properties such as liveness, expanding the expressivity of the framework. Further
extensions [25, 24] incorporate state-based contracts, which enables concepts like shared
memory in interface theories. A core motivation for interface theories is to simplify the design
process by relieving designers from defining responses for every possible input. Typically,
interfaces adopt an optimistic stance, allowing components to assume specific behavior from
their environment. Inputs are either allowed or disallowed, with no obligation to handle
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disallowed inputs. This assumption holds as long as the system is closed, meaning all inputs
come from other components. However, for open systems, where external inputs are beyond
our control, these strong assumptions must be reconsidered.

We introduce a novel approach of reward interfaces, building on interface automata,
that aims to enhance the design process while accommodating an unrestricted external
environment. Central to our approach is the concept of good-enough satisfaction, based on
the idea of good-enough synthesis [2], which says satisfaction of requirements is only necessary
under feasible input conditions. This notion enables designers to focus on essential aspects
of system behavior, removing the task of considering more explicit environment restrictions.
It also naturally lends itself to the quantitative domain, introducing an additional direction
in expressing complex properties to interface specifications, such as graceful degradation.

We consider an automaton structure coupled with a multi-valued reward function, defined
over sequences of inputs and outputs of the interface, and require best-effort satisfaction
from its implementation. While this generally loosens obligations, it selects for high-quality
implementations if they exist. The interface automaton provides strict assumptions and
guarantees, but is limited to safety properties. The reward function is more flexible, and able
to express a substantial class of properties including liveness. This keeps the automaton simple
and interpretable, offloading complicated requirements to the function without obscuring
essential interaction restrictions. Our approach allows designers to succinctly capture complex
system behaviors, which we illustrate below using a simple example.

▶ Example 1. Suppose we want to design a message distribution system S. The system S
can receive messages e1, e2 and should relay the received messages in the respective order via
the output actions o1 and o2. The system is limited in that it cannot produce an output
while receiving an input, and it cannot send more than one output at a time. If the system
has to handle both e1 and e2 during an execution, this will consume more resources.

Formally, S is modeled via the input actions e1, e2, controlled by the external environment,
and output actions o1, o2 and o3, with the following requirements: Once e1 occurs, then S
must output o1, and once e2 occurs, S must output o2. If both inputs are received, then o1
and o2 must be produced in the same order. S must not perform actions o1, o2 before e1 or e2,
respectively, has happened. The additional output o3 is unconstrained by the specification.

The specification of S is formalized as a reward function FS which maps the possible
execution traces of S to numerical values reflecting the extent to which the requirements
are satisfied. Concretely, FS maps (possibly infinite) sequences σ over the alphabet ΣS =
{e1, e2, o1, o2, o3} to values v ∈ {0, 1

4 , 1
2 , 1}.

Executions where o1 occurs after an e1, and no input e2 is received, are awarded the
maximum value of 1. The same value 1 is assigned to executions where the only input is
e2, and o2 occurs after. If both e1 and e2 occur, and both o1 and o2 occur in the respective
order, the achieved value will be 1

2 . This represents the more demanding input behavior
from the environment, abstracting a lowered efficiency, and is not a penalty on the system.
The value is lowered to 1

4 if the order is reversed. Executions where an input is erroneously
or not at all relayed are assigned value 0, violating the specification. We also give value 0
to sequences without any input, or an infinite sequence of inputs, as the system would be
unable to produce output if continuously receiving inputs from the environment.

Since the inputs e1, e2 are under the control of the environment, the system cannot force
them to occur. This means that no implementation of S can guarantee positive satisfaction
of FS. A more realistic requirement is to ask S to achieve the maximal satisfaction value
possible for each sequence of input actions produced by the environment. In this best-effort
view, the obligations on S depend on the input provided by the environment. Thus, if the
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(a) Interface automaton AP with additional out-
put action p and additional input action q.

q0 q1 q2

e1?, e2?

q!

p?

e1?, e2?, o3!

p? e1?, e2?,

p?, q!,
o2!, o3!

e1? e2? o2! o3!

p? q!

(b) Interface automaton AQ with additional out-
put action q and additional input action p.

Figure 1 Interface automata describing the components of the system in Example 1.

environment does not provide S with an input, S is not expected to achieve value higher
than 0. Formally, we identify the so called (FS, v)-hopeful input sequences, which allow for
achieving satisfaction value v. Here, for v = 1 these are the sequences of the form e1

+ or e2
+.

Suppose that internally, S is to be designed as the composition of two components P

and Q. Component P is responsible for producing the output o1, and component Q for
outputs o2, o3. This is expressed via the interface automata AP and AQ modeling the allowed
interactions of P and Q, as depicted in Figure 1. AP and AQ synchronize on actions p, q,
and operate independently otherwise. They can enable each other to produce outputs o1, o2.

However, interface automata alone are unable to capture the quantitative requirement
expressed via the function FS. The modeling framework of reward interfaces that we propose
in this paper addresses this limitation. Reward interfaces equip interface automata with
reward functions to capture the quantitative specifications that components must satisfy. In
the coming sections, we will see how reward interfaces for P and Q model local quantitative
specifications such that their combination captures the high-level specification FS. ⌟

As Example 1 shows, our framework offers an elegant way to describe systems of interacting
components. Our reward interfaces build directly on interface automata, adding expressivity
through the reward function without necessarily making the automata more complex.

We introduce the formal definition of reward interfaces in Section 3, and define reward
functions in a general way to maintain a high degree of flexibility. The notions of compatibility
and refinement on reward interfaces are defined in Section 4 and Section 5 respectively,
and we show that these entail desirable properties of interfaces. In Section 6 we provide
a collection of algorithmic solutions for assessing these properties for a specific class of
interfaces. Concretely, we consider reward functions with finite range that are represented as
automata. For brevity, some of the missing proofs are presented in full in the appendix.

2 Preliminaries

In this section, we introduce necessary notation and preliminaries. Further, we recall and
adapt the definition of interface automata and related notions from [14].

Languages and Automata

For an alphabet Σ, the set Σ∞ := Σ∗ ∪ Σω contains all finite and infinite words over Σ.
Given a sequence σ ∈ (Σ ∪ Σ′)∞, we denote with σ|Σ′ the projection of σ to Σ′, that is,
σ|Σ′ ∈ (Σ′)∞ is the sequence obtained from σ by removing all letters in Σ\Σ′. For a sequence
σ ∈ Σ∞, we denote with σ[i] ∈ Σ the letter of σ at the i-th position.

CSL 2026



30:4 Reward Interfaces with Best-Effort Implementations

A non-deterministic finite automaton (NFA) over an alphabet Σ is a tuple N =
⟨Q, Σ, δ, Q0, F ⟩ with finite set of states Q, initial states Q0 ⊆ Q, transition relation δ ⊆
Q×Σ×Q, and a set of accepting states F ⊆ Q. A run of N on a finite word σ = a1 . . . an ∈ Σ∗

is a finite sequence ρ = ρ0ρ1 . . . ρn ∈ Q∗ such that ρ0 ∈ Q0 and for every i < n, it holds that
ρi+1 ∈ δ(ρi, σi+1). A run ρ is accepting if and only if ρn ∈ F . A non-deterministic Büchi
automaton (NBA) B = ⟨Q, Σ, δ, Q0, B⟩ on infinite words instead has a set of Büchi-accepting
states B ⊆ Q of which some must be visited infinitely often. A run ρ of B on σ ∈ Σω is
defined analogously, and is accepting if and only if for every i ∈ N there exists j ≥ i such
that ρ[j] ∈ B. The language of an automaton L(A) is the set of words σ on which A has
an accepting run. For a universal co-Büchi automaton (UCW) C = ⟨Q, Σ, δ, Q0, B⟩, a run ρ

of C on a word σ ∈ Σω is accepting if and only if there exists i ∈ N such that for all j ≥ i,
ρ[j] ̸∈ B, and σ ∈ Σω is only accepted by C if every run is accepting. We define the size of
an automaton A as the total number of states and transitions, i.e. |A| = |Q| + |δ|.

We use R to denote the set of real numbers, and define ∞, −∞ as the elements where
∞ > n > −∞ for all n ∈ R. The set R−∞ = R ∪ {−∞} then contains the real numbers and
−∞. We define conventionally the infimum over the empty set as inf(∅) = ∞.

Interface Automata

Interface automata [14] are a modeling formalism for specifying the interactions between
components and their environment. Components communicate via synchronization on input
and output actions. In contrast to the interface automata in [14], we distinguish external
inputs ΣE , which are external to the overall system and broadcast to all components, from
inputs ΣI that come from system components outside of A and are subject to assumptions
specified by A. The external inputs enable synchronization between multiple components on
the same input action, and are used to model behavior uncontrollable by the system.

▶ Definition 2 (Interface Automaton (adapted from [14])). An interface automaton A =
⟨V, V init, ΣI , ΣO, ΣE , ΣH , T ⟩ is a tuple where:

V is a finite set of states and V init ⊆ V is a set of initial states. We require that V init

contains at most one state. If V init = ∅, then A is called empty.
ΣI , ΣO, ΣE , ΣH are mutually disjoint finite sets of input, output, external input and
internal actions respectively. Let ΣA := ΣI ∪ ΣO ∪ ΣE ∪ ΣH be the set of all actions of A.
T ⊆ V × ΣA × V is a set of transitions such that for every state v ∈ V it holds that:

for every external input action a ∈ ΣE, there exists v′ ∈ V such that (v, a, v′) ∈ T ;
for all a ∈ ΣE ∪ ΣI and v′, v′′ ∈ V with (v, a, v′) ∈ T and (v, a, v′′) ∈ T we have
v′ = v′′.

Note that we require A to be input enabled on external input actions ΣE , i.e., it accom-
modates any external input in every state. We also require that A is input-deterministic on
ΣE ∪ ΣI , in order to ensure compositionality of parallel composition [15].

We define the size of A as |A| = |V | + |T |. For u ∈ V , we define the interface automaton
Au = ⟨V, {u}, ΣI , ΣO, ΣE , ΣH , T ⟩ obtained from A by replacing the set of initial states
by {u}.

Let A = ⟨V, V init, ΣI , ΣO, ΣE , ΣH , T ⟩ be an interface automaton. An execution of A is
an alternating sequence v0, a0, v1, a1, . . . of states vi ∈ V and actions ai ∈ ΣA such that
(vi, ai, vi+1) ∈ T for all i ≥ 0. An execution fragment is a finite prefix v0, a0, v1, a1, . . . , vn of
an execution ending in a state. A state v ∈ V is reachable in A if there exists an execution
fragment starting in some v0 ∈ V init that ends in v. We denote with Reach(A) ⊆ V the set
of states reachable in A. For Σ′ ⊆ ΣA, let EnabledA(v, Σ′) := {a ∈ Σ′ | ∃v′. (v, a, v′) ∈ T }
be the set of actions from Σ′ enabled in state v.
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Two key notions in the theory of interface automata are the composability and product of
automata. Whether two interface automata are composable depends on their actions. They
must not share input, output and internal actions, but may have joint external inputs. For
two composable interface automata, we can construct their product. This is formalized in the
definitions below. For the remainder of this section, let AP = ⟨VP , V init

P , ΣI
P , ΣO

P , ΣE
P , ΣH

P , TP ⟩
and AQ = ⟨VQ, V init

Q , ΣI
Q, ΣO

Q, ΣE
Q, ΣH

Q , TQ⟩ be interface automata.

▶ Definition 3 (Composability [14]). Two interface automata AP and AQ are composable if
ΣI

P ∩ ΣI
Q = ∅, ΣO

P ∩ ΣO
Q = ∅, ΣH

P ∩ ΣQ = ∅, and ΣH
Q ∩ ΣP = ∅.

We define Shared(AP , AQ) := (ΣI
P ∩ΣO

Q)∪(ΣI
Q ∩ΣO

P ), and denote with JointE(AP , AQ) :=
ΣE

P ∩ ΣE
Q the set of joint external inputs of AP and AQ.

▶ Definition 4 (Product). Let AP and AQ be composable. Their product AP ⊗ AQ =
⟨VP ⊗Q, V init

P ⊗Q, ΣI
P ⊗Q, ΣO

P ⊗Q, ΣE
P ⊗Q, ΣH

P ⊗Q, TP ⊗Q⟩ is the interface automaton with the com-
ponents defined as follows:

VP ⊗Q := VP × VQ, V init
P ⊗Q = V init

P × V init
Q ,

ΣI
P ⊗Q = (ΣI

P ∪ ΣI
Q) \ Shared(AP , AQ), ΣO

P ⊗Q = (ΣO
P ∪ ΣO

Q) \ Shared(AP , AQ),
ΣE

P ⊗Q = ΣE
P ∪ ΣE

Q, ΣH
P ⊗Q = (ΣH

P ∪ ΣH
Q ) ∪ Shared(AP , AQ),

TP ⊗Q = {((vP , vQ), α, (v′
P , v′

Q)) | α ∈ (Shared(AP , AQ) ∪ JointE(AP , AQ))
∧(vP , α, v′

P ) ∈ TP ∧ (vQ, α, v′
Q) ∈ TQ}

∪{((vP , vQ), α, (v′
P , vQ)) | α ̸∈ (Shared(AP , AQ) ∪ JointE(AP , AQ))

∧(vP , α, v′
P ) ∈ TP }

∪{((vP , vQ), α, (vP , v′
Q)) | α ̸∈ (Shared(AP , AQ) ∪ JointE(AP , AQ))

∧(vQ, α, v′
Q) ∈ TQ}.

Note that the actions Shared(AP , AQ) become internal actions of AP ⊗ AQ, and P and
Q must synchronize on shared and joint external input actions.

Given two composable interface automata AP and AQ, a product state (vP , vQ) ∈ VP ×VQ

is called an illegal state of the product automaton AP ⊗Q if and only if there exists a ∈
Shared(AP , AQ) such that a ∈ (EnabledP (vP , ΣO

P )\EnabledQ(vQ, ΣI
Q))∪ (EnabledQ(vQ, ΣO

Q)\
EnabledP (vP , ΣI

P )). That is, illegal states are ones in which a shared action can be produced
as an output of one of the interface automata but is not allowed as an input by the other
one. Let Illegal(AP , AQ) be the set of illegal states of AP ⊗ AQ.

We say that two interface automata AP and AQ are compatible if there exists a way for
the rest of the system, supplying the inputs ΣI

P ⊗Q to ensure that illegal states are avoided.
This gives rise to the notion of legal environment for AP and AQ, which we recall next.

▶ Definition 5 (Legal Environment and Compatibility[14]). A legal environment for (AP , AQ)
is a non-empty interface automaton AR = ⟨VR, V init

R , ΣI
R, ΣO

R, ΣE
R, ΣH

R , TR⟩ where:

1. ΣE
R = ΣE

P ⊗Q, ΣI
R = ΣO

P ⊗Q, ΣO
R = ΣI

P ⊗Q, ΣH
R = ∅.

2. AR is composable with AP ⊗ AQ, and Illegal(AP ⊗ AQ, AR) = ∅.

3. Reach((AP ⊗ AQ) ⊗ AR) ∩ (Illegal(AP , AQ) × VR) = ∅.

Two interface automata AP and AQ are considered compatible if they are non-empty,
composable and there exists a legal environment for (AP , AQ).

Intuitively, a legal environment AR for (AP , AQ) represents the remaining system beyond
AP and AQ. Condition 3 requires that the inputs provided by AR to the two interfaces steer
them away from illegal states in the product.

CSL 2026
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▶ Definition 6 (Composition of Interface Automata[14]). Given composable interface automata
AP and AQ, a product state (vP , vQ) ∈ VP × VQ is called compatible if there exists a legal
environment for (AvP

P , A
vQ

Q ). Let Comp(AP , AQ) be the set of compatible product states. The
composition AP ∥ AQ of AP and AQ is defined by restricting AP ⊗ AQ to Comp(AP , AQ).
Formally, AP ∥ AQ = ⟨VP ⊗Q ∩Comp(AP , AQ), V init

P ⊗Q ∩Comp(AP , AQ), ΣI
P ⊗Q, ΣO

P ⊗Q, ΣE
P ⊗Q,

ΣH
P ⊗Q, TP ⊗Q ∩ (Comp(AP , AQ) × ΣP ⊗Q × Comp(AP , AQ))⟩.

Intuitively, the compatible product states are those from which an environment can prevent
reaching illegal states. Thus, AP and AQ are compatible if and only if V init

P ⊗Q ⊆ Comp(AP , AQ).
Furthermore, for every (vP , vQ) ∈ Comp(AP , AQ), all the external input actions ΣE

P ⊗Q lead
to product sates in Comp(AP , AQ). If this was not the case, (vP , vQ) would not be in
Comp(AP , AQ), since an external input action leading to an illegal state cannot be prevented
by a legal environment. If an action a ∈ ΣO

P ⊗Q leads from (vP , vQ) to Illegal(AP , AQ), we
prune all a-transitions from (vP , vQ). Therefore, for compatible interface automata, the
composition AP ∥ AQ is a non-empty interface automaton conforming to Definition 2.

Another concept, crucial for independent implementability of interfaces, is refinement.
Refinement of interface automata [14] is defined via alternating simulation, recalled below.

For an interface automaton A and state v, let ε-closureA(v) be the set of states of A that
can be reached from v using only internal actions from ΣH . We define:

ExtEnI,E
A (v) := {a | ∀u ∈ ε-closureA(v). a ∈ EnabledA(u, ΣI

A ∪ ΣE
A)} and

ExtEnO
A(v) := {a | ∃u ∈ ε-closureA(v). a ∈ EnabledA(u, ΣO

A)}.

to be the sets of externally enabled input and output actions at v. Further, for actions
a ∈ ExtEnI,E

A (v) ∪ ExtEnO
A(v), let ExtDestA(v, a) = {u′ | ∃(u, a, u′) ∈ TA. u ∈ ε-closureA(v)}.

▶ Definition 7 (Alternating Simulation [14]). A binary relation ⪰⊆ VP × VQ is an alternating
simulation from the interface automaton AQ to the interface automaton AP if for all vP ∈ VP

and vQ ∈ VQ, vP ⪰ vQ implies that:
1. ExtEnI,E

P (vP ) ⊆ ExtEnI,E
Q (vQ) and ExtEnO

Q(vQ) ⊆ ExtEnO
P (vP ).

2. For all a ∈ ExtEnI,E
P (vP ) ∪ ExtEnO

Q(vQ) and v′
Q ∈ ExtDestQ(vQ, a), there exists a state

v′
P ∈ ExtDestP (vP , a) such that v′

P ⪰ v′
Q.

The existence of an alternating simulation from AQ to AP guarantees that the interactions
of AP are preserved in AQ. In particular, AQ does not impose more assumptions on the
environment than AP , and satisfies all the output restrictions of AP . That is, any environment
compatible with AP also is compatible with AQ.

▶ Definition 8 (Interface Automata Refinement [14]). For interface automata AP and AQ,
we say that AQ refines AP , written AQ ⪯ AP , if and only if ΣE

Q = ΣE
P , ΣI

Q ⊇ ΣI
P , ΣO

Q ⊆ ΣO
P ,

and there exists an alternating simulation ⪰ from AQ to AP , and states vP ∈ V init
P and

vQ ∈ V init
Q , such that vP ⪰ vQ.

Thus, the relation AQ ⪯ AP guarantees that AQ must accept at least all inputs ΣE
P ∪ ΣI

P ,
and may not add any new outputs w.r.t. ΣO

P . The alternating simulation ensures that for
any input, the outward behavior of Q matches that of P .
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3 Reward Interfaces

We now introduce reward interfaces, the central notion of the framework we propose. They
build on the classical interface automata, extending them with an additional quantitative
requirement, defined as a reward function that assigns numerical values to sequences of
observable actions of the interface. Essentially, a reward function defines a quantitative
language [8] over the alphabet of non-internal actions of the given interface automaton.

▶ Definition 9 (Reward Interface). A reward interface is a pair P = (AP , FP ) where
AP = ⟨VP , V init

P , ΣI
P , ΣO

P , ΣE
P , ΣH

P , TP ⟩ is an interface automaton and FP : (ΣObs
P )∞ → R−∞

is a partial function that assigns a value from R−∞ to sequences over the alphabet ΣObs
P :=

ΣI
P ∪ ΣO

P ∪ ΣE
P of non-internal actions of AP .

Intuitively, FP expresses a quantitative specification, by associating reward values with
sequences in (ΣObs

P )∞. The reward value of a sequence describes how well the respective
observed behavior satisfies the quantitative requirement. Since FP is part of the interface
specification, it is defined in terms of the actions ΣObs

P that are visible to the component’s
environment. We deliberately do not impose further restrictions on the functions FP , in
order to retain full generality of the proposed framework. In Section 6 we discuss possible
instantiations, in which the reward functions have a natural finite representation.

▶ Example 10. Continuing from Example 1, we show a possible reward interface P =
(AP , FP ) for component P . The restrictions from AP (Figure 1a) ensure that output o1
can only occur after input q. The requirement that o1 must occur after e1, and not before,
is modeled via the reward function FP , mapping sequences over ΣObs

P = {e1, e2, p, q, o1} to
values. The reward function FP follows FS: We award value 1 if only one type of input e1
or e2 occurs, and require respectively o1 and p, instead of o2, as P has no knowledge nor
control over o2. Similarly, if both e1 and e2 occur, the order of o1 and p must reflect that to
achieve value 1

2 , otherwise the value is lowered to 1
4 . In both cases when e2 occurs, o1 and p

should not be performed infinitely, otherwise the assigned value is 0.
Note that while we could for example encode the safety requirement that there is no

o1 before the first occurrence of e1 as part of the interface automaton, it would make the
automaton structure more complicated. Furthermore, as the internal order of o1 and e1 is
less relevant for the interaction with component Q, which is not concerned with o1, it is more
meaningful to capture that in the reward function FP rather than AP .

A reward function FQ for a reward interface Q = (AQ, FQ) is defined analogously. ⌟

For v ∈ R−∞ and ∼∈ {<, ≤, ≥, >}, we define F∼v
P := {σ ∈ (ΣObs

P )∞ | FP (σ) ∼ v} to be
the set of words which FP maps to some value ∼ v. When we write FP (σ) ∼ v, we implicitly
mean that FP (σ) is defined. We define Vals(FP ) := {v ∈ R−∞ | ∃σ ∈ (ΣObs

P )∞. F(σ) = v}.
Let us fix an interface automaton A = ⟨S, Sinit, ΣI , ΣO, ΣE , ΣH , T ⟩ for the rest of this

section. To evaluate implementations of an interface, we define the set of traces of A as

Traces(A) := {σ ∈ Σω
A | ∃ execution of A on σ}

∪ {σ ∈ Σ∗
A | ∃ exec. of A on σ ending in s : Enabled(s, ΣO ∪ ΣH) = ∅}.

That is, Traces(A) is the set that consists of the infinite words over ΣA for which there exists
an infinite execution, as well as the finite words over ΣA where an execution ends in a state
with no output or internal action possible. That is, we consider maximal traces, taking into
account that the environment inputs are not forced to occur.

CSL 2026



30:8 Reward Interfaces with Best-Effort Implementations

For a given input sequence σE,I ∈ (ΣE ∪ ΣI)∞, we define Traces(A, σE,I) := {σ ∈
Traces(A) | σ|(ΣE∪ΣI ) = σE,I} to be the subset of Traces(A) containing the words consistent
with σE,I . These words represent all possible behaviors of A when the environment provides
the inputs specified by σE,I . If Γ ⊆ ΣA is an alphabet such that Γ ⊇ ΣI ∪ ΣE , we define
TracesΓ(A, σE,I) := {γ ∈ Γ∞ | ∃σ ∈ Traces(A, σE,I) ∧ σ|Γ = γ} to be the projection of
Traces(A, σE,I) on Γ.

Reward functions impose no assumptions on the environment of a component. However,
the value that a component can possibly achieve may depend on the behaviour of the
environment. Therefore, we require that components implementing a reward interface satisfy
the quantitative specification to the best extent possible with respect to the input provided
by the component’s environment. This intuition is formalized by the good-enough criterion
for interface automata (also used to model implementations).

First, we adapt to our setting the notion of hopeful sequences [2], which is used to
characterize the input sequences for which a given reward value is possible. Note that in
our setting, we consider asynchronous executions, such that there can be several consecutive
inputs with no output in-between, or such that from some point on we only have outputs.
This is in contrast to hopeful inputs in [2], which are defined for synchronous executions. We
also allow arbitrary hidden actions, which may interleave with the non-internal actions.

▶ Definition 11 (Hopeful Sequences). Given alphabets Σ and Γ such that Γ ⊆ Σ, a function
F : Σ∞ → R−∞ and v ∈ R−∞, we say that a sequence γ ∈ Γ∞ is (F , v)-hopeful if and only if
there exists σ ∈ Σ∞ such that γ = σ|Γ, F(σ) is defined, and F(σ) ≥ v. We denote the set of
(F , v)-hopeful Γ-sequences by Hopeful(F , v, Γ) := {γ ∈ Γ∞ | ∃σ ∈ Σ∞. γ = σ|Γ ∧ F(σ) ≥ v}.

We use Γ here to denote a subset of Σ, which will typically be instantiated to be a subset
of the inputs ΣI ∪ ΣE , as we will see in the following definition. This notion describes the
potential quality of the environment, characterizing the inputs to an interface as hopeful
with respect only to specific values of F . The hopefulness of an input sequence does not
depend on the interface automaton itself, but only on the reward function F . An interface
automaton is good-enough with respect to a reward function F , if, intuitively, the traces it
generates on any (F , v)-hopeful input sequence achieve reward at least v.

▶ Definition 12 (Good-Enough Interface Automaton). Consider an interface automaton A and
a reward function F : ∆∞ → R−∞. We say that A is good-enough with respect to F if and
only if for every value v ∈ Vals(F), every input sequence σE,I ∈ Hopeful(F , v, (ΣE

A ∪ΣI
A)∩∆),

and every σ ∈ Traces(∆∩ΣA)(A, σE,I) it holds that F(σ) is defined and F(σ) ≥ v.

This definition is in the spirit of [2], as a good-enough interface automaton must perform
to the best extent possible according to F , but only for the input it receives. In Definition 12
we used a general alphabet ∆. This is useful for the definition of compatibility of reward
interfaces with respect to a given reward function.

Now we define the notion of (best-effort) implementation of a reward interface, which
must be good-enough with respect the interface’s reward function.

▶ Definition 13 (Best-Effort Implementation). An interface automaton S is an implementation
of a reward interface P = (AP , FP ) if and only if it satisfies the following conditions.
1. S refines the interface automaton AP .
2. S is good-enough with respect to the function FP .

We denote with Imp(P ) the set of all implementations of P .
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· · ·

· · ·

e1?

q?
e2?

e2? e1?

e1?

e2?

q?

e1?, e2?

q?

e1?
o1!

e2?

e1?

e2?

e1?, e2?

o1!

e1?, e2?

p!
e1?, e2?

e1? e2? o1!

p! q?

(a) (Part of) implementation SP of P .

p0, q0

p1, q2

p2, q1

p2, q2

e1?, e2? p;

q;

e1?, e2?, o2!, o3!

q;

e1?, e2?o1!, o3!

p; e1?, e2?
p; , q;

o1!, o2!, o3!

e1? e2? o1! o2! o3!

(b) Composition AP ∥ AQ.

Figure 2 Interface automata for an implementation of P and composition of AP and AQ.

An implementation of a reward interface P is an instance of a classical interface automaton,
as it does not have a reward function. In the original theory, there is no distinction between
an interface and its implementation, as the interface is defined by the automaton structure
alone. When considering an interface in isolation, the external inputs ΣE and inputs ΣI are
treated in the same way. However, we differentiate between the two when considering the
interface in the context of rest of the system, which generates the inputs ΣI .

▶ Example 14. Let us examine how a best-effort implementation for P could act. With
respect to the reward function FP from Example 10, a possible implementation SP for P waits
for e1 or e2, and then expects input q to follow with o1, or produces output p, respectively.
We give a portion of the respective implementation in Figure 2a, for the behaviors where e1
occurs first. The missing part has analogous structure for the case when e2 is received first.

As the implementation must not perform o1 unless e1 was received, it waits until e1
happens. Should q never appear, SP has no obligation to perform o1. This is because, even
though FP does not require q, Definition 12 considers the traces of SP , where q must be read
before o1 can be produced. While P is unable to control or observe o2, it exercises control by
withholding p until e2, which is represented in FP , and therefore in implementation SP . If
instead, the implementation could immediately produce p, the value for FP would be lower
since it could be that no e2 occurred. ⌟

4 Compatibility and Composition of Reward Interfaces

In this section, we lift the notions of interface compatibility and composition to reward
interfaces. Following the classical interface theory, compatibility of reward interfaces re-
quires the existence of a legal environment for the underlying interface automata. For the
quantitative part of our reward interfaces, we define compatibility with respect to a “joint”
reward function F , which, intuitively, is a quantitative specification with respect to which the
composition of the implementations of the two interfaces must be good enough. In top-down
component-based design, we need to ensure that the local reward functions for interfaces
guarantee that the composition of their implementations is good-enough with respect to a
given high-level reward function F . This is precisely the F -compatibility criterion we define.

For this section, let P = (AP , FP ) and Q = (AQ, FQ) be composable reward interfaces
with AP = ⟨VP , V init

P , ΣI
P , ΣO

P , ΣE
P , ΣH

P , TP ⟩ and AQ = ⟨VQ, V init
Q , ΣI

Q, ΣO
Q, ΣE

Q, ΣH
Q , TQ⟩, and

AP ⊗ AQ = ⟨VP ⊗Q, V init
P ⊗Q, ΣI

P ⊗Q, ΣO
P ⊗Q, ΣE

P ⊗Q, ΣH
P ⊗Q, TP ⊗Q⟩ their product [Definition 4].

We now define F-compatibility, for a given reward function F : (ΣObs
P ⊗Q)∞ → R−∞ with

alphabet consisting of the non-internal actions of the product automaton AP ⊗ AQ.
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v0 v1 v2

e1?, e2?

p?

e1?, e2?, o3!

q1! e1?, e2?,

p?, o3!
h;

e1? e2? o3! p?

q1!

(a) Interface automaton AQ1 .

w0 w1 w2

e1?, e2?

q!

q1?

e1?, e2?

q1? e1?, e2?,

q!, o2!

e1? e2? o2! q!

q1?

(b) Interface automaton AQ2 .

Figure 3 Splitting of Q into two components Q1 and Q2 as described in Example 16.

▶ Definition 15 (F -Compatibility). The reward interfaces P = (AP , FP ) and Q = (AQ, FQ)
are F-compatible for a given function F : (ΣObs

P ⊗Q)∞ → R−∞ if and only if AP and AQ

are compatible and for all implementations SP ∈ Imp(P ) and SQ ∈ Imp(Q) of P and Q

respectively, if SP and SQ are composable, then SP ∥ SQ is good-enough with respect to F .

▶ Example 16. We now illustrate that the reward interfaces P and Q are FS-compatible for
the reward function FS from Example 1. In particular, the composition of P and Q refines
the high-level specification of S expressed by FS. Clearly, P and Q are composable, and since
Illegal(AP , AQ) = ∅, we can construct their composition AP ∥ AQ (shown in Figure 2b).

To see that P and Q are FS-compatible, consider any pair of implementations SP and SQ.
Now we explain why the composition SP ∥ SQ must be good-enough with respect to FS. We
examine (FS, v)-hopeful input sequences, and consider the expected behaviors of SP and SQ.
FP requires SP to produce o1 once e1 was received, and not before. The same holds with
respect to FQ, and o2 and e2. Since FP and FQ further constrain p and q, respectively, this
ensures that both SP and SQ will each have the opportunity to output o1 or o2 respectively,
once required. Thus, any pair of best-effort implementations of P and Q together will operate
as a best-effort implementation of the high-level reward function FS.

In top-down design, we may further refine our model, by splitting Q into two components
Q1 and Q2. Suppose for example that Q1 handles p, and can output o3 and some q1. Q2
outputs o2 and q, and synchronizes with Q1 via q1. The interface automata AQ1 and AQ2

are in Figure 3. The reward function FQ1 requires that q1 only occurs once e2 did. Similarly,
FQ2 requires q after e1. Through action q1, Q1 can prevent Q2 from incorrectly producing o2.

In the product AQ1 ⊗ AQ2 , the state (v1, w2) is illegal, because AQ1 can output q1 from
v1, but w2 in AQ2 can not accept it. In the composition AQ1 ∥ AQ2 , state (v1, w2) is therefore
removed. It is easy to see that the composition of any pair of implementations of Q1 and Q2
is good enough with respect to FQ. Thus, Q1 and Q2 are FQ-compatible. ⌟

The F-compatibility of AP and AQ guarantees that (AP ∥ AQ, F) is a reward interface,
as it requires that the interface automata AP and AQ are compatible, and F has the
right domain. Furthermore, the second condition of F-compatibility ensures that P and Q

can be implemented independently, and composing the resulting implementations yields a
good-enough implementation of (AP ∥ AQ, F). By checking F-compatibility of two reward
interfaces for a given reward function F , we can establish whether their individual reward
functions are aligned to guarantee the good-enough satisfaction of the specification F .

In bottom-up design, on the other hand, we want to construct the composition of two
interfaces by combining their reward functions, in order to express the guarantees of two
interfaces when put together. For this, we need to provide a definition of composition of
reward functions. The definition is parametrized by a function comb : R−∞ × R−∞ → R−∞,
which specifies how we combine the numeric values assigned by the two functions.



R. Dewes and R. Dimitrova 30:11

The observable behaviours of the composition P ∥ Q are over the alphabet ΣObs
P ⊗Q =

(ΣObs
P ∪ ΣObs

Q ) \ Shared(P, Q) of non-internal actions of P ∥ Q. Thus, the domain of the
composed reward function must be the set of sequences over ΣObs

P ⊗Q. Our goal is to define
the composition of FP and FQ in a way that captures the combined value achieved by any
pair of implementations of the two interfaces. Since the implementations of each of the
interfaces are constrained by the respective reward function, we cannot assume that any
pair of implementations will be cooperating. Therefore, the value assigned to a sequence
σ ∈ (ΣObs

P ⊗Q)∞ corresponds to the worst case over all the traces produced by some pair of
composable implementations that are compatible with the sequence σ|ΣI,E

P ⊗Q
of inputs in σ.

▶ Definition 17 (Reward Function Composition). Let comb : R−∞ × R−∞ → R−∞. We
define the composition FP ▽comb FQ : (ΣObs

P ⊗Q)∞ → R−∞ of the functions FP and FQ, such
that for σ ∈ (ΣObs

P ⊗Q)∞ where there exist composable S′
P ∈ Imp(P ) and S′

Q ∈ Imp(Q) and
σ′ ∈ Traces(S′

P ∥ S′
Q) such that σ′|ΣObs

P ⊗Q
= σ, we let

FP ▽comb FQ(σ) := inf{ comb(FP (σ′′|ΣObs
P

), FQ(σ′′|ΣObs
Q

)) | SP ∈ Imp(P ) and
SQ ∈ Imp(Q) composable, σ′′ ∈ Traces(SP ∥ SQ, σ|ΣI,E

P ⊗Q
)},

and FP ▽comb FQ(σ) is undefined otherwise.

By taking the worst case in the definition of FP ▽comb FQ, we guarantee that as long as
AP and AQ are compatible, the reward interfaces P and Q are FP ▽comb FQ-compatible,
as shown in the next proposition. Composing P and Q results in the reward interface
(AP ∥ AQ, FP ▽comb FQ). P and Q can be implemented independently, and the composition
of their implementations will be good enough with respect to FP ▽comb FQ.

▶ Proposition 18 (FP ▽comb FQ-Compatibility). Let comb : R−∞ × R−∞ → R−∞. For all
reward interfaces P = (AP , FP ) and Q = (AQ, FQ) with AP and AQ compatible, it holds
that P and Q are FP ▽comb FQ-compatible.

We discard any observable traces not resulting from implementations of P and Q,
restricting the observable behaviors of interface automata good enough w.r.t. FP ▽comb FQ

to those resulting from some SP ∥ SQ where SP ∈ Imp(P ) and SQ ∈ Imp(Q). This
composition is associative if the function comb used to combine the values is associative, and
satisfies some monotonicity and continuity conditions (Proposition 29).

▶ Proposition 19 (Quality of the Reward Function Composition). Consider reward interfaces
P = (AP , FP ) and Q = (AQ, FQ) with AP and AQ compatible, and a reward function F such
that P and Q are F-compatible. Then, Imp(AP ∥ AQ, FP ▽comb FQ) ⊆ Imp(AP ∥ AQ, F).

▶ Example 20. Let us consider components P and Q from Example 1 from the perspective
of bottom-up design. Recall the reward function FP from Example 14, where we impose
that for input sequences containing both e1 and e2, there must be outputs o1 and p in the
respective order. Now, suppose instead we use a function F ′

P , which ignores the requirements
on p, meaning that it only asks for o1 to occur after e1 and q, and nothing else. For those
input sequences with both e1 and e2, F ′

P will always award a value of 1
2 as long as o1 is

produced. Note that this does not disallow p, it simply does not require it.
A possible behavior of an implementation S′

P of (AP , F ′
P ) is then to produce o1 once

receiving q, and be idle otherwise. In particular, it will never produce p. Implementations
SQ of Q will, as before, produce o2 only after receiving e2 and p.
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It is easy to see that the new function F ′
P allows implementations of (AP , F ′

P ) which
prevent Q from producing o2, disabling the best value w.r.t. FQ. Since P has no knowledge
of FQ, we cannot assume that SP will be more cooperative than required by AP and F ′

P .
As AP and AQ are compatible, choosing comb to be the sum, we have the guarantee that
any SP ∥ SQ is good enough w.r.t. F ′

P ▽comb FQ. This guarantee is however weaker than
FS. In this case, that means that for the mentioned input sequences featuring e1 and e2,
where previously the best value of 1

2 + 1
2 was possible, we will now achieve at least 1

2 + 0.
In bottom-up design, we can use (AP ∥ AQ, F ′

P ▽comb FQ) as the reward interface for
the composition of P ′ = (AP , F ′

P ) and Q. This captures the guarantees of the composed
components at a higher level of the system, without the need to devise a new reward function
and checking if P and Q are compatible with respect to it. ⌟

5 Reward Interface Refinement

Supporting different levels of abstraction for the same component is helpful in the design
process, as it allows a coarse description of interactions and dependencies while also defining
internal details. Refinement enables this independent implementability of an interface,
permitting extended functionality as long as original obligations are maintained. For a
reward interface Q to be a refinement of a reward interface P , we require as usual that
Q works within the same environments as P , and that an implementation of Q is also an
implementation of P . This means, in particular, that, similarly to classical interface automata,
a refinement of P must accept at least all inputs of P and not produce more outputs than P .
In addition, we must consider the reward function w.r.t. best-effort implementations.

The refinement relation for reward interfaces can be defined as the conjunction of
refinement between the respective interface automata [Definition 8] and refinement between
the respective reward functions. We define the notion of refinement for quantitative reward
functions in the context of good-enough satisfaction. Intuitively, for a function FQ to refine
a function FP , each input sequence for Q must be “as hopeful” w.r.t. FQ as it is w.r.t. FP ,
and the value assigned by FQ to a trace must be matched by the value assigned by FP to
the corresponding trace in P . This captures the idea that FQ inherits the obligations of
FP and assigns values in a way that is possible in FP . We formalize this intuition as the
existence of a helper function rP Q : R−∞ → R−∞, that suitably relates the ranges Vals(FP )
and Vals(FQ) of the functions. The idea is that rP Q preserves the relative order of the
values in FP , as it relates to both the hopefulness of input traces and values assigned to the
respective full traces.

▶ Definition 21 (Reward Function Refinement). Suppose that for the reward interfaces
P = (AP , FP ) and Q = (AQ, FQ) we have ΣI

P ⊆ ΣI
Q, ΣE

P ⊆ ΣE
Q and ΣO

Q ⊆ ΣO
P . We say that

FQ refines FP , denoted FQ ⪯ FP , iff there exists a function rP Q : R−∞ → R−∞ such that
for every value v ∈ Vals(FP ), the following two conditions are satisfied.
1. For every σI,E

Q ∈ (ΣI
Q ∪ ΣE

Q)∞, if σI,E
Q |ΣP

∈ Hopeful(FP , v, ΣI
P ∪ ΣE

P ),
then σI,E

Q ∈ Hopeful(FQ, rP Q(v), ΣI
Q ∪ ΣE

Q).
2. For every σQ ∈ (ΣObs

Q )∞, if FQ(σQ) ≥ rP Q(v) then FP (σQ|ΣP
) ≥ v.

Definition 21 captures the nature of refinement, because while it retains priority brackets
for obligations of the original function, we can also introduce new dependencies or arbitrary
subdivisions within each priority. The next example illustrates the refinement relation for
reward functions and demonstrates the use of the helper function for establishing the relation.
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▶ Example 22. Going back to the reward interface for S with FS from Example 1, suppose
we want to modify the guarantees, requiring S to output o1 or o2 for a period of time. More
concretely, we ask for o1 to hold as often as possible from the point e1 is first received until
the first occurrence of e2, as to capture the change in input. We add the same requirement
on o2 if e2 occurs first. We modify the existing reward function FS to FR, where we multiply
the assigned value by a factor of 2

3 if this new condition is violated.
Clearly, a subset of traces that had value 1 for FS are now assigned value 2

3 , namely
where the other output o3 is interjected. The same holds for traces going from 1

2 to 1
3 . The

new requirement will always be violated if the order was not preserved in the first place,
giving us 1

6 instead of 1
4 . However, the old obligations are kept: Any (FS, 1)-hopeful input

will be paired with a trace that for FR achieves at least 2
3 . The function rSR will then

be rSR = {(0, 0), ( 1
4 , 1

6 ), ( 1
2 , 1

3 ), (1, 2
3 )}. Thus, the priorities from FS are preserved in the

refinement, even though we are able to strengthen requirements in the reward function FR. ⌟

The refinement relation for reward interfaces combines the two refinement relations.

▶ Definition 23 (Reward Interface Refinement). A reward interface Q = (AQ, FQ) refines a
reward interface P = (AP , FP ), written as Q ⪯ P , if and only if AQ ⪯ AP and FQ ⪯ FP .

The rest of this section is dedicated to establishing that the refinement relation we defined
has the properties necessary for compositional design. We establish that the refinement
relation ⪯ between reward interfaces is a preorder, i.e. it is reflexive and transitive (Proposi-
tion 30). In particular, transitivity of refinement is important, as it allows for an iterative
design process, where each refinement needs to only consider the last to maintain a refinement
relation to the original specification. It is established by composing the respective helper
functions.

As a consequence, an implementation of a refinement is then also an implementation
of the original interface. Since the implementation must be good-enough w.r.t. the refined
function, by refinement we can show it is also good-enough w.r.t. the original function.

▶ Theorem 24 (Implementation of a Refinement). If a reward interface Q = (AQ, FQ) refines
a reward interface P = (AP , FP ), then Imp(Q) ⊆ Imp(P ).

The other direction of Theorem 24 does not hold in general. First of all, a reward interface
constrains the set of implementations through both the interface automaton and the reward
function, while the refinement relation treats those two components separately, which makes
it stronger than the inclusion relation between the sets of implementations. Moreover, the
refinement relation on reward functions alone is stronger than the inclusion between the
respective sets of good-enough automata.

The last properties we establish enable independent implementability, by guaranteeing
that refinement does not impair the original context of an interface. They concern refinement
in the function composition and the property of substitutability. Intuitively, substitutability
states that a refinement of a reward interface P remains F-compatible with any reward
interfaces that are F-compatible with P .

▶ Theorem 25. Consider P = (AP , FP ) and Q = (AQ, FQ) with AP and AQ compatible,
and let P ′ = (AP ′ , FP ′) be a non-empty refinement of P , with (ΣI

P ′ \ ΣI
P ) ∩ ΣO

Q = ∅. Then
if comb is monotonically increasing, (AP ′ ∥ AQ, FP ′ ▽comb FQ) ⪯ (AP ∥ AQ, FP ▽comb FQ).
If P and Q are F-compatible for a reward function F , then P ′ and Q are also F-compatible.
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With that, we established that the refinement for reward interfaces in Definition 23 indeed
lifts the ideas of interface refinement to the best-effort quantitative setting and has the
properties to enable component-based design of systems with quantitative specifications.

6 Checking Compatibility, Refinement, and Implementability

In this section, we study the algorithmic aspects of our theory of reward interfaces, in
the context of an automata-based finite representation of the reward functions. We first
introduce this representation. Then, we define the decision problems of interest, namely
checking compatibility, refinement and implementability of reward interfaces, and outline
algorithms for each of them for our representation. Lastly, we discuss quantitative temporal
logics and weighted automata as representations of reward functions, and relate them to the
representation studied in this section.

6.1 Automata-Based Finite Representation
The framework we introduced is designed to be general, including the representation of the
reward function. Here, we study one possible representation, which is based on automata over
finite and infinite words. We need both finite automata to model terminating components,
as well as ω-automata to account for infinite behaviors of reactive systems.

We consider functions F : Σ∞ → R such that Vals(F) is finite, and which have a finite
representation as a set of pairs of automata Φ = {(Bv, Nv) | v ∈ Vals(F)}, where for each
v ∈ Vals(F), Bv is an NBA, and Nv is an NFA, and L(Bv) ∪ L(Nv) = F=v. Intuitively, for
each of the finitely many possible values of F , the set of finite (resp. infinite) words that
F maps to that value is given as a NFA (resp. NBA). We denote with JΦK the function
F : Σ∞ → R represented by Φ. For a reward interface P = (AP , FP ) where the function
FP is given in a finite representation ΦP , we abuse notation and write P = (AP , ΦP ), and
Vals(ΦP ) instead of Vals(JΦP K). The size of ΦP is given by |ΦP | =

∑
v∈Vals(FP )(|Bv| + |Nv|).

6.2 Decision Problems and Automata-Based Algorithms
Assuming reward functions JΦK given as defined above, with pairs of automata for each value,
we now study the main decision problems for reward interfaces.

▶ Theorem 26 (Checking Compatibility of Reward Interfaces). For a given finitely represented
reward function JΦK : (ΣObs

P ⊗Q)∞ → R, checking if P = (AP , ΦP ) and Q = (AQ, ΦQ) are
JΦK-compatible can be done in double exponential time.

Proof Sketch. We reduce the second condition of Definition 15 to checking language inclusion
for tree automata, by constructing an automaton capturing the set of joint implementations
SP ∥ SQ s.t. SP ∈ Imp(P ) and SQ ∈ Imp(Q). To this end, we construct a deterministic
interface automaton from AP ∥ AQ, which incurs an exponential blowup in the worst case.
We construct two universal co-Büchi word automata, one for implementations SP ∥ SQ, and
one for good-enough sequences w.r.t. JΦK, that are converted to universal co-Büchi tree
automata. Checking language inclusion can be done in exponential time, thus in total we can
check reward interface compatibility in time double exponential in |AP | · |AQ| · |ΦP | · |ΦQ|. ◀

▶ Theorem 27 (Checking Reward Interface Refinement). Checking if (AQ, ΦQ) ⪯ (AP , ΦP )
can be done in exponential time.
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Proof Sketch. Checking AQ ⪯ AP is done in polynomial time [14]. To find a candidate
function rP Q according to condition 1 of Definition 21, we iteratively match values of
Vals(ΦP ) to those in Vals(ΦQ). We compare sets of hopeful input sequences for the respective
pairs of values in exponential time, by checking language inclusion. If a candidate rP Q was
constructed, we verify condition 2 of Definition 21, by checking that for every complete trace
achieving value rP Q(v) on JΦQK, the corresponding traces achieve value v for JΦP K. This is
done by checking language emptiness. The overall procedure runs in exponential time. ◀

▶ Theorem 28 (Implementations of a Reward Interface).
Checking if S ∈ Imp((AP , ΦP )) for an interface automaton S can be done in polynomial time.
Checking if Imp(P ) ̸= ∅ for P = (AP , ΦP ) can be done in time exponential in |AP | · |ΦP |.

Proof Sketch. From ΦP , we construct an NBA whose language contains all counterexamples
a good-enough implementation must not produce, whose size is polynomial in |ΦP |. We
check for language emptiness of its product with S, which can be done in polynomial time.

For checking the existence of an implementation, we construct from the automaton
accepting counterexamples a deterministic parity automaton for the positive case, incurring
in the worst case an exponential blow-up in the number of states. We intersect the result
with a deterministic automaton obtained from AP to restrict the language to traces with
corresponding executions on AP . From the combined automaton we construct a parity game
and solve it. If there exists a winning strategy, it gives us a possible implementation of P . If
there is no such strategy, then there exists no implementation. Since the number of states in
the game is exponential in |AP | · |ΦP |, the overall check can be done in exponential time. ◀

6.3 Discussion on Reward Functions and their Representation
The automata-based finite representation of reward functions allows system designers to
express a quantitative language with a finite set of possible values in a convenient way, by
describing the languages mapped to individual values as finite automata, providing a ranking
for sets of execution traces with respect to how desirable these executions are.

This finite representation enables higher-level specification languages for quantitative
requirements, such as LTL[F ] [1], which is a temporal logic with quantitative features, and
the derived logic LTLf [F ] [5] over finite traces. Such logic formulas can be seen as functions
mapping infinite and finite words, respectively, to values in R. The range of values for LTL[F ]
specifications is finite [1]. Following the construction in [1], we can translate, in exponential
time, LTL[F ] and LTLf [F ] formulas into the above automata representation.

A reward function can also capture a quantitative language LW : Σ∞ → R, expressed
with a weighted automaton W = ⟨Q, qI , Σ, δ, γ⟩, where γ : δ → Q is a weight function, and
a value function V : Q∞ → R [8]. These automata can serve as a concise specification
in the design process. To use the finite representation above and enable the respective
algorithms, we restrict the instances of V we consider to those where Vals finite. For the
value functions Last or Max on finite sequences, and Sup, LimSup or LimInf on infinite
sequences, we can construct in at most polynomial time [8], from a quantitative automaton
W, individual (Boolean) automata W∼v for threshold v and ∼∈ {>, ≥, =, ≤, <}, such that
LW∼v = {σ ∈ Σ∞ | LW(σ) ∼ v}. We can thus translate a pair of quantitative automata
with those value functions into a set of automata {(Bv, Nv) | v ∈ Vals}. While our theory
supports more expressive classes of quantitative languages, such as LimAvg or Disc, there
the language inclusion problem becomes undecidable for nondeterministic automata [8] and
deterministic automata lack many essential closure properties [7]. In the future, we plan to
investigate decidable subclasses, in order to extend algorithmic support to more expressive
representations of reward functions.
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7 Related Work

De Alfaro and Henzinger’s interface automata [14] have been extended in various ways,
including the timed domain [16, 12], and focusing on communication and synchronization
using game semantics [13]. The work on contract-based design by Benveniste et al. [3] provides
a comprehensive overview of different interface theories, with a unified set of properties.

Modal interface theories [20, 23, 21] refine the model by introducing modalities, which
enable the expression of liveness properties. Extensions by Tripakis et al. [25], or Mouelhi
et al. [22] extend the expressive power of interface automata by introducing additional
contracts over the input and output variables at each state and globally. A similar idea is
presented concerning shared memory [24], where the pre- and post-conditions on transitions
are interpreted as modification of shared data on synchronization. These approaches lift
interface automata for more expressivity and finer control. We similarly address these issues
with requirements on interfaces expressed as a reward function, which by its multi-valued
range is able to capture complex specifications in a concise way, and additionally, we define
compatibility with respect to arbitrary functions to express higher level goals.

Quantitative aspects of interface automata have been explored in the form of resource
interfaces [6], which extend stateful interfaces to include resource labels. Each state is
associated with an increase or decrease in the value of an execution if entered. This allows for
naturally specifying minimum resource usage, or checking compatibility within a threshold
of consumed energy. For a single interface, reward interfaces are able to express the same
using the reward function, but our compatibility notion is less strict outside the automaton
structure. We could however use a resource interface in place of the function, similarly to a
weighted automaton, since it will associate a value for each execution. Still, the semantics
will be different since we interpret obligations given by the function in a good-enough context.

Our approaches to algorithmically checking consistency and compatibility of interfaces
reduce to synthesis questions, where we need to find a good-enough strategy for an infinite two-
player game. Good-enough synthesis [2] is closely related to dominant [11] and admissible [4]
strategies, which are strategies that perform as good as the best alternative, such that they
are not dominated by another strategy. There has been further work on applying these ideas
to the compositional synthesis setting [11, 19, 17].

8 Conclusion

We introduced a novel interface framework for best-effort quantitative requirements, called
reward interfaces, building on interface automata. Our formalism can enforce high-quality
implementations for unconstrained external environments, while providing notions of com-
patibility and refinement central to interface theories. It allows for expressing a wide range
of both qualitative and quantitative properties in a concise manner, as to not increase the
effort required during the component-based design process. The algorithmic solutions we
presented are of considerably higher complexity than those for classic interface automata,
due to the high degree of flexibility afforded by the quantitative function.
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P ∥ S′

Q) such that σ′|ΣE,I
P ⊗Q

= σE,I and

inf{comb(FP (σ′′|ΣObs
P

), FQ(σ′′|ΣObs
Q

)) | S′′
P ∈ Imp(P ) and S′′
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σ′′ ∈ Traces(S′′
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Q, σE,I)} ≥ v.
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Since σ ∈ Traces(SP ∥ SQ, σE,I), by the definition of FP ▽comb FQ, we have that
FP ▽comb FQ(σ) is defined. Thus, by the second item we have that FP ▽comb FQ(σ) < v.
This, together with the definition of FP ▽comb FQ implies that

inf{comb(FP (σ′′|ΣObs
P

), FQ(σ′′|ΣObs
Q

)) | S′′
P ∈ Imp(P ) and S′′

Q ∈ Imp(Q) composable,

σ′′ ∈ Traces(S′′
P ∥ S′′

Q, σE,I)} < v.

This is a contradiction, which concludes the proof. ◀

▶ Proposition 19 (Quality of the Reward Function Composition). Consider reward interfaces
P = (AP , FP ) and Q = (AQ, FQ) with AP and AQ compatible, and a reward function F such
that P and Q are F-compatible. Then, Imp(AP ∥ AQ, FP ▽comb FQ) ⊆ Imp(AP ∥ AQ, F).

Proof. Let P = (AP , FP ) and Q = (AQ, FQ) be reward interfaces with automata AP and
AQ that are compatible. Let F be a reward function such that P and Q are F-compatible.

We have to show that for every S ∈ Imp(AP ∥ AQ, FP ▽comb FQ) it holds that S ∈
Imp(AP ∥ AQ, F). For the sake of contradiction, suppose that there exists S ∈ Imp(AP ∥
AQ, FP ▽comb FQ) such that S ̸∈ Imp(AP ∥ AQ, F). Since S ⪯ AP ∥ AQ, this means that S

is not good-enough with respect to F . Let σ ∈ Traces(S) be the trace witnessing this violation.
Thus, σ|ΣE,I

P ⊗Q
is (F , v)-hopeful for some v ∈ R−∞ and F(σ|ΣObs

P ⊗Q
) is either undefined or

strictly smaller than v. We will now show that this assumption leads to contradiction.
Let I = {SP ∥ SQ | SP ∈ Imp(P ), SQ ∈ Imp(Q), SP and SQ composable} be the set of

composed implementations of P and Q. Since implementations do not restrict the allowed
inputs, we have that there exists S′ ∈ I and σ′ ∈ Traces(S′) such that σ′|ΣE,I

P ⊗Q
= σ|ΣE,I

P ⊗Q
.

This implies that FP ▽comb FQ(σ|ΣE,I
P ⊗Q

) is defined. Thus, since S is good-enough with
respect to FP ▽comb FQ, we have that FP ▽comb FQ(σ|ΣObs

P ⊗Q
) must be defined as well. By

the definition of FP ▽comb FQ, this implies that there exist S′′ ∈ I and σ′′ ∈ Traces(S′′)
such that σ′′|ΣObs

P ⊗Q
= σ|ΣObs

P ⊗Q
. Now, since σ′′|ΣE,I

P ⊗Q
= σ|ΣE,I

P ⊗Q
, and by Proposition 18

S′′ is good-enough with respect to F , it must be the case that F(σ′′|ΣObs
P ⊗Q

) ≥ v. Since
σ′′|ΣObs

P ⊗Q
= σ|ΣObs

P ⊗Q
, it also holds that F(σ|ΣObs

P ⊗Q
) ≥ v, which is the desired contradiction. ◀

▶ Proposition 29 (Composition Associativity). Let P = (AP , FP ), Q = (AQ, FQ) and R =
(AR, FR) be reward interfaces with pairwise compatible interface automata. If the function
comb is symmetric, then FP ▽comb FQ = FQ ▽comb FP . If comb is associative, monotonically
increasing and continuous, then the reward function composition using comb is associative,
that is, (FP ▽comb FQ) ▽comb FR = FP ▽comb (FQ ▽comb FR).

Proof. Let P = (AP , FP ), Q = (AQ, FQ) and R = (AR, FR) be reward interfaces with
pairwise compatible interface automata. Clearly, AP ∥ AQ = AQ ∥ AP . The associativity
of composition for compatible interface automata is established in [14], thus (AP ∥ AQ) ∥
AR = AP ∥ (AQ ∥ AR). Let AP Q := AP ∥ AQ and AQR := AQ ∥ AR.

By the definition of composition, it is clearly the case that for every σ ∈ ΣObs
P ⊗Q we have

that FP ▽comb FQ(σ) is defined if and only if FQ ▽comb FP (σ) is defined. When comb is
symmetric, that, for all a, b ∈ R−∞ we have that comb(a, b) = comb(b, a), the definition of
reward function composition (Definition 17) implies that if defined, the two values are equal.

Suppose that the function comb satisfies the following conditions for all a, b, c, d, d′ ∈ R−∞:
(Associativity) comb(comb(a, b), c) = comb(a, comb(b, c)).
(Monotonicity) If d ≤ d′, then comb(d, b) ≤ comb(d′, b) and comb(a, d) ≤ comb(a, d′).
(Continuity) For every fixed v ∈ R−∞, the functions f1(x) = comb(x, v) and f2(y) =
comb(v, y) are continuous on R−∞.
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Under these conditions we prove that for any sequence σ ∈ (ΣObs
P ⊗Q⊗R)∞ it either holds

that ((FP ▽comb FQ) ▽comb FR)(σ) = (FP ▽comb (FQ ▽comb FR))(σ), or both are undefined.
Let FP Q := FP ▽comb FQ, FQR := FQ ▽comb FR, PQ := (AP Q, FP Q) and QR :=

(AQR, FQR), and let A := (AP ∥ AQ) ∥ AR = AP ∥ (AQ ∥ AR). Let σ ∈ (ΣObs
P ⊗Q⊗R)∞.

First we show that (FP Q ▽comb FR)(σ) is defined iff (FP ▽comb FQR)(σ) is defined.
Suppose that (FP Q ▽comb FR)(σ) is defined. Then, there exist composable implementa-

tions S′
P Q ∈ Imp(PQ) and S′

R ∈ Imp(R) and σ′ ∈ Traces(S′
P Q ∥ S′

R) such that σ′|ΣObs
P ⊗Q⊗R

= σ.
Since S′

P Q is good-enough with respect to FP Q, from the properties of composition of re-
ward functions we have that there exist composable S′

P ∈ Imp(P ) and S′
Q ∈ Imp(Q) and

a trace σ′′ ∈ Traces(S′
P ∥ S′

Q) such that σ′′|ΣObs
P ⊗Q

= σ′|ΣObs
P ⊗Q

. By the choice of σ′ and σ′′

we have that there exists σ′′′ ∈ Traces((S′
P ∥ S′

Q) ∥ S′
R) such that σ′′′|ΣObs

P ⊗Q⊗R
= σ. Since

Traces((S′
P ∥ S′

Q) ∥ S′
R) = Traces(S′

P ∥ (S′
Q ∥ S′

R)), we can use S′
P , S′

Q ∥ S′
R and σ′′′ as a

witness to the fact that (FP ▽comb FQR)(σ) is defined. The other direction of the implication
is shown analogously, concluding the first part of the proof.

It remains to show that when both functions are defined on σ, then their values are equal.
By definition, we have (FP Q ▽comb FR)(σ) = inf{comb(FP Q(σ′|ΣObs

P ⊗Q
), FR(σ′|ΣObs

R
))|

S′
P Q ∈ Imp(PQ), S′

R ∈ Imp(R), composable, σ′ ∈ Traces(S′
P Q ∥ S′

R, σ|ΣE,I
P ⊗Q⊗R

)}. Applying
the definition to FP Q, we replace FP Q(σ′|ΣObs

P ⊗Q
) by inf{comb(FP (σ′′|ΣObs

P
), FQ(σ′′|ΣObs

Q
))|

S′
P ∈ Imp(P ), S′

Q ∈ Imp(Q), composable, σ′′ ∈ Traces(S′
P ∥ S′

Q, σ′|ΣE,I
P ⊗Q

)}.

Due to the monotonicity and continuity properties of comb, we get (FP Q ▽comb FR)(σ) =
inf{comb(comb(FP (σ′′|ΣObs

P
), FQ(σ′′|ΣObs

Q
)), FR(σ′|ΣObs

R
)) | S′

P Q ∈ Imp(PQ), S′
R ∈ Imp(R),

composable, σ′ ∈ Traces(S′
P Q ∥ S′

R, σ|ΣE,I
P ⊗Q⊗R

), S′
P ∈ Imp(P ), S′

Q ∈
Imp(Q), composable, σ′′ ∈ Traces(S′

P ∥ S′
Q, σ′|ΣE,I

P ⊗Q
)}. Applying reasoning sim-

ilar to that in the first part of the proof, we get (FP Q ▽comb FR)(σ) =
inf{comb(comb(FP (σ′′′|ΣObs

P
), FQ(σ′′′|ΣObs

Q
)), FR(σ′′′|ΣObs

R
)) | S′

P ∈ Imp(P ), S′
Q ∈

Imp(Q), composable, S′
R ∈ Imp(R) composable with S′

P ∥ S′
Q, σ′′′ ∈ Traces(S′

P ∥
S′

Q ∥ S′
R, σ|ΣE,I

P ⊗Q⊗R
)}. Using the associativity of comb we replace the term

comb(comb(FP (σ′′′|ΣObs
P

), FQ(σ′′′|ΣObs
Q

)), FR(σ′′′|ΣObs
R

)) by
comb(FP (σ′′′|ΣObs

P
), comb(FQ(σ′′′|ΣObs

Q
), FR(σ′′′|ΣObs

R
))).

Additionally, reorganizing the composition, we obtain (FP Q ▽comb FR)(σ) =
inf{comb(FP (σ′′′|ΣObs

P
), comb(FQ(σ′′′|ΣObs

Q
), FR(σ′′′|ΣObs

R
))) | S′

P ∈ Imp(P ),
S′

Q ∥ S′
R ∈ Imp(QR), composable, σ′′′ ∈ Traces(S′

P ∥ (S′
Q ∥ S′

R), σ|ΣE,I
P ⊗Q⊗R

)}.

Using again the properties of comb, we get (FP Q ▽comb FR)(σ) =
inf{comb(FP (σ′′′|ΣObs

P
), FQR(σ′′′|ΣObs

Q⊗R
)) | S′

P ∈ Imp(P ), S′
Q ∥ S′

R ∈ Imp(QR), composable,

σ′′′ ∈ Traces(S′
P ∥ (S′

Q ∥ S′
R), σ′|ΣE,I

P ⊗Q⊗R
)}. This is precisely (FP ▽comb FQR)(σ). ◀

B Appendix: Properties of Reward Interface Refinement

▶ Proposition 30 (Refinement as Preorder). For all reward interfaces P , Q and R, it holds
that (1) P ⪯ P and (2) if Q ⪯ P , and R ⪯ Q, then also R ⪯ P .

Proof. Theorem 4.1 in [14] establishes that the refinement relation between classical interface
automata is a preorder. Thus, we show only that reward function refinement is a preorder.

Consider reward interfaces P = (AP , FP ), Q = (AQ, FQ), and R = (AR, FR).
(1) is trivial, so we show only (2). Assume that P ⪰ Q and Q ⪰ R.
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Since AP ⪰ AQ and AQ ⪰ AR, we have alternating simulations ⪰P Q⊆ VP × VQ and
⪰QR⊆ VQ × VR from AQ to AP , and from AR to AQ, respectively. Furthermore we have
that ΣE

P ⊆ ΣE
Q ⊆ ΣE

R, ΣI
P ⊆ ΣI

Q ⊆ ΣI
R, and ΣO

R ⊆ ΣO
Q ⊆ ΣO

P . For AP ⪰ AR, we define the
relation ⪰P R⊂ VP × VR as ⪰P R:= {(u, v) ∈ VP × VR | ∃w ∈ VQ. u ⪰P Q w ∧ w ⪰QR v}. The
relation ⪰P R is an alternating simulation from AR to AP . Thus, AP ⪰ AR.

Since FP ⪰ FQ and FQ ⪰ FR, there exist functions rP Q : R−∞ → R−∞, and rQR :
R−∞ → R−∞, which satisfy the conditions of Definition 21. We define the function rP R :
R−∞ → R−∞ such that rP R(v) = rQR(rP Q(v)) for all v ∈ Vals(FP ). We now show that
rP R satisfies the conditions of Definition 21. Let v ∈ Vals(FP ).
1. Let σI,E

R ∈ (ΣE
R ∪ ΣI

R)∞ be such that σI,E
R |ΣP

∈ Hopeful(FP , v, (ΣE
P ∪ ΣI

P )). We have to
show that σI,E

R ∈ Hopeful(FR, rP R(v), (ΣE
R ∪ ΣI

R)). From the properties of rP Q, we get
σI,E

R |ΣQ
∈ Hopeful(FQ, rP Q(v), (ΣE

Q ∪ ΣI
Q)). From that, using the properties of rQR, we

get that σI,E
R ∈ Hopeful(FR, rQR(rP Q(v)), (ΣE

Q ∪ ΣI
Q)). Since rQR(rP Q(v)) = rP R(v),

this is precisely what we needed to show.
2. Let σR ∈ (ΣObs

R )∞ be such that FR(σR) ≥ rP R(v). We have to show that FP (σR|ΣP
) ≥ v.

Since rP R(v) = rQR(rP Q(v)), from the properties of rQR we have that FQ(σR|ΣQ
) ≥

rP Q(v). From that, by the properties of the function rP Q we get FP ((σR|ΣQ
)|ΣP

) ≥ v.
(σR|ΣQ

)|ΣP
is equal to σR|ΣP

because of the subset relationships between alphabets of P ,
Q, and R, as stated above, which is precisely what we had to show. ◀

▶ Theorem 24 (Implementation of a Refinement). If a reward interface Q = (AQ, FQ) refines
a reward interface P = (AP , FP ), then Imp(Q) ⊆ Imp(P ).

Proof. Consider reward interfaces P = (AP , FP ) and Q = (AQ, FQ) such that Q is a
refinement of P . We have to show that Imp(Q) ⊆ Imp(P ). Let S ∈ Imp(Q). By Definition 13,
we need to show that (a) S ⪯ AP , and (b) S is good-enough w.r.t. FP .

Refinement of interface automata is transitive, and since S is a refinement of AQ, and
AQ refines AP , condition (a) is satisfied. To establish condition (b), we have to show
that for every σE,I ∈ (ΣE

P ∪ ΣI
P )∞ with σE,I ∈ Hopeful(FP , v, ΣE

P ∪ ΣI
P ) and every trace

σ ∈ TracesΣObs
P

(S, σE,I) it holds that FP (σ) is defined and FP (σ) ≥ v.
Since FQ ⪯ FP , there exists a function rP Q : R−∞ → R−∞ that satisfies the conditions

of Definition 21. Because σE,I ∈ Hopeful(FP , v, ΣE
P ∪ ΣI

P ), and (ΣE
P ∪ ΣI

P ) ⊆ (ΣE
Q ∪ ΣI

Q),
we know by the first property of rP Q that σE,I ∈ Hopeful(FQ, rP Q(v), ΣE

Q ∪ ΣI
Q). Then,

since S ∈ Imp(Q) we have that for every trace σ ∈ TracesΣObs
Q

(S, σE,I), FQ(σ) is defined
and FQ(σ) ≥ rP Q(v). Applying Definition 21, every trace σ ∈ TracesΣObs

Q
(S, σE,I) is

such that FP (σ|ΣP
) is defined and FP (σ|ΣP

) ≥ v. Conditions on rP Q guarantee that the
matching sequence σ|ΣP

achieves value v for FP . Since ΣO
P ⊇ ΣO

Q ⊇ ΣO
S , {σ|ΣP

| σ ∈
TracesΣObs

Q
(S, σE,I)} = {σ | σ ∈ TracesΣObs

P
(S, σE,I)}. Thus, it follows that for every trace

σ ∈ TracesΣObs
P

(S, σE,I), FP (σ) is defined and FP (σ) ≥ v, which is what we had to prove. ◀

▶ Theorem 25. Consider P = (AP , FP ) and Q = (AQ, FQ) with AP and AQ compatible,
and let P ′ = (AP ′ , FP ′) be a non-empty refinement of P , with (ΣI

P ′ \ ΣI
P ) ∩ ΣO

Q = ∅. Then
if comb is monotonically increasing, (AP ′ ∥ AQ, FP ′ ▽comb FQ) ⪯ (AP ∥ AQ, FP ▽comb FQ).
If P and Q are F-compatible for a reward function F , then P ′ and Q are also F-compatible.

We will differentiate Theorem 25 into Lemma 31 and Lemma 32.

▶ Lemma 31 (Substitutability). Let P = (AP , FP ) be F-compatible with Q = (AQ, FQ) for
some function F : (ΣObs

P ⊗Q)∞ → R. Then, any non-empty refinement P ′ = (AP ′ , FP ′) of P

with (ΣI
P ′ \ ΣI

P ) ∩ ΣO
Q = ∅ is F-compatible with Q.
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Proof. Since P and Q are F-compatible, we know that all the following hold:
AP and AQ are non-empty and composable,
there exists a legal environment AR for (AP , AQ), and
for SP ∈ Imp(P ) and SQ ∈ Imp(Q) composable, SP ∥ SQ is good-enough w.r.t. F .

To prove F-compatibility of P ′ and Q, we will first construct an interface automaton AR′

that is a legal environment for (AP ′ , AQ). We will then show that for any S′
P ∈ Imp(P ′) and

any SQ ∈ Imp(Q), S′
P ∥ SQ is good-enough w.r.t. F . By (ΣI

P ′ \ ΣI
P ) ∩ ΣO

Q = ∅ and ΣO
P ′ ⊆ ΣO

P ,
we know that Shared(AP ′ , AQ) ⊆ Shared(AP , AQ), i.e. AP ′ does not synchronize with AQ

on any new actions. We define AR′ = ⟨VR, V init
R , ΣI

R′ , ΣO
R′ , ΣE

R, ΣH
R , T ′

R⟩ such that:
ΣI

R′ = ΣI
R \ (ΣO

P \ ΣO
P ′), ΣO

R′ = ΣO
R ∪ (ΣI

P ′ \ ΣI
P ),

T ′
R = {(v, a, v′)|(v, a, v′) ∈ TR ∧ a ∈ ΣR′}.

That is, AR′ is equal to AR except for the sets of inputs and outputs actions towards
P ′ ⊗ Q. These are modified to account for the fact that ΣI

P ⊆ ΣI
P ′ and ΣO

P ⊇ ΣO
P ′ . Since

none of the new outputs (ΣI
P ′ \ ΣI

P ) of AR′ are used in TR, functionally AR′ differs from AR

only in not accepting outputs of P that are removed in P ′, that is (ΣO
P \ ΣO

P ′). To prove that
AR′ is a legal environment for (AP ′ , AQ) we need to show that conditions in Definition 5 are
met. Meaning that AR′ is not empty and
1. ΣE

R′ = ΣE
P ′⊗Q, ΣI

R′ = ΣO
P ′⊗Q, ΣO

R′ = ΣI
P ′⊗Q.

2. AR′ is composable with AP ′ ⊗ AQ, and Illegal(AP ′ ⊗ AQ, AR) = ∅.
3. Reach((AP ′ ⊗ AQ) ⊗ AR′) ∩ (Illegal(AP ′ , AQ) × VR′) = ∅
By the definition of AR′ and the properties of AR, the first two conditions hold.

For the third condition, note that since AP ′ is a refinement of AP , AP ′ will never reject
an input accepted by AP . In particular, Reach((AP ′ ⊗ AQ) ⊗ AR′) will not contain illegal
states from (Illegal(AP ′ , AQ) × VR′) if Reach((AP ⊗ AQ) ⊗ AR) did not, since T ′

R ⊆ TR. Thus,
the third condition also holds. Therefore, AR′ is a legal environment for (P ′, Q).

Now we show that for any two implementations SP ′ ∈ Imp(P ′) and SQ ∈ Imp(Q) that
are composable, SP ′ ∥ SQ is good-enough w.r.t. F .

As P ′ ⪯ P , by Theorem 24 we have that SP ′ ∈ Imp(P ). Therefore, the F-compatibility
of P and Q implies that SP ′ ∥ SQ is good-enough w.r.t F . ◀

▶ Lemma 32 (Monotonicity of Reward Function Composition). Consider reward interfaces
P = (AP , FP ) and Q = (AQ, FQ) with AP and AQ compatible, and let P ′ = (A′

P , F ′
P ) be a

non-empty refinement of P , with (ΣI
P ′ \ ΣI

P ) ∩ ΣI
Q = ∅. If comb is monotonically increasing,

then (A′
P ∥ AQ, F ′

P ▽comb FQ) ⪯ (AP ∥ AQ, FP ▽comb FQ).

Proof. Let P = (AP , FP ) and Q = (AQ, FQ) be such that AP and AQ are compatible, and
P ′ = (A′

P , F ′
P ) be non-empty, P ′ ⪯ P and (ΣI

P ′ \ ΣI
P ) ∩ ΣI

Q = ∅. We show that if comb is
monotonically increasing, then (A′

P ∥ AQ, F ′
P ▽comb FQ) ⪯ (AP ∥ AQ, FP ▽comb FQ).

For interface automata, A′
P ∥ AQ ⪯ AP ∥ AQ. We show (F ′

P ▽comb FQ)⪯(FP ▽comb FQ).
From F ′

P ⪯ FP , there is a function r : V als(FP ) → V als(F ′
P ) that satisfies the conditions

of Definition 21. To show (F ′
P ▽comb FQ) ⪯ (FP ▽comb FQ), we need to construct a function

r′ : R−∞ → R−∞ that satisfies the conditions of Definition 21 for these functions.
For all v ∈ V als(FP ▽comb FQ), let r′(v) = inf{comb(r(FP (σ|ΣObs

P
)), FQ(σ|ΣObs

Q
)) |

σ ∈ (ΣObs
P ⊗Q)∞ and comb(FP (σ|ΣObs

P
), FQ(σ|ΣObs

Q
)) ≥ v}.

For every value v ∈ V als(FP ▽comb FQ) we have:
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Condition 1:
Let σE,I ∈ (ΣE,I

P ′⊗Q)∞ be such that σE,I |ΣE,I
P ⊗Q

∈ Hopeful(FP ▽comb FQ, v, ΣE,I
P ⊗Q). This

means that inf{comb(FP (σ|ΣObs
P

), FQ(σ|ΣObs
Q

)) | SP ∈ Imp(P ), SQ ∈ Imp(Q) composable,

σ ∈ Traces(SP ∥ SQ, σE,I)} ≥ v.
We know that Imp(P ′) ⊆ Imp(P ), so in particular Imp(A′

P ∥ AQ, F ′
P ▽comb FQ) ⊆

Imp(AP ∥ AQ, FP ▽comb FQ). That means that for F ′
P ▽comb FQ we will consider a

subset of the implementations, and therefore not more traces when applying inf, as for
FP ▽comb FQ. This, together with the above inequality implies F ′

P ▽comb FQ(σE,I) ≥
r′(v). Then it holds that any σ ∈ Traces(AP ∥ AQ, σE,I), for which F ′

P ▽comb FQ(σ) is
defined, is a witness for σE,I ∈ Hopeful(F ′

P ▽comb FQ, r′(v), ΣE,I
P ′⊗Q).

Condition 2:
Let σ′ ∈ (ΣObs

P ′⊗Q)∞ be such that (F ′
P ▽comb FQ)(σ′) ≥ r′(v). This means that

inf{comb(F ′
P (σ|ΣObs

P ′
), FQ(σ|ΣObs

Q
)) |

S′
P ∈ Imp(P ′), SQ ∈ Imp(Q), composable, σ ∈ Traces(S′

P ∥ SQ, σ′|ΣE,I

P ′⊗Q

)} ≥ r′(v).
We have to show that inf{comb(FP (σ|ΣObs

P
), FQ(σ|ΣObs

Q
)) |

SP ∈ Imp(P ), SQ ∈ Imp(Q), composable, σ ∈ Traces(SP ∥ SQ, σ′|ΣE,I
P ⊗Q

)} ≥ v.
Since F ′

P ⪯ FP we have for the function r that F ′
P (σ) ≥ r(FP (σ|ΣObs

P
)). Since this

function r is used in r′, then comb(r(FP (σ|ΣObs
P

)), FQ(σ|ΣObs
Q

)) ≥ r′(v), meaning that
comb(FP (σ|ΣObs

P
), FQ(σ|ΣObs

Q
)) ≥ v by definition of r′ and monotonicity of comb. Thus,

inf{comb(FP (σ|ΣObs
P

), FQ(σ|ΣObs
Q

)) |
SP ∈ Imp(P ), SQ ∈ Imp(Q), composable, σ ∈ Traces(SP ∥ SQ, σ′|ΣE,I

P ⊗Q
)} ≥ v.

Thus, both conditions in Definition 21 hold for r′. Hence, (F ′
P ▽comb FQ) ⪯

(FP ▽comb FQ). ◀
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