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Abstract
Useful evaluation is an optimised evaluation mechanism for functional programming languages. It
relies on representing terms with sharing and imposing a restricted notion of useful substitutions, that
intuitively disallows copying subterms that do not contribute to the progress of the computation.

In particular, useful call-by-value evaluation optimises the standard call-by-value strategy by
preserving its original semantics. This preservation result has been shown by means of syntactical
rewriting techniques, difficult to adapt to alternative variants of the calculi at play.

In this work, we present the first semantic model of useful call-by-value evaluation through the
non-idempotent intersection type system U . Our first contribution is a characterisation of termination
for useful call-by-value evaluation via system U . That is, a term is typable in system U if and only
if it terminates in the useful call-by-value strategy. As a second contribution, we show that system
U provides a quantitative interpretation for useful call-by-value evaluation, offering exact step-count
information for program evaluation. Our third contribution is that termination in call-by-value and
useful call-by-value are equivalent. This ensures in particular that call-by-value, which is (potentially)
erasing, and useful call-by-value, which is non-erasing, are observationally equivalent. Even though
the specification of the operational semantics of useful evaluation is highly complex, system U is
notably simple. As far as we know, system U is one of the scarce quantitative type systems capturing
exactly the substitution step-count for variables and abstractions in an open call-by-value strategy.
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1 Introduction

Implementing a model of computation efficiently requires designing an operational semantics
that closely adheres to the original model, while optimising the key operations for computa-
tional efficiency. This creates a significant gap between the original model and its optimised
version, making it crucial to guarantee that both notions are observationally equivalent,
meaning that the observable behaviour of any program in the optimised model should be
indistinguishable from its behaviour in the original one.
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47:2 Useful Call-by-Value: A Semantic Interpretation via Quantitative Types

A typical and well-known example of this phenomenon is call-by-need (CBNeed), which can
be shown to be observationally equivalent to call-by-name (CBN) [12, 41, 36]. Another recent
example of an optimisation technique in the theory of functional programming languages is
useful evaluation, introduced by Accattoli and Dal Lago [9]. This notion is based on a graph
representation of λ-terms which implements sharing by means of explicit substitutions (ESs)
(see [35] for a survey on ES). Useful evaluation aims to perform duplication only when this
contributes to the progress of the computation, that is, to the creation of β-redexes.

Defining useful evaluation is challenging because its corresponding operational semantics
must precisely capture what “contributing to the progress of the computation” means.
Indeed, this makes useful evaluation context-sensitive by nature. In the call-by-value (CBV)
framework, useful evaluation can be seen as an optimised implementation of standard CBV
that effectively preserves its original semantics [1, 3]. This preservation result has been
proved by means of syntactical tools based on rewriting theory.

In general, proving equivalence between two calculi through operational reasoning is
inherently complex, often relying on various syntactic techniques such as sharing, unfolding,
residual theory, standardisation, among others. Moreover, syntactic proofs of observational
equivalence are often ad hoc and difficult to generalise to alternative variants of the calculi
at play. In contrast, the semantic methods used in this work have provided abstract and
conceptual proofs when applied before to other cases; this is for example the emblematic
semantic equivalence between CBNeed and CBN [36]. Here, we extend these methods to the
CBV framework to capture in particular usefulness.

Quantitative Interpretations. We rely on the non-idempotent flavour of intersection types
(IT) to provide a model of useful CBV evaluation. IT extend simple types with an intersection
type constructor ∩, allowing a program t to be typed with α∩β if t types with both α and β

independently. Initially introduced as models to capture qualitative computational properties
of functional programs [23, 24], intersection type systems (ITS) are able in particular to
characterise termination of evaluation strategies: a program t terminates in a given evaluation
strategy if and only if t is typable in an associated type system.

In the original formulation of IT, the type constructor ∩ is considered to be idempotent,
meaning that σ ∩ σ = σ. So, an intersection α1 ∩ . . . ∩ αn can be represented as the
set {α1, . . . , αn}. More recent works have adopted a non-idempotent intersection type
constructor [30, 22, 25]. In this setting, an intersection α1 ∩ . . . ∩ αn can be represented as
the multiset [α1, . . . , αn]. Like their idempotent precursors, non-idempotent ITS still allow
characterising operational properties of programs by means of typability but also yield a
substantial improvement: they provide quantitative measures about these properties [30, 22,
25]. For instance, from a typing derivation of a program t, it is possible to extract an upper
bound – or even an exact measure – for the number of steps which is necessary to reach the
normal form of t.

More precisely, exact measures can be obtained in the so-called tight quantitative type
systems [2], by decorating the type judgements with counters, and by imposing a tightness
condition on typing derivations to ensure that they are minimal. For instance, the counter
m may be used in the typing judgement Γ ⊢m t : α to capture the fact that t evaluates in
exactly m reduction steps to a normal form.

To (quantitatively) characterise termination for a given evaluation strategy in such type
systems, one relies on the results of soundness and completeness of the type system with
respect to the corresponding evaluation strategy. Here, quantitative soundness means that
for any tight type derivation of a program t with counter m, the program t evaluates to
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normal form in exactly m steps. Conversely, quantitative completeness means that every
reduction sequence to normal form of a given length corresponds to a tight typing derivation
with appropriate counters.

Quantitative type systems based on non-idempotent ITS have been applied to various
evaluation strategies in the λ-calculus for obtaining upper bounds and exact measures [17, 21,
2, 25, 39], as well as in the contexts of classical calculi [37, 38], call-by-value [28, 4, 34, 6], call-
by-need [13, 14, 7, 40], call-by-push-value [19], languages with effects [11], linear logic [27, 26],
etc. These type systems can be seen as semantic interpretations, akin to relational models in
the usual sense of linear logic [32, 18].

In the framework of Plotkin’s CBV [43], non-idempotent ITS have been introduced by
Ehrhard [28], and then extended to calculi with sharing (see e.g., [4, 7, 19, 39, 6]). All
these type systems characterise termination of the corresponding CBV calculus but their
underlying notion of tightness does not seem to be easily adaptable to useful CBV. The
problem of finding a semantic model of useful CBV capable of providing the exact number
of steps to reach a normal form thus remained open.

Previous definitions of useful CBV in the literature lack semantic models, and existing
quantitative models of CBV do not account for usefulness. This work aims to provide the
first semantic interpretation of useful CBV evaluation by introducing a quantitative model
that admits a tight extension. In particular, our work provides one of the scarce quantitative
type systems capturing exactly the substitution step-count for variables and abstractions in
an open CBV strategy.

Motivation and Goal of this Paper. As discussed in the previous subsection, semantic
models are often qualitative, in that they capture extensional properties of programs, such
as observational equivalence. In contrast, models based on non-idempotent intersection
types refine this perspective by capturing intensional properties of programs, such as the
length of reductions to normal form, and therefore considered to be quantitative. Qualitative
semantic models are unable to distinguish between alternative implementations, such as
CBN vs. CBNeed, or CBV vs. useful CBV. The motivation of this work is to deepen the
understanding of useful CBV evaluation by developing tools that enable quantitative
reasoning about program behaviour. The main goal is to develop a sound and complete
quantitative model based on non-idempotent intersection types for useful CBV. In
particular, since it is well-known that there can be an exponential gap between function
application steps and substitution steps (a.k.a. the size explosion problem, see e.g. [9]), our
goal is to include in the design of such a quantitative model a way to distinguish between
these two forms of reduction steps. Such a distinction has several applications, in particular,
in the analysis of cost models and the design of optimisation techniques.

Contributions and Structure of the Paper. We begin in Section 2 by recalling Accattoli
and Paolini’s Value Substitution Calculus (vsc) [10], the CBV calculus we use in this work.
Whereas most functional programming languages rely on reduction for closed terms (i.e.,
without free variables), reduction in the vsc applies also on open terms (i.e., with free
variables). Adopting an open CBV setting broadens the applicability of our results, as open
CBV serves as a foundational framework for more complex evaluation models, like strong
CBV [33] which is used to implement proof assistants based on dependent type theory.

Since the vsc is a (potentially) erasing calculus (i.e., values can be erased during com-
putation, see subsection 2.3) while useful CBV is not, relating their operational semantics
is not easy. To overcome this barrier, we define a non-erasing variant of vsc we dub vscne,
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47:4 Useful Call-by-Value: A Semantic Interpretation via Quantitative Types

which enjoys two properties: (1) termination in vsc is equivalent to termination in vscne, and
(2) termination in vscne is equivalent to termination in useful CBV. The first property is
relatively routine (see the appendix for details), so most of the paper is devoted to studying
the second one, which is challenging.

In Section 3, we define system U , a non-idempotent intersection type system which is
shown to characterise termination in vscne. In Section 4, we recall an inductive formulation of
the useful CBV evaluation strategy that has been recently defined [15]. Finally, in Section 5,
we show that system U is the first semantic model for useful CBV evaluation, addressing the
lack of a high-level, semantic characterisation of this strategy.

Our first main result is that system U characterises termination in both vscne (Theorem 3)
and useful CBV (Corollary 14). Termination in vscne is equivalent to typability in system U ,
which is in turn equivalent to termination in useful CBV. This ensures in particular that
vscne and useful CBV are observationally equivalent. Therefore, useful CBV evaluation can
be seen as an optimisation of CBV that preserves its original semantics.

As a second main result, we refine system U to provide exact quantitative information of
useful CBV evaluation. Indeed, we equip type judgements of system U with counters that
are natural numbers, and we define a notion of tightness, intuitively capturing minimality of
derivations. The counters are meant to capture the exact step-count for program evaluation.
More precisely, we show that a term t is tightly typable with counters m and e in system U
if and only if t terminates in useful CBV evaluation in exactly m function application steps
and e substitution steps (Corollary 14). Our contribution is novel, as previous definitions
of useful evaluation (including useful CBV) lack semantic models and current quantitative
interpretations of CBV do not consider usefulness. Notably, except for [39], which relies
entirely on the persistent/consuming paradigm, this is the only quantitative type system for
open CBV that is able to count variable and abstraction substitution steps exactly.

2 Reduction and Open Call-by-Value

In this section, we start by recalling some general notions of rewriting theory. We then
review the Value Substitution Calculus (vsc), a CBV calculus introduced by Accattoli and
Paolini [10], as well as a non-erasing variant of vsc called vscne.

2.1 Preliminary Notions on Rewriting Theory

Given a reduction system R, we write →R to denote the (one-step) reduction relation
associated to R. We write →=

R and →∗
R for the reflexive and reflexive-transitive closure of

→R, respectively, and →n
R for the composition of n-steps of →R. A term t is said to be

R-irreducible, or in R-normal form, written t ̸→R, if there is no u such that t→R u. A
term t is said to be R-weakly terminating (resp. R-terminating) if there exists some
R-normal form u such that t→∗

R u (resp. there is no infinite R-sequence starting at t). A
term t is R-diamond (or enjoys the R-diamond property) if t →R t0 and t →R t1, with
t0 ̸= t1, imply there is t′ such that t0 →R t′ and t1 →R t′. A term t is R-confluent if
t →∗

R t0 and t →∗
R t1 imply there is t′ such that t0 →∗

R t′ and t1 →∗
R t′. A relation R is

weakly-terminating (resp. terminating, diamond, confluent) if and only if every term
is R-terminating (resp. R-terminating, R-diamond, R-confluent). Any relation verifying the
diamond property is in particular confluent. Moreover, if t is confluent, then its R-normal
form, if it exists, is unique [44].
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2.2 The Value Substitution Calculus

It is well-known that naive extensions of Plotkin’s CBV [43] to open CBV do not enjoy
adequacy, in the sense that normal forms are not necessarily solvable, i.e. “meaningful” 1

Our starting point is the Value Substitution Calculus (vsc) [10], an open CBV calculus with
explicit substitutions that recovers adequacy and extends Plotkin’s CBV.

Given a denumerable set of variables (x, y, z, . . .), the syntax of the vsc is specified by:

t, u, s, . . . ::= x | λx. t | t u | t[x\u] v, w, . . . ::= x | λx. t

describing the sets of terms and values, respectively. We also use the following notions of
substitution contexts and weak contexts:

L, L′, . . . ::= ♢ | L[x\t] W, . . . ::= ♢ | W t | t W | W[x\t] | t[x\W]

The set of terms includes variables, abstractions, applications, and closures t[x\u],
representing an explicit substitution (ES) [x\u] on a term t. Some recurring terms are
the identity function I := λx. x and the operator ω := λx. x x.

Free and bound occurrences of variables are defined as usual, where free occurrences
of x in t are bound in t[x\u]. Terms are considered up to α-renaming of bound variables.
Substitution contexts are lists of ESs, and we write tL for the replacement of the hole ♢
in L by t, which may capture the free variables of t. For example, if L = [x\y y][y\z] and
t = x, then tL = x[x\y y][y\z]. We also consider a meta-level operation t{x := u} which
substitutes all the free occurrences of x by u in t. Thanks to α-renaming, we can assume
that this substitution operation is capture-free. The sets of free variables of a term (fv(t))
and a context (fv(L)) are defined as expected.

Reduction in vsc is defined by the two following rewriting rules, closed by arbitrary weak
contexts, i.e., reduction is not allowed under abstractions:

(λx. t)L u→db t[x\u]L t[x\vL]→sv t{x := v}L

The db-rule (“distant beta”) is a β-like rule that applies an abstraction λx. t to an
argument u, creating an ES [x\u] that binds x to the argument u. This rule acts at a
distance, meaning an arbitrary list of ESs (L) may be in between the abstraction and its
argument. For example, (λx. λy. x) t u→db (λy. x)[x\t] u→db x[y\u][x\t].

The sv-rule (“substitution of values”) fires an ES when x is bound to a value v sur-
rounded by a context L. This performs the meta-level substitution of x by v, potentially
producing n ≥ 0 copies of v, while it extrudes the substitution context L, which must remain
shared. For example, x[y\z]→sv x{y := z} = x results in the erasure of the value z, while
(x x)[x\(λy. z)[z\t]] →sv ((λy. z) λy. z)[z\t] produces two copies of λy. z but keeps a single
copy of [z\t]. Note that a term like x[x\y y] is in vsc-normal form because y y is not a value.

The notion of reachable variable of a term t is sometimes relevant in vsc, due to the
fact that reduction is closed by weak contexts. The set of reachable variables rv(t) is defined
as the set of free variables that do not appear inside an abstraction. Formally:

rv(x) := {x} rv(λx. t) := ∅
rv(t u) := rv(t) ∪ rv(u) rv(t[x\u]) := (rv(t) \ {x}) ∪ rv(u)

1 See [42, 29, 6] for a general discussion on CBV solvability.
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2.3 The Non-Erasing Value Substitution Calculus
As part of this work, we aim to establish a correspondence between CBV and ucbv•, the
useful CBV evaluation strategy defined in [15].

In principle, standard CBV strategies allow erasing some ESs that have become unreach-
able. For instance, (x x)[y\v]→ x x is an erasing step. However, erasing steps are not useful
and thus ucbv• does not include erasing rules. As we will see in Section 5, ucbv• evaluation
implements in particular a non-erasing variant of the vsc.

The Non-Erasing Value Substitution Calculus (vscne) is given by the vsc syntax
and the reduction is defined by the following rules, closed by arbitrary weak contexts:

(λx. t)L u→db t[x\u]L t[x\vL]→svne t{x := v}[x\v]L if x ∈ fv(t)

The svne-rule is similar to the sv-rule but requires that the variable x occurs free in t. For
example, x[y\z] reduces to x in vsc but is already a vscne-normal form. We assume the
svne-rule to be capture-free, due to α-renaming (x /∈ fv(v)).

3 The Type System U

We now present a non-idempotent intersection type system (ITS) called U and show that
it is sound and complete for the non-erasing Value Substitution Calculus vscne. The main
result of this section is Theorem 3, which characterises termination in vscne by system U : a
term t is typable in system U (or U-typable) if and only if t terminates in vscne. Later, in
Section 5, this same type system U is shown to characterise termination of our notion of useful
CBV evaluation (ucbv•) as well, thus establishing a relation between vscne-termination,
ucbv•-termination, and U-typability.

3.1 Defining System U
We begin with some preliminary considerations. First, normal forms in vscne and ucbv• fall
into three categories2. A normal form without ESs may be an abstraction λx. t, a variable x,
or a structure x t1 . . . tn, where n ≥ 1 and each ti is recursively in normal form. Normal forms
with ESs also fit these categories up to performing all ESs. Thus, for instance, (z y)[z\x y] is
a structure because it can be understood as representing the term x y y.

Second, one key feature of non-idempotent ITS is that a single occurrence of an expression
in the (static) source code of a program may be (dynamically) used multiple times during
execution, each time playing a different role, expressed by a different type. Specifically,
each abstraction is assigned a multiset of arrow types of the form [α1, . . . , αn], where the
cardinality n corresponds to the number of times this abstraction3 takes part as the left-hand
side of a db-redex during evaluation. For example, in (λf. x (f y) (f z)) I, the identity function
takes part in two db-redexes during evaluation, so any type assignment for this term must
provide two different arrow types for I. In contrast, abstractions that are never applied, such
as I in x[x\I], are typed with the empty multiset [ ].

As a general rule, terms whose normal form represents an abstraction – including variables
bound to abstractions – are assigned finite multisets of arrow types, called arrow multi-
types. On the other hand, terms whose normal form represents a structure – including
applied variables and variables bound to structures – are assigned a distinguished type, s.
Formally, the types of system U are given by the following grammar:

2 See Appendix A for the vscne-normal forms and Section 4 for the ucbv•-normal forms.
3 Or, more precisely, one of the descendants of this abstraction.
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(Arrow Types) α, β ::= T ? → T
(Arrow Multi-Types) M,N ,M1,M2, . . . ::= [αi]i∈I where I is a finite set

(Types) T ,S, T1, T2, . . . ::= s | M
(Optional Types) T ?,S?, T ?

1 , T ?
2 , . . . ::= ⊥ | T

A type T is said to be a constant type if T ∈ { s, [ ]}, in which case we denote T by
the letter t. The type s is assigned to terms whose normal forms are structures, and [ ] is
assigned to terms whose normal forms are abstractions not taking part in db-redexes. Unlike
in previous non-idempotent ITS for CBV, we distinguish the type ⊥ from [ ]. The latter is
used as explained above, while the former indicates that no typing information is available.

Typing environments Γ, ∆, . . . are functions mapping variables to optional types,
assigning ⊥ to all but finitely many variables. The domain of an environment Γ is dom(Γ) :=
{x | Γ(x) ̸= ⊥}, and ∅ denotes the empty typing environment, mapping each variable to ⊥.

The union of arrow multi-types, written M1 ⊎ M2, is a multiset of types defined
as expected, where [ ] is the neutral element. The union of types, written T1 + T2, is
the(associative) partial operation on types given by s + s := s and M1 +M2 :=M1 ⊎M2
(where ⊎ denotes multiset union), with all other cases are undefined. The union of optional
types is defined by ⊥ + ⊥ := ⊥, ⊥ + T := T , and T + ⊥ := T , making ⊥ the neutral
element. For typing environments (Γi)i∈I , we write +i∈IΓi for the environment mapping
each variable x to ⊎i∈I Γi(x), where Γ + ∆ and Γ +j∈J ∆j (meaning Γ + (+j∈J∆j)) are
taken to be particular instances of the general notation. When dom(Γ) ∩ dom(∆) = ∅ we
write Γ; ∆ instead of Γ + ∆ to emphasise that the domains of Γ and ∆ are disjoint. As a
consequence, Γ; x : ⊥ is identical to Γ.

Type assumptions are denoted x : T ?, meaning that the environment assigns T ? to
x, and ⊥ to any other variable. We define a controlled weakening relation ≪ between
optional types and types by declaring that ⊥ ≪ t and T ≪ T hold.

Typing judgements in system U are of the form Γ ⊢ t : T , where Γ is a type environment
and T is a type. Typing rules of system U are:

x : T ⊢ x : T
var

Γ ⊢ t : s ∆ ⊢ u : t

Γ + ∆ ⊢ t u : s
appP

(Γi; x : T ?
i ⊢ t : Si)i∈I

+i∈IΓi ⊢ λx. t : [T ?
i → Si]i∈I

abs

Γ ⊢ t : [T ? → S] T ? ≪ T ∆ ⊢ u : T
Γ + ∆ ⊢ t u : S

appC
Γ; x : T ? ⊢ t : S T ? ≪ T ∆ ⊢ u : T

Γ + ∆ ⊢ t[x\u] : S
es

A (type) derivation is a tree built by applying the previous (inductive) typing rules.
We write Φ ▷U Γ ⊢ t : T to denote a type derivation Φ in system U ending in the typing
judgement Γ ⊢ t : T . Sometimes, Φ or U may be omitted.

Like most non-idempotent ITS, system U is inspired by Linear Logic [31] and specifically
by the relational semantics of CBV (see e.g., [28]). Indeed, a multiset [α1, . . . , αn] can be
understood as a multiplicative conjunction α1 ⊗ . . .⊗ αn. Moreover, there are no general
weakening and contraction rules, though the facts that ⊥ ≪ t and t + t = t hold whenever
t ∈ { s, [ ]} can be understood respectively as controlled forms of weakening and contraction.

Rule abs is a standard rule in non-idempotent ITS for CBV [28], and reflects the weak
nature of reduction in vscne (reduction does not proceed below abstractions). For example,
the derivation ▷ ∅ ⊢ λx. Ω : [ ] is valid even if Ω is non-terminating.

Rule es can be easily reconstructed from rules abs and appC, while rules for applications
follow the consuming/persistent paradigm [38, 39] and deserve some discussion. Indeed,
system U keeps track of the different natures of the application constructors involved in the
evaluation process of a program: a term constructor is consuming if it is destroyed during
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evaluation, whereas a persistent constructor remains as a syntactical part of the normal
form. For example, given the following reduction to normal form x ((λy. y) z)→vscne x y[y\z],
we say that the leftmost application constructor in x ((λy. y) z) is persistent, while the
rightmost is consuming. Indeed, rule appP (resp. appC) is used to type this persistent
(resp. consuming) application. More specifically, rule appP requires the left-hand side of the
application to have type s, ensuring that no redex is created, so the application constructor
is persistent. Variables that occur free at the top-level of a term are expected to be given the
type s, which means that the underlined applications in z t and (x t)[x\z] would type with
rule appP. Rule appC requires the left-hand side of the application to type with an arrow
multi-type, ensuring a db-redex is created at some point during evaluation. For instance, the
underlined applications in (x t)[x\I] and (x t)[x\y][y\I] would type with rule appC.

As just explained, system U uses the consuming/persistent paradigm exclusively to type
applications. This approach contrasts with more radical solutions [39] for CBV, which apply
the same paradigm to type all constructors, thereby increasing the number of typing rules
and making the type system more difficult to use.

The use of controlled weakening also deserves some discussion. Indeed, in CBV, the
arguments of applications and ESs are always evaluated. Since system U intends to charac-
terise termination, all arguments must necessarily be typed. For example, in (λx. I) (z z),
the subexpression z z is a structure of type s. One would perhaps expect to be able to
type the abstraction λx. I with type s→ T . But it is impossible to derive the judgement
x : s ⊢ I : T , because x does not occur free in I. This is where the controlled weakening
relation (≪) in the premise of rules appC and es comes into play. In our example, one can
give a “stronger” type to λx. I, namely ⊥ → T , using the fact that ⊥ ≪ s. A similar use of
controlled weakening for the rule es is shown below, where it should be recalled that the
empty typing environment ∅ is identical to ∅; x : ⊥.

∅; x : ⊥ ⊢ I : [ ]
abs
⊥ ≪ s

z : s ⊢ z : s
var

z : s ⊢ z : s
var

z : s ⊢ z z : s
appP

z : s ⊢ I[x\z z] : [ ]
es

We end this subsection with another example that will be revisited later in the paper.

▶ Example 1. If t = (x z)[x\y[y\I]] and T := [ s→ s], we build the following derivation Φ:

x : T ⊢ x : T
var

z : s ⊢ z : s
var

z : s, x : T ⊢ x z : s
appC

y : T ⊢ y : T
var

w : s ⊢ w : s
var

∅ ⊢ I : T
abs

∅ ⊢ y[y\I] : T
es

z : s ⊢ (x z)[x\y[y\I]] : s
es

where T ≪ T and s≪ s trivially hold.

3.2 Properties of System U
The fact that the var typing rule in U is not weakened and that rules appP, appC, and es
are multiplicative (which is implemented by means of the operator + on type environments)
gives us a relevance property for system U . Formally:

▶ Lemma 2 (Relevance). If Φ ▷U Γ ⊢ t : T , then rv(t) ⊆ dom(Γ) ⊆ fv(t).

Proof. See [16, Lemma 7.1]. ◀
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Note that fv(t) ⊆ dom(Γ) does not always hold. For instance, ▷∅ ⊢ λx. y : [ ] but {y} ⊈ ∅.
Other specific properties of U are stated in Section 5. We end this section by stating the

key property that the system U enjoys:

▶ Theorem 3 (System U Characterises vscne-Termination). Let t be a term. Then, t is
U-typable if and only if t is vscne-terminating.

4 Useful Call-by-Value

This section recalls ucbv•, the inductive formulation of the useful open CBV strategy which
provides a well-suited basis for semantic reasoning. Due to space limitations, we introduce
only the main features of ucbv•; a detailed presentation can be found in [15, 16].

We begin by introducing the key notions of useful evaluation. Then we recall the
operational semantics of ucbv•, and show some relevant properties of ucbv•, such as the
inductive characterisation of ucbv•-normal forms (Theorem 5) and the diamond property
(Theorem 6). The former ensures in particular that the length of any reduction sequence to
normal form is independent of the specific order in which reduction rules are applied.

Useful Evaluation. The calculus with ESs used to implement sharing in Accattoli and
Dal Lago’s work [9] is based on a previous ES calculus with reduction at a distance called
the Linear Substitution Calculus (LSC) [8]. In LSC, the reduction rule that implements
function application is the same db-rule as in vscne (cf. subsection 2.2). Additionally, LSC
uses a linear substitution rule, which only allows the substitution of a single occurrence
of a variable x by a term t whenever x is bound to t by an ES. More precisely, the linear
substitution rule (ls) of LSC allowing substitutions one occurrence at a time, is defined by
the rewriting rule C⟨x⟩[x\t]→ls C⟨t⟩[x\t], where C denotes an arbitrary evaluation context.
Substitution is called linear precisely because it replaces variables one occurrence at a time,
for example (x x)[x\y]→ls (x y)[x\y]→ls (y y)[x\y].

Useful evaluation is based on two principles: sharing structures and (linearly) substituting
abstractions for progress. We briefly recall them below.

Sharing Structures. In useful evaluation, a structure is a term whose unfolding – the
result of performing all substitutions – results in an application headed by a variable. For
example, (x x)[x\y I][y\z z] is a structure, as it unfolds to z z I (z z I). Structures must
remain shared in useful evaluation, as substituting them does not create a db-redex. Thus, a
term like (x x)[x\y I][y\z z] is a normal form in useful evaluation.

Substituting Abstractions for Progress. In useful evaluation, abstractions are substituted
only if they contribute to creating a db-redex, ensuring progress in the computation. For
example, the reduction step x[x\I] y → I[x\I] y is useful because substituting x by I
creates the db-redex I[x\I] y. A subtler example of a useful step is (x x)[x\y][y\I] →ls
(y x)[x\y][y\I], where the substitution indirectly contributes to creating a db-redex in the
next step: (y x)[x\y][y\I] →ls (I x)[x\y][y\I]. Such indirect steps are precisely those that
are challenging to capture inductively. On the other hand, steps like x[x\I] → I[x\I],
and (x x)[x\y y] →ls ((y y) x)[x\y y] and (x x)[x\I] →ls (x I)[x\I] are not useful, as these
substitutions do not contribute to create a db-redex.

The principles just mentioned not only constitute the basis of useful CBN [9] but also
that of useful CBV [1, 3], including ucbv• [15].

Towards Useful Call-by-Value Evaluation. The key step to implement (linear) substituting
abstractions for progress in ucbv• is to define a family of reduction relations indexed by
parameters capturing the essential information from the surrounding evaluation contexts:
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this is the minimal data that cannot be ignored to decide which substitution step is useful and
which is not. Two of these parameters are sets of variables: one is called an (abstraction)
frame denoted A and the second is called a (structure) frame denoted S. The purpose of
these two kinds of variable sets is to classify the nature of variables bound by ESs.

Identifying terms that are already abstractions as well as those that are currently variables
– but will ultimately be substituted with abstractions – is necessary to correctly determine
whether a substitution step contributes to the progress of the evaluation. This property is
captured by the following definition of hereditary abstractions under the frame A,
written HAA:

x∈A
x∈HAA λx. t∈HAA

t∈HAA x /∈A
t[x\u]∈HAA

t∈HAA∪{x} x /∈A u∈HAA

t[x\u]∈HAA

For example, I[x\y] ∈ HA∅ holds by the third rule, while x[x\I] ∈ HA∅ holds by the fourth
rule. Note that the fourth rule allows building “chains” such as x[x\y][y\z[z\I]] ∈ HA∅.

It is also necessary to identify those terms that represent an application headed by a free
variable, called the set of structures under the frame S, written StS , and defined as:

x∈S
x∈StS

t∈StS x /∈S
t[x\u]∈StS

t∈StS

t u∈StS

t∈StS∪{x} x /∈S u∈StS

t[x\u]∈StS

For example, w[x\y] ∈ St{w} holds by the second rule, w (I x) ∈ St{w} by the third rule, and
x[x\w] ∈ St{w} by the fourth rule. Some properties of these predicates can be found in [15].

Useful Call-by-Value Reduction Rules. We can now recall the reduction rules for our useful
CBV strategy, ucbv•. We first define a step kind as an element of the set {db, lsv, sub(x,v)},
with x being a variable and v a value such that x /∈ fv(v). Let →ρ,A,S,µ be a family of
binary relations, where ρ is a step kind, A is an abstraction frame, S a structure frame, and
µ ∈ {@, ̸@} is a constant called a positional flag. The positional flag @ means that the
current focus of evaluation is in an applied position, while ̸@ corresponds to a non-applied
position. For example, the underlined x is applied in x[x\I] t but not in (z x)[x\I]. The
relation →ρ,A,S,µ

4 of ucbv• is defined inductively as follows:

(λx. t)L u→db,A,S,µ t[x\u]L
db•

x→sub(x,v),A∪{x},S,@ v
sub•

t→sub(x,v),A∪{x},S,µ t′ x /∈ A ∪ S vL ∈ HAA

t[x\vL]→lsv,A,S,µ t′[x\v]L
lsv•

t→ρ,A,S,@ t′

t u→ρ,A,S,µ t′ u
appL• t ∈ StS u→ρ,A,S ,̸@ u′

t u→ρ,A,S,µ t u′ appR• u→ρ,A,S ,̸@ u′

t[x\u]→ρ,A,S,µ t[x\u′]
esR•

t→ρ,A∪{x},S,µ t′ u ∈ HAA x /∈ A ∪ S x /∈ fv(ρ)
t[x\u]→ρ,A,S,µ t′[x\u]

esLA•

t→ρ,A,S∪{x},µ t′ u ∈ StS x /∈ A ∪ S x /∈ fv(ρ)
t[x\u]→ρ,A,S,µ t′[x\u]

esLS•

4 In [15], this same relation is written •−→ρ,A,S,µ.
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Reduction in ucbv• is weak, i.e., it is not allowed under abstractions, and it’s open,
since it allows reducing terms with free occurrences of variables. The specification of ucbv•

leaves the order of evaluation slightly underspecified. For example, in a term like x t u, the
subterms t and u can be evaluated concurrently, without necessarily adhering to a strict (e.g.
left-to-right) order. Technically speaking, the rules to evaluate applications are not mutually
exclusive, and similarly for ESs. This non-determinism is harmless, as in fact ucbv• enjoys
the diamond property (cf. Theorem 6). For a concrete example in which rules appL• and
appR• overlap, consider:

x (y[y\I]) (I I)←db,∅,{x},̸@ x (I I) (I I)→db,∅,{x},̸@ x (I I) (y[y\I])

For a concrete example in which esLS• and esR• overlap, consider:

(y[y\I])[x\z (I I)]←db,∅,{z},̸@ (I I)[x\z (I I)]→db,∅,{z},̸@ (I I)[x\z (y[y\I])]

As discussed in the introduction, useful evaluation is context-sensitive. That is, the
context surrounding a term determines whether a step is useful or not. For instance, the
term t = x[x\I] is already a normal form for ucbv• with respect to A = ∅, S = ∅, µ = ̸@
because substituting x by I is not useful, as it does not create a db-redex. However, if t

appears on the left of an application, as in x[x\I] (y I), the substitution of x by I becomes
useful, leading to the following reduction sequence:

x[x\I] (y I)→lsv,∅,{y},̸@ I[x\I] (y I)→db,∅,{y},̸@ z[z\y I][x\I]

Conversely, a useful step like (x u)[x\I]→lsv,∅,∅,̸@ (I u)[x\I] may not be allowed if the term
is located below a context such as λy.♢; in fact, note that λy. (x u)[x\I] cannot be reduced.

A term t is (ρ,A,S, µ)-irreducible if there is no term t′ such that t→ρ,A,S,µ t′. A term
t belongs to the set Irred•

A,S,µ if t is (ρ,A,S, µ)-irreducible.
An abstraction frame A and a structure frame S are said to verify the correctness

invariant for t, written inv(A,S, t), if A ∩ S = ∅ and fv(t) ⊆ A ∪ S. This invariant is
typically assumed in theorems and lemmas. Note that inv(∅, fv(t), t) always holds, so for a
top-level term t, we set A := ∅ and S := fv(t).

Rule sub• is an auxiliary tool to ensure that substitution in ucbv• is linear. In general,
we care about top-level ucbv• reduction, defined as →top,S :=→db,∅,S ,̸@ ∪ →lsv,∅,S ,̸@.

▶ Example 4. The following is a ucbv• reduction sequence to normal form:

(x z)[x\y[y\I]] →lsv,∅,{z},̸@ (y z)[x\y][y\I]
→lsv,∅,{z},̸@ (I z)[x\y][y\I] →db,∅,{z},̸@ x1[x1\z][x\y][y\I]

To conclude this section, we recall some of the key operational properties of ucbv•,
starting with a characterisation of the set of ucbv•-normal forms [15, Theorem 1]:

▶ Theorem 5. The set of irreducible terms Irred•
A,S,µ is exactly the set NF•

A,S,µ defined
inductively as:

x ∈ A implies µ = ̸@
x ∈ NF•

A,S,µ λx. t ∈ NF•
A,S ,̸@

t ∈ NF•
A,S,@ u ∈ NF•

A,S ,̸@

t u ∈ NF•
A,S,µ

t ∈ NF•
A∪{x},S,µ u ∈ NF•

A,S ,̸@ u ∈ HAA

t[x\u] ∈ NF•
A,S,µ

t ∈ NF•
A,S∪{x},µ u ∈ NF•

A,S ,̸@ u ∈ StS

t[x\u] ∈ NF•
A,S,µ
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An important property of top-level ucbv• is that it enjoys a strong form of confluence,
the Diamond Property [15, Theorem 2]:

▶ Theorem 6. Let t →ρ1,∅,S, ̸@ t1 and t →ρ2,∅,S ,̸@ t2, where t1 ̸= t2, and ρ1, ρ2 ∈ {db, lsv},
and S = fv(t). Then there exists t′ such that t1 →ρ2,∅,S ,̸@ t′ and t2 →ρ1,∅,S ,̸@ t′.

Some straightforward corollaries of the diamond property are, firstly, that a term t is
weakly terminating in top-level ucbv• if and only if t is terminating in top-level ucbv•.
Secondly, that any two reduction sequences to normal form have the same number of db and
lsv-steps. And finally, top-level ucbv• reduction is immediately seen to be confluent. These
corollaries are important for reaching our results in Section 5.

5 (Quantitative) Soundness and Completeness of System U

In this section, we refine system U to capture quantitative information of ucbv• evaluation.
Indeed, we equip typing judgements of system U with counters, and we define a notion of
tight derivation, intuitively corresponding to that of minimal derivation. The counters are
meant to capture exact step-count for program evaluation. More precisely, tight derivations
in system U not only guarantee termination in ucbv• but also provide exact quantitative
information about this evaluation strategy: we show that a term t is tightly typable with
counters (m, e) if and only if t evaluates in ucbv• to a normal form in exactly m function
application steps (i.e., db-steps) and e substitution steps (i.e., lsv-steps). In this sense, we
say that system U is a quantitative interpretation of useful CBV.

5.1 Tightness for System U
As explained above, we start by refining the typing judgements of system U with counters.
Formally, typing judgements are now of the form Γ ⊢(m,e) t : T , where m and e are natural
numbers called counters. Under appropriate conditions, these counters correspond exactly
to the number of db-steps (m) and lsv-steps (e) in ucbv• evaluation, as shown in Theorems 10
and 13. Typing rules are refined accordingly. To do so, we introduce an operation ta(_)
that counts the number of top-level arrows in a type (or optional type). It is defined by
ta(⊥) := 0, ta( s) := 0, and ta([αi]i∈I) := |I|. Note that ta(T1 + T2) = ta(T1) + ta(T2).
Formally, typing rules of system U are enriched with counters as follows:

n = ta(T )
x : T ⊢(0,n) x : T

var
Γ ⊢(m,e) t : [T ? → S] T ? ≪ T ∆ ⊢(m′,e′) u : T

Γ + ∆ ⊢(1+m+m′,e+e′) t u : S
appC

Γ ⊢(m,e) t : s ∆ ⊢(m′,e′) u : t

Γ + ∆ ⊢(m+m′,e+e′) t u : s
appP

(Γi; x : T ?
i ⊢(mi,ei) t : Si)i∈I

+i∈IΓi ⊢(+i∈I mi,+i∈I ei) λx. t : [T ?
i → Si]i∈I

abs

Γ; x : T ? ⊢(m,e) t : S T ? ≪ T ∆ ⊢(m′,e′) u : T
Γ + ∆ ⊢(m+m′,e+e′) t[x\u] : S

es

Only two typing rules are increasing the counters. Rule var initialises the second counter
to the number of top-level arrows in the type of the variable. This counter corresponds to
the number of times the variable is (directly or indirectly) substituted by an abstraction
taking part in some db-redex during evaluation. That is why the second counter tracks
substitution step-count. Rule appC increases the first counter by one, reflecting that the
application constructor introduced by this rule is consuming, meaning it will be destroyed
during evaluation. That is why the first counter tracks function application step-count.
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▶ Remark 7. Counters are a convenient way to synthesise information already existing in
a typing derivation: they do not impose any side conditions on derivations. Formally,
▷ Γ ⊢ t : T if and only if ▷ Γ ⊢(m,e) t : T for some (m, e). Moreover, the counters can be
entirely extracted from the type information and typing rules of a derivation, no reference to
the terms themselves is needed to compute them.

In what follows, we outline some basic properties of system U .

Appropriateness. To reason inductively about typing derivations, it is sometimes necessary
to ensure invariants for the types of the free variables in a term. For example, for a term
like t[x\I], we may need to track that x is bound to an abstraction when applying the
inductive hypothesis for the subterm t. Specifically, we say that a typing environment Γ is
appropriate with respect to an abstraction frame A, written appropriateA(Γ) if, for each
x ∈ A, we have Γ(x) ̸= s. In other words, Γ(x) must be ⊥ or an arrow multi-type M. For
instance, appropriate{x}(x : [ ], y : s) holds, while appropriate{x}(x : s, y : s) does not.

Tightness. Typing in system U not only characterises ucbv• termination, but it is also
capable of providing exact measures for reduction lengths to normal form. To state this
formally, we define a subset of typing derivations, called tight derivations, as follows. A
type is tight if it is a constant type t, i.e., either of the form s or [ ]. An optional type T ? is
tight if it is either ⊥ or a tight type. A typing environment Γ is tight if Γ(x) is tight for
every variable x. A typing judgement Γ ⊢(m,e) t : T is tight if both Γ and T are tight. A
derivation of a typing judgement is tight if the judgement itself is tight.

For example, the derivable judgement x : [ ] ⊢(0,0) x : [ ] is tight, where the counters (0, 0)
indicate that evaluating x requires no reduction steps, meaning x is already in normal form.
In contrast, the judgement x : [T → S] ⊢(0,1) x : [T → S] is not tight, and the counters (0, 1)
provide an upper bound on the number of steps required for evaluating x.

▶ Example 8. Let t = (x z)[x\y[y\I]]. Taking T := [ s→ s], the following derivation Φ′ (a
decoration of Φ in Example 1) turns out to be tight:

var

x : T ⊢(0,1) x : T

var

z : s ⊢(0,0) z : s

z : s, x : T ⊢(1,1) x z : s
appC

var

y : T ⊢(0,1) y : T

var

w : s ⊢(0,0) w : s

∅ ⊢(0,0) I : T abs
∅ ⊢(0,1) y[y\I] : T

es

z : s ⊢(1,2) (x z)[x\y[y\I]] : s
es

where s≪ s and T = [ s→ s]≪ [ s→ s] = T both hold.
Note that the only subderivations of Φ′ which are tight (besides Φ′ itself) correspond

to the one concluding in z : s ⊢(0,0) z : s and the one concluding in w : s ⊢(0,0) w : s. The
remaining subderivations are not tight.

Tightness is essential for proving that system U is sound and complete with respect to
ucbv• (Theorems 10 and 13).

5.2 Soundness and Completeness
We first address the soundness of system U with respect to ucbv•: typability implies
ucbv•-termination. This proof follows well-understood techniques, requiring a subject
reduction property based on a substitution lemma. Due to the contextual nature of ucbv•,
these lemmas are not trivial, as they demand formulating complex invariants involving the
contextual parameters A, S, and µ that define the evaluation strategy.
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We first show subject reduction, stating that each ucbv• reduction step preserves typing
and correctly decrements the counters.

▶ Proposition 9 (Subject Reduction). Let t →ρ,A,S,µ t′ where ρ ∈ {db, lsv} and Φ ▷
Γ ⊢(m,e) t : T , with appropriateA(Γ). Suppose moreover that if µ = @, then either T = s
or T is a singleton, i.e., of the form [α]. Then, there exists a derivation Φ′ such that
Φ′ ▷ Γ ⊢(m′,e′) t′ : T , where if ρ = db, then m > 0 and (m′, e′) = (m− 1, e), and if ρ = lsv,
then e > 0 and (m′, e′) = (m, e− 1).

Proof. See [16, Proposition 7.3]. ◀

We can now conclude with a quantitative version of soundness: a tight typing derivation
of a term t with counters (m, e) guarantees a terminating ucbv• reduction sequence, with
exactly m db-steps and e lsv-steps.

▶ Theorem 10 (Quantitative Soundness of System U). Let S = fv(t), and let Φ▷Γ ⊢(m,e) t : T .
Then, there exists a →top,S-irreducible term u such that t reduces to u. Moreover, if Φ is
tight, then t→m+e

top,S u, where m and e are respectively the number of db and lsv steps in the
previous reduction sequence.

To illustrate this property, consider the tight derivation Φ for t = (x z)[x\y[y\I]] in
Example 8, where the counter in the conclusion of Φ is (1, 2). A reduction sequence from
t terminates in x1[x1\z][x\y][y\I] ∈ NF•

∅,{z},̸@ in exactly 1 db-steps and 2 lsv-steps (see
Example 4). Note how these numbers match the previous counters.

Tightness in the previous example is crucial. Indeed, non-tight judgements may not
provide exact information about the length of reduction sequences to normal form. For
example, the derivation of the judgement z : s, x : T ⊢(1,1) x z : s in Example 8 is not tight,
as T is not tight, and the counters (1, 1) do not correspond to the number of steps needed to
reach the normal form of x z which is already in normal form.

Completeness of system U can be proved using standard techniques, requiring a
subject expansion property. These statements are quite technical, as the properties must be
generalised for inductive reasoning.

The first property guarantees that normal forms are tightly typable in system U . For
that, we need to construct tight environments for each normal form t ∈ NF•

A,S,µ; this is done
by typing the reachable variables in A with [ ] and those in S with s. More precisely, given
t, A, and S such that inv(A,S, t), the tight environment for t under A and S is written
TEnv(A,S, t) and defined as the environment Γ such that Γ(x) = [ ] when x ∈ A ∩ rv(t),
Γ(x) = s when x ∈ S ∩ rv(t), and Γ(x) = ⊥ otherwise. Tight environments allow us to type
normal forms tightly.

▶ Proposition 11 (Normal Forms are Tight Typable). Let t be a term in NF•
A,S,µ and

inv(A,S, t). Then, there exists a tight type t such that ▷TEnv(A,S, t) ⊢(0,0) t : t. Moreover,
if t ∈ HAA, then t = [ ], and if t ∈ StS , then t = s.

Proof. See [16, Proposition 7.5]. ◀

Subject Expansion is analogous to Subject Reduction but applies in the reverse direction:
given a typable term t′ and a reduction step t→ρ,A,S,µ t′, the term t is typable as well, with
the same type and typing environment.
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▶ Proposition 12 (Subject Expansion). Let inv(A,S, t) hold, and suppose t→ρ,A,S,µ t′ where
ρ ∈ {db, lsv} and Φ′ ▷ Γ ⊢(m′,e′) t′ : T , with appropriateA(Γ). Furthermore, assume that
if µ = @, then either T = s or T is a singleton, i.e., of the form [α]. Then, there exists a
derivation Φ such that Φ ▷ Γ ⊢(m,e) t : T , where if ρ = db, then (m, e) = (m′ + 1, e′), and if
ρ = lsv, then (m, e) = (m′, e′ + 1).

Proof. See [16, Proposition 7.6]. ◀

We now conclude with a quantitative version of completeness of system U . That is, given
a terminating ucbv• reduction sequence from t with exactly m db-steps and e lsv-steps,
there exists a tight derivation of t with counters (m, e):

▶ Theorem 13 (Quantitative Completeness of System U). Let S = fv(t) and consider a
reduction sequence t→n

top,S u, where u is →top,S-irreducible. Let n = m + e, where m and e

are respectively the numbers of db and lsv steps in the sequence. Then, there exists a tight
environment Γ and a tight type t such that ▷ Γ ⊢(m,e) t : t.

To illustrate this result, take the reduction sequence starting from t = (x z)[x\y[y\I]]
and ending in x1[x1\z][x\y][y\I] ∈ NF•

∅,{z},̸@ (see Example 4). The length of this sequence
is 3 = m + e, with m = 1 db-step and e = 2 lsv-steps. Example 8 shows a tight environment
z : s and a tight type s such that Φ ▷ z : s ⊢(1,2) t : s.

Theorems 10 and 13 state that a term t is typable in system U if and only if t is weakly
terminating. The characterisation of ucbv• termination through typability follows from
these theorems and the fact that all reduction sequences to normal form have the same length
in ucbv• (an easy corollary of Theorem 6). Moreover, this characterisation is quantitative:

▶ Corollary 14 (Quantitative Characterisation of Termination). A term t is tightly typable with
counters (m, e) in system U if and only if t terminates in ucbv• after m function application
db-steps and e substitution lsv-steps.

We can now conclude with the main contribution of this work.

▶ Corollary 15. Let t be a term. The following statements are equivalent:
1. t is typable in system U .
2. t terminates in vsc.
3. t terminates in vscne.
4. t terminates in top-level ucbv• reduction.

Proof. (1 ⇔ 3) is Theorem 3. (1 ⇒ 4) Any U-typable term terminates in ucbv• by
Proposition 9. (4 ⇒ 1) Immediate by Theorem 13. Therefore (1 ⇔ 3 ⇔ 4).

Subject reduction for vsc fails with respect to U . Hence, to prove (3 ⇔ 2) we resort to an
alternative type system V [19], inspired by Ehrhard’s system [28]. Indeed, a term t is typable
in system V if and only if t terminates in vsc [19, Theorem 5]. It can also be shown that
system V characterises termination in vscne (see Appendix B for details), thus concluding
the last equivalence5. ◀

We can conclude this section by emphasising an important consequence. As usual,
a context C is a term with a single occurrence of a hole ♢, and C⟨t⟩ denotes the term
obtained by replacing the hole in C by t. Given a reduction system R, we define t to

5 An interesting additional consequence is that systems U and V type the same terms.
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be observationally equivalent to u, written t ∼=R u, if and only if for every context C
we have that C⟨t⟩ R-terminates if and only if C⟨u⟩ R-terminates. Then R1 and R2 are
observationally equivalent if and only if for every t, u, we have t ∼=R1 u⇐⇒ t ∼=R2 u.

Corollary 15 above establishes in particular that the (potentially) erasing vsc, and the
non-erasing vsc and top-level ucbv• strategy are pairwise observational equivalent.

6 Conclusions

This paper presents the first semantic model of useful evaluation in the literature, based
on the non-idempotent intersection type system U . Even though the specification of the
operational semantics of useful CBV evaluation is highly complex, system U is notably simple.
This highlights the ability of semantic approaches based on non-idempotent intersection
types to capture intricate operational details with streamlined intuitive methods.

System U characterises termination of the ucbv• evaluation strategy as well as termination
of vscne. This ensures in particular that useful CBV evaluation can be seen as an optimisation
of CBV that preserves its original semantics: they are observationally equivalent.

Moreover, system U provides exact measures for the lengths of reduction sequences in
ucbv• to normal form; that is why system U is a quantitative interpretation of ucbv•. More
precisely, a term t is tightly typable with counters m and e in system U if and only if t

terminates in ucbv• in exactly m function application steps and e substitution steps.
Our contribution is novel, as previous definitions of useful evaluation (including useful

CBV) in the literature lack semantic models, and current quantitative interpretations of
CBV do not consider usefulness. Moreover, with the exception of [39], entirely based on the
(verbose) persistent/consuming paradigm, this is the only simple and concise quantitative
type system for open CBV that is able to count all kind of substitution steps (variables and
abstractions) exactly.

Several lines of work stem from this paper. One first objective is to understand the
flexibility of system U , particularly its potential to capture some other optimisations of
CBV, such as those in [5]. Additionally, it would be interesting to capture recent alternative
specifications of usefulness, such as those in [45], which focus exclusively on direct useful
reduction steps. Notably, erasing reduction steps in [45] pose a non-trivial difficulty for non-
idempotent type systems designed for usefulness. Another challenging direction is to extend
our inductive formalisation of useful evaluation to strong CBV, thus allowing reductions to
take place inside abstractions. The methodology we have used to design system U could then
be applied to such extensions.
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A Proofs of Section 3

Measures. Given an optional type T ?, we define its size as |⊥| := 0, | s| := 0 and
|[αk]k∈K | := |K|. We remark that |T ?

1 + T ?
2 | = |T ?

1 |+ |T ?
2 |.

In this subsection, we measure typing derivations in system U by using a function sz (_),
defined inductively as follows:

sz

(
x : T ⊢ x : T

var
)

:= |T | sz

(
(Φi)i∈I

Γ ⊢ λx. u : [αi]i∈I

abs
)

:= |I|+
∑
i∈I

sz (Φi)

sz

(
Φ1 Φ2

Γ ⊢ u s : T
appP/appC

)
:= 1 + sz (Φ1) + sz (Φ2)

sz

(
Φ1 Φ2

Γ ⊢ u[x\s] : T
es
)

:=
{

1 + sz (Φ1) + sz (Φ2) if x ∈ fv(u)
sz (Φ1) + sz (Φ2) otherwise
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When a typing derivation Φ ends with rule es, sz (Φ) is defined according to two different
cases. Whenever x ∈ fv(u), then a substitution of x by u takes place, hence we add 1 to the
sum of the sizes of the derivations of both t and u.

We first address the soundness of system U with respect to vscne, which states that U-
typability implies vscne-termination. This proof follows well-understood techniques, requiring
a subject reduction property based on a substitution lemma. For proving the latter, we need
an additional lemma allowing the decomposition of the multiset types of values:

▶ Lemma 16 (Splitting/Merging). Let T1 and T2 be two types such that their union T1 + T2
is well-defined. Then, the following are equivalent:
1. Φ ▷ Γ ⊢ v : T1 + T2
2. There exist typing derivations Φ1, Φ2 and typing contexts Γ1, Γ2 such that Φ1▷Γ1 ⊢ v : T1,

and Φ2 ▷ Γ2 ⊢ v : T2, and Γ = Γ1 + Γ2.
Moreover, sz (Φ) = sz (Φ1) + sz (Φ2).

Proof. The proof corresponds to that of [16, Lemma E.3], and it is straightforward to prove
that sz (Φ) = sz (Φ1) + sz (Φ2). ◀

▶ Lemma 17 (Type Splitting). Let S?
1 , S?

2 be two optional types and S be a type. Then
S?

1 + S?
2 is well-defined and S?

1 + S?
2 ≪ S if and only if there exist types S1 and S2 such that

S1 + S2 = S and S?
i ≪ Si for all i ∈ {1, 2}.

Proof. Both directions of the lemma follow by case analysis on S?
1 and S?

2 . ◀

▶ Lemma 18 (Substitution). Let Φt ▷U Γ; x : S? ⊢ t : T and Φv ▷U ∆ ⊢ v : S, with S? ≪
S and x ∈ fv(t). Then, there exists a typing derivation Φt{x:=v} such that Φt{x:=v} ▷U
Γ + ∆ ⊢ t{x := v} : T and moreover sz

(
Φt{x:=v}

)
= sz (Φt) + sz (Φv)− |S?|.

Proof. By induction on Φt. We show only case var, as the inductive cases follow easily from
the i.h. and Lemmas 16 and 17.

If Φt ends with var, then t = x, since x ∈ fv(t) by hypothesis. Then, t{x := v} = v and
Φt is of the form x : T ⊢ x : T , thus Γ = ∅ and S? = S = T . We let Φt{x:=v} := Φv and we are
done. Moreover, sz

(
Φt{x:=v}

)
= sz (Φv) = |T |+sz (Φv)−|T | = sz (Φt)+sz (Φv)−|S?|. ◀

The condition x /∈ fv(t) in the lemma above is necessary, since the statement would not
hold otherwise. As a counterexample, take v = z, ∆ = z : t, and t = y with y ̸= x.
▶ Remark 19. If Φ ▷U Γ ⊢ v : t, then sz (Φ) = 0.

▶ Lemma 20 (Weighted Subject Reduction). Let Φ ▷U Γ ⊢ t : T and t→vscne t′. Then, there
exists a derivation Φ′ such that Φ′ ▷U Γ ⊢ t′ : T and moreover sz (Φ) > sz (Φ′).

Proof. By induction on t →vscne t′. We only show the base case t →svne t′. Let t =
u[x\vL]→svne u{x := v}[x\v]L = t′, with x ∈ fv(u). We proceed by induction on L.

L = ♢. Then, Φ has the form:

Φu ▷ Γ1; x : S? ⊢ u : T S? ≪ S Φv ▷ Γ2 ⊢ v : S
Γ1 + Γ2 ⊢ u[x\v] : T

es

where Γ = Γ1 +Γ2. Notice that S? = S? +⊥. Thus, let S?
1 = S? and S?

2 = ⊥. We separate
in cases depending on whether S = s or S =M, showing only the former. Hence S = s,
and by Lemma 17 there exist S1 = s and S2 = s such that S = s = s + s = S1 + S2
(by idempotency of the union of constant types), and S? ≪ s and ⊥ ≪ s. Recall that
| s| = |⊥| = 0 by definition, so in particular |S?| = |S?

1 | = 0.
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Applying Lemma 16, we obtain Φ1
v ▷Γ21 ⊢ v : s and Φ2

v ▷Γ22 ⊢ v : s with Γ2 = Γ21 + Γ22
and sz

(
Φ1

v

)
+ sz

(
Φ2

v

)
= sz (Φv) = 0 by Remark 19. We can apply Lemma 18 on

Φu and Φ1
v, yielding Φu{x:=v} ▷ Γ1 + Γ21 ⊢ u{x := v} : T and sz

(
Φu{x:=v}

)
= sz (Φu) +

sz
(
Φ1

v

)
− |S?

1 | = sz (Φu). Thus, we conclude building Φ′:

Φu{x:=v} ▷ (Γ1 + Γ21); x : ⊥ ⊢ u{x := v} : T ⊥ ≪ s Φ2
v ▷ Γ22 ⊢ v : s

Γ1 + Γ2 ⊢ u{x := v}[x\v] : T
es

And sz (Φ) = 1 + sz (Φu) + sz (Φv) = 1 + sz (Φu) > sz (Φu) = sz
(
Φu{x:=v}

)
=

sz
(
Φu{x:=v}

)
+ sz

(
Φ2

v

)
= sz (Φ′).

L = L′[y\s]. Then, Φ has the form:

Φu ▷ Γ′; x : S? ⊢ u : T S? ≪ S
ΦvL′ ▷ ∆1; y : R? ⊢ vL′ : S R? ≪ R Φs ▷ ∆2 ⊢ s : R

∆1 + ∆2 ⊢ vL′[y\s] : S
es

Γ′ + ∆1 + ∆2 ⊢ u[x\vL′[y\s]] : T
es

where Γ = Γ′ + ∆1 + ∆2. Moreover, we can assume y /∈ fv(u) by α-conversion.
We now build the following derivation Ψ:

Φu ▷ Γ′; x : S? ⊢ u : T S? ≪ S ΦvL′ ▷ ∆1; y : R? ⊢ vL′ : S
Γ′ + (∆1; y : R?) ⊢ u[x\vL′] : T

es

Moreover, u[x\vL′] →svne u{x := v}[x\v]L′, since x ∈ fv(u). Then, we can apply the
i.h., yielding Ψ′ such that Ψ′ ▷ Γ′ + (∆1; y : R?) ⊢ u{x := v}[x\v]L′ : T and moreover,
sz (Ψ) > sz (Ψ′). Then, we build Φ′ as follows:

Ψ′ ▷ Γ′ + (∆1; y : R?) ⊢ u{x := v}[x\v]L′ : T R? ≪ R Φs ▷ ∆2 ⊢ s : R
Γ′ + ∆1 + ∆2 ⊢ u{x := v}[x\v]L′[y\s] : T

es

Note that we can assume y /∈ dom(Γ′) by α-conversion and Relevance.
To compare the sizes of both Φ and Φ′, we consider two cases, depending on whether
y ∈ fv(u{x := v}[x\v]L′) or not. Note that x ∈ fv(u) by hypothesis.

If y /∈ fv(u{x := v}[x\v]L′), then in particular y /∈ fv(vL′). Thus, we have sz (Φ) =
1 + sz (Φu) + sz (ΦvL′) + sz (Φs) = sz (Ψ) + sz (Φs) >i.h. sz (Ψ′) + sz (Φs) = sz (Φ′).
Otherwise, y ∈ fv(u{x := v}[x\v]L′), and recall that y /∈ fv(u) by α-conversion,
so that y ∈ fv(vL′). Therefore, sz (Φ) = 1 + sz (Φu) + 1 + sz (ΦvL′) + sz (Φs) =
1 + sz (Ψ) + sz (Φs) >i.h. 1 + sz (Ψ′) + sz (Φs) = sz (Φ′). ◀

We now prove the completeness of system U with respect to vscne, which states
that vscne-termination implies U-typability. This result follows well-understood techniques,
requiring a subject expansion property based on an anti-substitution lemma.

▶ Lemma 21 (Anti-Substitution). Let Φt{x:=v} ▷U Γ ⊢ t{x := v} : T , with x ∈ fv(t). Then,
there exist typing derivations Φt and Φv, typing contexts Γt and ∆, an optional type S?, and
a type S satisfying:
1. Φt ▷U Γt; x : S? ⊢ t : T
2. Φv ▷U ∆ ⊢ v : S
3. Γ = Γt + ∆ and S? ≪ S
Moreover, sz

(
Φt{x:=v}

)
= sz (Φt) + sz (Φv)− |S?|.
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Proof. By structural induction on t. We only show the case when t is a variable. The
inductive cases follow easily from the i.h. and Lemma 16.

When t is a variable, then necessarily t = x, as x ∈ fv(t) by hypothesis. Then, t{x :=
v} = v. We let Φv := Φt{x:=v}, and we yield Φt ▷ x : T ⊢ x : T by rule var, so that Γt := ∅,
∆ := Γ, and S? = S = T . Moreover, sz

(
Φt{x:=v}

)
= sz (Φv) = |S| + sz (Φv) − |S| =

sz (Φt) + sz (Φv)− |S?|. ◀

The condition x /∈ fv(t) from the previous lemma is necessary, since otherwise, the
statement does not hold. As a counterexample, it is sufficient to take t = y with y ̸= x and
v = z so that t{x := z} = y and the derivation Φt{x:=z} ▷ y : T ⊢ y : T .

▶ Lemma 22 (Weighted Subject Expansion). Let t →vscne t′ and Φ′ ▷U Γ ⊢ t′ : T . Then,
there exists Φ such that Φ ▷U Γ ⊢ t : T , with sz (Φ) > sz (Φ′).

Proof. By induction on t→vscne t′ where, in particular, Lemma 21 is used in the base case
t = u[x\vL]→sv u{x := v}[x\v]L = t′. ◀

To prove completeness of system U with respect to vscne evaluation, we first establish a
lemma showing that normal forms are U-typable. We start by defining a grammar of terms
and then showing that this grammar characterises the set of vscne-normal forms.

vr ::= x | vr[x\ne] | vr[x\no] (x /∈ fv(vr))
ne ::= vr no | ne no | ne[x\ne] | ne[x\no] (x /∈ fv(ne))
ab ::= λx. t | ab[x\ne] | ab[x\no] (x /∈ fv(ab))
no ::= vr | ne | ab

We define three predicates abs(_), app(_), and var(_) we will use for the characterisation
of vscne-normal forms. For any term t, the predicate abs(t) holds if and only t = (λx. u)L for
some variable x, some term u and some substitution context L; the predicate app(t) holds if
and only t = (u s)L for some terms u, s and some substitution context L; and the predicate
var(t) holds if and only t = xL for some variable x and some substitution context L.

▶ Proposition 23 (Characterisation of vscne-Normal Forms). Let t be a term. Then, t ∈ no if
and only if t is vscne-irreducible.

Proof. The proof is by simultaneous induction on the following statements:
1. t ∈ vr if and only if t is vscne-irreducible and var(t)
2. t ∈ ne if and only if t is vscne-irreducible and app(t)
3. t ∈ ab if and only if t is vscne-irreducible and abs(t)
4. t ∈ no if and only if t is vscne-irreducible ◀

▶ Lemma 24 (Normal Forms in vscne are U-Typable). Let t be a vscne-normal form. Then,
t is U-typable with a constant type t. More specifically, there exist Φ, Γ, and t such that
Φ ▷U Γ ⊢ t : t, where Γ(x) = s for all x ∈ dom(Γ).

Proof. The proof is by simultaneous induction on the following statements:
1. If t ∈ vr, then there are Φ and Γ such that Φ▷U Γ ⊢ t : s, and Γ(y) = s for all y ∈ dom(Γ).
2. If t ∈ ne, then there are Φ and Γ such that Φ▷U Γ ⊢ t : s, and Γ(y) = s for all y ∈ dom(Γ).
3. If t ∈ ab, then there are Φ and Γ such that Φ▷U Γ ⊢ t : [ ], and Γ(y) = s for all y ∈ dom(Γ).
4. If t ∈ no, then there are Φ, Γ, and t such that Φ ▷U Γ ⊢ t : t, and Γ(y) = s for all

y ∈ dom(Γ). ◀

We now state the result of the characterisation of vscne-termination via U-typability:
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▶ Theorem 3 (System U Characterises vscne-Termination). Let t be a term. Then, t is
U-typable if and only if t is vscne-terminating.

Proof. The only if direction holds by Lemma 20, while the if direction follows from Lem-
mas 22 and 24. ◀

B Proofs of Section 5

In this subsection, we detail the equivalence 3⇔ 2 in the proof of Corollary 15.

The Type System V. Consider a set of base types α. The grammar of types in system V
is given by:

(Types) σ, τ ::= α | M | M→ σ

(Multi-Types) M,N ::= [σi]i∈I where I is a finite set

The typing rules of system V are:

x :M ⊢ x :M
varv

(Γi; x :Mi ⊢ t : σi)i∈I

+i∈IΓi ⊢ λx. t : [Mi → σi]i∈I

absv

Γ ⊢ t : [M→ σ] ∆ ⊢ u :M
Γ + ∆ ⊢ t u : σ

appv
Γ; x :M ⊢ t : σ ∆ ⊢ u :M

Γ + ∆ ⊢ t[x\u] : σ
esv

A term t is V-typable if there is a derivation in V for typing t, written Φ ▷V Γ ⊢ t : σ.
We measure typing derivations in system V using the sz (_) function, which is defined

following the same intuitions we used for the homonym function in Appendix A. Specifically:

sz

(
x : T ⊢ x : T

varv

)
:= |T | sz

(
(Φi)i∈I

Γ ⊢ λx. t : [αi]i∈I

absv

)
:= |I|+

∑
i∈I

sz (Φi)

sz

(
Φ1 Φ2

Γ ⊢ t u : T
appv

)
:= 1 + sz (Φ1) + sz (Φ2)

sz

(
Φ1 Φ2

Γ ⊢ t[x\u] : T
esv

)
:=
{

1 + sz (Φ1) + sz (Φ2) if x ∈ fv(u)
sz (Φ1) + sz (Φ2) otherwise

We start addressing the soundness of system V with respect to vscne, which states that
V-typability implies vscne-termination. As with the results for system U in Appendix A, the
soundness result requires a subject reduction property based on a substitution lemma.

▶ Remark 25. For every value v there exists a derivation Φ▷V ∅ ⊢ v : [ ] such that sz (Φ) = 0.

▶ Lemma 26 (Substitution). Let Φt ▷V Γ; x :M ⊢ t : σ and Φv ▷V ∆ ⊢ v :M. Then, there
exists a typing derivation Φt{x:=v} such that Φt{x:=v} ▷V Γ + ∆ ⊢ t{x := v} : σ and moreover
sz
(
Φt{x:=v}

)
= sz (Φt) + sz (Φv)− |M|.

Proof. See [20, Lemma 4.18]. ◀

▶ Lemma 27 (Weighted Subject Reduction). Let Φ ▷V Γ ⊢ t : σ and t→vscne t′. Then, there
exists a derivation Φ′ such that Φ′ ▷V Γ ⊢ t′ : σ and moreover sz (Φ) > sz (Φ′).

Proof. Using Lemma 26, the proof is analogous to the proof of Lemma 20 in Appendix A. ◀
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We now prove the completeness of system V with respect to vscne, which states that
vscne-termination implies V-typability. As with the results for system U in Appendix A, we
require to state a subject expansion property based on an anti-substitution lemma.

▶ Lemma 28 (Anti-Substitution). Let Φt{x:=v} ▷V Γ ⊢ t{x := v} : σ. Then, there exist typing
derivations Φt and Φv, typing contexts Γt and ∆, and a type S satisfying:
1. Φt ▷V Γt; x :M ⊢ t : σ

2. Φv ▷V ∆ ⊢ v :M
3. Γ = Γt + ∆
Moreover, sz

(
Φt{x:=v}

)
= sz (Φt) + sz (Φv)− |M|.

Proof. See [20, Lemma 4.18]. ◀

▶ Lemma 29 (Weighted Subject Expansion). Let t →vscne t′ and Φ′ ▷V Γ ⊢ t′ : T . Then,
there exists Φ such that Φ ▷V Γ ⊢ t : T , with sz (Φ) > sz (Φ′).

Proof. By induction on t→vscne t′ where, in particular, Lemma 28 is used in the base case
t = u[x\vL]→sv u{x := v}[x\v]L = t′. ◀

▶ Lemma 30 (Normal Forms in vscne are V-Typable). Let t be a vscne-normal form. Then, t

is V-typable.

Proof. The proof proceeds by simultaneous induction on the following statements:
1. If t ∈ vr, then for every multi-type M there exist Φ and Γ such that Φ ▷V Γ ⊢ t :M.
2. If t ∈ ne, then for every type σ there exist Φ and Γ such that Φ ▷V Γ ⊢ t : σ.
3. If t ∈ ab, then there exist Φ and Γ such that Φ ▷V Γ ⊢ t : [ ].
4. If t ∈ no, then there exist Φ, Γ, and M such that Φ ▷V Γ ⊢ t :M. ◀

We now state the result of the characterisation of vscne-termination via V-typability:

▶ Theorem 31. Let t be a term. Then, t is vscne-terminating if and only if t is V-typable.

Proof. The only if (resp. if ) direction follows from Lemma 27 (resp. from Lemmas 29
and 30). ◀
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