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Abstract
For a finite collection of connected graphs F , the F-Minor Deletion problem consists in, given
a graph G and an integer ℓ, deciding whether G contains a vertex set of size at most ℓ whose
removal results in an F-minor-free graph. We lift the existence of (approximate) polynomial kernels
for F-Minor Deletion by the solution size to (approximate) polynomial kernels parameterized
by the vertex-deletion distance to graphs of bounded elimination distance to F-minor-free graphs.
This results in exact polynomial kernels for every family F that contains a planar graph, and an
approximate polynomial kernel for Planar Vertex Deletion. Moreover, combining our result with
a previous lower bound, we obtain the following infinite set of dichotomies, assuming NP ̸⊆ coNP/poly:
for any finite set F of biconnected graphs on at least three vertices containing a planar graph, and
any minor-closed class of graphs C, F-Minor Deletion admits a polynomial kernel parameterized
by the vertex-deletion distance to C if and only if C has bounded elimination distance to F-minor-free
graphs. For instance, this yields dichotomies for Cactus Vertex Deletion, Outerplanar
Vertex Deletion, and Treewidth-t Vertex Deletion for every integer t ≥ 0. Prior to our
work, such dichotomies were only known for the particular cases of Vertex Cover and Feedback
Vertex Set. Our approach builds on the techniques developed by Jansen and Pieterse [Theor.
Comput. Sci. 2020] and also uses adaptations of some of the results by Jansen, de Kroon, and
Włodarczyk [STOC 2021].
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1 Introduction

The field of parameterized complexity studies the computational complexity of problems when
a parameter k ∈ N is given in addition to the input. One of the main objectives of the field is
to find efficient preprocessing algorithms called kernelization algorithms (or kernels), which
are polynomial-time algorithms that transform an instance of a parameterized problem into
an equivalent instance whose size is bounded by a function of the parameter k. Of particular
interest are polynomial kernels, which are kernels that produce instances of size bounded by
a polynomial in k. See [13,20,23,25,46] for monographs on the area.

A very active direction within kernelization deals with so-called structural parameters.
The idea is, for a given problem Π, to unveil the “smallest” parameter (usually related to the
structure of the input graph) for which Π admits a polynomial kernel. Ideally, the holy grail
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17:2 Kernelization Dichotomies for Hitting Minors Under Structural Parameterizations

is to find a dichotomy describing which parameterizations allow for a polynomial kernel and
which do not, subject to reasonable complexity assumptions. Not surprisingly, finding such
dichotomies turns out to be quite hard, as we proceed to discuss.

The Vertex Cover problem, which consists in deciding whether a graph G contains
a vertex set of size at most ℓ that intersects all edges, has usually served as a testbed
for new techniques in parameterized complexity, and in particular in kernelization with
structural parameters. Given that Vertex Cover is well-known to admit a polynomial
kernel parameterized by the size of the desired solution [25], the challenge is to find parameters,
potentially smaller than the size of a minimum vertex cover (which is called the vertex cover
number), that still permit to obtain polynomial kernels. A very convenient and robust way
of describing such structural parameters is by considering the vertex-deletion distance of the
input graph G to a fixed graph class C, defined as the minimum size of a vertex set X such
that G \ X ∈ C; such a set X is called a modulator to C. Note that the vertex cover number
corresponds to the vertex-deletion distance to the class of empty graphs.

Bodlaender and Jansen [35] proved a very influential result in this direction, namely a
polynomial kernel for Vertex Cover parameterized by the feedback vertex number of the
input graph, that is, the vertex-deletion distance to the class of forests. This result triggered
a number of polynomial kernels for Vertex Cover parameterized by the vertex-deletion
distance to other graph classes, such as graphs of maximum degree two [44], graphs of
constant treedepth [8], pseudo-forests [26], or d-pseudo-forests [31]. It is worth noting that
all the classes C mentioned so far are minor-closed, that is, if a graph is in C, then any graph
obtained from it by removing vertices or edges, or by contracting edges, is also in C. Bougeret,
Jansen, and Sau [5] culminated this line of research by proving the following dichotomy:
assuming NP ̸⊆ coNP/poly (which is the standard hypothesis in this area), Vertex Cover
parameterized by the vertex-deletion distance to a minor-closed graph class C admits a
polynomial kernel if and only if C has bounded bridge-depth. Here, bridge-depth is a newly
introduced graph parameter that can be seen as a common generalization of feedback vertex
number and tree-depth, in the sense that it is (functionally) smaller than both of them;
see [5] for the precise definition.

It is worth mentioning that, using randomized algorithms with a small error probability,
polynomial kernels for Vertex Cover are also known for several parameterizations by the
vertex-deletion distance to graph classes that are not minor-closed, such as König graphs [42],
bipartite graphs [42], and parameterizations based on the linear programming relaxation of
Vertex Cover [32,41]. However, for non-minor-closed graph classes, we are still far from a
dichotomy. Thus, if one aims at obtaining similar dichotomies for generalizations of Vertex
Cover, it is reasonable to stick to parameterizations defined as the vertex-deletion distance
to a minor-closed graph class, and this is what we do in this article.

A very natural way of generalizing the Vertex Cover problem is by fixing a finite
family of graphs F and considering the F-Minor Deletion problem, defined as follows:
given a graph G and an integer ℓ, the goal is to decide whether at most ℓ vertices can be
removed from G so that the resulting graph does not contain any of the graphs in F as
a minor. Note that Vertex Cover corresponds to the case F = {K2}. The F-Minor
Deletion problem has attracted great interest in the last years within the parameterized
complexity community [3, 24, 27, 29, 38, 40, 49, 50], in particular in kernelization. Namely,
when parameterizing by the solution size, Fomin et al. [24] showed that F -Minor Deletion
admits a randomized polynomial kernel whenever F contains at least one planar graph. It can
be checked that the only randomized step in their kernel is a constant-factor approximation
for the problem. In a subsequent work, Gupta et al. [29] provided a deterministic constant-
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factor approximation for F-Minor Deletion, which together with the proof of Fomin
et al. [24] yield a deterministic polynomial kernel for F-Minor Deletion parameterized
by the solution size when F contains a planar graph. For collections F containing only
non-planar graphs, the existence of polynomial kernels for F -Minor Deletion is one of the
most notorious open problems in the field of kernelization [24,25,27,34,38,51].

Probably, the most relevant open case is the case F = {K5, K3,3}, commonly known as
Planar Vertex Deletion, which is conjectured to admit a polynomial kernel [34]. On
the positive side, recently Jansen and Włodarczyk [38] presented an approximate kernel for
Planar Vertex Deletion by using intricate topological arguments.

Given the apparent hardness of finding polynomial kernels for the general F-Minor
Deletion problem parameterized by the solution size, it is natural to consider structural
parameters that are not necessarily smaller than the solution size. In an article that is crucial
to our work, Jansen and Pieterse [37] provided a polynomial kernel for F -Minor Deletion,
when F contains only connected graphs, parameterized by the vertex-deletion distance to
a graph of constant treedepth. Note that this parameter may indeed be larger than the
solution size.

So far, there is only one more particular case of F -Minor Deletion, other than Vertex
Cover, for which a kernelization dichotomy is known. This “outlier” is Feedback Vertex
Set, corresponding to the case F = {K3}, and for which polynomial kernels by the solution
size are well-known [25]. One may expect that, similarly to the dichotomy for Vertex
Cover discussed above [5], the dichotomy for Feedback Vertex Set is also determined by
(some variation of) bridge-depth. But somehow surprisingly, Dekker and Jansen [16] recently
showed that, assuming NP ̸⊆ coNP/poly, Feedback Vertex Set parameterized by the
vertex-deletion distance to a minor-closed graph class C admits a polynomial kernel if and
only if C has bounded elimination distance to a forest. The elimination distance to a graph
class H is a parameter introduced by Bulian and Dawar [9, 10] and defined as the minimum
number of rounds needed to recursively delete one vertex from each connected component of
the current graph until obtaining a graph that belongs to H (see Section 3 for the formal
definition). Note that treedepth corresponds to the particular case where H is the class of
empty graphs. Note also that, for any collection of graphs F and any graph G, a solution to
F -Minor Deletion in G is a modulator to the class of graphs of elimination distance zero
to F-minor-free graphs. Thus, a polynomial kernel for F-Minor Deletion parameterized
by the size of a solution is a weaker result than a polynomial kernel parameterized by the
vertex-deletion distance to graphs of bounded elimination distance to F-minor-free graphs.

Our results. In a nutshell, our contribution is to lift polynomial kernels for F-Minor
Deletion parameterized by the solution size (if they exist) to polynomial kernels para-
meterized by the vertex-deletion distance to graphs of bounded elimination distance to
F-minor-free graphs. This result also holds for approximate kernels by preserving the same
approximation factor. We first provide a formal statement of our result and then discuss
some of its consequences. We use the notation edF (G) to denote the elimination distance of
a graph G to the class of F-minor-free graphs.

▶ Theorem 1. For every fixed finite set F of connected graphs, every integer η ≥ 0, and every
positive constant α, if F-Minor Deletion parameterized by the size of a given solution
admits a polynomial (α-approximate) kernel, then F-Minor Deletion parameterized by
the size of a given modulator to graphs with edF ≤ η admits a polynomial (α-approximate)
kernel.

STACS 2026



17:4 Kernelization Dichotomies for Hitting Minors Under Structural Parameterizations

Recall that if F contains a planar graph, then F-Minor Deletion is known to admit
a polynomial kernel parameterized by the solution size [24, 29]. Thus, Theorem 1 implies
polynomial kernels for F -Minor Deletion parameterized by the size of a given modulator
to graphs with bounded edF whenever F contains at least one planar graph (in Subsection 4.2
we discuss that, in fact, the hypothesis that the modulator is given is not necessary). Prior
to our work, this was only known for Vertex Cover (F = {K2}) [8] and Feedback
Vertex Set (F = {K3}) [16]. Some relevant problems covered by our result are Cactus
Vertex Deletion [2, 22, 53], Outerplanar Vertex Deletion (F = {K4, K2,3}) [19],
Pumpkin Hitting Set [39], d-Pseudoforest Deletion [47], or Treewidth-t Vertex
Deletion [14,52] for every integer t ≥ 0, that is, the problem of finding a smallest modulator
to graphs of treewidth at most t (note that the cases t = 0 and t = 1 correspond, respectively,
to Vertex Cover and Feedback Vertex Set). For this latter problem, it is easy to verify
that, for every t ≥ 0, all minor obstructions to graphs of treewidth at most t are biconnected,
and that at least one of them is planar. Other examples of problems encompassed by
Theorem 1 are Pathwidth-t Vertex Deletion, Treedepth-t Vertex Deletion, and
Branchwidth-t Vertex Deletion for every integer t ≥ 0.

It turns out that Theorem 1 yields infinitely many kernelization dichotomies for F -Minor
Deletion. Indeed, Dekker and Jansen [16] proved that, assuming that NP ̸⊆ coNP/poly,
for any finite collection F of biconnected graphs on at least three vertices containing at least
one planar graph1, the F-Minor Deletion problem does not admit a polynomial kernel
parameterized by the size of a given modulator to a graph of unbounded edF . Thus, this
lower bound combined with Theorem 1 yields the following result.

▶ Theorem 2. Let C be a minor-closed class of graphs and let F be a finite set of biconnected
graphs on at least three vertices containing at least one planar graph. Assuming that NP ̸⊆
coNP/poly, F-Minor Deletion admits a polynomial kernel in the size of a C-modulator if
and only if C has bounded elimination distance to the class of F-minor-free graphs.

Theorem 2 can be seen as a vast generalization of the dichotomy for Feedback Vertex
Set by Dekker and Jansen [16], which was the only one known so far other than Vertex
Cover [5]. Concrete examples of other problems covered by Theorem 2 are Cactus Vertex
Deletion, Pumpkin Hitting Set, Outerplanar Vertex Deletion, Treewidth-t
Vertex Deletion and Branchwidth-t Vertex Deletion for every t ≥ 0, or Cp Hitting
Set [28] for every p ≥ 3 (that is, the problem of hitting all cycles of length at least p).

On the other hand, plugging the approximate kernel for Planar Vertex Deletion by
Jansen and Włodarczyk [38] in Theorem 1 we get the following result, which is a significant
strengthening of their kernel [38], corresponding to the case η = 0.

▶ Theorem 3. For every integer η ≥ 0, the Planar Vertex Deletion problem paramet-
erized by the size of a given modulator to a graph of elimination distance to planar graphs at
most η admits a polynomial α-approximate kernel, for some constant α > 1.

Donkers and Jansen [18] asked whether, for every collection F , the F -Minor Deletion
problem admits a polynomial kernel when parameterized by the vertex-deletion distance to a
linear forest, that is, a disjoint collection of paths. Theorem 1 provides a positive answer to

1 As we discuss in Subsection 4.2, the statement of [16, Theorem 2] requires all the graphs in F to be
planar, but the same proof goes through if only one of them is planar, as acknowledged by one of the
authors [33].
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their question for every collection F of connected graphs that are not paths containing a
planar graph (indeed, in that case, no graph in F is a minor of a path, so a linear forest has
elimination distance zero to the class of F-minor-free graphs).

Finally, let us mention another interpretation of our results. Agrawal et al. [1] proved,
among other results, that for every hereditary target graph class C satisfying some mild
assumptions, parameterizing by the vertex-deletion distance to C and by the elimination
distance to C are equivalent from the point of view of the existence of fixed-parameter
tractable algorithms. Theorem 1 implies, in particular, that the same kind of equivalence
holds with respect to the existence of polynomial (approximate) kernels in this “distance
from triviality” setting, namely for problems defined by the exclusion of connected minors.

Discussion and further research. The most natural open problem that pops up from our
work is to unveil the right kernelization dichotomies for the (connected) families F that
are not covered by Theorem 2. For instance, the panorama is already hazy for F = {P3},
the path on three vertices, which is not biconnected. Does bridge-depth play a role in the
dichotomy for this problem?

Another apparently challenging problem is to get rid of the connectivity assumption
about the graphs in the collection F in Theorem 1. This is crucially exploited several times
in our approach, which strongly builds on the one by Jansen and Pieterse for treedepth [37].
Note that the case where F contains disconnected graphs in indeed relevant, as for example
it is well-known that the minor obstruction set of any surface of positive genus contains
disconnected graphs [45].

Our main result (Theorem 1) fits within the active line of work of using hybrid paramet-
erizations, which simultaneously capture the connectivity structure of the input instance
(typically, via a width parameter) and properties of its optimal solutions; see [36] and the
references therein for a complete account. One of the main takeaways of the breakthrough
article by Jansen, de Kroon, and Włodarczyk [36] is that, for many natural vertex-deletion
problems to a graph class C, including F -Minor Deletion, FPT algorithms parameterized
by the solution size can be lifted to FPT algorithms parameterized by the elimination distance
to C. With this viewpoint, Theorem 1 can be seen as an analog to this lifting result of [36]
with respect to the existence of polynomial kernels. In fact, the result of [36] even holds for
a more general parameter recently defined by Eiben et al. [21] called C-treewidth, which is
a common generalization of treewidth and elimination distance. Thus, for the families F
not covered by Theorem 2, we may hope to generalize Theorem 1 to the parameterization
by the size of a modulator to graphs with bounded H-treewidth, where H is the class of
F-minor-free graphs. However, this looks implausible, as Cygan et al. [14] showed that
already the “simplest” case of Vertex Cover (F = {K2}) does not admit a polynomial
kernel when parameterized by the size of a modulator to graphs with treewidth two, assuming
NP ̸⊆ coNP/poly.

Another way we may try to go beyond Theorem 1 is by replacing the F -Minor Deletion
problem with its (induced) subgraph counterpart, where we want to delete vertices to make
the graph F -subgraph-free (resp. F -induced-subgraph-free). However, Bougeret, Jansen, and
Sau [6] recently showed that, for some choices of F , these problems do not admit polynomial
kernels when parameterized by the size of a modulator to graphs with bounded treedepth,
unless NP ⊆ coNP/poly. As the elimination distance to any graph class is not greater than
the treedepth, these problems also do not admit polynomial kernels when parameterized by
the size of a modulator to graphs with bounded edF .

STACS 2026
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Organization. In Section 2 we present a summary of our techniques, which are based on
proving two main ingredients, and a road map of the whole proof. In Section 3 we introduce
the necessary definitions and notation, including the concepts of labeled graphs, and the
extension of the minor relation to these graphs. In Section 4, assuming that the two main
ingredients are proved, we provide the proof of Theorem 1, and its consequences mentioned
above. Due to space limitations, the proof of the first and second ingredients can be found,
respectively, in Sections 5 and 6 of the full version of this article available online. Whenever
we make a citation to a result or to a section of the full version, we refer to this version
available online: http://arxiv.org/abs/2512.13210.

2 Summary of our techniques

Our techniques are strongly based on those used by Jansen and Pieterse in [37], and in
this section we explain the main ideas of this approach and which are our main technical
contributions that allow us to obtain Theorem 1. We start in Subsection 2.1 by surveying
which is the most common strategy used in the literature for kernelization with structural
parameters, and we abstract it in terms of two main ingredients, which we explain in
Subsection 2.2 and Subsection 2.3, respectively, for our particular setting.

Given the required amount of technical definitions and lemmas, the entire proof of these
two ingredients has been moved to the full version available online, and the goal of this
section is to provide some insight on the most important notions involved in the proofs, as
well as highlighting our main technical novelties with respect to the proof in [37]. As it will
become clear in this section, many of the ingredients that we need are either borrowed directly
from [37], or follow from the corresponding results in [37] with very minor modifications.
In the latter case, for the sake of completeness we provide (in the full version) both a full
proof and a sketch of proof in which we just list which parts of the proof in [37] need to be
changed.

We conclude this section with a road map of the whole proof (Figure 3), where one can
see how our main technical contributions fit within the structure of the proof.

2.1 Typical approach for kernelization with structural parameters

Let us start by explaining how kernels usually work for hitting problems parameterized by the
size of modulator to trivial classes C. More precisely, we consider here F -Minor Deletion
problems where the input is (G, X, k), and we have to decide whether at most k vertices can
be removed from G so that the resulting graph does not contain any of the graphs in F as a
minor. The modulator X ⊆ V (G) given in the input is such that m(G \ X) ≤ η, for a fixed
integer η ≥ 0 and graph measure m, and the parameter is |X|. We assume that m is such
that for disjoint graphs G1, G2, m(G1 ∪ G2) ≤ max(m(G1), m(G2)), and for any connected
graph G, there exists v ∈ G such that m(G − v) < m(G). Recall that this setup encapsulates
several previous works, for example [7] where F = {K2} and m is the treedepth, [15] where
F = {K3} and m is the elimination distance to a forest, and [37] where F is arbitrary and
m is the treedepth.

Let D be the set of connected components of G \ X and nD = |D|. All kernels in the
mentioned articles follow the same two steps:
1. Remove some connected components of D until nD becomes polynomial in |X|. This

leads to an equivalent instance (G′, X, k′). Let D′ denote the set of connected components
of G′ \ X.

http://arxiv.org/abs/2512.13210
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2. For each C ∈ D′, find a vertex vC such that m(C −vC) < m(C). Define X ′ = X ∪
⋃

C∈D′

and recurse on (G′, X ′, k′).
Informally, we moved vertices from G′ \X to the modulator to get a slightly larger modulator
X ′, but such that m(G′ \ X ′) < η, implying that we can apply a recursive argument on the
measure. Notice that when following this approach, the only challenge is to achieve item 1.
As our setting for the F-Minor Deletion problem and m = edF fit into this framework,
we also follow these two steps, and our only goal is to prove the following lemma, which
formalizes item 1. This lemma corresponds exactly to [37, Lemma 6] (which provides a
polynomial kernel for F -Minor Deletion where td(G \ X) ≤ η, instead of edF (G \ X) ≤ η

in our case), where td is replaced by edF .

▶ Lemma 4 (Reduce Components Lemma – Generalized version of [37, Lemma 6]). Let F be a
finite set of connected graphs and let η ≥ 0 be a constant. There is a polynomial-time algorithm
that, given a graph G along with a modulator X ⊆ V (G) such that edF (G \ X) ≤ η, outputs
an induced subgraph G′ of G together with an integer ∆ such that optF (G) = optF (G′) + ∆
and G′ \ X has at most |X|OF,η(1) connected components. Moreover, a set Y ′ that hits all
F-minors in G′ can be extended in polynomial time to a set Y of size |Y ′| + ∆ that hits all
F-minors in G.

Assuming the above lemma, Theorem 1 follows immediately by induction on η (see
Section 4 for the details), and thus in this overview we only focus on this lemma. Lemma 4
requires two ingredients: Lemma 5 and Lemma 6. These lemmas also correspond to the two
ingredients required by [37, Lemma 6], where td is replaced by edF here. Generalizing these
two ingredients to edF is the contribution of this paper, and we now aim at explaining the
challenges and new ideas behind this generalization. To do so, and following the formalism
of [37], we first need to introduce the notion of labeled minor (see Section 3 for formal
definitions). For a set X, an X-labeled graph G is a graph where each vertex v is equipped
with a set LabelsG(v) ⊆ X of labels. Given two X-labeled graphs G and H, we say that H is a
labeled minor of G if H is a “classical minor” – ignoring the labels – of G, certified by a minor
model ϕ, that additionally satisfies that for any v ∈ V (H), LabelsH(v) ⊆

⋃
u∈ϕ(v) LabelsG(u).

Let us now discuss how labeled minors appear in the kernelization algorithm for F-
Minor Deletion (we also refer the reader to introduction of [37] for additional intuition
on the role of labeled minors). Suppose that, given an instance (G, X, k) of F-Minor
Deletion, we want to remove a connected component C of G \ X by defining G′ = G \ C

and k′ = k − optF (G[C]) (where optF denotes the smallest solution size for the F -Minor
Deletion problem). To prove that (G′, X, k′) being a yes-instance implies that (G, X, k)
is as well, a common approach is to consider a solution S′ of (G′, X, k′), and find Y ⊆ C

of size optF (G[C]) such that S = S′ ∪ Y is a solution of G. However, using an arbitrary
local optimal solution Y of C (that “only” hits all F minors in G[C]) may not be enough, as
there could be F minor models in G whose fragments intersect both C and V (G) \ C (see
Figure 1).

Typically, if we consider the F minor model and the labeled graph Q of Figure 1, to
prevent this particular model of F , we need that there exists a local optimal solution Y ⊆ C

of size optF (G[C]) which also hits in C the labeled minor Q, called fragment. In the real
setting, a local optimal solution of G[C] may be even asked to hit a set Q of labeled minors,
corresponding to all possible fragments of an F minor model in G. Checking the existence
of such special optimal solution in a connected component of G \ X is precisely what we
achieve in the first following ingredient.

STACS 2026



17:8 Kernelization Dichotomies for Hitting Minors Under Structural Parameterizations

Figure 1 Example where adding Y , a local optimal solution to F-Minor Deletion in G[C], to
S′, an optimal solution in G \ C, misses an F -model. This particular model would have been hit if
Y was also required to hit the graph in Q (as a labeled minor).

2.2 Ingredient 1: checking for the existence of special optimal
F-MINOR DELETION solutions

In Section 5 of the full version we prove the following lemma.

▶ Lemma 5 (Generalized version of [37, Lemma 5]). Let F be a fixed set of connected
(unlabeled) graphs, let η ≥ 0 be a constant, and let X be a set. For any set Q of connected
X-labeled graphs and X-labeled graph C with edF (C) ≤ η, one can:
1. compute optF (C) in OF,η(|V (C)|) time;
2. determine whether there is a solution Y ∈ optsolF (C) such that C \ Y has no labeled

Q-minors, in time f(F , L,
∑

H∈Q|V (H)|, η) · |V (C)|O(1) for some function f .
Here, L is defined as the number of elements of X that appear in the labelset of at least one
vertex in at least one graph of Q.

The proof of Lemma 5 in [37] quickly follows from the fact that td(C) ≤ η implies
tw(C) ≤ η (where td denotes the treedepth and tw the treewidth), and that the problem of
finding labeled minors can be expressed as an MSOL formula. However, in our setting, a
graph C with edF (C) ≤ η may have unbounded treewidth (because of the subgraphs induced
by the leaves in the elimination distance decomposition), and we rather rely on the following
reduction.

The problem we need to solve is what we later call the F-Minor Deletion Hitting
Labeled Q problem, where given a labeled graph G with edF (G) ≤ η, and a set of labeled
graphs Q, one has to decide if there exists an optimal F-Minor Deletion solution for G

that also hits all Q ∈ Q. To solve this problem (in FPT time parameterized by the total size
of F and η), we first reduce (in Subsection 5.2 of the full version) to the unlabeled version
called F-Minor Deletion Hitting Q. The idea of the reduction is the following. We
define a gadget graph Gℓ for each label ℓ in X, and glue to each vertex v ∈ G all gadgets
corresponding to labels of v (see the left part of Figure 2). We do the same for each graph in
Q. Moreover, we also add a last gadget Gϵ that we glue to every vertex of G, every vertex of
a graph in Q, and every vertex of a graph in F . Let G+, Q+, and F+ denote, respectively,
the obtained graphs. To guarantee that (G, F , Q, k) is equivalent to (G+, F+, Q+, k), we
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need to control how models of Q+ and F+ live in G+. For example, we want to avoid models
of F+ or Q+ that invade partially a gadget Gℓ, or models of Q+ where the part of the model
corresponding to a gadget lives in V (G) (see the right part of Figure 2). This is achieved
through the notion of nice gadgets, which are informally (see Definition 20 of the full version)
biconnected graphs that are pairwise incomparable with respect to the minor relation, and
that are not minors of the host graph G. Notice that it is also crucial to guarantee that
edF+(G+) ≤ edF (G), as this implies by the assumption on G that edF+(G+) ≤ η, as we wish.

Figure 2 Left: How we compute (G+, F+, Q+) from (G, F , Q) to reduce to the unlabeled version.
Right: Example of a “bad” minor model of the second graph in the set Q+ for two reasons. The
first reason is that the pink branch set, which is a minor of G2 glued with G3, uses vertices of G

instead of the attached Gℓ. The second reason is that the blue branch set, which is a minor of G1,
uses partially vertices of some Gℓ. The orange branch sets of this bad model behave as expected. A
“good” minor model is depicted on the right.

It remains now to solve F -Minor Deletion Hitting Q parameterized by the size of F
and η, which we handle in Subsection 5.3 of the full version, by adapting the algorithm of
Jansen, de Kroon, and Włodarczyk [36, Theorem 1.2] for F -Minor Deletion parameterized
by HF -treewidth, where HF is the class of F -minor-free graphs. This parameter generalizes
both treewidth and edF . However, the simple strategy consisting in solving directly (F ∪ Q)-
Minor Deletion using [36] as a black box is not possible, as the input graph G may have
unbounded HF∪Q-treewidth, even if its HF -treewidth is at most η. Thus, we adapt their
result to our case by proving that all key lemmas involved in the dynamic programming
algorithm of [36] can be generalized to allow for the presence of Q.

2.3 Ingredient 2: bounding the size of minimal blocking sets
Let us now turn to the second ingredient, which has a purely combinatorial flavor and is
our main technical contribution. Recall that our goal is to prove Lemma 4, which removes
some connected components of G \ X. To achieve this, we rely on the marking algorithm
of [37]. We chose not to provide the details of this algorithm here (as we do not add any
modification to it or to its proof), but only explain why this algorithm requires the second
ingredient. To prevent scenarios like the one depicted in Figure 1, the algorithm has to
check, before removing a connected component C, that for any set Q of labeled fragments,
C is a yes-instance of F-Minor Deletion Hitting Labeled Q. Notice that for each Q,
Ingredient 1 allows us to perform this check in polynomial time, but the problem is that the
list of all possible sets Q may have size exponential in |X|. Ingredient 2 (given by Lemma 6
below, which we prove in Section 6 of the full version) exactly fulfills this needs, by proving
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that if there exists a large set Q such that C is a no-instance of F -Minor Deletion Hitting
Labeled Q, then there exists also a constant-sized subset Q⋆ ⊆ Q such that C remains a
no-instance of F-Minor Deletion Hitting Q⋆. In that way, the marking algorithm will
only enumerate (in polynomial time) such sets Q⋆ of constant size.

▶ Lemma 6 (Main Lemma – Generalized version of [37, Lemma 3]). Let F be a finite set of
(unlabeled) connected graphs, let X be a set of labels, let Q be a (minH∈F |V (H)|)-saturated
set of connected X-labeled graphs of at most maxH∈F |E(H)| + 1 vertices each, and let C be
an X-labeled graph. If all optimal solutions to F-Minor Deletion on C leave a Q-minor,
then there is a subset Q∗ ⊆ Q whose size depends only on (F , edF (C)), such that all optimal
solutions leave a Q∗-minor.

We point out that there is an additional (very helpful) hypothesis required on Q in the
above lemma that we did not discuss so far: the saturated property. Indeed, even if this
hypothesis is unavoidable (see [37, Figure 11]), and may seem counter-intuitive (for example,
the set Q in Figure 1 does not satisfy it), the fact that we are allowed to assume it comes
from the details of the proof of the marking algorithm of [37], which we prefer to keep as a
black box in this high-level summary.

We would also like to mention that such a set Q as in Lemma 6 that “affects” the behavior
of all optimal solutions is often referred as a blocking set [5, 8, 30], and Lemma 6 can be
rephrased as bounding the size of an inclusion-wise minimal blocking set (as invoking the
lemma with an inclusion-wise minimal Q leads to Q⋆ = Q, thus bounding |Q|). One can
also observe that the marking algorithm of [37] for F-Minor Deletion corresponds to a
generalized version of the marking algorithms used in [5, 8, 35], that is, for Vertex Cover
parameterized by the feedback vertex number, the distance to constant treedepth, and the
distance to constant bridge-depth, respectively.

Let us now discuss what differs between our proof of Lemma 6 and the proof of [37,
Lemma 3]. The proof of Lemma 3 in [37] is inductive on the depth of the treedepth
decomposition of C, and we also follow this approach. However, in our setting, C does not
necessarily have bounded treedepth, but it does have bounded edF . Given the similarities
between the two parameters, the only challenge is to add a base case for the leaves of the
F-elimination forest of C, which are F-minor-free graphs instead of empty graphs. We
consider this new base case, the F-Minor-Free Base Case (Lemma 62 of the full version),
to be our main technical contribution. The statement of this lemma is very technical and
falls beyond the scope of this overview but, intuitively, it bounds the size of two objects that
are relevant to the induction. The first one (denoted by RN in the lemma) deals with the
number of possible “remainders” of solutions that do not leave a Q-minor, while the second
one (denoted by RQ in the lemma) corresponds to the Q⋆ discussed above. Let us now say a
few words about the proof of the second item, since the first one is more technical and would
require additional preliminaries.

To simplify the presentation, let us start by stating a simplified version of the setup of
Lemma 62 of the full version. Consider a graph G and subgraphs GA, GC of G (we use these
notation to match the notation of Lemma 62 of the full version, where GB is assumed to be
empty here) such that:

S := V (GA) ∩ V (GC) is a separator in G, with |S| ≤ η.
G′

A := GA \ S is F-minor-free.
Given a set Q of connected X-labeled graphs, the simplified goal of this second item is to
define a set Q⋆ ⊆ Q whose size only depends on F and η, and such that for any optimal
solution Y of the F-Minor Deletion problem in G, if G′

A \ Y leaves a Q-minor, then it
also leaves a Q⋆-minor.
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In order to bound the size of Q⋆, our strategy is to identify a subset of labels X ′ ⊆ X

of size depending only on F and η, such that any such solution leaving a Q-minor will also
leave a Q-minor that only uses labels from X ′. Then, Q∗ will be defined as all graphs of Q
using only labels from X ′, implying immediately that |Q⋆| only depends on F and η.

To identify such a restricted set X ′ of labels, we consider a set called Breaker corresponding
to a minimum-size set in G′

A that hits all Q-minors in G′
A. This setup can be seen as a

generalization of the proof of [16, Lemma 4] by Dekker and Jansen, where in their setting
(where there are no labels) Q corresponds to a set T = {(ui, vi)} (encoding that solutions
must hit all (ui, vi)-paths) and they consider a minimum-size set Z hitting all these paths.

Then, we use the crucial fact that any optimal solution Y of the F-Minor Deletion
problem in G is such that |Y ∩ V (G′

A)| ≤ |S|. Indeed, if Y used strictly more vertices in G′
A,

then restructuring the solution by removing all vertices from G′
A and adding the whole of S

instead would result in a smaller solution, as all graphs in F are connected; see Lemma 40
of the full version. We point out that this is the only place where the F-minor-freeness of
leaves is used, meaning in particular that we do not need to invoke any complex property on
the structure of F-minor-free graphs.

With this set Breaker and the property that |Y ∩ G′
A| ≤ |S| at hand, we perform a

marking scheme (that generalizes the marking scheme of [16, Lemma 4]) aiming at keeping
only marked labels. This marking scheme marks some labels for each v ∈ Breaker (implying
that we must ensure that |Breaker| is small), and uses the fact that, as |Y ∩ V (G′

A)| ≤ |S|,
we only need to mark a small number of labels to ensure that one of the Q-minors in G′

A \ Y

only uses marked labels.
Finally, let us just mention that our proof of the first item additionally introduces the

definition of a mandatory vertex, which is a vertex that appears in every F -Minor Deletion
solution meeting some conditions. The set M of all such vertices is helpful in imposing a nice
structure in the set of solutions that we need to consider (cf. Figure 10 of the full version).

In Figure 3 we provide a road map of the whole proof, by highlighting our main technical
contributions.

Theorem 1
(polynomial kernel)

Lemma 4
(remove connected components)

Lemma 5 (Ingredient 1):
Solve F-Minor Deletion Hitting Labeled Q

Lemma 6 (Ingredient 2):
Main Lemma (bounding blocking sets)

Lemma 60 of the full version:
Inductive version of Main Lemma

Inductive step Lemma 62 of the full version:
F-minor-free base case

Figure 3 Road map of the proof, which has the same structure as the proof in [37]. Our two
contributions correspond to the thicker blues boxes. Results in all other boxes can be obtained
directly from the proofs of [37] by minor modifications, essentially by replacing td with edF .
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3 Preliminaries

In this section we present some definitions used in this extended abstract. The additional
definitions that are needed in the full version are deferred to the full version as well.

Parameterized complexity. A parameterized problem is a decision problem where each
instance is a pair (I, k), with I the input and k ∈ N the parameter. A problem is fixed-
parameter tractable (FPT) if it can be solved in time f(k) · |I|O(1) for some computable
function f .

A kernelization algorithm (or kernel) for a parameterized problem is a polynomial-time
algorithm that transforms any instance (I, k) into an equivalent instance (I ′, k′) (i.e., (I, k)
is a yes-instance if and only if (I ′, k′) is), such that |I ′| + k′ ≤ g(k) for some function g. It is
known that a parameterized problem is FPT if and only if it admits a kernel [4]. If g is a
polynomial, the kernel is called a polynomial kernel.

A related notion introduced by Lokshtanov et al. [43] is that of an α-approximate
kernel for a parameterized optimization problem, for some constant α ≥ 1. The goal of a
parameterized optimization problem is to find a solution of minimum cost. In the case of
F -Minor Deletion, the cost of a solution is its size. The formal definition of approximate
kernelization can be found in [43]; below we give a simpler formulation that is enough for
our purposes.

An α-approximate kernel is a polynomial-time algorithm that transforms any instance
(I, k) of the parameterized optimization problem into an instance (I ′, k′) such that:

(I ′, k′) has size at most g(k) for some function g (as in standard kernelization), and
any solution s′ to (I ′, k′) of cost β times the optimum for (I ′, k′) can be transformed in
time polynomial in |I|, k, |I ′|, k′, and s′ into a solution s to (I, k) whose cost is at most
α · β times the optimum for (I, k).

If g is a polynomial, the kernel is called a polynomial α-approximate kernel.

Graphs. For graph notions not defined here, we refer the reader to standard textbooks
such as [17]. For a set S, we use 2S to denote the set of all subsets of S, and

(
S
k

)
to

denote the set of all subsets of S of size k. All graphs we consider are finite, undirected,
and simple. A graph G consists of a vertex set V (G) and edge set E(G) ⊆

(
V (G)

2
)
. The

open neighborhood of a vertex v is denoted NG(v). For a vertex set S ⊆ V (G), its open
neighborhood is NG(S) :=

⋃
v∈S NG(v)\S. For an edge {u, v} in a graph G, contracting {u, v}

results in the graph G′ obtained from G by removing u and v, and replacing them by a new
vertex w with NG′(w) = NG({u, v}). For a vertex set S ⊆ V (G), we use G \ S to denote the
graph obtained from G by deleting all vertices in S and their incident edges. The subgraph
of G induced by vertex set S is denoted G[S]. We use cc(G) to denote the set of connected
components of G. A graph is biconnected if it is connected and does not contain a cut vertex,
i.e., a vertex whose removal increases the number of connected components of the graph. A
biconnected component of a graph G is a maximal biconnected subgraph of G. A grid graph
of width w and height h for two constants w, h ≥ 1 is the graph G where V (G) consists of
the tuples (a, b) where 1 ≤ a ≤ w and 1 ≤ b ≤ h, and two vertices (a1, b1) and (a2, b2) are
adjacent if and only if |a1 − a2| + |b1 − b2| ≤ 1.

For a set of graphs F , we use ∥F∥ as a shorthand for maxH∈F |V (H)|. We say that a set
Y ⊆ V (G) hits all F-minors in G if G \ Y is F-minor-free.



M. Bougeret, E. Brandwein, and I. Sau 17:13

We denote the size of an optimal F-Minor Deletion solution on G by optF (G), and
the set of optimal solutions by optsolF (G). In our bounds, we use the notation Oz(1) for a
list of values z to denote a constant that only depends on z. For instance, OF,Q(1) denotes
a constant that only depends on the sets of graphs F and Q.

▶ Definition 7 (treedepth). A treedepth decomposition of a connected graph G is a rooted
tree T such that V (T ) = V (G), and for every edge {u, v} ∈ E(G), vertex u is an ancestor
of vertex v in T , or vice versa. A treedepth decomposition of a disconnected graph is just a
disjoint union of treedepth decompositions for its connected components.

The treedepth of G, denoted by td(G), is the minimum depth (in number of vertices) of
a treedepth decomposition of G.

The following definition was introduced by Bulian and Dawar [9, 10]. In fact, the general
definition is for a general target graph class H, but since we only deal with F-minor-free
classes, we provide only the following more restricted definition.

▶ Definition 8 (elimination distance). Let F be a finite collection of graphs. An F -elimination
forest of a connected graph G is a pair (T, χ) of a rooted tree T and a function χ : V (T ) →
2V (G), called the bags of T , such that:
1.

⋃
t∈V (T ) χ(t) = V (G).

2. For every two nodes {t, t′} ⊆ V (T ) we have that χ(t) ∩ χ(t′) = ∅.
3. Every internal node t ∈ V (T ) is such that |χ(t)| = 1.
4. For every edge {u, v} ∈ E(G) either:

there exists a leaf t ∈ V (T ) such that {u, v} ⊆ χ(t); or
there exist two nodes {t, t′} ⊆ V (T ) such that u ∈ χ(t), v ∈ χ(t′), and t and t′ are in
an ancestor-descendant relationship in T .

5. For every leaf t of T , the induced subgraph G[χ(t)] is connected and F-minor-free.
An F-elimination forest of a disconnected graph G is just a disjoint union of F-elimination
forests for its connected components.

The elimination distance of G to the class of F-minor-free graphs is the minimum depth
(in number of edges) of an F-elimination forest of G. We denote this distance by edF (G).

Note that the treedepth is exactly the elimination distance to the class of empty graphs,
which is why the treedepth is measured in number of vertices, while the elimination distance
is measured in number of edges.

▶ Definition 9 (minor model). A minor model of a graph H in a graph G is a mapping
φ : V (H) → 2V (G) assigning a branch set φ(v) ⊆ V (G) to each vertex v ∈ V (H), such that:

G[φ(v)] is non-empty and connected for all v ∈ V (H),
φ(v) ∩ φ(u) = ∅ for all u ̸= v ∈ V (H), and
if {u, v} ∈ E(H), then there exist u′ ∈ φ(u) and v′ ∈ φ(v) such that {u′, v′} ∈ E(G).

For a vertex set S ⊆ V (H), we define φ(S) :=
⋃

v∈S φ(v) to be the branch set of S. A minor
model is minimal if there is no minor model that results from removing a single vertex from
a branch set φ(v) for some v ∈ V (H).

Labeled graphs. We will be annotating the vertices of graphs with labels from a set X.
This set X will be the modulator X that will be the parameter in our kernelization of
F -Minor Deletion. The labels in each vertex will encode the adjacency of that vertex to
the modulator X.

STACS 2026



17:14 Kernelization Dichotomies for Hitting Minors Under Structural Parameterizations

▶ Definition 10 (labeled graph [37, Definition 2]). Let X be a set. An X-labeled graph G is
a graph G together with label function LabelsG : V (G) → 2X , assigning a (potentially empty)
subset of labels to each vertex in G.

We will in fact be looking for minors in these labeled graphs which are connected to the
modulator X in certain ways. This is captured by the following definition.

▶ Definition 11 (labeled minor model [37, Definition 4]). A labeled minor model of an
X-labeled graph H in an X-labeled graph G is a mapping φ as in the definition of minor
model (Definition 9), that additionally satisfies that for all v ∈ V (H) and ℓ ∈ LabelsH(v)
there exists v′ ∈ φ(v) such that ℓ ∈ LabelsG(v′).

If G contains a (labeled) minor model of H, then we say that G contains H as a (labeled)
minor and denote this as H⪯mG. Observe that G contains H as a (labeled) minor if and
only if H can be obtained from G by deleting edges and vertices (and potentially labels),
and contracting edges (merging the labelsets of the corresponding vertices).

4 Proof assuming the two ingredients and consequences

In Subsection 4.1 we provide the proof of Theorem 1 assuming that we have at hand the two
ingredients described in Section 2, and in Subsection 4.2 we discuss some of its consequences.

4.1 Proof of the polynomial kernel assuming the two ingredients
In this section we assume that Lemma 5 and Lemma 6 hold, and we prove the following
lemma and Theorem 1. Unlike in all other results that we need to slightly modify from [37],
for which we provide both a full proof and a sketch, we only provide a sketch of the proof of
the following lemma, since it is almost exactly the same as the (very long) proof in [37].

▶ Lemma 4 (Reduce Components Lemma – Adaptation of [37, Lemma 6]). Let F be a finite
set of connected graphs and let η ≥ 0 be a constant. There is a polynomial-time algorithm
that, given a graph G along with a modulator X ⊆ V (G) such that edF (G \ X) ≤ η, outputs
an induced subgraph G′ of G together with an integer ∆ such that optF (G) = optF (G′) + ∆
and G′ \ X has at most |X|OF,η(1) connected components. Moreover, a set Y ′ that hits all
F-minors in G′ can be extended in polynomial time to a set Y of size |Y ′| + ∆ that hits all
F-minors in G.

Sketch of proof. Modify the proof of Lemma 6 in [37] by replacing:
treedepth with edF ;
usage of their Lemma 3 with the Main Lemma (Lemma 6); and
usage of their Lemma 5 by our Lemma 5. Note that H in their proof consists of connected
graphs, so the added requirement in Lemma 5 that Q is connected is not a problem. ◀

We are now ready to prove Theorem 1, but before that, two comments are in place. The
first one is that the proof is almost the same as the proof of [37, Theorem 1], but we provide
it here because we need to use a polynomial (α-approximate) kernel by the solution size
in the case η = 0, and an extra argument to bound the approximation factor in the case
of approximate kernels. The second one is that, for the sake of generality, we state the
theorem for the case where the required modulator is given along with the input. In the first
application discussed in Subsection 4.2 we show how to get rid of this hypothesis.
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Proof of Theorem 1. Consider an input (G, X, k) to F-Minor Deletion parameterized
by the size of a given modulator X to graphs with edF ≤ η, where k is the size of the sought
solution. The proof is by induction on η.

(η = 0) If edF (G\X) = 0, set X is a modulator to an F -minor-free graph. Thus, (G, X, k)
is an instance of F-Minor Deletion parameterized by the size of a given solution. We
apply the polynomial (α-approximate) kernelization from the hypothesis to the input to
obtain an instance (G′, X ′, k′) of F-Minor Deletion parameterized by the size of a given
solution, which serves as our kernel.

(η ≥ 1) We apply the Reduce Components Lemma (Lemma 4) on the input to obtain G′

and ∆. We will augment the modulator X into a superset X ′ to ensure that edF (G′ \X ′) < η.
To this end, we consider each connected component C of G′ \ X. Since the Elimination
Distance to F -Minor-Free problem parameterized by the target width is fixed-parameter
tractable [11], and η is a constant, we can decide if edF (C) is smaller than η in f(η) · nO(1)

time. If it is, we do not need to add any vertex from C to X ′. Otherwise, by the definition
of the elimination distance there is a vertex xC such that edF (C \ {xC}) < edF (C). We find
such a vertex xC by trying all options for xC and computing the elimination distance to an
F-minor-free graph of the resulting graph, again in f(η) · nO(1) time. We initialize X ′ as
X. For each component C of G′ \ X with edF (C) = η, we add the corresponding vertex xC

to X ′.
Since the Reduce Components Lemma (Lemma 4) guarantees that the number of connected

components of G′ \ X is polynomial in |X| for fixed F and η, the resulting modulator X ′

has size polynomial in |X|. Moreover, it guarantees that edF (G′ \ X ′) < η. Hence we now
have an instance (G′, X ′, k − ∆) of F-Minor Deletion parameterized by a modulator
to edF ≤ η − 1, with the same answer as (G, X, k). Using the inductive hypothesis, we
apply the (α-approximate) kernel for the parameterization by a modulator to edF ≤ η − 1,
which outputs an instance (G⋆, X⋆, k⋆). By induction, the size of G⋆ is bounded by some
polynomial in |X ′|, which is in turn bounded by a polynomial in |X|. Hence G⋆ has size
|X|OF,η(1) which (since F and η are constants) is bounded by O(|X|c) for some suitably
chosen constant c, and we output (G⋆, X⋆, k⋆) as the result of the kernelization.

If the kernelization algorithm from the hypothesis is exact, then (G⋆, X⋆, k⋆) has the
same answer as (G′, X ′, k − ∆) and therefore as (G, X, k), which gives an exact kernelization.

Otherwise, following the definition of approximate kernelization due to Lokshtanov et
al. in the case of a structural parameterization [43, Section 2.1], and since we parameterize
by the size of a solution that we assume to be given in the input (and not by the size of
sought solution), there exists a solution lifting algorithm A that transforms a solution Y ⋆ for
(G⋆, X⋆, k⋆) into a solution Y ′ for (G′, X ′, k − ∆) such that

|Y ′|
optF (G′) ≤ α · |Y ⋆|

optF (G⋆) .

Here, we follow the guidelines for problems with structural parameterizations given in [43],
defining the value of a valid solution Y for an instance (G⋆, X⋆, k⋆), where X⋆ is a valid
modulator to graphs with bounded edF , as |Y |.

We construct our solution lifting algorithm by combining A with the algorithm described
in the Reduce Components Lemma (Lemma 4), which outputs a solution Y of size |Y ′| + ∆
for G in polynomial time. As optF (G′) + ∆ = optF (G), we get that

|Y |
optF (G) = |Y ′| + ∆

optF (G′) + ∆ ≤ |Y ′|
optF (G′) ≤ α · |Y ⋆|

optF (G⋆) .

It follows that (G⋆, X⋆, k⋆) is an α-approximate polynomial kernel for (G, X, k) as well. ◀
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Lokshtanov et al. [43] additionally introduce the notion of strict approximate kernelization
and α-safe rules to facilitate the usage of reduction rules commonly used in the literature.
We could have used these notions for our proof as well, but as our kernelization does not use
reduction rules that are applied exhaustively, we opted for the more direct approach above.

4.2 Consequences of Theorem 1
As said earlier, Fomin et al. [24] showed that F -Minor Deletion parameterized by the size
of a solution admits a randomized polynomial kernel whenever F contains at least one planar
graph. The reliance on randomization of their algorithm lies in the use of a randomized
constant-factor approximation algorithm for F-Minor Deletion [24, Theorem 1]. Gupta
et al. [29, Corollary 1.1] gave later a deterministic constant-factor approximation algorithm
for the problem, which gives us the following corollary of Theorem 1.

▶ Corollary 12. For every fixed finite set F of connected graphs containing at least one planar
graph and every constant η, F-Minor Deletion parameterized by the size of a modulator
to graphs with edF ≤ η admits a polynomial kernel.

Notice that we do not require that the modulator is given as part of the input in
Corollary 12. This is because we can actually compute such a modulator (of size slightly
larger) in polynomial time using the constant-factor approximation algorithm by Gupta et
al. [29, Corollary 1.1] mentioned earlier. Indeed, when F contains at least one planar graph,
the class of graphs with edF ≤ η is characterized by a finite set of forbidden minors that also
contains a planar graph. This can be seen, for instance, by observing that if edF (G) ≤ η,
then tw(G) ≤ tℓ + η, where tℓ is the maximum treewidth of a graph induced by the bag
of a leaf in an F-elimination forest of G. As the minor obstructions of graphs of bounded
treewidth contain at least one planar graph [48], the claim follows. (We point out that a
similar argument is used in [5, Section 3] to compute a modulator to bounded bridge-depth.)

On the other hand, Dekker and Jansen [16, Theorem 2] showed that, assuming NP ̸⊆
coNP/poly, F-Minor Deletion does not admit a polynomial kernel when parameterized
by the size of a modulator to graphs with unbounded edF if F is a finite set of biconnected
planar graphs on at least three vertices. The requirement that all graphs in F are planar
exclusively comes from their Lemma 10. They define a structure called an F-necklace, and
state that every graph G that does not contain large F-necklaces as minors has bounded
treewidth. They prove this by assuming that G has large treewidth, and then using the
Excluded Grid Theorem [12,48] to show that G contains a large grid minor, which in turn
contains every large enough planar graph as a minor. As F -necklaces are planar if all graphs
in F are planar, this shows that G contains a large F-necklace as a minor, which is a
contradiction. This argument still holds if not every graph in F is planar, as having just
one planar graph guarantees that there exist planar F -necklaces of arbitrarily large size [33].
Thus, G still has an F-necklace as a minor in this case. Hence, their proof can be adapted
to show the following theorem, which together with Corollary 12 yield Theorem 2.

▶ Theorem 13 (cf. [16, Theorem 2]). Let C be a minor-closed family of graphs and let F be a
finite set of biconnected graphs on at least three vertices containing at least one planar graph.
If C has unbounded elimination distance to an F-minor-free graph, then F-Minor Deletion
does not admit a polynomial kernel in the size of a C-modulator, unless NP ⊆ coNP/poly.

Finally, combining Theorem 1 with the polynomial α-approximate kernel for Planar
Vertex Deletion of Jansen and Włodarczyk [38] gives us Theorem 3 as stated in the
introduction.
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