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—— Abstract

In a rendezvous task, a set of mobile agents initially dispersed in a network have to gather at an
arbitrary common site. We consider the rendezvous problem on the infinite labeled line, with 2
initially asleep agents, without communication, and a synchronous notion of time. Each node on the
line is labeled with a unique positive integer. The initial distance between the two agents is denoted
by D. Time is divided into rounds and measured from the moment an agent first wakes up. We
denote by 7 the delay between the two agents’ wake up times. If awake in a given round 7', an agent
at a node v has three options: stay at the node v, take port 0, or take port 1. If it decides to stay,
the agent will still be at node v in round T 4 1. Otherwise, it will be at one of the two neighbors of
v on the infinite line, depending on the port it chose. The agents achieve rendezvous in 7" rounds if
they are at the same node in round 7. We aim for a deterministic algorithm for this problem.

The problem was recently considered by Miller and Pelc [18, Distributed Computing 2025].
With fmax the largest label of the two starting nodes, they showed that no algorithm can guarantee
rendezvous in o(D1og* fmax) rounds. The lower bound follows from a connection with the LOCAL
model of distributed computing, and holds even if the agents are guaranteed simultaneous wake-up
(7 = 0) and are told their initial distance D. Miller and Pelc also gave an algorithm of optimal
matching complexity O(D log™ max) when the agents know D, but only obtained the higher bound
of O(D?(log* £max)?) when D is unknown to the agents.

In this paper, we improve this second complexity to a tight O(D log* fmax), closing the gap
between the best known lower and upper bounds. In fact, our algorithm achieves rendezvous in
O(Dlog" min) rounds, where fmin is the smallest label within distance O(D) of the two starting
positions. We obtain this result by having the agents compute sparse subsets of the nodes to gather
at (formally, ruling sets over the line), as well as some general observations about the setting of
rendezvous on labeled graphs.
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1 Introduction

A classic task for a set of autonomous mobile agents is to meet at some location. The agents
might want to gather for a number of reasons: to exchange some resources, to initiate a long
journey together, or to assemble in a specific shape. With only two agents, the problem is
known as rendezvous [2].
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We consider a fully discrete version of this problem: time is divided into rounds, and in
each round, each agent is located at a node of a graph G. Furthermore, we assume that
each node v of this graph has a unique label £(v) € N*, and that the graph G inhabited by
the agents is an infinite line. The agents wake up at possibly different rounds. Once awake,
in each round, an agent can stay at its current location for one round or move to a node
neighboring its current location. Rendezvous is achieved if the agents are at the same node in
some round. In particular, it does not suffice that the agents are in adjacent nodes, or cross
the same edge in opposite directions: they lack a communication or sensing method to detect
these situations. The initial distance between the two agents is denoted D, and 7 denotes
the delay between the two wake-up times. The two agents execute the same algorithm, also
known as the symmetric setting. We more formally describe our model in Section 2.

1.1 Our Results

We give an optimal deterministic algorithm for the rendezvous problem on the infinite labeled
line.

» Theorem 1. There is a deterministic algorithm for solving rendezvous on the infinite
labeled line in O(D1og™ bmin) rounds from the wake-up time of the first agent, where D is the
initial distance between the two agents and Ly s the smallest label within distance O(D)
from the agents’ starting locations.

Theorem 1 improves upon a prior algorithm of complexity O(D?(log™ fimax)?) by Miller
and Pelc [18], where £p,.x is the largest label of the two starting nodes of the agents. To a
lesser extent, we also improve upon their O(D log* £,.x) algorithm that assumes that the
agents know their initial distance D, by replacing their dependency in £y« by one in £iy.

The optimality of our algorithm follows from a lower bound from the same paper by
Miller and Pelc [18]. They proved that any algorithm running in o(D log™ #iax) rounds would
imply an o(log™ n) algorithm for 3-coloring paths and cycles of poly(n) nodes in the LOCAL
model. A seminal result by Linial states that no such o(log* n) algorithm exists [16]. Note
that our algorithm, while of complexity o(Dlog” fp,ax) if considering an infinite family of
instances where £,in € 0({max), is compatible with this lower bound, as families of instances
where {pin € O(fax) can be constructed. That is, our algorithm is only of complexity
o(D log* fimax) on specific instances, not in generall.

Our algorithm for the infinite line immediately implies a similar result for finite paths
and cycles.

» Corollary 2. There is a deterministic algorithm for solving rendezvous on finite labeled
paths and cycles in O(min(n, D1og™ {min)) rounds from the wake-up time of the first agent,
where D is the initial distance between the two agents, fmin s the smallest label within
distance O(D) from the agents’ starting locations, and n is the number of nodes in the graph.

Like our algorithm for the infinite line, this improves upon previous results of complexity
O(min(n, D?(log" fimax)?)) and O(min(n, D1og* fimax)) by Miller and Pelc [18].

! Throughout this paper and as was the case in the paper by Miller and Pelc, we take a slightly non-
standard definition of the log* function guaranteeing that log™(x) > 1 for all x. This is to clarify that
our O(Dlog* #min) algorithm does not finish in 0 rounds when fmin = 1, since log™ (1) = 0 with the
most common definition of log*. See the Preliminaries (Section 2).
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1.2 Technical Overview

Rendezvous and treasure hunt. To get some intuition on how rendezvous algorithms

typically work, it is instructive to consider one of the simplest variants of the problem:

the asymmetric setting with simultaneous startup. Asymmetry means that each agent can
execute its own strategy, or equivalently, one agent receives label 1 while the other receives
label 2. Simultaneous startup means that the two agents wake up in the same round.

These assumptions allow for the following strategy: one agent goes through successive
phases exploring increasingly bigger intervals centered on its initial node, while the other
agent waits at its initial node. Having the active agent explore intervals doubling in size
between phases, the strategy achieves rendezvous in O(D) rounds, which is optimal up to
the hidden constant and lower order terms. Rendezvous reduces to treasure hunt in that
scenario.

While this algorithm cannot be used as is in harder settings, our goal will be to somehow
reduce to this simple strategy. In the symmetric setting but with access to randomness, for
example, the agents can flip coins to decide whether to search or stay put during some time
intervals. In all likelihood, the agents should regularly sample opposite roles. Similarly, if the
agents are given distinct labels (but importantly, not restricted to the set {1,2}), distinct
behaviors can still be constructed from the given identifiers. The agents might for example

alternate searching and inactive phases according to the binary representations of their labels.

More generally, we need the agents to break symmetry between themselves, so that at some
point during the execution, one of the two agents does a search while the other agent stays
idle. Given that one agent’s idle phase overlaps sufficiently with the other agent’s searching
phase, the two agents will achieve rendezvous.

How knowledge of D helps. Having the agents know the initial distance D between them
drastically reduces the space of possibilities. For instance, from the perspective of either
agent, there are only two possibilities for the starting location of the other agent: the two
nodes at distance exactly D from its own initial node. If each agent spends its first 3D
rounds to go to these two nodes, the first awake agent always finds the other agent in these
3D rounds, granted that the delay 7 between the agents’ wake-up times is at least 3D. Not
meeting the other agent in these initial 3D rounds thus immediately implies a bound on the
delay, 7 < 3D.

On the infinite labeled line, consider now the subset of nodes whose distances to the
starting location of one of the agents are divisible by D. The resulting set of nodes is the
same whether we measure the distances from either of the two starting locations, as well as
contains them. Connecting each member of this set to the two other members closest to it
on the original line, we obtain another infinite labeled line. A possible strategy for the two
agents to break symmetry is to agree on a coloring of this sub-line, and to act according to
the colors of their starting nodes. As the agents perform searching phases interspersed with
waiting phases according to these colors, knowing D allows the agents to limit their phases
to intervals of O(D) rounds.

Coloring an infinite line. Without additional assumptions, the agents cannot truly agree
on a coloring of the whole sub-line. Indeed, the agents can only base the coloring of the
sub-line on the labels of the nodes of the infinite line. In order for the agents to be able to
compute the color of a node, said color should only depend on a finite set of labels. As the
agents cannot explore more than T nodes in 7" rounds, for the sake of speed, the colors given
to the agents’ starting nodes should ideally be computable from labels in relative proximity
to them.

18:3
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At a high level, we want a mapping from some universe of possible local neighborhoods
to colors, such that if applying this mapping to the infinite line, a valid coloring is obtained.
This idea of constructing a mapping between local neighborhoods and a node’s local output
almost corresponds to the LOCAL model of distributed computing. A key difference, however,
is that the standard LOCAL model assumes a finite graph.

Still, it is easy to adapt a seminal LOCAL algorithm for 3-coloring paths and cycles to
obtain a useful mapping. To do so, the algorithm is transformed into an early-stopping one,
which has nodes terminate earlier depending on their given labels. While the classic LOCAL
algorithm for 3-coloring paths and cycles completes in O(log* n) rounds, assuming that the
nodes are given unique identifiers between 1 and poly(n), the early-stopping version instead
guarantees that a node v of label £(v) permanently commits to a color after O(log™ £(v))
rounds. From the point of view of mapping local views to colors, this means that there
exists a mapping that infers the color of a node of label £(v) from its distance-O(log" £(v))-
neighborhood. Used on the infinite sub-line obtained by taking one out of every D nodes,
this allows the two agents to assign distinct colors to their starting nodes after O(D log™ £iax)
rounds of exploration, where £, is the largest of the starting locations’ labels. This roughly
summarizes the approach of Miller and Pelc [18].

Limitations of the regular sub-line approach. The approach sketched in previous paragraphs
is very dependent on the assumption that the agents have knowledge of D, as it has the
agents essentially ignore all but a specific 1/D fraction of the line. If the agents run the
same algorithm with a wrong “guess” for D, the two agents are effectively not synchronizing
in any way, as the sub-lines they each construct are only the same if the agents’ guess for D
is a divisor of the actual distance D. Even when their guess divides D, the agents’ starting
nodes are only adjacent in the sub-line if the guess is exactly D.

As a result, to tackle the setting without knowledge of D by using the previous algorithm
with different guesses for D basically requires to test every possible value for D. This is true
even if the agents are given an upper bound on D. This difficulty is the source of the O(D?)
dependency in the earlier algorithm by Miller and Pelc [18].

Limitations of a purely coloring-based approach. For simplicity, let us assume for now
that the agents are given an upper bound on D. In the paper, we will see that handling a
fully unknown D can be handled relatively easily by essentially considering geometrically
increasing bounds on D. As a first try, let us aim for the agents to agree on a common
coloring of the line that ensures that their starting locations receive distinct colors.

With only an upper bound on D, the agents now need to break symmetry with 2D nodes
instead of just 2. Guaranteeing that any two nodes within distance D from one another are
colored differently cannot be done with 3 colors. Pushing forward with this approach, one
could color the line with O(D) colors. But now, the increased number of colors necessitates
to design the same number of distinct behaviors of alternating searching and waiting phases
guaranteeing rendezvous. This higher number of behaviors is likely to lead to a Dlog D
dependency in the distance, similar to how in anonymous networks with labeled agents, larger
labels lead to higher complexity in this fashion?. This would be far from the Q(Dlog* ¢)
lower bound.

2 For instance, with ¢ the smallest of the two agents’ labels, D their initial distance, and simultaneous
startup, the complexity of rendezvous is ©(D log¥¢) in the anonymous ring [8].
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Our solution: ruling set nodes as local landmarks. To reduce the number of behaviors we
have to design, and thus, improve on the complexity that would follow from an approach
based on computing a distance-D coloring, we have the agents agree on a 1/0(D) fraction
of the nodes that act as common milestones, or landmarks. One way to understand our
algorithm is that we have the agents build their common sparse sub-line instead of receiving
it from the get-go as when they know D. Formally, the agents compute a ruling set over the
line: a set of nodes such that every two of its members are at least at some minimum distance
©(D) from one another, and every node in the graph is within some maximum distance ©(D)
from the nearest member. Computation of this ruling set by the agents corresponds, again,
to a computation in the early-stopping LOCAL model.

To achieve rendezvous, each agent effectively substitutes its starting position with the
nearest node on the sub-line. By having the agents agree on a common coloring of this
sub-line, as before, the agents can now find each other by performing some waiting and
searching phases based on the colors of their location in the sub-line. Even if our new sub-line
is less structured than the one considered in the setting with knowledge of D, its properties
are sufficient to be able to give distinct colors to members of the sub-line at distance O(D)
in the original line, while only using O(1) colors.

Computing the ruling set we need in the early-stopping LOCAL model follows relatively
straightforwardly from standard results in distributed computing. We perform this computa-
tion by repeated applications of an algorithm for Maximal Independent Set (MIS). At a high
level, we start from a set containing all nodes of the lines and gradually remove nodes from
it. Each call to the MIS subroutine roughly doubles the minimum distance between members
of the set, while maintaining that the maximum distance of any node on the graph to the
nearest member of the set increases only moderately. A small subtlety is that we have each
node mostly coordinate with other nodes whose labels are of the same order of magnitude.

A simplifying remark: avoiding simultaneous edge crossings. Contributing to the overall
simplicity of our algorithm is a subroutine for crossing edges that prevents the agents from
exchanging positions on the line without achieving rendezvous. The idea behind it is very
simple: on the labeled line, every edge can be given a canonical orientation, for example,
from lower to higher ID. By having the agents perform a different set of moves to cross an
edge depending on the direction in which they take it, we can make sure that the agents
must be at the same node at some point during the crossing. The first few moves are the
same for both orientations of the edge, which enables an agent to discover the orientation of
the edge while crossing it — e.g., on the labeled line, through learning the identifier of the
other endpoint. Replacing every one-round edge crossing by this procedure only incurs a
multiplicative factor of 4 in the complexity of the algorithm. We believe that this observation
might be useful to the design of future rendezvous algorithms on graphs whose edges can
easily be given an orientation.

1.3 Related Work

Most relevant to the results of this paper is the work by Miller and Pelc [18], that considered
the rendezvous problem with the exact same set of assumptions as we do in this paper,
as well as some easier settings. They showed that when agents know the distance D
between themselves, and the maximum labels of the two starting nodes of the agents is ¢,
deterministic rendezvous can be done in O(D log* ) rounds. They gave a matching lower
bound of Q(Dlog* ¢), shown on a line whose IDs all have the same log* ¢. The lower bound
holds even with simultaneous startup. The upper bound does not assume this. When D
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Table 1 Comparison of our result with some of the most relevant works in the literature.

Assumptions
Bound Citation
Lin |n<oo| NL AL | EwA | SWU | DbA | LoG
v v v v v v v v Q(D) folklore
v v v v ©(Dlogt) 8]
v o | wo v v v O(D) [7]
v e | wo v v O(D) [18]
v v (L) v v v Q(Dlog* £) [18]
v v ) v v ©(Dlog™ ¢) (18]
v v () v O(D?(log" ¢)3) (18]
v v ) v ©(Dlog™ ¢) this paper

Acronyms for assumptions: Lin (Graph is Line-like): the graph has maximum degree 2. n<oo
(Finite Graph): when unchecked, the graph can be infinite. NL (Node Labels): each node is
equipped with a unique label. Implied by LoG, and implies AL. AL (Agent Labels): the agents
are each given a unique label. Implied by LoG and NL. EwA (Exists while Asleep): rendezvous
is also achieved if an awake agent finds an asleep agent. SWU (Simultaneous Wake-Up): the
agents wake up in the same round (7 = 0). DbA (Distance between Agents): the agents know
the initial distance D between their starting locations. LoG (Location on Graph): the graph has
some global naming scheme, which is known to the agents, and in which they know where they
are. Implies NL and AL.

is unknown, they give an upper bound of O(D?(log* £)3). They also gave an algorithm to
achieve rendezvous in O(D) rounds when the agents know their positions on the infinite line,
improving upon an earlier result by Collins et al. [7] which additionally assumed simultaneous
startup of the agents.

On an anonymous line, where the agents themselves are given two distinct labels, the
problem is known to be harder. Dessmark et al. [8] showed that the problem has complexity
O(Dlog (), assuming simultaneous startup, where £ is the smallest of the two agents’ labels.
With arbitrary startup, they consider a harder setting where the agents only appear in the
graph once they are awake. With that harder assumption, the algorithms tend to have a
dependency on n, the size if the graph (which is then not assumed to be infinite in this work).
Rendezvous in infinite lines was first studied in [17], in which the authors considered the
harder asynchronous setting, but with the agents capable of detecting each other in edges.

Before they were formulated as questions of computational complexity and algorithm
design, coordination problems of agents trying to meet appeared in the economics litera-
ture [21]. Algorithms for rendezvous in graphs were first studied by Alpern [1]. Some of the
graph structures in which deterministic rendezvous has been considered include the infinite
tree [4], the infinite grid [10], the plane [9] and the ring [13]. Deterministic rendezvous
was also studied in general graphs [22], and in a setting where agents are given additional
information about their location in the graph [7]. Rendezvous on the line has also been
studied with random resources [15, 3].

The Q(Dlog™ £) lower bound obtained in [18] comes from a reduction of the rendezvous
problem in labeled lines to the problem of coloring nodes on a line in the LOCAL model with
some number of colors C' > 3. This problem has been shown to have a Q(log™ n — log* C)



Y. Bourreau, A. Narayanan, and A. Nolin

lower bound [16, 14]. This lower bound is tight, due to an earlier algorithm by Cole and
Vishkin matching its complexity [6]. Many works consider a version of the LOCAL model in
which the nodes know an upper bound n on the number of nodes, and have IDs between
1 and poly(n). A generic way to remove this type of global knowledge was developed in a
work by Korman, Sereni, and Viennot [12]. Several ideas are transferable from the setting
where n is unknown to that of infinite graphs.

Readers interested in a broader view of the area of deterministic rendezvous might
be interested in a recent survey by Pelc [19]. The book by Alpern and Gal [2] offers an
introduction to the area of rendezvous that includes many topics outside the scope of this
paper (asymmetric agents, continuous versions of the problem). For an introduction to the
LOCAL model, see the book by Peleg [20], as well as the online book by Hirvonen and
Suomela [11].

1.4 Organization of the Paper

We start with some preliminaries in Section 2, where we introduce the notations and the
model we are going to be considering throughout the paper.

In Section 3, we present the techniques and algorithms that the agents are going to be
using to break symmetry between them and achieve rendezvous. Section 3.1 shows how
to devise a way for the agents to meet during the execution of the algorithm when they
both move through the same edge at the same time but from different starting nodes. In
Section 3.2, we build an efficient algorithm to compute ruling sets on paths in LOCAL. Then,
using this algorithm, we obtain in Section 3.3 an efficient algorithm for computing ruling
sets on paths in LOCAL in which nodes with smaller IDs terminate earlier.

Section 4 describes an optimal algorithm for the agent to reach rendezvous in our setting
and analyses its complexity. Section 4.1 presents the algorithm computed by the agents. To
prove that the agents achieve rendezvous, we focus on a specific phase of the algorithm of
one of the agents. We show that after reaching this phase the agents will achieve rendezvous
before switching to the next phase. We split the analysis according to whether the agents
are in the same phase or not. We argue about the two agents achieving rendezvous when in
different phases in Section 4.3, and when in the same phase in Section 4.4. We additionally
show that the phase of our algorithm for which our arguments hold is guaranteed to occur

within our stated upper bound, and finish the proof of our optimal upper bound in Section 4.5.

Due to space constraints, Corollary 2 and all results in Section 3 are stated without
proofs. The missing proofs are all available in the full version of the paper [5].

2 Preliminaries

2.1 Notation

Throughout the paper, log refers to the base-2 logarithm, i.e., log(2%) = z for any = € R. For

each z € R, the log™ function is defined as log™(z) =1 if < 1, log"(z) = 1 4 log™ (log(z)).
This is off-by-one from the maybe more common definition that sets log™(x) = 0 if z < 1.

We do so to have that ©(Dlog" ¢) is of order ©(D) rather than 0 when £ = 1.

Graph notation. We write G = (V, E) for a graph over vertices V and edges E. Each
node v € V is equipped with a unique label or identifier /(v) € £. We identify the set of
labels with the positive integers, £L = N*. We partition the nodes according to their labels
and the log™ function, defining V; = {v € V : log"(¢(v)) = i}, so that V = | |-, Vi. We
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also define V<; = |_|;-:1 V; and Vi = V<; \ Vi. The degree of a node v € V is denoted
by deg(v), the distance dist(v,v’) between two nodes corresponds to the (edge-)length of
a shortest path between them, and N (v) is the set of neighbors of v. For every integer k,
NE(v) = {u € V : dist(u,v) € [1,k]} is the k-hop neighborhood of v.

For U C V a subset of the nodes of a graph G = (V, E), the graph G[U] = (U, E') is the
graph induced by U, whose set of nodes is U and whose set of edges is B/ = {vv' € E:v €
UAv' € U}. For a positive integer k > 1, the power graph of order k is the graph G* = (V, E")
with the same set of nodes as G and whose set of edges is E” = {vv’ : distg(v,v’) € [1,k]}.
Note that G¥[U] = (G*)[U] rather than (G[U])¥, i.e., GF[U] is an induced subgraph of a
power graph of G, rather than a power graph of an induced subgraph of G.

The Labeled Infinite Line. An infinite labeled line is a 2-regular connected graph G = (V, E)
over a countably infinite set of nodes.

For the analysis’ sake, it is sometimes convenient to consider a canonical orientation and
naming for the line. When we do so, we refer to nodes on the infinite line as relative integers,
s.t. for any ¢ € Z, node v; is adjacent to nodes v;_1 and v;41 on the line.

2.2 Computational Models

Our Mobile Agent Model. The agents are placed and move in a network modeled by a
graph G = (V, E). G can be finite or countably infinite. Each node v € V' of the graph has
deg(v) ports, and each edge is the graph is matched to exactly one port of each of its two
endpoints. The ports of a node v are labeled 0 to deg(v) — 1. At a node v, an agent can read
the node’s label £(v) if the graph is labeled, see the node’s degree deg(v), and distinguish
the deg(v) ports leading out of the node.

The agents execute the same deterministic algorithm, as in, when put in the same
configuration, agents o and (3 perform the same set of moves. Time is divided into discrete
rounds. The agents are initially asleep, and upon wake-up (or startup), they have no notion
of how much time has elapsed before. Formally, the agents have an internal clock that is
initialized at 0 upon waking-up, and from there on keeps track of how many rounds passed
since wake-up. We denote by 7 the delay between the wake-up times of the two agents. The
agents can be thought of as waking up in rounds 0 and 7. The initial distance between the
two agents is denoted by D.

In each round, an awake agent at a node v chooses one of deg(v) + 1 possible moves. One
of these moves is staying at v for one round, the other moves being to take one of the ports
leading out of v. When an agent takes a port, in the next round, it arrives at the other
endpoint of the edge behind that port. When entering a node, an agent knows the port it
enters it from. We put no limit on the memory of the agents, and they can base each of their
decisions on everything they have experienced in previous rounds: the labels of all the nodes
they were at in previous rounds, and from which port they were all entered from.

The agents can detect each other if they are at the same node in the same round, in which
case they achieve rendezvous. This is also the case if one of the agents is asleep, i.e., agents
exist in the network before waking up. They have no other means of communication. By
default, the agents do not detect each other if they cross the same edge in opposite directions
in the same round. We consider agents able to detect simultaneous edge-crossing in some
parts of the paper.

The agents have no shared notion of orientation of the line, no idea of their position on
the line with respect to some shared point of origin, and have no knowledge of both D and 7.
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The LOCAL Model on Infinite Graphs. The standard LOCAL model is a model of
distributed computation in which a network is represented as a graph G = (V, FE) whose
nodes possess computational power. Every node has a unique identifier, typically assumed to
be an integer between 1 and poly(n), where n is the number of nodes in the graph. The time
is measured in rounds, in which a node can receive the messages sent by its neighbors in the
previous round, do some internal computation, and send a message to each of its neighbors
for them to receive in the next round. Computation starts at the same time for all nodes
and is done synchronously. An algorithm’s complexity on instances of size n is the maximum
number of rounds before all nodes in the graph have terminated executing the algorithm and
permanently committed to an output. The complexity of a problem on instances of size n is
the minimum complexity over all possible algorithms solving the problem over instances of
size n. Messages sent in the LOCAL model can be arbitrarily large. As a result, without

loss of generality, each node learns its entire T-hop neighborhood in T' rounds of LOCAL.

This makes a T-round algorithm for a problem in the LOCAL model equivalent to a map
from possible T-hop neighborhoods to possible node outputs.

In infinite graphs, it is nonsensical to consider the complexity of most problems as the
time needed for the last node to terminate. The complexity also cannot be measured with
respect to the number of nodes or the value of the largest identifier. To tame the infinite, we
instead aim to bound the time it takes a node to finish with respect to some local parameters,
for example, its identifier. To have nodes terminate at different times, the problems we
consider must be inherently quite local. We refer to this model, where nodes commit to an
output in a time that is a function of a local parameter, and thus algorithms make sense

on both finite and infinite graphs, as the EarlyStop-LOCAL model (ES-LOCAL for short).

This model was also used in the work by Miller and Pelc [18] and appeared previously in
other sources [11, Exercise 1.7].

2.3 Useful Subroutines

Consider a graph G = (V, E) and a subset S C V of its nodes. The set S is independent iff
for all u,v € S, uv € E. S is dominating iff for all w € V\ S, Jv € S, wv € E. If S is both
independent and dominating, it is a mazimal independent set (MIS).

Let each node v € V be given a list of colors 1(v). A list-coloring of the graph for these
lists is a map x : V — J,cy ¥(v) s.t. for each node v, x(v) € ¢(v), and for any two adjacent
nodes u and v, x(u) # x(v). When each node v is given a list of size |¢)(v)| > deg(v) + 1, the
coloring is known as a degree+1-list coloring. Having lists with this minimum size guarantees
the existence of a solution x. In fact, it also guarantees that a partial solution can always be
extended to a full one. When the lists are all equal to [k] for some integer k, the problem
is known as k-coloring. In the extensively studied A + 1-coloring problem, each node has
[A 4 1] as its list of colors, where A is an upper bound on the maximum degree of the graph.

Recall that in the LOCAL model, n corresponds to the number of nodes in the graph,
and poly(n) bounds the nodes’ identifiers.

» Lemma 3 ([16]). Both computing a Mazimal Independent set and computing a degree+1-list
coloring can be done in O(log™ n) rounds of LOCAL on n-node graphs of constant mazimum
degree A € O(1).
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Figure 1 Tllustration of the moves performed by CAREFULWALK to cross an edge uv. The five
circles below each O (resp. 1) represent the node of lower ID (resp. higher ID) at 5 successive time
steps. Arrows represent the moves (or absence thereof) of an agent in a CAREFULWALK crossing the
edge. The left and middle figures depict crossing the edge in opposite directions. The right figure
depicts two agents performing a CAREFULWALK over the same edge simultaneously in opposite
directions, achieving rendezvous at time step 4, after 3 moves. The 5-bit strings in the figures
describe the positions occupied the agents over the 5 time steps.

3 Our Main Methods

3.1 Ensuring Rendezvous from Crossing: CarefulWalk

Our model assumes that the agents have no detection mechanism other than that they know
if they are at the same node in a given round, in which case they achieve rendezvous. In
particular, the agents cannot detect if they cross the same edge in opposite directions in the
same round, and this does not count as achieving rendezvous. In this section, we show that
having a labeled line makes this distinction irrelevant.

We give a simple procedure (Algorithm 1) to cross edges which ensures that the agents
cannot exchange positions on the line without achieving rendezvous. To do so, CAREFULWALK
takes 4 rounds to cross each edge. Its basic idea is to have the agents behave differently
depending on whether they cross an edge in the direction of increasing or decreasing IDs.
The same can be achieved given a common orientation of the edges instead of node labels.

Algorithm 1 CAREFULWALK, for crossing an edge e = uv.

Let u be the initial node, v the target node, e = uv the edge to cross.

1: Wait at initial node for one round. > Agent at uw at t =0, 1.
2: Cross the edge: u — v. > Agent at uw at t =1, at v at t = 2.
3: if ID(v) > ID(u) then

4: Wait two rounds. > Agent at v at t = 2,3, 4.
5: else > ID(v) < ID(u)
6: Cross the edge: v — u. > Agent at v at t = 2, at uw at t = 3.
T Cross the edge: u — wv. > Agent at u at t = 3, at v at t = 4.

Consider an algorithm A for the moves of an agent. Let care(.A) be the algorithm obtained
from A by replacing each edge-crossing in A by a call to CAREFULWALK, and stretching
each stay at a node by a factor of 4. This new algorithm basically does the same moves as A
at a slower pace. We show in Theorem 4 that this transformed algorithm is able to achieve
rendezvous as A would in the stronger setting where the agents can detect simultaneous
edge-crossing.

» Theorem 4. Let G be a labeled graph, with agents placed at two locations v, and vg of the
graph, T an integer, and let A be a deterministic algorithm for the agents’ moves. Suppose
that for any delay T > 0 between the wake-up times of the two agents, with simultaneous
edge-crossing counting as rendezvous, the two agents achieve rendezvous in at most T rounds
when ezecuting A on the graph G with v, and vg as the starting nodes for the two agents.
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Let care(A) be the algorithm obtained from A by replacing every edge-crossing by a
CAREFULWALK, and every action of staying at a node by 4 such actions. Then in the setting
without stmultaneous edge-crossing, on the same graph G and with the same starting nodes
v and vg, care(A) has the agents achieve rendezvous in at most 4T rounds, for any delay
7 > 0 between the agents’ wake-up times.

Theorem 4 allows us to design algorithms for the simpler setting where agents detect
simultaneous edge-crossing, and automatically translate rendezvous results about these
algorithms to the setting where agents only achieve rendezvous if at the same node in a given
round, which is the original setting of interest. This dramatically simplifies the work of the
algorithm designer. Importantly, on the line, having a detection mechanism for simultaneous
edge-crossing prevents the agents to swap positions without achieving rendezvous.

» Proposition 5. Consider a canonical naming of the nodes on the infinite line as relative

integers, s.t. for any i € Z, node v; is adjacent to nodes v;—1 and v;11 on the line. Let

a,b,c,d € Z be integers and T,T" be two rounds with T > T. For each t € [T,T'], let

x(t) € Z (resp. y(t) € Z) be the location of agent o (resp. §) in round t. Consider the

following two scenarios:

1. (Agents swap positions on the line) a < b < ¢ < d, z(T) = a < ¢ = z(T') and
y(T) = d > b=y(T").

2. (An agent scans an interval that the other agent stays in) a < b < c¢ <d, ¥z € [a,d],
dt e [T,T'] s.t. x(t) = z, and ¥Vt € [T, T'], y(t) € [b, ]

If simultaneous edge-crossing counts as rendezvous, then in both scenarios, the agents neces-

sarily meet in a round between T and T".

3.2 Computing Ruling Sets on Paths

In this section, we give a LOCAL algorithm for computing what is essentially a ruling set
over a path, but focusing on a subset of the nodes U C V.

» Definition 6 (Set-Limited Ruling Sets). Let o and 3 be two nonnegative integers, G = (V, E)
be a graph, and U CV a subset of its nodes. A set of nodes S is a U-limited («, 5)-ruling
set of G if and only if:

1. SCU,

2. For any two nodes u,v € S, dist(u,v) > « (packing property),

3. For any node w € U, Jv € S, dist(u,v) < B (covering property).

A standard ruling set of a graph G = (V, E) is a V-limited ruling set of G. As simple
examples of standard ruling sets, the whole set of nodes V is an (1,0)-ruling set, a maximal
independent set of a graph G is a (2,1)-ruling set of that graph, and a maximal independent
set of its order-k power graph G* is a (k + 1, k)-ruling set of G.

Our U-limited ruling sets are exactly like standard ruling sets, except that they only need
to cover nodes in U and can only contain nodes from U. Importantly, they are not equivalent
to computing a standard ruling set of G[U]: in our definition of U-limited ruling sets, we
measure the distances in the original graph G, not G[U]. Taking a finite set U on an infinite
graph G means that its complexity can be measured as the longest time taken by a node to
terminate, as in the standard LOCAL model, even as the communication takes place on an
infinite graph. This algorithm will be the basis of our subsequent algorithm that performs a
similar task, but additionally colors the ruling set and is early stopping.
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Algorithm 2 PATHRULINGSET.

Input: A finite set of nodes U C V with IDs in [n], an integer distance R > 1.
Let d = [log R], Sp + U. > The ruling set is initially the entire set U
for i =1 tod do > Each loop iteration computes S; C S;_1
if i <d—1then Let R; + 2¢ — 1 else Let R; + R — 1.
Consider the graph H; < G®[S;_4].
Compute an MIS over H;, let S; be its nodes.
Initialize Sou; < Sq.
for 6 iterations do
For each v € U, compute b, = min,¢g,,, dist(v,u). Let UZ® = {v € U : b, > R}.
Add to Sout all v € UZE sit. Vu € NE-L(0)NUZE (b, < b, V (b, = b, AL(v) > £(u))).

Return: Sg;.

» Lemma 7. Ezecuted by a set of nodes U with identifiers between 1 and n on an infinite
labeled line, Algorithm 2 computes a U-limited (R, R — 1) ruling set of G in O(Rlog" n)
rounds of deterministic LOCAL.

3.3 Computing Colored Ruling Sets on Paths, and Stopping Early

The previous section considered the standard LOCAL model of distributed computing,
applied to a finite set of nodes (at most n, due to the bound on the nodes’ identifiers), even
if on an infinite line. In this section, we use this algorithm to compute the same kind of
object on the infinite line, in the Early Stop paradigm.

Our algorithm gradually computes a ruling set S of the infinite line, in the sense that
we provide an algorithm in which every node on the infinite line eventually decides whether
it is part of the ruling set or not, and in any given round, the set of nodes that committed
to their output and joined the set S is a ruling set over the nodes that committed to their
output. At a high level, Algorithm 3 partitions the nodes on the infinite line according to
their IDs, and computes a ruling set over each set of nodes of this partition using Algorithm 2
(PATHRULINGSET) from the previous section. The computation done by the set of nodes
Vi={v eV :log"l(v) =i} is well defined as it is performed by a finite set of nodes, with
bounded IDs. After ©(R - i) rounds, the nodes in V; have all finished their execution of
PATHRULINGSET, as did previously nodes in the sets Vj, j < ¢. Once V; has computed a
V;-limited ruling set .S;, we use it to extend the current ruling set S, that only contains nodes
from V_; at this point. This is done greedily. We first have each node v € S; join S if and
only if S does not already contain a node at distance < R from v on the line. A second
greedy extension slightly improves the covering distance. Finally, we assign a color to the
new members of the ruling set.

» Lemma 8. For any round T, let Ur be the set of nodes that committed to their outputs by

round T', Sp C Urp the set of nodes that joined S by round T, and x7 : S7 — [17] the colors

assigned to nodes in St. Algorithm 3 achieves the following:

1. A node v of label £(v) terminates in O(Rlog™ £(v)) rounds,

2. At termination, a node v outputs whether it is part of the ruling set S or not, and if part
of S, it also outputs a color between 1 and 17. If outside S, v knows the members of S at
distance < R — 1 from itself together with their colors.

3. St is a Up-limited (R, R — 1)-ruling set, and xr is a proper coloring of G*F=1[Sr].
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Algorithm 3 ES-COLPATHRULINGSET.

Input: An infinite labeled line G, an integer distance R > 1.
1: S < () current ruling set, x : S — [17] current coloring.
2: for each i € N* in parallel do
3: Compute a V;-limited (R, R — 1)-ruling set with PATHRULINGSET.
Let S; be the set and x; be the coloring of S; computed on the previous line.
4: Wait for some O(R - i) rounds, ensuring that nodes in V.; all chose their output.
Let S<; be the value of S at this stage. > S<; is a V;-limited (R, R — 1)-ruling set
Let S/ + S; \ NE-1(S).
Update S «+ SUS..
for 4 iterations do
For each v € V;, compute b, = min,cg dist(v, u). Let UiZR ={veV;:b, > R}.
Add to S all v € UZ s.t. Yu € NE=L(0)NUZE, (by < by V (by = by AL(v) > £(u))).
10 Each u € S\ S<; computes ¥(u) = [17] \ {x(w) : w € S<; N NE=1(w)}).
11: Compute a list-coloring of G*#~1[S \ S;] according to the lists (¢(u))yes\s_; -
12: Extend x from S.; to S with this coloring.
13: Each node v € V; learns N¥~1(v) NS and y(u) for each u € NE~1(v) N S.
14: Nodes in V; commit to their output.
15: end

4  Our Optimal Rendezvous Algorithm
4.1 The Algorithm

In this section, we describe our deterministic rendezvous algorithm. We actually describe an
algorithm working in the setting where agents achieve rendezvous when crossing the same
edge in opposite directions. By Theorem 4, this implies an algorithm with similar asymptotic
complexity for the setting where agents only detect each other if at the same node in a given
round.

Recall that both agents behave according to the same algorithm, which is just a sequence
of moves. In most of this section, we take the perspective of one of the two agents, which we
will denote as agent a. We call agent 3 the other agent. v, and vg are as before the starting
nodes of agents « and .

The two basic building blocks of our algorithm are ZWALK and ES-COLPATHRULINGSET,
respectively Algorithm 4 and Algorithm 3. ZWALK is simply a procedure in which the agent
executing it scans the 2L + 1 nodes of the distance-L neighborhood of the node it starts the
ZWALK from, in 4L rounds. Note that while the agents do not have a common orientation,

they have a sense of direction in that they know the port from which they enter a node.

This allows the agents to keep walking in the same direction for successive steps, and to
change direction, as desired. Most moves taken during our algorithm are done in executions
of ZWALK. ES-COLPATHRULINGSET is the early-stopping algorithm for computing colored
ruling sets presented in the previous section.

Algorithm 4 ZWALK(L), agent o moves on the path up to distance L from v on both sides.

1: Agent o takes L steps in one direction.
2: Agent « takes 2L steps in the opposite direction.
3: Agent « takes L steps in the first direction, getting back to its original position.
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Algorithm 5 Rendezvous algorithm for agent « starting at node vq,.

Let k3 > 0 be a universal constant s.t. any node v executing ES-COLPATHRULINGSET(R)
computes its output in at most k3R log™ ¢(v) rounds.

1: Initialize L + 1.

2: while not(RendezVous) do

3: ZWALK(L). > Discovery phase
4: For each R € {47 | j € N}, let Sg = {u € NF(v,), N#sFlog" (W (y) C NL(v,)}
5: if JRe {4/ |j e N}, R< L/16, s.t. Sg # () then

6: Let R* =max{R € {4/ | j e N} : R< L/16 A Sg # 0}.
7: Simulate ES-COLPATHRULINGSET(R*) for all nodes u € Sg-.
8: Let r be the known colored ruling set node closest to vy, breaking ties with IDs.
9: SEARCHINGWALK(R*, L, r, x(r)). > Searching phase
10: else > Not enough nodes known to run ES-COLPATHRULINGSET
11: Wait for 24L rounds.

12: L+ 2L.

Our algorithm (Algorithm 5) consists of a loop with a parameter L that doubles between
iterations. Inside the loop are two phases, which we call the discovery phase and the searching
phase. In the discovery phase, an agent explores the distance-L neighborhood around their
starting position, roughly doubling how much of the network they know about. The agents
use this information to compute a colored ruling set of parameter R, where R < L/16 is the
largest power of 4 s.t. the distance-O(R) neighborhood of their starting location contains a
ruling-set node. Of course, as the agents have different views, they do not necessarily end up
computing a ruling-set with the same parameter R, and we denote by R, ; and Rg 1 the
distance of the ruling sets computed by agents o and S in their phase L. The agents use their
respective computed ruling set to search for one another, using procedure SEARCHING WALK
(Algorithm 6), which constitutes the searching phase.

In SEARCHINGWALK (Algorithm 6), each agent goes to a nearby colored node of the
computed ruling set. Once at this node, the agents alternate calls to ZWALK and waiting
periods, according to the color of the ruling set node. The fact that close enough ruling set
nodes have distinct colors guarantees that the two agents, if they have computed a ruling set
with the same distance R > D, will have different behaviors at some point. That is, one of
the agents will be performing a ZWALK while the other is not moving. The agents achieve
rendezvous as this happens.

4.2 Analysis Overview

Missing from the previous section’s rough overview is notably how the argument is robust to
the fact that agents can have a delay of 7 between their wake-up times. We now explain
how, in the next sections, we analyze our algorithm and prove Theorem 1, that is, that the
agents achieve rendezvous in O(D log* £;,;,) rounds when executing Algorithm 5.

Organization of the proof. To prove Theorem 1, we first bound in Section 4.3 how out-of-
sync the two agents can be without trivially achieving rendezvous. Knowing that a delay 7
that exceeds some threshold ©(D) necessarily implies that the agents achieve rendezvous in
O(D) rounds, the rest of the analysis can assume some degree of synchronization between
the agents.
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Algorithm 6 SEARCHINGWALK(R, L, r, c), in which agent « searches in the distance-8 R neighbor-
hood of node r close to its initial position vq.

1: Move to node r. > at distance < 2R — 1 from v,
2: Wait for L — dist(v,, r) rounds. > > 0 since L > 16R
3: ZWALK(8R). > 32R rounds
4: for i from 0 to 4 do > iterating over the bits of ¢ = x(r) € {0,1}°
5: if ¢; = 1 then

6: ZWALK(8R) twice. > 2 X 32R rounds
7: else >c; =0
8: Wait for 64R rounds.

9: Wait for 11 - (2L — 32R) rounds. > > 0 since L > 16R
10: Wait for L — dist(v,,r) rounds.

11: Move back to node v,,.

We then argue that as the agents reach a large enough value of L (of order ©(D log™ i ))
in their executions of Algorithm 5, they compute nodes from colored ruling sets parameterized
by distances of order at least Q(D). When using such ruling set nodes in their executions of
SEARCHINGWALK (Algorithm 6), the agents can achieve rendezvous in two different ways. If
the two agents have computed nodes from distinct ruling sets (i.e., the distance parameters
of their ruling sets do not match), the agent with the larger distance is guaranteed to find
the other agent. This follows from the agent with the smaller distance parameter being
constrained to some interval on the line, which we show gets fully explored by the agent
with the larger parameter. We show this in Section 4.4.1. The analysis for when the two
agents computed nodes from the same ruling set (i.e., with the same distance parameter) is
in Section 4.4.2. There, we argue that rendezvous is easily achieved if the two agents decided
to go to the same node of the ruling set, and if not, they find each other from the fact that
they perform SEARCHINGWALK from nodes that are both close enough to one another, and
are colored with distinct colors. The various arguments are put together in Section 4.5.

Notation and preliminary remarks. We use the following notation:
For each L € {2']i € N}, T, 1, is the round in which agent « starts its discovery phase
with parameter L (line 3 in Algorithm 5). Tp 1, is the equivalent for agent £.
Trav € NU {00} is the round in which the agents first achieve rendezvous (oo if the agents
never do so).
As previously in the paper, we identify the infinite line with the relative integers. For
each t € N, let x(¢) (resp. y(t)) be the position of agent « (resp. §) in round ¢. We assume
« to be the first agent to wake up, so that y(t) = y(0) = vg for all t < 7.
For each L € {2" | i € N}, let R, 1, € ({4° | € N} N [1,L/16]) U{L} be the value of R*
for agent « for the loop iteration of parameter L. Rg j represents the same quantity for

8, and the value L represents the fact that no valid R* was found for this loop iteration.

A useful remark about our algorithm is that the discovery and searching phases of our
agents have fixed runtimes.

» Proposition 9. For each L € {2¢ | i € N}, we have:
1. TﬁyL = Ta,L + 7,
2. Ty = 28(L - 1).
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Proof. The loop iteration of Algorithm 5 with a given value of L takes 28L rounds. Indeed,
the discovery phase is a ZWALK of parameter L, taking 4L rounds. Whether some R* = 47
is found such that Ju € N (v,), N8 108" (W) (y) € NL(v,) or not, the rest of the loop
always takes 24L rounds. Either these rounds are spent waiting at v,, or they are spent
executing SEARCHINGWALK (Algorithm 6). SEARCHINGWALK has this complexity that is a
function of L only because each of its actions whose runtime increases with R is compensated
by a waiting period whose time decreases with R by the exact same amount. 2 X L rounds
are spent traveling and waiting between v, and r, and 11 x 2L are spent in 11 calls to
ZWALK(8R) and/or waiting periods, for a total of 24L rounds.

The results follow from the just established formulas T, 21, = T, + 28L and T 21, =
Tp,r + 28L, together with the base case T =T, + 7. <

4.3 First Argument: Out-of-Sync Rendezvous

In this section, we show that the agents achieve rendezvous relatively fast and easily when the
delay 7 is large enough. For a high-level intuition, assume that 7 is very large compared to
D. A property of our algorithm is that after ¢ rounds of being active, an agent has explored
a neighborhood of size ©(t) around its starting location. With a distance of D between the
two agents’ starting locations, this means that if after ©(D) rounds of being active, agent «
has reached the starting location of agent . If 3 is still asleep as this happens, we have that
agent « finds it as it reaches vg for the first time. We essentially show an extension of this
for smaller values of 7.

We make some simple observations about the positions of the agents, from which it
immediately follows that a delay of 10D or more makes the agents achieve rendezvous in
O(D) rounds.

» Proposition 10. Let L = 2! for some integer i.
1. Forallt < Ty + L/2, |2(t) —va| < L/2.
2. Forall z € [vg — Lyvg + L], 3t € [To,1,Ta,r +3L] s.t. z(t) = 2.

Proof. For the first inequality, first note that by definition x(T%,1) = z(0) = v, since the
agent always returns at v, before starting a new loop iteration. This immediately implies
that |z(t) — x(0)| < L/2 for t € [Tu,1,Ta,r + L/2], as agents can only cross one edge per
round. For smaller ¢ (¢ € [0,T,, 1], let us consider the movements done in loop iterations
for smaller values of L. As an agent executes a ZWALK with some parameter d, it stays at
distance < d from the node where it started its execution. As a results, all calls to ZWALK
as part of previous discovery phases have kept the agent at distance < L/2 from x(0) = v,.
As for the movements done in the searching phase, the agent moves at distance at most
2R* — 1+ 8R* < L from v,. Indeed, at most 2R* — 1 are done to go to a nearby ruling set
node, from which ZWALK is called with parameter 8R*, and R* < L/16.

The second item simply follows from the fact that a ZWALK of parameter L consists of
going L steps away from the starting position, then taking 2L steps in the other direction.
Therefore, either x(Ty, + L) =vo — L and (T +3L) =vo + L, or 2(Ty + L) = v+ L
and z(Ty, + 3L) = vy — L. In either case, the entire interval [v, — L, vy + L] is swept. <

» Lemma 11. Let L = 21 P+ Bither 1 < 51/2 < 10D, or Tray < Tu.r +3L € O(D).

Proof. Note that L € [2D,4D—1]. If 7 > 5L /2, then for allt < T, ,+3L < T, +7+L/2 =
Ta.r, + L/2, ly(t) — vg| < L/2 by Proposition 10. Because |v, — vg| = D, this also implies
that |y(t) —ve| < D+ L/2 < L for all t < T, 1 + 3L. Since v explores the entire distance-L
neighborhood of v, between Ti, ; + L and T, 1 + 3L by Proposition 10, the two agents
achieve rendezvous before round T, 1, + 3L by Proposition 5. ]
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4.4 Second Argument: In-Sync Rendezvous

Suppose now that the delay between the agents is less than 10D. This implies that for
sufficiently large values of L (greater than some ©(D)), the discovery and searching phases
of parameter L of the two agents mostly overlap. We argue now that in this case, the agents
can rely on the searching phase to achieve rendezvous, once L has reached a large enough
value (of order ©(D log™ liin)).

Recall that R, 1 and Rg 1 are the values R* computed by the two agents in the loop
iteration of parameter L. R, 1, is the maximal value R € {4° | i € N} N[0, L/16] such that
for some node v within distance R from v,, the output of v in ES-COLPATHRULINGSET(R)
can be inferred from nodes within distance L from v,. R, = L indicates that no such
value R exists for the loop iteration L. Rg , is the same variable for agent 5.

The output of a node v in ES-COLPATHRULINGSET(R) includes a node from a (R, R—1)-
ruling set within distance R — 1 from u (possibly w itself), by Lemma 8. In a loop iteration
where R, 1 # L, this means that « has learned about a node from the (Rq 1, Ra,r — 1)-
ruling set computed by algorithm ES-COLPATHRULINGSET(R, ;) at distance at most
2Rq,r, — 1 from v,. We denote r,  this node, and c,, the color it got imparted in
ES-COLPATHRULINGSET(R,, 1,).

Recall that £y, is the smallest label within distance D from one of the agents’ starting
locations, i.e., min{f(u) | u € NP (v,) UNP (vg)}, and that 3 is a universal constant s.t. a
node u of label £(u) executing ES-COLPATHRULINGSET(R) computes its output in at most
k3Rlog" £(u) rounds.

» Lemma 12. If L > 8k3D1og™ liin + 128D and L € {2' | i € N}, we have Ry, > 2D and
Rg >2D.

Proof. Let vpmin € NP (vq) U ND(vB) be the node s.t. £(vmin) = min and Rp = 4og4 (2D)T
Note that 2D < Rp < 8D, dist(vmin, Vo) < 2D < Rp, and dist(vmin,v3) < 2D < Rp.

Consider lines 5 and 6 in Algorithm 5. R, 1, is the largest value that satisfies the following
three properties: R, 1, is a power of 4, R, 1, < L/16, and agent « has discovered enough of
the line in its discovery phase of parameter L to compute the output of at least one node
within distance R, r, from v, in an execution of ES-COLPATHRULINGSET(R,.1). Rg,r is
defined similarly for agent 3. We show that all these properties hold for Rp = 4[108:(2D)]
with the lower bound on L given as hypothesis, which implies the lemma.

Rp is a power of 4 by definition. Also, since L > 128D and Rp < 8D, we have Rp <
L/16. Node vy, is at distance at most 2D < Rp from v,. Finally, consider the distance-
(k3Rp log™ £min) neighborhood of vyiy. From the bound on the distance between vy, and
v, and Rp < 8D, it holds that N®sfplog™ tmin(y . ) C N8maDlog™ tuint2D (4, Y C NE(v,).
This implies that Sg,, # () for Sg, defined as in lines 5 and 6 of Algorithm 5, and therefore,
Ra, > Rp > 2D. The same holds for agent f. |

4.4.1 Mismatched Ruling Sets Rendezvous

We first consider the case where one of the agents has computed part of a ruling set of
higher distance R* than the other agent. As R, ; and Rg,  are powers of 4, R, 1 > Rg 1
implies that R, 1 > 4Rg . This large difference between the two distances allows us to
prove rendezvous by similar arguments as in the previous section (Lemma 11).

» Lemma 13. Suppose that R 1 # Rp, and max(Ry. 1, Rp ) > D. Then Tyay < Ty, +
7L € O(L).
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Proof. Assume 7 < 10D as otherwise Lemma 11 already yields the claim.

Let agent o have computed the ruling set of higher distance, i.e., Ry > Rg, and
R, > D. Note that R, < L/16, so L > 16D > 87/5. In the first L rounds of
SEARCHINGWALK (rounds T, 1, + 4L to Ty, 1 + 5L), o moves to the ruling set node r,, 1, at
distance at most 2R, 1, — 1 from v,. It then performs a ZWALK of parameter 8R,, . As a
result, all the nodes within distance 8R, 1, — (2Rqa,1, — 1) — D > 5R, 1, from vg are explored
by o between round Ty, 1 + 5L and T, , + 6L.

Consider agent 5 during the same rounds. We know that [ started its discovery phase of
parameter L in round T3 1 = Ty 1, + 7 < Ty, + L. Therefore, between round 7, 1, + 5L and
Tw,r +6L, B has finished its discovery phase of parameter L and is either staying idle at vg or
executing SEARCHINGWALK. Either way, £ remains within distance (2Rg  — 1) +8Rg 1 <
(5/2)Rq, 1, from vg in those rounds.

Therefore, between round Ty, + 5L and T, ;, + 6L, /3 stays within an interval of nodes
while « fully explores that interval of nodes. By Proposition 5, the agents achieve rendezvous
by round Ty, +6L. The case Rg 1 > R,,r is similar, only introducing an extra 7 < 10D < L
to the number of rounds needed to achieve rendezvous. <

4.4.2 Common Ruling Set Rendezvous

The only case that remains to analyze is that where R, ; = Rg . We first show that if the
agents go to the same node from the ruling set, they easily achieve rendezvous. Otherwise,
they achieve rendezvous as they perform successive calls to ZWALK according to the (distinct)
colors given to ro 1 and rg,; by ES-COLPATHRULINGSET.

start of
Ta,L SEARCHINGWALK co=1 c1=0 ca=1 ¢c3=0 ¢c1=0

N mie oo N NN NN NN N

) VA A/ A

Tﬂ,L / ’

cg=1¢ci=0ch=1c5=1 ;=0

Figure 2 Timeline of an execution of SEARCHINGWALK by the two agents, with colors ¢ = 10100
and ¢’ = 10110. Horizontal solid lines represent movement (mainly, calls to ZWALK) while dotted
lines represent waiting. Rendezvous occurs during the processing of bit i = 3.

» Lemma 14. Suppose that R, 1 = Rg > D andro 1, =rg . Then Ty, < Ty +5L €
O(L).

Proof. As before we assume that 7 < 10D, since Lemma 11 otherwise already yields the
claim. As D < R, 1, and R, 1 < L/16, this implies 7 < 5L/8.

The agents both take at most 2R, ;, — 1 < L/8 rounds from the start of their respective
SEARCHINGWALK to reach the node ro 1, = 75 1. Therefore, between rounds T, ;, +4L+ L/8
and T, + 5L, a is at ro 1, = ra,r. [ reaches this node by round T + 4L + L/8 <
Topr +7+A4L + L/8 <T, 1 +4L+ 3L/4 at the latest. Thus the agents necessarily meet at
To,r = 78,1, during the beginning of SEARCHINGWALK before round T, 1, + 5L. <

Finally, we tackle the last case of our analysis: the agents have computed nodes from the
same ruling set, and they achieve rendezvous using the colors that were assigned to these
nodes by ES-COLPATHRULINGSET.

» Lemma 15. Suppose that Rop = Rg,p > D and ro,p #18,. Then Trgy < To 1 +28L €
O(L).



Y. Bourreau, A. Narayanan, and A. Nolin

Proof. Again let 7 < 10D (Lemma 11), and note that 7 < 10R, ; < L.

Consider cq,1, and cg, 1, the colors assigned to the nodes r4, 1 and 73,1, by the execution of
ES-COLPATHRULINGSET(R,,1.). As we have that dist(ve, 7a,1) < 2Rq,1—1, dist(vg, 75,1) <
2R, — 1, and dist(va, vg) < D < R, 1, it holds that nodes 74,1 and rg 1, are at distance
dist (7o, 78,0) < BRa.r — 2. Algorithm ES-COLPATHRULINGSET(R) computes a colored
(R, R — 1)-ruling set such that nodes of the ruling set get distinct colors when at distance
9R — 1 or less from one another (Lemma 8). Therefore, cq,1, # ¢g,L-

Let i be the first bit where ¢, 1 and cg, differ. Let us assume that o has a 1 at
index 4 of its color while 8 has a 0, the opposite case being similar. Between round
To,1+5L+(2i+1)-32R, 1, and T}, 1, +5L+(2i43)-32R,, 1, agent « is executing ZWALK(8R,,1,)
twice in succession. In particular, o scans the entire distance-8R,,; neighborhood of 74,1,
between round T, 1, + 5L + (2i + 2) - 32R,,1, and T, 1, + 5L + (2 + 3) - 32R,, 1. Recall that
T < 10D < 10R,,r and Tg 1 = To,r + 7. Agent § is staying at rg 1 for 64R, 1 rounds
starting from round T 1, + 5L + (20 +1) - 32Rs 1, < Ta,r + 5L+ (2 + 1) - 32Ry, 1, + 10R,, .-
Therefore, a necessarily finds § during its second ZWALK for bit ¢, by Proposition 5. See
Figure 2 for an illustration with ¢ = 3 as first index where their colors differ. The bound on
T4y simply follows from the runtime of SEARCHING WALK. <

4.5 Full Analysis

We now have analyzed all the cases necessary to show Theorem 1.

» Theorem 1. There is a deterministic algorithm for solving rendezvous on the infinite
labeled line in O(Dlog™ €min) rounds from the wake-up time of the first agent, where D is the
initial distance between the two agents and Ly s the smallest label within distance O(D)
from the agents’ starting locations.

Proof. Recall that T, € O(L) (Proposition 9). If the delay 7 between the startup
times of the two agents is 10D or larger, by Lemma 11, the agents reach rendezvous in
Ts,0(p) +0O(D) € O(D) rounds (Tray € O(D)). We assume a smaller delay 7 in what follows.

By Lemma 12, we know that R, > D and Rg > D for L > O(Dlog" {iin). For L a
large enough ©(D log" £iy), if during the loop iteration of parameter L the agents settle
on different values R, # Rg, for their ruling sets’ distances, they achieve rendezvous
before round Ty, + O(L) = O(L) = O(Dlog" fmin) by Lemma 13. If they have the same
value R, 1 = Rp, 1, then they also achieve rendezvous before round Ty, 1, + O(L) = O(L) =
O(Dlog" liin), whether they go to the same ruling set node (Lemma 14) or different ones
(Lemma 15). <
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