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Abstract

In this work, we follow the current trend on temporal graph realization, where one is given a
property P and the goal is to determine whether there is a temporal graph, that is, a graph where
the edge set changes over time, with property P . We consider the problems where the given property
P is a prescribed matrix for the duration, length, or earliest arrival time of pairwise temporal paths.
This means that we are given a matrix D and ask whether there is a temporal graph such that
for any ordered pair of vertices (s, t), Ds,t equals the duration (length, or earliest arrival time,
respectively) of any temporal path from s to t minimizing that specific temporal path metric. For
shortest and earliest arrival temporal paths, we are the first to consider these problems as far as we
know. We analyze these problems for many settings such as: strict and non-strict paths, periodic and
non-periodic temporal graphs, and limited number of labels per edge (limited number of occurrences
per edge over time). In contrast to all other path metrics, we show that for the earliest arrival times,
we can achieve polynomial-time algorithms in periodic and non-periodic temporal graphs and for
strict and and non-strict paths. However, the problem becomes NP-hard when the matrix does
not contain a single integer but a set or range of possible allowed values. As we show, the problem
can still be solved efficiently in this scenario, when the number of entries with more than one value
is small, that is, we develop an FPT-algorithm for the number of such entries. For the setting of
fastest paths, we achieve new hardness results that answers an open question by Klobas, Mertzios,
Molter, and Spirakis [Theor. Comput. Sci. ’25] about the parameterized complexity of the problem
with respect to the vertex cover number and significantly improves over a previous hardness result
for the feedback vertex set number. When considering shortest paths, we show that the periodic
versions are polynomial-time solvable whereas the non-periodic versions become NP-hard.
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24:2 Temporal Graph Realization: Foremost, Fastest, Shortest

1 Introduction

Graph realization problems have been studied since the 1960s and consists of finding a static
graph that satisfies a desired property P or answering that no such graph exists. The earliest
example of such a problem is the case of degree sequence realization, where one is given
a non-decreasing sequence (d1, . . . , dn) of natural numbers, and one asks whether there is
an undirected graph G with vertex set {1, . . . , n}, such that vertex i has degree exactly di.
This problem was introduced by Erdős and Gallai [9] and generalizations of it remain the
object of active study (see, e.g., [2] when ranges are given for each degree). In another early
graph realization problem by Hakimi and Yau [13], one is given an n × n distance matrix D

and asks whether there is a static graph on n vertices where, for each ordered pair (i, j) of
vertices, the shortest path from i to j has length exactly Di,j . Since the introduction of
these early problems, graph realization problems were considered in many variations and for
many other desirable properties to realize. Recently motivated by the realization problem
for distance matrices on static graphs, Klobas, Mertzios, Molter and Spirakis [16] lifted
graph realization problems to the realm of temporal graphs. Here, a temporal graph G is a
finite sequence (G1, . . . , GL) of static graphs that are all defined over the same vertex set.
Temporal graphs are a valuable tool to model and analyze the behavior of real world dynamic
networks [4]. In the problem introduced by Klobas et al. [16], the goal is to decide whether a
desired property is fulfilled by some temporal graph. They introduced the following problem:

Fastest-path TGR:
Input: An n × n distance matrix D.
Question: Is there a temporal graph G with n vertices such that for any ordered pair (s, t)
of vertices, the fastest temporal path from s to t has duration Ds,t?

Recall that a (strict) temporal path can start at any time step and is allowed to traverse
at most one edge per time step, and its duration is the difference between the starting time
and the arrival time, and that a fastest temporal path is a temporal path with minimum
duration (see Section 2). More precisely, the authors considered this problem1 where only a
single label per edge is allowed and where the temporal graph is periodic, that is, where the
same edges repeat every ∆ time steps for some period ∆ > 0. They showed that the this
version of the problem is NP-hard and they exhibited an FPT algorithm parameterized by
the feedback edge number of the underlying graph, that is, the uniquely defined graph that
contains an edge {s, t} if and only if Ds,t = Dt,s = 1. In contrast, they showed that this
version of the problem is W[1]-hard when parameterized by the feedback vertex set number
of the underlying graph. Erlebach, Morawietz and Wolf [11] generalized the problem by
allowing each edge to appear up to ℓ times per period and proved that this remains NP-hard
even on underlying graphs that are trees for ℓ = 5. In [19], the authors studied the problem
where upper bounds on the fastest paths are given and the underlying graph is a tree. This
was further considered for directed graphs by Meusel, Müller-Hannemann and Reinhardt [21].
Further recent papers on temporal graph realization include: designing a temporal graph for
which the fastest path should not have duration more than α times the real distance [20],
designing a temporal graph which should have a prescribed reachability relation between the
vertices [10], and designing a temporal graph for which all pairs of agents can pairwise reach
each other via strict temporal paths, with one label per edge, while the degree sequence
of the underlying graph is prescribed [3]. It is worth mentioning that Göbel, Cerdeira and

1 They analyzed the problem under the name Simple (Periodic) Temporal Graph Realization.
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Veldman [12] considered a connectivity problem that can also be seen as a temporal graph
realization problem. All these problems are motivated both from a design perspective, where
we aim to design a network with a desired behavior, or from a verification perspective, where
we want to verify that the behavior of our network is correct or at least plausible. From
the perspective of temporal network design problems, the field is even more vibrant (see,
e.g., [1, 7, 8, 14,15,17,18,23]).

Our Results. In this work, we extend the previous work on Fastest-path TGR to the non-
strict case (that is, where arbitrary many edges per time step can be traversed). Furthermore,
we consider the other most frequently used temporal path metrics Foremost and Shortest
(formally defined in Section 2). Roughly speaking, Foremost-path TGR requires that the
earliest arrival time at t, minimized over all temporal st-paths, is equal to Ds,t for each vertex
pair (s, t), whereas Shortest-path TGR requires that the number of edges, minimized
over all temporal st-paths, is equal to Ds,t for each vertex pair (s, t). Our main results are
as follows:
1. In Section 3 we show that all considered versions (strict/non-strict, periodic/non-periodic)

of Foremost-path TGR are polynomial-time solvable if we are allowed to put an
arbitrary number of labels on each edge. This is surprising, as almost all other previously
mentioned temporal graph realization problems turn out to be NP-hard (with one
exception [3]). In particular, we show that all our algorithms produce a labeling with at
most n2 time labels in total, if dealing with a realizable instance. This is asymptotically
tight as some realizable matrices do require Ω(n2) time labels.

2. To show the limitations of the tractability, we also show in Section 3 that Foremost-path
TGR becomes NP-hard if (i) we are only allowed to assign one label per edge or (ii) the
matrix D contains more than one entry for each vertex pair, and we are to choose which
of these possible values we want to realize. For the latter problem version, we present
a single exponential FPT-algorithm when parameterized by the number of entries in D

that have more than one possible value.
3. In Section 4 we consider Fastest-path TGR. Among other results, we answer open

questions by Klobas et al. [16] and Erlebach et al. [11] about the parameterized complexity
of the problem for the vertex cover number. We show that the problem is W[1]-hard
when parameterized by this parameter plus the largest entry in the matrix. This result
improves significantly over the previous known parameterized hardness result for the
feedback vertex set number; in terms of the parameter, the construction, and the length
of the proof.

4. In Section 5 we consider Shortest-path TGR and show that the problem is NP-hard for
both the strict and the non-strict case, but becomes trivial when considering a periodic
temporal graph.

Finally, in Section 6, we conclude with some open questions for future work.

2 Preliminaries

For natural numbers 1 ≤ i ≤ j, we let [i, j] := {i, i + 1, . . . , j} and we define [j] := [1, j].

(Static) graphs. An (undirected) graph G = (V, E) is defined by its vertex set V and its
edge set E ⊆

(
V
2
)
. Any pair {u, v} ∈ E is called an edge between vertices u and v. We also

say that u and v are neighbors when {u, v} ∈ E. For a vertex set S ⊆ V , we define the
subgraph of G induced by S as G[S] := (S, E ∩

(
S
2
)
). A graph H = (V ′, E′) is a subgraph of

STACS 2026
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G if V ′ ⊆ V and E′ ⊆ E. A uv-walk is a sequence P = (v0 = u, v1, . . . , vk = v) of vertices
such that {vi−1, vi} is an edge for every i ∈ [k]. We then say that P is a walk from u to v in
G. Such a walk is called a path if the vertices v0, . . . , vk are pairwise distinct.

Temporal graphs. A temporal graph is defined by a pair G = (G, λ) where G = (V, E) is
a graph, and λ : E → 2N>0 is a labeling that associates to each edge e ∈ E the set λ(e) of
(positive) times when e appears. The graph G is called the underlying graph of G and the
labeling λ is called the time labeling of G. When G is clear from the context, we let n = |V |
denote the number of vertices of G. A time-edge is a pair ({u, v}, τ) such that {u, v} ∈ E

and τ ∈ λ({u, v}). Its appearance time is τ . Given a time label τ ∈ N>0, we define the set
Eτ = {e ∈ E : τ ∈ λ(e)} of edges appearing at time τ , and call Gτ = (V, Eτ ) the snapshot of
G at time τ . The size of a temporal graph can be measured by its number

∑
e∈E |λ(e)| of

time labels. A temporal graph is said to be ∆-periodic if each edge appears periodically with
period ∆ ∈ N>0, that is τ ∈ λ(e) if and only if τ mod ∆ ∈ λ(e). Such a temporal graph
is represented by its list of time-edges up to time ∆. In the following, we always assume
that the vertices of a temporal graph G are numbered from 1 to n. We assume without loss
of generality that its vertex set is V = [n]. We let T G denote the set of all such temporal
graphs.

Temporal paths. A strict (respectively non-strict) temporal uv-walk is a walk P = (v0 =
u, v1, . . . , vk = v) in G with associated time labels (τ1, . . . , τk) such that τi ∈ λ({vi−1, vi})
for each i ∈ [k] and τ1 < · · · < τk (respectively τ1 ≤ · · · ≤ τk). Equivalently, a temporal
walk can be defined as the sequence of time-edges ({v0, v1}, τ1), . . . , ({vk−1, vk}, τk) satisfying
τ1 < · · · < τk (respectively τ1 ≤ · · · ≤ τk). Moreover, P has length k, departure time τ1,
arrival time τk, and duration τk −τ1 +1 (number of time steps spanned). A temporal uv-walk
is called a temporal uv-path if the vertices v0, . . . , vk are pairwise distinct. Note that a strict
(respectively non-strict) temporal walk can always be transformed into a strict (respectively
non-strict) temporal path by removing loops, and this can only reduce length, arrival time
and duration. By default, we consider strict temporal paths, and simply call them temporal
paths. We specify non-strict for non-strict temporal paths.

Temporal path metrics. Classically, a temporal uv-path is said to be shortest, foremost, or
fastest if it has minimum number of edges, minimum arrival time, or minimum duration,
respectively among all temporal uv-paths. These notions indeed define some kinds of metrics
that we now formalize. A distance matrix D is any matrix of size n×n with values in N∪{∞}
and that satisfies the following very loose notion of metric: Duv = 0 if and only if u = v, for
all u, v ∈ [n]. It is not assumed that D satisfies any other specific properties. In particular,
D may violate the triangle inequality. A temporal path metric is defined as a function M that
associates a distance matrix M(G) to any temporal graph G ∈ T G. Consider for example,
a cost function C that associates a positive cost in N>0 to any temporal path given as a
sequence of time-edges (independently of any temporal graph). It defines a temporal path
metric by associating to any temporal graph G ∈ T G the matrix C(G) (respectively NS-C(G))
such that C(G)uv (respectively NS-C(G)uv) is the minimum cost of a strict (respectively
non-strict) temporal uv-path in G. We define C(G)uv := ∞ (respectively NS-C(G)uv := ∞)
if no strict (respectively non-strict) temporal uv-path exists and C(G)uv := 0 (respectively
NS-C(G)uv := 0) if u = v. The foremost, fastest, and shortest notions are indeed associated to
the following cost functions: arrival time, duration, and length, respectively. We let Foremost,
Fastest, and Shortest denote the corresponding temporal path metrics, respectively. We
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also let NS-Foremost, NS-Fastest, and NS-Shortest denote the respective variants for non-
strict temporal paths. For example, given a temporal graph G, and two vertices u, v in G,
Foremost(G)uv is the earliest arrival time of a strict temporal uv-path in G.

Temporal graph realization. Given an integer n, the temporal graph realization problem
consists of finding a temporal graph with n vertices that satisfies a given property. We
assume that this property can be expressed as an input sequence I ∈ {0, 1}∗ of bits, given
that the vertices of the temporal graph are 1, . . . , n. More precisely, we define a predicate
P as a binary relation between the set T G of all temporal graphs and the set {0, 1}∗ of all
bit sequences, that is P is a subset of T G × {0, 1}∗. We then say that a temporal graph G
satisfies a sequence I of bits for P if (G, I) ∈ P . We equivalently say that P (G, I) is satisfied,
or that G is a realization of I for P . As a simple example, the lifetime of a temporal graph
can be tested by the predicate P (G, Λ) := max(∪e∈Eλ(e)) = Λ where G = (G, λ) and Λ
encodes an integer (that we denote also by Λ with a slight abuse of notation). That is P (G, Λ)
is satisfied when Λ is the last appearance time of a time-edge of G. Given a predicate P we
thus define the following (very general) problem.

P Temporal Graph Realization (P TGR):
Input: A number n and a sequence I of bits.
Question: Is there a temporal graph G with n vertices such that P (G, I) is satisfied?

This paper focuses on temporal path metric realization. More precisely, considering a tem-
poral path metric M ∈ {Foremost, Fastest, Shortest, NS-Foremost, NS-Fastest, NS-Shortest},
we define the M -temporal-path-metric predicate, or M -path for short, as P (G, I) := M(G) = D

where the sequence I of bits encodes an n × n distance matrix D where n is the number of
vertices of G. For example, Foremost-path TGR is the following problem.

Foremost-path TGR:
Input: A number n and an n × n distance matrix D.
Question: Is there a temporal graph G with n vertices such that Foremost(G) = D?

When considering an instance (n, I) of P TGR, we always let n denote the associated
number. Note that, in the case of an M-path TGR instance, the input has size Θ(n2). For
brevity, given an input sequence I encoding a distance matrix D, a realization G of I for
M -path is simply called an M-realization of D. If the metric M is clear from the context,
we simply say that G is a realization of D or that G realizes D.

We also combine M -path predicates with additional requirements. In particular, when
the input I either encodes a (static) graph Gp with n nodes, or a period ∆, we define the
following additional predicates, respectively:

Prescribed(G, Gp) := the underlying graph of G is a subgraph of Gp,
Periodic(G, ∆) := G is ∆-periodic.

Given two predicates P, Q, the problem “P Q TGR” asks whether there exists a temporal
graph satisfying both P and Q for a given pair of inputs for P and Q. For example, Periodic
Foremost-path TGR asks, given an n × n distance matrix D and a period ∆, whether
there exists a ∆-periodic temporal graph that is a Foremost-realization of D. Similarly,
Prescribed Foremost-path TGR supposes that, in addition to D, the input includes
a static graph Gp called the prescribed graph, and asks whether there exists a Foremost-
realization of D whose underlying graph is a subgraph of Gp. We also sometimes refer to “P

Q TGR” as “Q TGR where P is required”, especially if P is specified in plain text without
defining a formal name for it.

STACS 2026
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3 Foremost paths

We first consider the Foremost-path TGR problem. Recall that, given an n × n distance
matrix D, it consists of checking whether there exists a temporal graph G whose foremost
matrix is D, i.e. Foremost(G) = D. We also consider its non-strict variant (NS-Foremost-
path TGR), and combining both with Prescribed and Periodic additional requirements.
Similar results can be obtained for latest departure using a time-reversal argument. We often
implicitly assume that we are given an n × n distance matrix D.

We first show that these main variants of the problem can be solved in polynomial time.

3.1 Polynomial time algorithms
Strict Foremost paths

In the strict setting, we can indeed state the following.

▶ Theorem 3.1. Foremost-path TGR can be solved in O(n3 log n) time and O(n2) space.
Furthermore, if dealing with a realizable instance, a realization with at most n2 time labels
can be computed with the same complexity.

The proof mainly comes from an algorithm given hereafter. First note that the above
complexity can be expressed as Õ(N3/2) where N = Θ(n2) is the size of the input. We also
state that the above result is asymptotically tight in terms of the number of time labels as
follows.

▶ Proposition 3.2. There exists a family (Dn)n∈N>0 of n × n distance matrices that are
Foremost-realizable where each realization requires Ω(n2) time labels.

Proof. Consider the temporal graph Gn with n vertices, whose underlying graph is a star
rooted at 1, and where, for all v > 1, edge {1, v} appears at times nv, n(v + 1) + v, n(v +
2) + v, . . . , n2 + v. Its foremost matrix Dn = Foremost(Gn) then satisfies Dn

uv = nu + v for
u > v > 1, Dn

uv = nv for 1 < u < v, and Dn
1v = Dn

v1 = nv for 1 < v. These temporal graphs
thus define a family (Dn)n∈N>0 of distance matrices that are foremost realizable and that
have Ω(n2) pairwise distinct entries. This implies that any foremost realization of such a
matrix Dn must have Ω(n2) time labels. The reason is that any foremost realization G′ of
an n × n distance matrix D containing p pairwise distinct entries must have at least p time
labels. Indeed, any entry Duv must correspond to some foremost temporal uv-path in G′

whose last edge appears at time Duv. ◀

▶ Remark. The above lower bound also applies to non-strict foremost realizations (using a
similar proof with the same families of matrices and temporal graphs). It also holds if we
restrict the problem to sparse prescribed graphs with O(n) edges, or even trees, as long as
the star is a possible prescribed graph.

We now present a simple algorithm for computing a Foremost-realization that leads
to O(n4) time complexity; this bound will be improved subsequently. It is based on the
observation that any realization G of a distance matrix D for Foremost-path must satisfy
the following compatibility property.

▶ Definition 3.3 (Edge compatibility). Given an n × n distance matrix D, a
time-edge ({v, w}, τ) is said to be Foremost-edge-compatible with D if it satisfies:
EdgeCompat(D, {v, w}, τ) := ∀x ∈ [n], Dxv < τ =⇒ Dxw ≤ τ and Dxw < τ =⇒ Dxv ≤ τ .
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The intuition behind is the following. If an edge {v, w} appears at time τ in a temporal
graph G, then any foremost temporal xv-path with arrival time less than τ can be extended by
the time-edge ({v, w}, τ), implying that the foremost arrival time at w is at most τ . Moreover,
if G is a realization of D, i.e. D = Foremost(G), and Dxv < τ , then we must have Dxw ≤ τ .
By symmetry of edges, we must also have Dxw < τ =⇒ Dxv ≤ τ . Note that, given an n × n

distance matrix D and a time-edge ({v, w}, τ), the property EdgeCompat(D, {v, w}, τ) can
easily be tested in O(n) time.

The algorithm behind Theorem 3.1 now consists of checking that for each entry τ = Duw

of D, there exists a vertex v such that Duv < τ and the time-edge ({v, w}, τ) is Foremost-
edge-compatible with D. If this is the case, such a time-edge ({v, w}, τ) is added to the
temporal graph we are constructing (see Algorithm 1). This condition is indeed necessary
as a foremost temporal uw-path in a realization of D must end with such an edge. We will
show that this condition is also sufficient, and leads to a construction of a realization with at
most n2 time labels.

Algorithm 1 Foremost-path TGR.

Input: A number n and an n × n distance matrix D

Output: YES if there exists a temporal graph (G, λ) that is a Foremost-realization of D,
NO otherwise

1: Let C be the set of all pairs (u, w) such that u ̸= w and Duw < ∞
2: Let λ be an empty labeling, i.e. λ({u, v}) = ∅ for all u, v ∈ [n]
3: Return Exists(D, C, λ)
4: procedure Exists(D, C, λ) ▷ Given an n × n distance matrix D, C ⊂ [n] × [n] and a

labeling λ

5: for all (u, w) ∈ C do
6: if ∃v ∈ [n] such that Duv < Duw and EdgeCompat(D, {v, w}, Duw) then
7: Add Duw to λ({v, w})
8: else
9: Return NO

10: Return YES

The correctness of the algorithm comes with defining how a temporal graph can partially
realize a matrix as follows.

▶ Definition 3.4. A temporal graph G is said to be Foremost-compatible with D if D ≤
Foremost(G), i.e. Duv ≤ Foremost(G)uv for all u, v ∈ [n], and all time-edges of G are
Foremost-edge-compatible with D.

First note that any Foremost-realization of D must be Foremost-compatible with D.

▶ Lemma 3.5. If G is a Foremost-realization of D, then G is Foremost-compatible with D.

Proof. First, we clearly have D ≤ Foremost(G) since G is a Foremost-realization of D.
Second, suppose for the sake of contradiction that some time-edge ({v, w}, τ) is not Foremost-
edge-compatible with D. That is, without loss of generality, there exists a vertex x such that
Dxv < τ and Dxw > τ . Any foremost temporal xv-path in G must arrive in v at time Dxv.
However, this temporal path can be extended with ({v, w}, τ), yielding a temporal xw-walk
arriving at time τ < Dxw, contradicting the fact that G is a Foremost-realization of D. ◀

STACS 2026



24:8 Temporal Graph Realization: Foremost, Fastest, Shortest

Note also that an n-vertex empty temporal graph, i.e. without any time labels, is always
Foremost-compatible with D as it does not contain any time-edges. Moreover, Foremost-
compatibility is preserved by addition of a Foremost-edge-compatible time-edge as stated
below.

▶ Lemma 3.6. If a temporal graph G = (G, λ) is Foremost-compatible with D and a time-edge
({v, w}, τ) is Foremost-edge-compatible with D, then the temporal graph G′ obtained from G
by adding label τ to edge {v, w} is also Foremost-compatible with D.

Proof. We just need to prove D ≤ Foremost(G′). Suppose for the sake of contradiction that
there exists x ̸= y such that Dxy > Foremost(G′)xy, i.e., Dxy is greater than the arrival time
of a foremost temporal xy-path P in G′. Consider the first time-edge ({z, z′}, σ′) of P such
that P arrives in z at time σ ≥ Dxz but arrives in z′ before Dxz′ , i.e. σ′ < Dxz′ . Such an
edge must exist since P arrives in y before Dxy and Dxx = 0. The (strict) temporal path
definition implies σ < σ′ which thus yields Dxz < σ′. As Dxz′ > σ′, ({z, z′}, σ′) cannot be
Foremost-edge-compatible with D. This contradicts either the Foremost-edge-compatibility
of ({v, w}, τ) if ({z, z′}, σ′) = ({v, w}, τ), or the Foremost-compatibility of G otherwise. ◀

▶ Lemma 3.7. If G is a Foremost-realization of D, then for any entry τ = Duw with u ̸= w,
there exists a vertex v such that Duv < τ and ({v, w}, τ) is Foremost-edge-compatible with D.

Proof. It suffices to consider the last time-edge ({v, w}, τ) of a foremost temporal uw-path
in a Foremost-realization G of D. It must satisfy τ = Duw since G is a realization of D. Since
it is a strict temporal path, it arrives in v before τ , implying Duv < τ . Moreover, ({v, w}, τ)
is Foremost-edge-compatible with D by Lemma 3.5. ◀

Proof of Theorem 3.1. If there exists a Foremost-realization of D, the algorithm must find
a suitable time-edge ({v, w}, Duw) for each pair (u, w) by Lemma 3.7. It thus returns NO,
only when no such realization exists. Let Kn denote the complete graph with vertex set
[n]. Lemma 3.6 implies that Algorithm 1 preserves the invariant that (Kn, λ) is Foremost-
compatible with D. If the algorithm returns YES, the constructed temporal graph G = (Kn, λ)
is thus Foremost-compatible with D, implying D ≤ Foremost(G). We now prove that we
indeed must have D = Foremost(G). Suppose for the sake of contradiction that there are
pairs (u, w) satisfying Duw < Foremost(G)uw. Consider such a pair (u, w) such that Duw is
minimum. When this pair was considered, the algorithm added to G a time-edge ({v, w}, Duw)
satisfying Duv < Duw. By the choice of (u, w), we have Duv = Foremost(G)uv. Now, if we
extend a foremost temporal uv-path in G with ({v, w}, Duw), we obtain a temporal uw-walk
arriving at time Duw in contradiction with Duw < Foremost(G)uw. This concludes the proof
of correctness of Algorithm 1.

Its time complexity is clearly O(n4) as for each of the n2 pairs (u, w), we consider at
most n vertices v and the test for the Foremost-edge-compatibility of ({v, w}, Duw) takes
O(n) time. To obtain O(n3 log n), we use an interval tree data-structure (see, e.g., [5]).
It can store n intervals and querying whether a value τ is in one of these intervals can be
answered in O(log n) time. It uses O(n) space and can be constructed in O(n log n) time.
To benefit from such a data-structure, we consider all pairs (u, w) with fixed w consecutively.
Before processing them, we compute for each vertex v two interval trees Tv and T ′

v where Tv

(respectively T ′
v) contains the n intervals [Dxv +1, Dxw −1] (respectively [Dxw +1, Dxv −1]) for

x ∈ [n], ignoring empty intervals. The Foremost-edge-compatibility of a time-edge ({v, w}, τ)
can then be tested in O(log n) time by checking that neither Tv nor T ′

v has an interval
containing τ . The reason is that any vertex x violating Dxv < τ =⇒ Dxw ≤ τ satisfies
Dxv < τ < Dxw in which case τ belongs to the interval of Tv associated to x. Analogously,
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any vertex x violating Dxw < τ =⇒ Dxv ≤ τ is associated to an interval of T ′
v that contains

τ . Constructing the interval trees takes O(n2 log n) time while processing each (u, w) pair
now takes O(n log n) time as it mainly consists of n Foremost-edge-compatibility tests. The
overall complexity is thus O(n3 log n) time using O(n2) space.

Note that the algorithm adds a time label to an edge {v, w} at most once for each vertex
u, when considering either (u, w) or (u, v), depending on whether Duv < Duw or Duw < Duv.
The Foremost-realization computed by Algorithm 1 thus has at most n time labels per edge,
and at most n2 time labels in total. ◀

Non-strict foremost paths

We have a similar result for the non-strict case.

▶ Theorem 3.8 (⋆). NS-Foremost-path TGR can be solved in O(n3 log n) time and O(n2)
space. Furthermore, if dealing with a realizable instance, a realization with at most n2 time
labels can be computed with the same complexity.

A slight modification of Algorithm 1 suffices, replacing EdgeCompat(D, {v, w}, τ) with:

NSEdgeCompat(D, {v, w}, τ) := ∀x ∈ [n], Dxv ≤ τ ⇐⇒ Dxw ≤ τ.

The change of < for ≤ accounts for considering non-strict temporal paths rather than
strict ones. This modification requires a different version of Lemma 3.7 with a significantly
different proof where a non-strict temporal vw-path whose edges are traversed at same time
τ in a realization is replaced by a single time-edge ({v, w}, τ) (see Lemma 3.12 in the full
version).

Periodic temporal graph and prescribed graph

It is straightforward to generalize Theorem 3.1 to Periodic Foremost-path TGR and
Prescribed Foremost-path TGR with appropriate definitions of edge compatibility (see
Therems 3.13 and 3.14 in the full version).

Non-strict foremost paths with a prescribed graph

In this setting, a prescribed graph Gp = ([n], Ep) is additionally given as input, and the
realization is required to have a subgraph of Gp as underlying graph. We let Np(v) = {w :
∃{v, w} ∈ Ep} denote the set of neighbors of any vertex v ∈ [n] in Gp.

The main idea is again to add time-edges ({v, w}, τ) that satisfy
NSEdgeCompat(D, {v, w}, τ) and such that {v, w} is present in the prescribed graph. But
conversely to the non-strict setting considered in Theorem 3.8, it is not possible to replace
an instantaneous temporal vw-path (whose edges are traversed at the same time) in a
realization by a single appearance of {v, w} as this edge might not be in the prescribed
graph.

Indeed, the condition Duv < Duw at Line 6 of Algorithm 1 now becomes problematic
as the prescribed graph may impose the addition of a time-edge ({v, w}, Duw) such that
Duv = Duw to fulfill an entry Duw. Moreover, the order in which we can fulfill entries
Duw1 = · · · = Duwp

in this manner may depend on the prescribed graph. A naive solution
would be to let each edge {v, w} ∈ Ep appear at all times τ /∈ {0, ∞} appearing in D

that satisfy NSEdgeCompat(D, {v, w}, τ). It would then suffice to check if the resulting
temporal graph is an NS-Foremost-realization of D. However, this would result in a poor
complexity and possibly Θ(n4) time labels overall. We can still solve the problem with a
better complexity and a tight number of time labels as stated below.
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▶ Theorem 3.9 (⋆). Prescribed NS-Foremost-path TGR can be solved in O(n2m) time
and O(n2) space, where m is the number of edges of the prescribed graph. Furthermore, if
dealing with a realizable instance, a realization with at most n2 time labels can be computed
with the same complexity.

The result is a consequence of an algorithm that works as follows: It scans the set
{d1, . . . , dp} of entries of D excluding 0 and ∞ (in any order). For each di, it checks the
set Ci of all pairs (u, w) such that Duw = di. If there exists a vertex v ∈ Np(w) such that
Duv < Duw and NSEdgeCompat(D, {v, w}, di) is satisfied, it adds label Duw to {v, w},
similarly to Algorithm 1. In addition, it starts a BFS like procedure to find other pairs
(u, w′) ∈ Ci that can be reached at time di through w. See Algorithm 2 in the full version
for more details.

3.2 Limits of polynomial-time algorithms for Foremost-path TGR
In this section, we show several additional requirements on instances of Foremost-path
TGR for which the problem becomes NP-hard.

▶ Theorem 3.10 (⋆). Foremost-path TGR is NP-hard when allowing at most one label
per edge.

Foremost paths in ranges

Given a temporal path metric M , we define the following variant of M-path TGR where
the input sequence encodes a matrix D of ranges. More precisely, each entry is supposed to
represent a range [ℓ, r] = {ℓ, . . . , r} of positive integers. The Ranged-M -path predicate is
then defined as P (G, D) := M(G)uv ∈ Duv for all u, v ∈ [n]. For example, this leads to the
following problem for M = Foremost.

Ranged-Foremost-path TGR:
Input: A number n and an n × n matrix D of ranges.
Question: Is there a temporal graph G such that Foremost(G)uv ∈ Duv for all u, v ∈ [n]?

An entry (u, v) is said to be undetermined if Duv = [ℓ, r] with ℓ ̸= r. Note that when the
number k of undetermined entries is zero, this problem is equivalent to Foremost-path
TGR, for which we presented a polynomial-time algorithm. We now analyze the complexity
of Ranged-Foremost-path TGR and its non-strict variant Ranged-NS-Foremost-path
TGR with a focus on the parameter k.

▶ Theorem 3.11 (⋆). Ranged-Foremost-path TGR and Ranged-NS-Foremost-path
TGR are both NP-hard. Moreover, believing the ETH, neither Ranged-Foremost-path
TGR nor Ranged-NS-Foremost-path TGR can be solved in 2o(k) · nO(1) time, where k

is the number of undetermined entries of D.

For the strict setting, we obtain hardness even when each range has size at most 2.

▶ Theorem 3.12 (⋆). Ranged-Foremost-path TGR is NP-hard even when each range
has length at most two and the largest value of the matrix is 5.

FPT algorithm for Ranged-Foremost-path TGR

We now propose a dynamic programming algorithm solving Ranged-Foremost-path TGR
which has running time 2O(k) · nO(1). Note that this is tight in the sense that a significantly
faster algorithm would contradict ETH by Theorem 3.11.
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▶ Theorem 3.13 (⋆). Ranged-Foremost-path TGR can be solved in O(k23kn4) time
and O(2k + n2) space, where k is the number of undetermined entries of D.

In the following, we let ℓuw (respectively ruw) denote the lower bound (respectively upper
bound) of entry (u, w), i.e., Duw = [ℓuw, ruw]. Recall that an entry (u, w) is undetermined if
ℓuw ̸= ruw. The set of such undetermined entries is denoted by Undet and its size is denoted
by k.

This result relies on the fact that a realizable instance can always be realized by a
temporal graph using time labels in the restricted set T = {ℓuw + j | u ̸= w and 0 ≤ j ≤ k}
(as proven in the full version). We then propose an algorithm that processes all times in T
in increasing order and guesses which undetermined entries can be realized at the current
time. More precisely, letting 0 < τ1 < · · · < τm denote the times in T , we maintain, for each
i ∈ [m], a table R[·, i] such that R[S, i] for S ⊆ Undet is equal to True if and only if there
exists a temporal graph G with time labels in {τ1, . . . , τi} such that:

for each (u, w) ∈ S, the earliest arrival time of any foremost temporal uw-path in G is in
Duw and is at most τi,
for each (u, w) with ℓuw = ruw = τ ≤ τi, the earliest arrival time of any foremost temporal
uw-path in G is τ ,
for all other entries (u, w), there is no temporal uw-path in G.

We have that R[Undet, m] = True if and only if there exists a temporal graph that
realizes D for Ranged-Foremost-path.

When processing time τi, we consider tri-partitions S, T, U of the set Undet where S

represents the set of undetermined entries that must be realized before time τi, T represents
the set of undetermined entries that must be realized at time τi and U the set of undetermined
entries that must be realized after time τi. Similarly to Algorithm 1, an appropriate definition
of edge compatibility (with respect to D, S and T ) allows to test if a temporal graph realizing
R[S, i − 1] = True can be completed in order to set R[S ∪ T, i]. Importantly, we do not need
explicit access to such a temporal graph as we probe it through D, S, T .

▶ Remark. The algorithm proposed here can easily be generalized to a more general setting
where a collection of ranges is given for each entry of D with time complexity O(k23kn2N)
where N ≥ n2 denotes the total number of ranges in D. In particular, this provides an
FPT algorithm for Ranged-Foremost-path TGR when each entry of D encodes a set
of integers and at most k of them are non-singletons. Note that the hardness result of
Theorem 3.12 holds in that setting, even if each set has size at most 2.

4 Fastest paths

In this section we consider temporal graph realization for fastest paths analyzed by Klobas
et al. [16] and Erlebach et al. [11]. We answer an open question by both papers about the
parameterized complexity with respect to the vertex cover number.

So far, Fastest-path TGR has only been considered for strict temporal paths, and
if we consider a periodic temporal graph or if we consider the non-periodic version with a
limited number of labels per edge [11,16]. Our parameterized hardness result holds even for
non-periodic temporal graph with arbitrary many labels per edge and without limiting the
lifetime of the sought temporal graph. We then show that this hardness is preserved in the
periodic case with one label per edge per period to answer the open questions.
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▶ Theorem 4.1 (⋆). Fastest-path TGR is NP-hard and W[1]-hard when parameterized by
the vertex cover number of the underlying graph plus the largest entry of D. This holds even
on a family of instances for which all yes-instances are realizable with only one label per edge.

Proof (sketch). We reduce from Multicolored Clique [6].

Multicolored Clique:
Input: An undirected graph G = (V, E), an integer k, and a k-partition (V1 ∪ · · · ∪ Vk) of V ,
such that Vi is an independent set in G for each i ∈ [1, k].
Question: Is there a clique of size k in G?

Let I := (G = (V1 ∪ · · · ∪ Vk, E), k) be an instance of Multicolored Clique where
for each 1 ≤ a < b ≤ k, G[Va ∪ Vb] is a disjoint union of bicliques. For each a ∈ [1, k], we
call Va a color class. Even under these restrictions, Multicolored Clique is NP-hard and
W[1]-hard when parameterized by k [22]. Let V := V1 ∪ · · · ∪ Vk.

To obtain an instance D of Fastest-path TGR as follows, we first describe the underlying
graph, that is, the graph G′ that contains an edge {u, v} if and only if Du,v = 1. The graph G′

is defined over the vertex set V ′ := V ∪ {s, s′, s′′, t, t′, t′′} ∪ X ∪ L, where L is a vertex set
of size 2k + 2 and X := {xi | 1 ≤ i ≤ k + 1} (see Figure 1). We add edges between these
vertices, such that V ′ \ V is a vertex cover of G′. That is, there are no edges between the
vertices of V in G′. We make L into a clique and adjacent to all vertices of V ′ besides s

and t. Similarly, we make the vertices s′ and s′′ adjacent to all vertices of V ′ besides t and
make the vertices t′ and t′′ adjacent to all vertices of V ′ besides s. Additionally, we make x1
adjacent to the vertices of V1, xk+1 adjacent to the vertices of Vk, and for each i ∈ [2, k], we
make xi adjacent to the vertices of Vi−1 ∪ Vi. There are no edges between the vertices of X.
Finally, we make s adjacent to s′, s′′, and x1, and we make t adjacent to t′, t′′, and xk+1.

This completes the underlying graph G′ and thus all entries of the matrix D of value 1.
Let E′ denote the edges of G′. Next, we define the remaining entries. Note that each vertex
of {s′, s′′, t′, t′′} ∪ L is adjacent to each other vertex of V ′ \ {s, t}. Hence, for these vertices
it remains to define the entries of the table from and to the vertices s and t. We set Ds,q :=
Dq,s := 2k + 3 for each vertex q ∈ {t′, t′′} ∪ L. Similarly, we set Dt,p := Dp,t := 2k + 3 for
each vertex p ∈ {s′, s′′} ∪ L. For each non-edge {u, v} of G, we set Du,v := Dv,u := 2k + 3.
Finally, we set Ds,t := 2k + 2 and Dt,s := 4k + 5. All other undefined entries are set to 2.
This completes the construction. Note that X ∪ L ∪ {s′, s′′, t′, t′′} is a vertex cover of size
3k + 7 and that the largest entry in D is 4k + 5.

Intuition. The idea behind the reduction is that realizing all entries besides Ds,t is possible,
regardless of whether G contains a (multicolored) clique of size k. We will show that this
is ensured by the fact that G[Vi ∪ Vj ] with 1 ≤ i < j ≤ k is a disjoint union of bicliques.
The difficulty to decide whether the matrix is realizable thus comes from the difficulty of
deciding whether the entry Ds,t can additionally be realized, which can only be done by
using vertices of X ∪ V as intermediate vertices of the path. Let S denote the vertices of V

on any path P realizing the entry Ds,t = 2k + 2. Based on the structure of the underlying
graph (see Figure 1), S contains for each i ∈ [1, k] at least one vertex of Vi. By definition of
the entries between vertices of V , these vertices need to form a clique in the original graph,
as only adjacent vertices u and v in G fulfill Du,v ≤ 2k + 2, which is the duration of P .

Correctness. We now show that D is realizable if and only if G admits a clique of size k.
More precisely, we show that if G admits a clique of size k, then there is a realization for D

with exactly one label per edge.
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Figure 1 An illustration of the underlying graph from the reduction behind Theorem 4.1. The
edges of the biclique (L∪{s′, s′′, t′, t′′}, V ∪X) are not depicted. Note that L is a clique of size 2k+2.

(⇒) Let λ : E′ → 2N be an edge labeling, such that G := (G′, λ) realizes D. We show
that G has a clique of size k. Consider the entry Ds,t = 2k + 2. Since G is a realization
of D, this implies that the fastest temporal path from s to t has duration exactly 2k + 2.
Let P be an arbitrary fastest temporal path from s to t in G. Since the duration of P

is 2k + 2, the duration of each (not necessarily proper) subpath of P is at most 2k + 2.
Hence, for any two distinct vertices a, b of P , where a precedes b in P , the entry Da,b is at
most 2k+2, as D is realized by G. This immediately implies that P does not visit any vertex
of {s′, s′′, t′, t′′}∪L, since Ds,t′ = Ds,t′′ = Ds′,t = Ds′′,t = 2k+3 and Ds,ℓ = Dℓ,t = 2k+3
for each vertex ℓ ∈ L. That is, P only uses vertices of V ∪ {s, t} ∪ X. By definition, each
path from s to t in G′[V ∪ {s, t} ∪ X] traverses all vertices of X and one vertex of each
of the color classes of V , that is, for each i ∈ [1, k], the path contains one vertex of Vi.
This in particular holds for P . Let S be the vertices of V that are visited by P . By
the above, S has size at least k. Moreover, for each two distinct vertices a and b of S,
Da,b = Db,a ≤ 2k +2, since the subpath between a and b of P has duration at most 2k +2
and G realizes D. This implies that {a, b} is an edge of G, as otherwise, Da,b = Db,a is
defined as 2k + 3. Consequently, S is a clique of size k in G.

(⇐) Let S be a clique of size k in G and for each i ∈ [1, k], let vi denote the unique vertex
of S ∩ Vi. We define a labeling λ : E′ → N, such that G := (G′, λ) realizes D. To this end,
we describe several time blocks, that is, intervals [α, β] with β ≥ α + 4k + 6, such that only
the described edges receive a label from this interval, and all other edges receive no label
from [α − (4k + 6), β + (4k + 6)]. The reason behind this is that labeling edges in different
time blocks do not create paths of duration less than 4k + 6, which is larger than the
largest entry of D. Hence, we can show that our labeling realizes D by showing that for
each two vertices a and b of G′ (i) there is a time block in which there is a temporal path
from a to b of duration exactly Da,b and (ii) for each time block, there is no temporal
path from a to b of duration less than Da,b. Note that the order of time blocks does not
matter. Hence, when describing the labeling, we simply describe a collection of time
blocks which in total fulfill the above properties, while not explicitly defining the concrete
start and end time of the time blocks. In the following, we mainly focus on realizing all
entries of value at least 2 in D. Afterwards, we describe how to realize the entries of
value 1.
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Realizing all entries involving vertices of V ′ \ (V ∪ X) besides Ds,t.
We show that we can realize all these entries by only labeling edges that have at least
one endpoint in {s′, s′′, t′, t′′}. This proof is deferred to the full version.
Realizing Ds,t. Next, we define a time block [α, β] that realizes the entry Ds,t. Recall
that S is a clique in G and that for each i ∈ [1, k], vi denotes the vertex of S ∩ Vi.
Consider the path P := (s, x1, v1, . . . , xk, vk, xk+1, t) and label the edges of this path with
consecutive time labels starting with α. Hence, this path has duration equal to its length,
namely Ds,t = 2k + 2.
The argument that this creates no paths that are too fast is deferred to the full version. It
mainly comes from the fact that for any two vertices a and b of P that are both from V ,
{a, b} ∈ E since S is a clique, and we have Da,b = 2.

So far, we have realized all entries of D of value at least 2 that involve at least one vertex
of {s, s′, s′′, t, t′, t′′} ∪ L. In the following, we describe further time blocks to realize the
entries of D of value at least 2 involving only vertices of V ∪ X. To this end, we will
only use edges between X ∪ V and L. Note that none of these edges has received a
label in the previous time blocks, that is, the only edges incident with vertices of L that
received labels so far were the edges between L and {s′, s′′, t′, t′′}. Let the vertices of L be
called {ℓ∗, ℓ∗∗} ∪ {ℓi, ℓ′

i | 1 ≤ i ≤ k}.
Realizing entries between vertices of V of value 2k + 3 and entries between
vertices of V and X. We define a time block [α, β] as follows: For each vertex v ∈ V ,
we set λ({v, ℓ∗}) := α + 1 and λ({v, ℓ∗∗}) := α + 2k + 3. For each vertex x ∈ X, we
set λ({x, ℓ∗}) := α and λ({x, ℓ∗∗}) := α + 2k + 4. Finally, we set λ({ℓ∗, ℓ∗∗}) = α + 2.
Note that each vertex of V has only two incident labels in this time block, namely, α + 1
and α + 2k + 3. Hence, no temporal path in this time block between vertices of V has
duration less than 2k + 3. Moreover, since entries involving a vertex from V and a
vertex from X are of value at most 2, we guarantee that we do not create paths that are
too fast in this time block. We now show that this time block realizes (i) all entries of
value at least 2 between vertices of V and X and (ii) all entries between vertices of V of
value 2k + 3. For the first type, let v ∈ V and x ∈ X with {v, x} /∈ E′. That is, Dx,v = 2.
Then, there is a temporal path (x, ℓ∗, v) in this time block of duration 2. Similarly, the
temporal path (v, ℓ∗∗, x) also has duration 2. Now consider the second type. For each
two distinct vertices u and v of V with Du,v ̸= 2, there is the temporal path (u, ℓ∗, ℓ∗∗, v)
with labels (α + 1, α + 2, α + 2k + 3). This path has duration 2k + 3 = Du,v. This time
block realizes the stated entries of D.
Realizing entries between vertices of X. For each i ∈ [1, k], we define a time
block [αi, βi] in which we set λ({xi, ℓi}) := αi and λ({ℓi, x}) := αi+1 for each x ∈ X\{xi}.
For each i ∈ [1, k], this realizes the entries Dxi,x with x ∈ X \ {xi}. Similarly, we add a
time block [αk+1, βk+1] in which we set λ({xk+1, ℓ′

1}) := αk+1 and λ({ℓ′
1, x}) := αk+1 + 1

for each x ∈ X \ {xk+1}. These time blocks realize all entries of D between vertices of X.
Realizing entries between vertices of V of value 2. Recall that we have to ensure
that there is a path of duration 2 between the endpoints of each edge e ∈ E in our
temporal graph. To define the necessary time blocks, we will highly rely on the fact that
for each 1 ≤ a < b ≤ k, G[Va ∪ Vb] is a vertex disjoint union of bicliques. This property
will allow us to realize all edges between Va and Vb via just two vertices of L. We can do
this for several combinations of color classes via the same two vertices of L, as long as no
color class occurs in more than one pair. We formalize this as follows. Let M1, . . . , Mk

be a partition of {(a, b) | 1 ≤ a < b ≤ k}, such that for each i ∈ [1, k] and each a ∈ [1, k],
there is at most one ordered pair in Mi that contains a. That is, Mi is a matching in
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the directed graph with vertex set [1, k] and edge set {(a, b) | 1 ≤ a < b ≤ k}. Note
that such a partition exists due to the fact that a clique on k vertices has a proper edge
coloring with k colors. Let i ∈ [1, k]. We let EMi

denote all edges of G between each
pair of color classes in Mi, that is, EMi :=

⋃
(a,b)∈Mi

E(Va, Vb). Since Mi is a matching
and G[Va ∪ Vb] is a disjoint union of bicliques for each 1 ≤ a < b ≤ k, Gi := (V, EMi

) is
also a disjoint union of bicliques. That is, each connected component in Gi is a biclique.
We use the vertices ℓi and ℓ′

i of L to realize the entries of D corresponding to the edges
of EMi . For each connected component of Gi with bipartition (A, B), we add a new
time block [α, β] and set λ({va, ℓi}) := α for each va ∈ A and λ({vb, ℓi}) := α + 1 for
each vb ∈ B. This realizes paths of duration 2 from each vertex of A to each vertex of B

and no other temporal paths of length more than 1. Since (A, B) is a biclique, for all
these vertex pairs, the entry in the matrix is also 2. In the same way, we also add a new
time block [α′, β′] and set λ({vb, ℓ′

i}) := α for each vb ∈ B and λ({va, ℓ′
i}) := α + 1 for

each va ∈ A. This thus realizes also the entries of duration 2 from each vertex of B to
each vertex of A. Since E =

⋃
i∈[1,k] EMi , this implies that we realized the entries Du,v

and Dv,u of value 2 by the above time blocks for each edge {u, v} ∈ E.

Hence, all entries of value at least 2 in D are realized by λ. Let E′′ denote the edges of E′

that have not received a label yet. We add one final time block from which all edges of E′′

receive the same label. This surely does not create new temporal paths of length more than
1 for which the duration is at most 4k + 5. This completes the definition of λ. Thus, also
all entries of value 1 are realized. By definition of the time blocks, we showed that (G′, λ)
realizes the input matrix D even with just a single label per edge. ◀

Based on this reduction, we can now directly transfer the hardness result to Periodic
Fastest-path TGR even when allowing at most one label per edge.

That is, we simply define the period ∆ to be an integer much larger than n2 · max D,
which ensures that all fastest paths start and end within a window of ∆ consecutive time
steps (see [11]).

▶ Theorem 4.2. Even when only allowed to put one label per edge and per period, Periodic
Fastest-path TGR is W[1]-hard when parameterized by the vertex cover number of the
underlying graph plus the largest entry of D.

This answers an open question by Klobas et al. [16] and Erlebach et al. [11] about the para-
meterized complexity of the problem with respect to the vertex cover number. Furthermore,
this reduction improves significantly over the known hardness result for parameter feedback
vertex set number. It also shows that Periodic Fastest-path TGR can presumably not
be solved in FPT time for the combined parameter of the vertex cover number plus ℓ (the
number of allowed labels per edge and per period) plus the largest entry in D. Thus, in the
FPT algorithm by Erlebach et al. [11] for the vertex cover number plus the period ∆ (or
lifetime), one cannot replace ∆ by ℓ plus the largest entry of D.

A similar reduction also shows similar intractability results for Fastest-path TGR with
non-strict paths. The following reduction however requires more than one label per edge.

▶ Theorem 4.3 (⋆). NS-Fastest-path TGR is NP-hard and W[1]-hard when parameterized
by the vertex cover number of the underlying graph plus the largest entry of D.
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5 Shortest paths

In this section, we consider the question for shortest temporal paths.

Shortest-path TGR:
Input: A distance matrix D of size n × n.
Question: Is there a temporal graph G such that Shortest(G) = D?

Note that a realization of D can only assign labels to edges {u, v} where Du,v = Dv,u = 1.
Hence, G = ([n], E) with E := {{u, v} | Du,v = 1∧Dv,u = 1} is the underlying graph of every
realization of D. We show the NP-hardness of both the strict and the non-strict variants.

▶ Theorem 5.1 (⋆). Shortest-path TGR and NS-Shortest-path TGR are NP-hard.

Proof (sketch). We reduce from SAT.
Let F be an instance of SAT where each variable occurs at least once positively and at

least once negatively, and where no clause contains the same variable both positively and
negatively.

Construction. Let X be the variable set of F and let C denote the clauses of F . To obtain
an instance D of Shortest-path TGR or NS-Shortest-path TGR, we first define the
underlying graph G = (V, E) that contains an edge {u, v} if and only if Du,v = Dv,u = 1
(see Figure 2). The graph G contains for each variable x ∈ X the vertices x and x which are
joined by an edge. For each clause c ∈ C, we also add a vertex c, which we make adjacent to
all vertices corresponding to literals that are contained in c. Additionally, we add three more
vertices to G: a vertex v∗ which is adjacent to all vertices of C, and two vertices ⊤ and ⊥
that are adjacent to all vertices representing literals, that is, to the vertices of {x, x | x ∈ X}.

Next, we describe the remaining entries of D. Let c be a clause of C. We set Dc,⊤ := 3
and D⊤,c := Dc,⊥ := D⊥,c := 2. For each other clause c′ of C, we set Dc,c′ := Dc′,c := 2.
For each positive literal x that occurs in c, we set Dc,x := Dx,c := 2. Similarly, for each
negative literal x that occurs in c, we set Dc,x := Dx,c := 2. For each variable x for which
neither x nor x occurs in c, we set Dc,x := Dx,c := Dc,x := Dx,c := 3. This defines all entries
regarding vertices of C.

Let ℓ1 and ℓ2 be distinct literals, such that they are not the negation of each other. We
set Dℓ1,ℓ2 := Dℓ2,ℓ1 := 2. For each literal ℓ, we also set Dℓ,v∗ := Dv∗,ℓ := 2.

Finally, we set Dv∗,⊥ := D⊥,v∗ := 3, D⊥,⊤ := D⊤,⊥ := 2, Dv∗,⊤ := 4, and D⊤,v∗ := 3.
This completes the definition of D.

Note that nearly all defined entries are the exact distances between the vertices in the
underlying graph G. The only exceptions are the entry Dv∗,⊤ and the entry Dc,⊤ for each
clause c ∈ C. Hence, only for the vertex pairs ({v∗} ∪ C) × {⊤}, one could possibly create a
temporal path that has length less than the respective entry of D. Based on this property,
we can prove that a labeling λ : E → 2N realizes D by showing the following two points:

For distinct vertices a and b of V , there is a temporal path of length Da,b from a to b.
For each a ∈ {v∗} ∪ C, there is no temporal path of length less than Da,⊤ from a to ⊤.

Intuition. We have clause vertices that aim to reach ⊤. For each such clause vertex ci,
we want that the shortest temporal path to ⊤ has length exactly 3. By the structure of
the implicit underlying graph, these paths must be of the form (ci, ℓ, ℓ, ⊤) for some literal ℓ

that occurs in clause ci. If two clauses try to use the same variable gadget from different
sides to realize their entries, that is, if (ci, ℓ, ℓ, ⊤) and (cj , ℓ, ℓ, ⊤) are both temporal paths
in our solution graph, then in fact at least one of (ci, ℓ, ⊤) or (cj , ℓ, ⊤) is also a temporal
path, implying that for at least one of the clauses, the shortest temporal path has length 2,
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⊤ ⊥

v∗

x x y y z z

c1 c2 c3

5 2 2 5 5 2

1, 4, 7 1, 4, 7 1, 4, 7

6 33 36 6 3

Figure 2 An example of the reduction behind Theorem 5.1 for the formula (x∨y∨z)∧(x∨y)∧(y∨z).
A labeling that realizes the matrix D is depicted, where the dashed arcs receive the label set {1, 2, 7, 8}.
Moreover this labeling corresponds to a satisfying truth assignment (x = False, y = True, z = False).

which is lower than the desired length of 3. Intuitively, this means that in each solution, each
variable gadget can only be used in one direction for paths between clauses and ⊤, which
then encodes a satisfying truth assignment.

The correctness is deferred to the full version. ◀

Note that a realization question for shortest temporal paths in periodic temporal graphs
is polynomial time solvable. Due to the periodicity, a shortest path in the underlying static
graph will always be a shortest temporal path in the periodic temporal graph where each edge
receives at least one label. Since the latter is mandatory, the resulting problem is answered
with yes if and only if the given matrix D is the distance matrix of the underlying graph.

6 Conclusion

Our work spawns several interesting future questions.
We showed that Foremost-path TGR is polynomial-time solvable if we are allowed
to assign up to n labels per edge but becomes NP-hard when allowing only a single
label per edge. What is the smallest number of labels per edge for which this problem is
still polynomial-time solvable? For example, is there an efficient algorithm when we are
allowed to assign only n

2 labels per edge?
Our hardness results for Shortest-path TGR use multiple labels per edge. Does this
problem become polynomial-time solvable, if we restrict the respective labeling? For
example, what if we enforce that at most one label per edge is allowed or we require a
proper labeling, that is, a labeling where no two adjacent edges share a label?
Are there structural parameters for which we can solve Shortest-path TGR in FPT-
time. For example, can we solve the problem efficiently if the underlying graph has
bounded treewidth?

STACS 2026
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One could consider approximation of the considered problems. For example under
the measurement of fulfilling as many entries as possible, are there constant factor
approximations for Shortest-path TGR or Fastest-path TGR?
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