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—— Abstract

The Cartesian tree of a sequence captures the relative order of the sequence’s elements. In recent years,
Cartesian tree matching has attracted considerable attention, particularly due to its applications
in time series analysis. Consider a text T of length n and a pattern P of length m. In the exact
Cartesian tree matching problem, the task is to find all length-m fragments of 7" whose Cartesian tree
coincides with the Cartesian tree CT(P) of the pattern. Although the exact version of the problem
can be solved in linear time [Park et al., TCS 2020], it remains rather restrictive; for example, it is
not robust to outliers in the pattern.

To overcome this limitation, we consider the approximate setting, where the goal is to identify
all fragments of T' that are close to some string whose Cartesian tree matches CT(P). In this
work, we quantify closeness via the widely used Hamming distance metric. For a given integer
parameter k > 0, we present an algorithm that computes all fragments of 7' that are at Hamming
distance at most k from a string whose Cartesian tree matches CT(P). Our algorithm runs in
time O(ny/m - k*) for k < m'/® and in time O(nk®) for k > m!/®, thereby improving upon the
state-of-the-art O(nmk)-time algorithm of Kim and Han [TCS 2025] in the regime k = o(m!/%).

On the way to our solution, we develop a toolbox of independent interest. First, we introduce a
new notion of periodicity in Cartesian trees. Then, we lift multiple well-known combinatorial and
algorithmic results for string matching and periodicity in strings to Cartesian tree matching and
periodicity in Cartesian trees.
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1 Introduction

Pattern matching is a central topic in theoretical computer science and a ubiquitous task
in practical applications. In several real-world scenarios, such as stock price analysis and
music analysis, one may wish to match a pattern with respect to the relative order between
its sequential data points rather than their exact values. For instance, consider the challenge
of matching the performance of a stock in the past quarter to its historical performance in
order to predict its future behaviour. In this task, we are not concerned with the exact stock
price but rather with its “ups and downs”. Several notions of matching have been devised
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for capturing such scenarios, including Cartesian tree matching [1, 20, 26, 28, 29, 31] and
order-preserving pattern matching [5, 7, 8, 9, 13, 15, 17, 22, 25, 30]. Here, we focus on the
Cartesian tree matching problem, which was introduced by Park et al. [29].

A Cartesian tree CT(S) of a string S is a binary tree defined recursively as follows: the
root of the tree corresponds to the index ¢ of the minimum element in the sequence (under a
fixed tie-breaking strategy); the left subtree of the root corresponds to the Cartesian tree of
S[1..i—1], and the right subtree of the root corresponds to the Cartesian tree of S[i+1..|S]].
In what follows, we assume that ties are always resolved in favour of the leftmost elements.
The Cartesian tree of a string S can be built in linear time [2].

We say that a string U CT-matches a string V' if and only if CT(U) = CT(V). This
notion of matching is well-behaved: it is a prime example of substring consistent equivalence
relations [23] since, if U and V' CT-match, then, for any 1 <i < j < |U|, U[i..j] and V[i..j]
CT-match as well [29].

In the Cartesian tree matching (CT-matching) problem, we are given a text T of length n
and a pattern P of length m, and the goal is to compute all m-length fragments of T'
that CT-match P. Park et al. [29] showed that this problem admits a linear-time solution.
An alternative linear-time algorithm, as well as practical solutions, were later presented
in [31]. Related problems such as dictionary CT-matching [29, 31] and indexing for CT-
matching [20, 26, 28] have also been studied.

Approximate Cartesian tree matching. Similarly to the case of standard string matching,
requiring exact CT-matches can be quite restrictive. For instance, a single outlier value in
the pattern (arising, for example, from an extreme but short-lived event or from noise in the
data) may cause all relevant occurrences in the text to be missed. To address this, one can
instead seek approximate CT-matches of P in T, that is, fragments of T that are close to
a string X such that CT(X) = CT(P). Here, closeness may be measured in terms of some
distance measure such as the Hamming distance or the edit distance. We consider the low
distance regime, where an integer threshold parameter k > 0 is provided. Then, we have to
report fragments of T' at distance at most k from a string X with CT(X) = CT(P).

Auvray et al. [1] recently presented an O(nm)-time algorithm for the case of one difference
(such as a swap or a substitution). Kim and Han [21] studied the problem of computing
the edit and Hamming distances of two strings under CT-matching. They presented a
dynamic-programming-based solution and, as corollaries, obtained an O(n®*mk)-time algo-
rithm for approximate CT-matching under the edit distance and an O(nmk)-time algorithm
for approximate CT-matching under the Hamming distance. In this work, we focus on
approximate CT-matching under the Hamming distance.

Our contributions. For equal-length strings X and Y, let CHd(X ~~ Y’) denote the minimum
number of substitutions needed to transform X into a string X’ such that CT(X’) = CT(Y).
We further define CHdy (X ~» Y) = min{k + 1, CHd(X ~~ Y)}. We consider the following
problem.

APPROXIMATE CT-MATCHING WITH SUBSTITUTIONS
Input: A text T of length n, a pattern P of length m, and an integer threshold k& > 0.
Output: CHdy(T[i..i +m) ~ P) for alli € [1,n —m + 1].

The state of the art solution of Kim and Han [21] computes CHd,(T[i..7 +m) ~» P)
for each ¢ € [1,n — m + 1] separately in O(mk) time, resulting in O(nmk) overall time. In
the spirit of a line of works in approximate string matching (see, e.g., [4, 6]), we show that
this is not necessary by transferring the “few matches or almost periodicity” paradigm to
approximate CT-matching. We obtain the following result.
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Figure 1 The running time ¢(n, k) of algorithms for APPROXIMATE C'T-MATCHING WITH SUBSTI-
TUTIONS as a function of k for the special case when m = ©(n), shown on a doubly logarithmic scale.

» Theorem 1. The APPROXIMATE CT-MATCHING WITH SUBSTITUTIONS problem can be
solved in O(ny/m - k*°) time for k € [1, |m'/?]] and in O(nk®) time for any k € [[m'/®],m].

Hence, we improve upon the state of the art by polynomial factors when k = O(m!'/4~¢)
for any constant € > 0. An illustration of the time complexities of our algorithm and the
algorithm of Kim and Han [21] for the important case when n = ©(m) is given in Figure 1.
Along the way to proving Theorem 1, we develop a toolbox that we expect to find further
applications in the study of Cartesian trees.

Technical overview. It is a folklore fact that a pattern P of length m is either periodic or it
has at most one exact occurrence in a text T of length n < 3m/2 [3]. In approximate string
matching, recent algorithmic breakthroughs [4, 6] were obtained via analogous combinatorial
results: either P has few approximate occurrences in T, or P is almost periodic.

In the CT-matching model, it is not even clear what the right formalisation of periodicity is.
Indeed, several notions of periodicity have been suggested and studied thus far [23, 29]. Here,
we introduce a new notion of periodicity, namely CT-block-periodicity, that provides strong
locality guarantees. We then exploit these guarantees to show that we either have few
approximate CT-matches or the pattern is almost CT-block-periodic. Dealing with the
almost CT-block-periodic case is the main technical challenge we overcome. The workhorse
of our approach for this case is a combinatorial result (see Lemmas 31 and 34 for precise
statements) that allows us to compute CHdg(T[i..7+ m) ~» P) very efficiently for almost all
values of ¢ when P is almost CT-block-periodic. Essentially, we prove (under some extra
assumptions) that, for equal-length strings X = X1Q" X5 and Y = Y1Q"Y> with | X;| = ||,
the value of CHdy(X ~ Y) is the same for all choices of r > 2k + 1.} This allows us to

L We use Q" for simplicity in this overview, noting that standard string periodicity implies CT-block-
periodicity. Lemmas 31 and 34 are more general.
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trim aligned pairs of long CT-block-periodic fragments in T'[i. .7+ m) and P, thus obtaining
short strings F' and P’ such that CHd(T[i..i +m) ~» P) = CHdg(F ~~ P’), and compute
the latter value in O(|F| - k) time. In summary, in the case when the number of (candidate)
approximate CT-matches may be large, the periodic structure allows us to verify almost all
of them efficiently.

Other related work. Cartesian trees have received significant attention in part due to
their relation to the range minimum query problem [2, 10, 12]. Other problems that have
been studied in the Cartesian tree matching model include computing the longest common
subsequence [32], performing subsequence matching [27], computing palindromes [24], and
matching indeterminate strings [14]. Other works on strings under substring consistent
equivalence relations include [16, 18, 19].

2 Preliminaries

For integers i,j € Z, we write [i,5] = [i,j+1) = (i —1,5] = (i = 1,7 + 1) to denote
{he€Z|i<h<j} Foraset ZCZand an integer y € Z, we define Z—y={z—y: 2z € Z}.
A string X of length n = |X]| is a finite sequence of n characters over a finite alphabet X.
For 4,j € [1,n], the i-th character of X is denoted by X[i], and we use either of X[i..j],
X[i..j+1), X(:—1..j5],and X(i—1..75+ 1) to denote the substring X[i]X[i + 1]--- X[j]
of X. If i > j, then X[i..j] is the empty string. We say that a string ¥ has an occurrence
at position ¢ of X if i + Y| < |X |+ 1 and X[i..i+ |Y|) =Y. We may refer to a substring
X[i..j] as a fragment if we want to emphasize that we mean the specific occurrence of
X[i..j] at position i. Two fragments are disjoint if they do not share any positions.

An integer p > 0 is a period of X if X[i] = X[i + p] for all i € [1,|X]| — p]. The smallest
period of X is referred to as the period of X and is denoted by per(X). A run in X is a
fragment Y = X[i..j] that satisfies p := per(Y) < |Y|/2 and is inclusion-maximal; that is,
X[i—1]# X[i—14p] (ori=1)and X[j+1] # X[j+1—p| (or j = |X|).

» Lemma 2 (Periodicity Lemma (weak version) [11]). If a string S has periods p and q such
that p + g < |S|, then ged(p, q) is also a period of S.

Throughout the paper, we assume that the alphabet ¥ is totally ordered, and that an
order comparison takes constant time. For a string X, we define its leftmost minimum as
the (positioned) character X[j], where j = min{i € [1,|X|] : X[i] = mingep | x) X[k] }. In
other words, j is the leftmost position at which the minimum character in X occurs.

Cartesian Trees

In this work, consistent with the literature, we ensure that Cartesian trees are uniquely
defined by resolving ties in favour of leftmost positions.

» Definition 3. The Cartesian tree of a string X, denoted by CT(X), is a rooted ordered
binary tree with | X| nodes. The Cartesian tree of an empty string is the order-zero graph. For
a non-empty string X, CT(X) is the tree obtained by creating a root node and (recursively)
attaching to it CT(X[1..7)) as a left subtree and CT(X(j..|X|]) as a right subtree, where
X[j] is the leftmost minimum of X.

» Definition 4. We say that a string X CT-matches a stringY (or that X andY CT-match)
if and only if CT(X) = CT(Y). We denote that two strings X and Y CT-match by writing
X =Y and that they do not C'T-match by writing X £Y.
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» Fact 5. The CT-equivalence relation (=) is a transitive relation. That is, for any three
strings X, Y, and Z, if X =Y and Y =~ Z, then X ~ Z as well.

For strings T[1..n] (the text) and P[1..m] (the pattern), we say that i € [1,n —m + 1]
is a CT-occurrence of P in T (or that P CT-occurs in T at position 4) if P~ T[i..i+ |P]).
The CT-matching problem consists in computing all CT-occurrences of P in 7.

» Lemma 6 ([29]). Given a text T[1..n]| and a pattern P[1..m)], all CT-occurrences of P
in T can be computed in O(n +m) time.

» Lemma 7 ([29]). Given a text T[1..n] and patterns Pi[1..mq], -+, Py[1..my], all the
CT-occurrences of all the patterns in T can be computed in O((n + Z?:l m;)logh) time.

For equal-length strings X and Y, CHd(X ~» Y) denotes the minimum number of
substitutions needed to transform X into a string X’ such that X’ ~ Y. We further define
CHdy(X ~Y) = min{k + 1, CHd(X ~ Y)}. Given a text T[1..n]| and a pattern P[1..m)],
we say that P has a k-approximate CT-occurrence at a position ¢ € [1,n — m + 1] of T if
CHA(T[i..i +m) ~ P) < k.

The following fact states that CT-matching is a substring consistent equivalence relation.

» Fact 8 (Theorem 2, [29]). For any stringsU and V withU =V, we have Uli..j] = V[i..j]
for alli,j € [1,]U]].

There is a natural bijection between positions of a string X and nodes in CT(X). We
formalise this concept using the previous-smaller-or-equal-value function. For a string X, we
define

psvx (L, [X]] = [0,[X]), i max({j € [1,4) | X[j] < X[i]} U{0}).
The parent-distance representation PD(X) of a string X (see [29]) is a length-|X| string with

i —psvx (i) if psvx (i) # O;
0 otherwise.

PD(X)[i] = {

Intuitively, we have psvy (i) = j if and only if the left subtree of the node corresponding
to X[i] in CT(X) is CT(X(j..7)). Given either of psvy and PD(X), one can (recursively)
construct CT(X), and hence the following lemma holds.

» Lemma 9 ([29, Theorem 1]). For equal-length strings X and Y, X =Y if and only if
PD(X) = PD(Y), or equivalently Vi € [1,|X]|] : psvx (i) = psvy ().

We provide an example of a Cartesian tree CT(X), the function psvy, the array PD(X),
and the distance function CHd in Figure 2. For a string X, analogously to psvy, we define
the next-smaller-value function, which captures the structure of the Cartesian tree as well:

nsvx : [, [X[] = [2,|X]+1], d—min({je (X[ X[]<X[E]}IU{X]+1}).
We also define a length-| X| string ND(X) by

nsvx (i) — ¢, if nsvx (i) # |X]|+ 1,

0, otherwise.

NWMM={

An analogue of Lemma 9 for nsvy and ND(X) is provided in the full version.

STACS 2026
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Z:]1‘4|1‘5|1‘6|1‘6|1‘2|1‘7|1‘7|1‘8|€‘3|1‘9\ |
ERE (). esx = [0[i[2 0 4[5]6[7]5]9]

— o e =[ofafafofafufu i 4]

‘ e = [aATa e e To [Ai[i]

. woe = [3[2]1]00]s]2[1]0]0]

Figure 2 The Cartesian tree CT(X) of X = [4,5,6,1,2,7,7,8,3,9] (top left), the tree induced
by psvy (top right), and the values of psvy, nsvx, PD(X), and ND(X) (bottom right). For
Y = [14,15,16,11,12,17,17,18,13,19], we have X = Y, illustrating that different sequences can
yield the same Cartesian tree. In contrast, the Cartesian tree of Z = [14, 15,16, 16,12,17,17, 18, 8,19]
(bottom left) is different, i.e., we have Z % X. However, we have CHd(X ~~ Z) = 2 because we can
substitute the values of X at positions 4 and 9 to obtain X' = [4,5,6,6,2,7,7,8,1,9] ~ Z.

3 Cartesian Periodicity

Several definitions of periodicity for strings with respect to Cartesian tree matching have
been studied (see [23, 29]). Here, we use the following definitions.

» Definition 10 ([23]). A string P[1..m] has a CT-border-period p € [1,m] if and only if
Pll..m—p]|~ P(p..m)].

» Lemma 11. The leftmost minimum of a string P[1..m] with CT-border-period p € [1, | |]
lies outside P(p..m — p|.

Proof. Assume that i € (p,m — p| is the position of the leftmost minimum of P. Then P[i] is
also the leftmost minimum of both P[1..m—p] and P(p..m], and hence it is the root of both
CT(P[|1..m —p]) and CT(P(p..m]). However, in this case, the left subtree under the root
of CT(P[1..m —p]) is of size i — 1, while the the left subtree under the root of CT(P(p..m])
is of size ¢ — p — 1. This contradicts the assumption that P[1..m —p] =~ P(p..m]. <

» Definition 12. A string P[1..m] has a CT-block-period p € [1,m] if and only if
p divides m,
p is a CT-border-period of P, and
the leftmost minimum of P is either P[1] or P[m].

» Remark 13. The above definition restricts the definition of a full period from [29] by
imposing the third condition. This condition crucially ensures that, for a CT-block-periodic
fragment X[i.. j] of a string X, either psvy[k] € [i, ) for all k € (4, j] or nsvx|[k] € (4, 7] for
all k € [1,7), thus providing locality guarantees.

» Lemma 14. Given P[1..m] and a positive integer p < m/3 that is a CT-border-period
of P, we can compute a fragment of length at least m — 2p that has CT-block-period p in
O(p) time.
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Proof. Fact 8 implies that any substring of P of length at least p has CT-border-period p.

Let m' =p- (%1 — 2p and note that p <m —2p < m’ < m — p. By Lemma 11, there exists
an offset a € [0, p) such that the leftmost minimum of P is either P[1+ a] or P[m — a]. If the

leftmost minimum is P[1 + a], then the fragment P[1 + a..m’' 4+ a] has CT-block-period p.

Otherwise, the fragment P(m —a — m’..m — a] has CT-block-period p. <

» Lemma 15. Consider a string P[1..m] that has a CT-block-period p € [1, % ]) and such
that P[1] is the leftmost minimum of P[1..m —p|. Fori € [1,m/p], let¢;=(i—1) -p+ 1.
For alli € [1,m/p], Plc;] is the leftmost minimum of Ple; .. m).

Proof. For i € [1,m/p] denote P; := P|c;..m]|. We prove by induction the more general
statement that p is a CT-block-period of P; for all i with P;[1] being the leftmost minimum
of P;. The induction hypothesis holds for ¢ = 1 since P[1] is the leftmost minimum of
P[1..m — p] and is therefore smaller than P[p + 1] (since p < m/2), where P[p + 1] is the
leftmost minimum of P[p 4+ 1..m]. Now, consider any i € [2, m/p] and suppose that p is a
CT-block-period of P;,_; with P;_1[1] being the leftmost minimum of P;_;. First, since p
is a CT-block-period of P,_;1, we have P,_i[1..|F;|] & P; and hence the leftmost minimum
of P; is P;[1]. Further, Fact 8 implies that

Ple;..m—pl=P_1[1+p..|Pi—1| —p]| = Pi—1[1+2p..|Pi—1]] = Plei +p..m)|

and hence p is a CT-border-period of P;. Finally, since p divides |P|, it also divides
|P;| = |P| — (i — 1)p. This completes the induction and the statement follows. <

An analogue of Lemma 15 for the case when P[m] is the leftmost minimum of P is given
in the full version.

» Fact 16. Consider a string X. The parent-distance representation of a fragment XJi. . j]
of X is given by, fort € [1,j —i+ 1],

0, FPDX)[i+t—1] >t
PD(X)[i +t—1], otherwise.
If X[i] is a leftmost minimum of X[i..j|, then PD(X)(i..j] is a suffiz of PD(X|i..j]).

» Lemma 17. Consider a string X and a fragment X[i..j] with leftmost minimum X]|i].
Then, p < j—i+1 is a CT-block-period of X|[i .. ] if and only if p is a period of PD(X)(i .. j]
and p divides j — 1+ 1.

Proof.

(=-:) By the definition of a CT-block-period, we have that p divides j — i 4+ 1 and that
X[i..j—p]l=~ X[i+p..j]. By Lemma 9, this equality implies that

PD(X[i..j—p]) =PD(X[i+p..j]). (1)

Further, by Fact 16, since X[i] and X[i + p] are the leftmost minima of X[i..j — p] and
X[i+p..J], respectively, we have that PD(X)(i..j — p] is a suffix of PD(X[i..j —p]) and
that PD(X)(i+p..j] is a suffix of PD(X[i+p. . j]). By (1), we then have PD(X)(i..j—p] =
PD(X)(i+ p..j] and hence p is a period of PD(X)(i.. j].

26:7
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(<=:) We first argue that it suffices to show that X[i + p| is the leftmost minimum of
X[i+p..j]. If this is indeed the case, we have that PD(X)(i+p..j] =PD(X)(i..j — p]
is a suffix of PD(X[i + p..j]) which, together with the fact that PD(X[i..j — p])[1] =
0=PD(X[i+p..j])[1], implies that PD(X[i..j —p]) = PD(X[i + p..j]) and hence that
X[i..j—p|~ X[i+p..j] by Lemma 9. Since p divides j — i+ 1 and X[i] is the leftmost
minimum of X[i..j], p is a CT-block-period of X[i.. j].

Now, suppose for the sake of contradiction, that the leftmost minimum of X[i +p.. j]
is at some position z € (i + p, j]. Then, psvy(z) = z — PD(X)[z2] < i + p. Since X[i] is
the leftmost minimum of XTi..j], psvx(z) € [i,% + p). Since PD(X (i..j]) is periodic
with period p, we have PD(X)[z] = PD(X)[z — p]. Therefore, our assumption implies
that psvy(z —p) = (z —p) — PD(X)[z — p] = psvx(z) — p < i, which contradicts the
assumption that X[¢] is the leftmost minimum of X[i .. j]. <

An analogue of the above lemma for the case when the leftmost minimum of X[i..j] is
X[j] is given in the full version.

» Corollary 18. For equal-length strings X and Y that have a common CT-block-period
p € [1,]|X]/2]], we have X =Y if and only if X[1..2p] ~ Y[1..2p].

Proof.

(=) This implication follows directly from Fact 8.

(«<=:) Due to Lemma 15 and its analogue, both X and Y have their leftmost minima at
the same position (since X[1..2p] and Y[1..2p] do). For the remainder of the proof,
we assume that these minima occur at the first positions, noting that the remaining
case can be handled symmetrically. Since X[1..2p] ~ Y[1..2p|, Lemma 9 yields that
PD(X1..2p]) = PD(Y[L..2p]). Further, we have PD(X|1..2p]) = PD(X)[1..2p] and
PD(Y[L..2p]) = PD(Y)[L..2p] by Fact 16. Hence, PD(Y)[1..2p] = PD(X)[1..2p]. Since
p is a CT-block-period of each of X and Y, by applying Lemma 17 to each of X and Y,
we conclude that p is a period of both PD(X)(1..|X]|] and PD(Y)(1..|Y|]. This directly
implies that PD(X) = PD(Y’), and we hence have X ~ Y by Lemma 9. <

» Lemma 19. Suppose that a fragment X[i..7) has minimum CT-block-period p. Then,
for any a,b € [i,j] such that a =i (mod p), b =j (mod p), and b — a > 2p, we have that
Xla..b) =~ X[i..i+ (b—a)) and that X[a..b) has minimum CT-block-period p.

Proof. Without loss of generality, assume that X[i] is the leftmost minimum of X[i..j). The
complementary case when X[j — 1] is the leftmost minimum can be handled in a symmetric
manner using the analogues of the lemmas used below.

Fix a, b satisfying the conditions of the claim. If a # ¢, then the CT-border-period p of
X[i..j) implies that X[a..b) =~ X[a—p..b—p)~-- = X[i..i+ (b—a)).

Now, observe that X[a] is the leftmost minimum of X[a..j) by Lemma 15. Additionally,
we have X[a..b—p)~ X[a+p..b) by Fact 8 because p is a CT-border-period of X[i.. j).
Finally, p divides b — a by our assumptions and hence p is a CT-block-period of X[a..b).

It remains to show that p is the minimum CT-block-period of X[a..b). Towards a con-
tradiction suppose that X[a..b) has minimum CT-block-period ¢ < p. Then, by Lemma 17,
PD(X)(a..b) has a period ¢ and PD(X)(i..j) has a period p. Since the length of the
fragment is b — a > 2p > p + ¢, an application of the Periodicity Lemma (Lemma 2) yields
that PD(X)(a..b) has period ged(p, q). Consequently, PD(X)(i. . j) also has period ged(p, q).
Another application of Lemma 17 implies that X[i..j) has CT-block-period ged(p,q) < p
(since ged(p, ) divides the length j — i), a contradiction. <
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» Definition 20. Let X be a string. A fragment X[i..j| with minimum CT-block-period
p<(j—1i+1)/2 s called a CT-run if and only if p is not a CT-block-period of X[i —p..j]
(ori—p<1)andp is not a CT-block-period of X[i..j+p] (orj+p>|X]|).

The occurrences of a periodic pattern P in a text T' form arithmetic progressions with
each such progression corresponding to a run with period per(P). We show an analogous
result for CT-occurrences.

» Example 21. Consider a pattern P = [10, 40, 30, 20, 60, 50]. P is of length 6 and has a CT-
block-period p := 3. The leftmost minimum of P is at its first position. The parent-distance
array for P is PD(P) =10,1,2,3,1,2].

Consider the text T' = [100, 400, 300, 200, 600, 500, 300, 800, 700, 900] of length n = 10.
The parent-distance array for T is: PD(T) =[0,1,2,3,1,2,3,1,2,1].

There are two CT-occurrences of P in T

at position 1, T[L..6] = [100,400, 300, 200, 600, 500], where PD(TT[1..6]) = [0,1,2,3, 1,2];

at position 4, T[4..9] = [200, 600, 500, 300, 800, 700], where PD(T[4..9]) = [0,1,2,3,1,2].

Note that the fragment T[1..9] forms a CT-run in 7" with minimum CT-block-period p = 3.

» Lemma 22. Let P be a pattern of length m with minimum CT-block-period p < m/4,
and let T be a text of length n. The exact CT-occurrences of P in T can be partitioned
into O(n/m) mazimal arithmetic progressions with common difference p. For each such
progression {u + vp : v € [0, 2]}, the fragment T[u..u+ zp + m) is a CT-run with minimum
CT-block-period p. For any two such arithmetic progressions {uy + vp : v € [0,21]} and
{ug +vp:v €0, 2]}, the two runs T[uy .. u1 + z1p +m) and Tlus .. uz + z2p + m) overlap
by fewer than p positions.

Proof. We henceforth assume that the leftmost minimum of P is at its first position. The
proof for the complementary case, that is, when the leftmost minimum of P is P[m], is
symmetric (using ND instead of PD and the analogous versions of the used lemmas).

Let P’ := PD(P)(1..m]. By the CT-block-periodicity of P and Lemma 17 we have
per(P’) = p. Since P[1] is the leftmost minimum of P, Fact 16 and Lemma 9 imply that P
CT-occurs at some position z in T if and only if the following two conditions hold:

PD-match condition: PD(T)(x ..z +m) = P’;
left-min condition: T[z] is the leftmost minimum of T'[x..x + m).

> Claim 23. Consider a maximal arithmetic progression D = {j +ip : ¢ € [0,s]} of
occurrences of P’ in PD(T). For i € [0, s], denote d; := j + ip. Then, either P does not have
any CT-occurrence at a position of T in D — 1, or there exists an integer p € [0, s] such that
both of the following hold:

the intersection of the set of CT-occurrences of P in T and D —1is {d; — 1 :7 € [, s]};
T[d,—1..ds —1+m) is a CT-run with minimum CT-block-period p.

Proof. By the definition of D, we have PD(T)(z ..z + m) = P’ for all € D. Hence, the
PD-match condition holds for all x € D — 1. If the left-min condition fails for every element of
D — 1, then P does not have any CT-occurrence at any position of T"in D — 1, and the claim

follows. Otherwise, let 4 = min{i € [0, s] : T'[d; —1] is a minimum in T[d; —1..d; — 1+ m)}.

We show by induction that the left-min condition holds for all z € {d; —1:¢ € [u, s]}. The
base case y = p holds by definition. Assume that it holds for some y € [, s). An application
of Lemma 15 to T'[dy, — 1..dy+1 — 1+ m) implies that T'[d,+1 — 1] is the leftmost minimum
of T[dy+1 — 1..dyt1 —1 4+ m). This completes the proof of the inductive step and hence
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concludes the proof of the first item. Let F' := T'[d, —1..ds—1+4m). By repeatedly applying
Lemma 15, we conclude that the leftmost minimum of F' is F[1], and hence that p is a
CT-block-period of F. If F' had a smaller CT-block-period, then, by Lemma 19, the same
would hold for P, contradicting the assumption that P has minimum CT-block-period p.
Finally, we cannot prepend or append p characters to F' while maintaining that it has
CT-block-period p: either the obtained string does not have its leftmost minimum at its first
position or we contradict the maximality of D. This concludes the proof of the claim. <

To complete the proof, it suffices to combine Claim 23 with the fact that a CT-occurrence
of P in T at position j implies an occurrence of P’ in PD(T) at position j + 1, noting that the
occurrences of P’ in PD(T') can be partitioned into O(n/m) maximal arithmetic progressions
with period per(P’) = p such that any two elements from distinct arithmetic progressions
differ by more than m — p (see [3, 11]). <

4 Approximate CT-Matching with Substitutions

Kim and Han [21] recently presented a dynamic programming algorithm that, given two
strings X and Y, computes the minimum cost of a sequence of edit operations (insertions,
deletions, and substitutions) required to transform X into a string X’ such that X’ ~ Y.
As noted in [21, Section 6], a minor modification to their algorithm results in the following
lemma for the special case when only substitutions are allowed.

» Lemma 24 (see [21]). Given two strings T[1..m] and P[1..m], and an integer threshold
k> 0, we can compute CHdy(T ~» P) in O(mk) time.

In the full version, we provide a self-contained proof of Lemma 24 for the sake of completeness.

4.1 Analysing the Pattern

» Definition 25. A set S of equal-length strings is a CT-rainbow if and only if there do not
exist distinct S1,S52 € S such that S1 ~ Ss.

» Lemma 26. Let m, A € Z; with A < \/m/2. Given A and a string P[1..m], in O(mA)
time, we can either compute a set of A disjoint fragments of P, each of length [m/(2A)], that
form a CT-rainbow or report a fragment of length at least m/(4A) that has a CT-block-period
less than A, together with its minimal CT-block-period.

Proof. Let m' = [m/(2A)]. We process P in a left-to-right manner, attempting to identify
m/-length fragments to insert into an initially empty set S, which will remain a CT-rainbow
throughout. Whenever a fragment is inserted into S, we find and mark all of its exact
CT-occurrences in P in O(m) time using Lemma 6. For each inserted fragment, we use
a unique symbol for marking.

We first insert fragment P[1..m/] into S. Let P[i..i+m’) be the fragment that was most
recently inserted into S and assume that |S| < A (otherwise, we return S and terminate the
algorithm). Our goal is to then find some j € [¢ +m'..i +m' + A) such that P[j..j+m’)
does not CT-match any element of S. To do this, it suffices to find, in O(A) time, the
first unmarked position in [i +m'..i +m’' + A), if one exists. If we can always find such a
position j while |S| < A, then we eventually insert A fragments into S. This holds because
the total length of the fragments inserted into S and the lengths of the gaps between them
add up to at most A - (m’ + A —1) < m/2+ A? < m since the length of the gap between any
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two consecutive fragments is less than A and A < \/m/2. Inserting a fragment into S and
marking all of its exact CT-occurrences takes O(m) time. In the case when we can always
find a fragment to insert into S, the algorithm thus runs in O(mA) time.

Now consider the complementary case when, after inserting some fragment P[i..i + m’)
into S, we have |S| < A and all positions in [i + m'..i 4+ m’ + A) are marked. Then, by
the pigeonhole principle, some fragment in S has two CT-occurrences at positions i1 < iy
infi+m..i+m 4+ A) with ¢ := iy — i3 < A. We find two such positions (marked with
the same symbol) naively in O(A?%) C O(m) time. Let G = Pliy ..is +m'). G has length
L =m’ + q and CT-border-period q. We apply Lemma 14 to trim G. Both conditions of the
lemma are satisfied since A > ¢, m’ > m/(2A), and A < y/m/2, and hence

L=m'"+q>m/(2A) +q>+Vm+q>2A+q> 3q.
Trimming G yields a fragment F' with CT-block-period ¢ and length
FI>L—2q=m'—q>m/(2A) — A > m/(2A) — /)2 = m/(4A).

Finally, we naively compute the smallest CT-block-period p of F' by checking each integer in
[1,¢ — 1] in O(m) time, for a total running time of O(mA), and return the pair (F,p). <=

4.2 The Aperiodic Case

In this section, we deal with the (easy) case when the analysis of the pattern according to
Lemma 26 returns a large CT-rainbow of disjoint fragments. We apply a standard marking
trick: an exact CT-occurrence of a fragment Pla..b] € S at a position j in T contributes
a mark to position j — a + 1, indicating a potential starting position of a k-approximate
CT-occurrence of P in T. The following simple fact captures the key property we use: if
CHdy(T[i..i+m) ~ P) < k, then position ¢ must receive at least A — k marks.

» Lemma 27. Let k,A € Z; with A > k. Consider strings V,U satisfying
CHdp(V ~~U) <k. Let U = {Ula;..b;] : i € [1,A]} be a set of disjoint fragments of
U. Then there exists a set I C [1,A] of size at least A — k such that V]a;..b;] = Ula;..b;]
foralliel.

Proof. Let V'’ be a string obtained from V by substituting at most k characters such that
ViaU. Let I :={i €[1,A]:V]a;..b;] = V'[a;..b;]}. Set I is of size at least A — k
as the substitutions transforming V into V' affect at most k fragments Vla;..b;]. For
each i € I, Fact 8 implies that V'[a;..b;] &~ Ula; . .b;]. Moreover, for each i € I, we have
Vl0a;..b;] = V'[a;..b;] and hence the claim follows. <

In the following lemma, we use the marking trick to efficiently compute a small number
of candidate positions that need to be verified, and verify them using Lemma 24.

» Lemma 28. Let n,m,k,A € Z, withn < 3m/2 and 2k < A < \/m/2. Given k, a text
T[1..n], and a pattern P[1..m)], together with a CT-rainbow P consisting of A disjoint
fragments of P, each of length [m/2A], we can compute CHdg(T[i..i + m) ~» P) for all
i €[l,n—m+1] in O(m2k/A) time.

Proof. We perform multiple-pattern CT-matching in T for all fragments of P in O(mlogm) C
O(m?k/A) time using Lemma 7. If a fragment Pla..b] € P CT-matches a fragment T7i . . j],
we add a mark at position i —a+ 1 of T'. By the fact that P is a CT-rainbow and transitivity
(Fact 5), at most one fragment of P can CT-match at any position of T. Hence, the total
number of marks is @(m). Furthermore, Lemma 27 implies that if CHd(T'[i..7 + m) ~
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Lemma 31: Trimming this fragment Lemma 29: No substitutions here
does not affect CHd(X ~ Y). \V when achieving CHd(X ~ Y).
| = |
X=X | fl U A \ Xz |
-

| .
Cc1 C2 c3 Cq Cs Cr—4 Cr—3 Cr—2 Cr—1 ¢

T 0 K 1 [ B0 %

Y=[ "

Vi € [or +p, Y]] : psvy (3) & [e1, )

Figure 3 An illustration of the settings in Lemmas 29 and 31 with & = 3. The psv,- array is
shown with grey arrows below string Y. Lemma 29 establishes that any sequence of CHd(X ~» Y')
substitutions that transforms X into X’ such that X’ ~ Y does not modify the fragment highlighted
in red; the condition “Vi € [¢, + p, |Y|] : psvy (i) ¢ [c1,c¢r)” ensures that none of these substitutions
“interact” with this fragment. Lemma 31 establishes that we can trim a pair of fragments (one in X
and one in Y') without altering the value of CHd(X ~ Y).

P) <k, then position i must receive at least A — k > A/2 marks. There are O(m/A) such
positions, which can be identified at no additional cost during the marking process. Each of
these positions is then verified in O(mk) time using Lemma 24, yielding a total verification

time of O(mk - m/A) = O(m?k/A). <

4.3 The Periodic Case

In this section, we address the (much more complicated) case when the analysis of the pattern
according to Lemma 26 returns a long fragment with a small CT-block-period.

We first establish combinatorial lemmas that allow us to trim both P and T[i..i+ m)
under certain conditions before applying Lemma 24. Intuitively, whenever a long CT-block-
periodic fragment of T is aligned with a corresponding periodic fragment of P, substitutions
are not required in (a long part of) this fragment. This trimming improves computational
efficiency, as the complexity of Lemma 24 depends on the lengths of the input strings.

» Lemma 29. Consider p,r,k € Zy and strings X = X7UXs and Y = Y1VYs such that all
of the following hold:

|X1| = Y1, |X2| = |Yz|, and |U| = |V| = rp, where r > 2k + 1;

UrV;

there is no position i € [[Y1V|+ 1..]Y|] such that psvy (i) € [|[Y1|+1..|YAV]| —p];

if we define Vi € [1,7] : ¢; := | X1|+(i—1)p+1, then X|[c;] is a minimum in X[c; . .cr+D),

and Yc;] is a minimum in Y[c; . .c, + p);

CHd(X ~Y) < k.
Any sequence of CHA(X ~~Y') substitutions that transforms X into X' with X' =Y does
not perform any substitution in fragment X|[cr41 .. Cr—k].

Proof. Consider any sequence of CHd(X ~» Y') substitutions that transforms X into X’
such that X' ~ Y. We fix ,j € [1,r] to be the minimal and maximal values, respectively,
such that X|[¢;] and X|[c;] are not modified. (There are at least two distinct values because
r > CHd(X ~» Y) +2.) We show that no substitution is performed in X|e; . .¢;].
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Let Z = X'[1..¢) - X[ci..¢j] - X'(¢j .. |X|]] = X'[1..¢;] - X(¢5..¢) - X'[ej .. | X][]. We
claim that Z ~ Y. If not, there would exist = € [1,|X]|] with psv,(z) # psvy (z). We show
that such x does not exist by distinguishing between the following four cases:

Case 1: z € [1,¢]. Since Z has prefix X'[1..¢;], and due to X’ =Y, Fact 8, and Lemma 9,
we have Vz € [1,¢;] : psvy(z) = psvy, (z) = psvy ().

Case 2: z € (¢, ¢;]. Y] is minimal in Ye; . . ¢,] by assumptions. Hence, psvy (z) > ¢;. We
obtain psvy(x) = psvy-(z) due to Lemma 9 and the observation that:

Zlci..cjl=Xci..c;l=Ulip—p..jp—p+1=V(ip—p..jp—p+1] =Y][c..c).

Case 3: = € (¢j, ¢, +p). Since Y(c¢;] is minimal in Y¢; .. ¢, + p), we have psvy (z) > ¢;.

Therefore, psv,(x) = psvy/(z) = psvy (z) follows from Z[c;..c, +p) = X'[¢;..cr +p) =
Yicj..cr +p).

Case 4: z € [c.+p, |X|]. By the assumptions, we have psvy (z) ¢ [|Y1|+1, |[Y1V|—p| = [e1, ¢r)-

First, consider the case when psvy () > ¢,. Note that ¢; < ¢, implies Z[c,..|X]|] =
X'[er..|X|]. Hence, psv,(z) = psvy/(z) = psvy (x) follows from X’ =~ Y, together
with Fact 8 and Lemma 9. If, however, psvy,(z) = psvy(z) < ¢1 < ¢;, then clearly
X'[z] < X'[¢;] = X|¢;]. Since X|[¢;] = Z[¢;] is minimal in X[¢;..¢;) = Z[c;..¢;), it
cannot be that psvy(x) € [¢;, ¢;j), which implies psv(x) = psvy/(z) = psvy ().
We have shown that Z =~ Y. Hence, the considered sequence of substitutions did not modify
X(c; .. ¢;]. Finally, by the definition of ¢ and j, the characters in positions ¢i,...,¢;—1 and
Cj+1,---,¢r in X must have been modified. We therefore have (i — 1) + (r — j) < CHd(X ~»
Y') <k, which implies ¢ < k4 1 and j > r — k. Consequently, there are no substitutions in
X[C}C+1 . .Crfk]. <

» Lemma 30. Consider strings X and Y with X =Y. Let a,b € [1,|Y]] such that a <b
and Y|a] is minimal in Y]a..b]. Then X[1..a] - X(b..|X|]=Y[l..a]-Y(b..|X]].

Proof. The assumption that X ~ Y, together with Fact 8 and Lemma 9, imply that X|a] is
minimal in X[a..b]. For Z € {X,Y},let Z = Z[1..a]- Z(b..|Z|]. It is easy to see that the
following hold:

For i € [1,a], psv,(i) = psv(i). (This is trivial.)

For i € (a,|Z|] with psv,(i + b — a) € (b, |Z]], we have psv (i) = psvz(i+b—a) — b+ a.

For i € (a,|Z|] with psv,(i + b — a) € (a,b], we have psv (i) = a.
For i € (a,|Z|] with psv,(i +b— a) € [1,a], we have psv (i) = psv,(i + b — a).

Note that the definition of psv, depends only on the psv, array. Since X ~ Y, we have that

psvx = psvy by Lemma 9. Therefore, it follows that psvy = psvy. By applying Lemma 9

again, we conclude that X ~Y. <

» Lemma 31. Consider p,r, k € Zy and strings X = XU Xy and Y = Y1VY5, such that all
of the following hold:
|X1| = Y1, |X2| = |Y2|, and |U| = |V| = rp, where r > 2k + 3;
U=V;
there is no position i € [|[Y1V]+1..|Y|] such that psvy (i) € [|Y1| +1.. Y1V | —p];
if we define Vi € [1,7] : ¢; := | X1|+ (i —1)p+1, then X|[c;] is a minimum in X[c; . .c, +D),
and Y¢;] is a minimum in Ye; .. ¢ + p).
Then CHdj(X ~~ V) = CHdy(X ~ Y), where

A

X=X[1..chp1] X(crop—p..|X]] and Y =Y[1..cppa] Y(cror—p..|Y].
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Proof. It suffices to prove the following two claims, which together imply the statement.
> Claim 32. CHd(X ~ Y) < k implies CHd(X ~~ ¥) < CHd(X ~ Y).
> Claim 33. CHd(X ~ V) < k implies CHd(X ~ V) > CHd(X ~ Y).

Proof of Claim 32. Assume that CHd(X ~ Y") < k and consider any sequence of CHd(X ~ Y")
substitutions that transform X into a string X’ with X’ ~ Y. By Lemma 29, we have
X' = X"1..cp1) - X[cht1--Crop) - X'(¢r—k .. |X]|]. Note that we can perform the same
sequence of substitutions (with an appropriate shift) on X as well. Hence, there is a sequence
of CHd(X ~- Y') substitutions that transforms X into

X' =X"[1..cpp1) - Xlewpa] - X(erp —p o o] - X' (crep - .| X|].

It remains to be shown that X’ ~ Y, which implies CHd(X ~~ ¥) < CHd(X ~- Y). Note that
X’ and Y can be obtained by deleting fragments X'(ckt1--cror —p] and Y (i1 - - Cr — D)
from X’ and Y, respectively. By the definition of Y, we know that Y[ck41] is a minimum
in Y[cgt1-.cr—r — p]. Hence, we can apply Lemma 30 to X’ and Y with a = ¢x41 and
b = ¢,_i — p, thus obtaining X'~Y. <

Proof of Claim 33. Assume that CHd(X ~» ¥') < k and consider any sequence of CHd(X ~ ¥')
substitutions that transform X into a string X’ with X’ ~ Y. It can be readily verified that
the strings X and Y still satisfy the conditions of Lemma 29 with parameter # = 2k + 2.
Therefore, we have:

A

X' =X'[1..cpq1) X[ewqr . cip] - X'(ciep..|X]]
=X'[1..chq1) X[exs1] X (o —p. . crep] - X' (Chya .. |X]].

We observe that the same sequence of substitutions can also be applied directly to X, resulting
in the string: X' = X’[l coClg1) s X[Cht1 - Crok] - X/ (Crta - |XH

It remains to be shown that X’ ~ Y, which implies CHd(X ~ ¥ > CHd(X ~Y). Note
that X’ and X', as well as ¥ and Y, share a prefix of length ¢41. Due to X’ ~ Y, combined
with Fact 8 and Lemma 9, it is clear that, for every x € [1..cpq1], psvy: (z) = psvg, (z) =
psvy. (2) = povy (z).

Next, we observe that X'[cky1 .. ¢r—g] = X[ck+1 - . cr—k]. Recall that X[cgy1] and Ycg41]
are minimal in X[cgy1..¢—] and Y[cgy1 .. ¢—g], respectively. Due to U = V, combined
with Fact 8 and Lemma 9, we have V& € (cixq1,¢r—k) : psVyx/ (@) = psvy (T) > cpy1.

Finally, we consider & € (¢,_, |X|]. Let 2 = 2—|X|+|X|. We observe that X’ and X', as
well as YV and Y, share a suffix of length ¢ := | X |—c,_p+p. If psvy () > ¢r_p—p, then X/ ~ ¥
already implies psv ¢, (&) = psvy (Z). It remains to consider the case when x € (¢, | X|]
and psvy (z) < ¢,— — p. In this case, since Y[c,_] is minimal in Yc,_j .. ¢, + p), it holds
that x > ¢, +p = |[Y1V] + 1, and, by the condition of the lemma, psvy () < |V1]| = ¢; — 1.
Note that psvy (#) = psvy (z), as we obtained ¥ by merely deleting some elements between
psvy () and 2. Due to X’ ~ Y, we have psv ¢, (&) = psvy (Z). Finally, we obtain X’ from X’
by inserting into X’ values that are at least as large as X'[cxy1] = X[cp41] between positions
psv, (2) and #. Since X'[cxt1] € (psvg, (2),2), we know that X'[2] < X'[cj41], and thus
all inserted values are at least X’[2]. Thus, psvy/ (z) = psv ¢, (Z) = psvy (Z) = psvy (), as
required. <

The combination of the two claims yields that either both CHd(X ~» ¥') and CHd(X ~~ Y)
are at most k and are in fact equal, or they are both greater than k. <
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A symmetric claim holds for next-smaller-values. For completeness, we provide a proof of
the corresponding lemma below in the full version.

» Lemma 34 (analogue of Lemma 31). Consider p,r, k € Z and strings X = X,U X5 and
Y =Y1VY;, such that all of the following hold:

|X1| = Y1, |X2| = |Y2|, and |U| = |V| = rp, where r > 2k + 3;

UrV;

there is no position i € [1,|Y1]] such that nsvy (i) € [|[Yi|+p+1..|V1V]];

if we define Vi € [1,r] : ¢; == |X1| +ip, then X|[¢;] is a minimum in X(c1 —p..¢], and
Ye] is a minimum in Y(c1 —p. . ¢l

Then CHdg(X ~~ V) = CHdy(X ~ Y), where
X=X[..crp1+p) X[eo_p..|X]] and Y =Y[1..cxs1+p) - Ycrr..|Y].
We are now ready to prove the main algorithmic result of this section.

» Lemma 35. Let n,m, k,p, A € Zy satisfyn <3m/2, p< A, k<A, and kA < /m/128.
Given k, p, A, a text T[1..n], a pattern P[1..m], and a fragment P[L..r) of length at least
m/(4A) with minimum CT-block-period p, we can compute CHd(T[i. .7+ m) ~ P) for all
i€ [1,n—m+1] in O(mk*A) time.

Proof. Due to A% < m/(128%k?), the fragment P[(..r) is of length at least m/(4A) >
p-m/(4A%) > p-1000k? and hence consists of at least 1000k? blocks of length p; namely,
Pll+ip.. 0+ (i+1)p) for i € [0, (r — £)/p). In any k-approximate CT-occurrence of P[¢..r)
in T, at least 1000k — k > 999k2 of those blocks are aligned with fragments of T' that
CT-match them. These blocks are partitioned into at most k£ + 1 sets of contiguous blocks

by the at most k& blocks that are aligned with fragments of T that do not CT-match them.

Hence, in any k-approximate CT-occurrence of P[£..r) in T, there exists a fragment F of
P[(..7) that consists of at least 999k2/(k + 1) > 100k blocks and is CT-matched exactly.?
We have |F| = Q(|P[¢..7)]|/k) 2 Q(m/(kA)). Further, the CT-block-periodicity of P[{..r)
implies that F =~ P[(..{ + |F|) and, combined with Lemma 19, that F has minimum
CT-block-period p.

For a string X, a block X[i..i 4+ p) of length p with i —p,i+2p — 1 € [1,|X]], is bad
if X[i —p..i+2p) % P[{..0+ 3p) and good otherwise. Intuitively, if we have many bad
blocks in P, at least one of them has to be aligned with a bad block in the text. In this
case, we exploit this property to obtain a few candidate starting positions of k-approximate
CT-matches. We then verify each of them using Lemma 24. In the complementary case, the
pattern is almost periodic (that is, it almost entirely consists of good blocks). We exploit
this by trimming long pairs of fragments (one in 7" and one in P) that are composed solely
of good blocks using either Lemma 31 or Lemma 34 before invoking Lemma 24.

We compute a fragment ® = P[¢'..r") of P by extending P[¢..r) blockwise to the left
(and to the right) by prepending (resp. appending) blocks of p characters until we either
accumulate 3k + 1 bad blocks in that direction or there are fewer than 2p characters left in
that direction — in the latter case, we almost reach the beginning (resp. end) of P.

2 Note that it might be a different fragment for each k-approximate CT-occurrence of P[£..7) in T.
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3k + 1 bad blocks on %

one side, where k =1 : i Pla..r) E
—A—

P=| e T T T T o T
T =] ENENEE YT EEEEEEESEYEEEEEEE

CT-run

CT-run extended with up to Skv—l— 1 bad blocks in each direction

Case I: If enough bad blocks accumulate in the pattern, then, for every approximate occurrence, a
bad block of the text must be aligned with a bad block of the pattern (e.g., the highlighted block).

Bp contains at most 6k explicitly bad blocks

P A - ] Y]
T = R EEE RN
3k good 3k good
blocks blocks

Case II: Of a maximal fragment of blocks that are good in both P and T (e.g., the one between the
dotted lines), we can trim all but the initial and final 3k blocks (e.g., the highlighted three blocks).

Figure 4 Illustrations for Lemma 35. Gray (hatched) blocks are explicitly (resp., implicitly) bad.

Case I: Enough blocks accumulated in at least one direction. Assume, without loss of
generality, that we accumulated 3k + 1 bad blocks while extending P[¢..r) to the left.

We employ the linear-time exact CT-matching algorithm of Lemma 6 to compute all
exact CT-occurrences of F':= P[¢..¢ 4 100kp) in T. By Lemma 22, these CT-occurrences
can be partitioned into O(n/|F|) C O(kA) arithmetic progressions with common difference p
such that the CT-occurrences in each of the progressions span a CT-run of length Q(m/(kA))
with minimum CT-block-period p. Let R denote the set of CT-runs in 7" that are spanned
by the exact CT-occurrences of F'.

Let us fix a CT-run Tfa..b] = R € R. We extend R to the left using a procedure
identical to the one performed on P[{..r) until we either accumulate 3k + 1 bad blocks or
the fragment contains T'[2p]. Consider aligning the pattern with a fragment T'[i..i + m)
such that a fragment of P[£..r) that CT-matches F is aligned with a fragment of R that
CT-matches it. By Lemma 22, any such alignment satisfies a — ¢ + 1 = ¢ (mod p), that is, it
perfectly aligns the block boundaries of P[¢..r) and R. In such an alignment, if a bad (resp.
good) block of the pattern is aligned with a good (resp. bad) block of the text, at least one
substitution is required in either that text block or one of its two neighbours in any sequence
of substitutions that transforms T'[i..7 + m) into a string X ~ P. Thus, k substitutions
performed on T[i..i+ m) can fix at most 3k misaligned pairs (that is, pairs consisting of a
bad block in one of the strings and a good block in the other). Therefore, at least one of the
leftmost 9%k + 1 bad blocks of ® must be aligned with one of the at most 3k + 1 bad blocks
in the extension of R. There are only O(k?) ways to align such a pair of bad blocks, each
yielding a candidate starting position of a k-approximate CT-occurrence of P in T. The
described procedure can be implemented naively in O(m) time.

We perform this procedure for all CT-runs in R, thus obtaining O(|R| - k?) = O(k3A)
candidate starting positions. We then invoke Lemma 24 for each such position. In total, this
takes time O(k3A - mk) = O(mk*A).
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Case II: The pattern is almost CT-block-periodic. In the complementary case, we did not
accumulate 9% + 1 bad blocks in either direction. Thus, P = XpBpYp where | Xp|, |Yp| < 2p
and Bp consists of p-length blocks, at most 6k of which are bad.

> Claim 36. In O(n) time, we can either decide that P has no k-approximate CT occurrences
in T or compute a fragment 7" = T[t; ..t2) = X7 BrYr such that the following hold:
for all i € [1,n —m + 1], CHd,(T[i..i +m) ~ P) <k, implies that 7,7 +m € [t1,t2] and
1=t (mod p).
| Xr| =[Xp|and [Yr| = |Yp|,

Moreover, By is partitioned into p-length blocks O(k) of which are explicitly marked as bad.

Proof. By Lemma 19, the fragment IT := P[¢..¢ 4 3p) has minimum CT-block-period p.

Thus, by Lemma 22, any two exact CT-occurrences of II in 7" are at distance at least p and
there are at most n/p CT-occurrences in total.

Now, any k-approximate CT-occurrence of P in T implies a large number of exact
CT-occurrences of II at positions that are in a single equivalence class modulo p, with each

such CT-occurrence corresponding to aligning a good block of Bp with a fragment of T

Specifically, by accounting for the at most k substitutions (each potentially affecting three
good blocks), the at most 6k bad blocks in P, as well as X p and X which are of total length
at most 4p, we conclude that we must have at least |(m — 4p)/p| —6k —3k > m/p— 13k such
exact CT-occurrences. The inequalities kA < /m /128 and p < A imply that 13kp < \/m/4,
and hence m/p — 13k > (m —+/m/4)/p. Since we have a total of n/p CT-occurrences of II in
T and n/p < 3m/(2p) < 2(m — \/m/4)/p, there is at most one residue modulo p, say p, with

at least m/p — /m/p CT-occurrences of II starting at a positions equivalent to p modulo p.

We compute all exact CT-occurrences of IT in T in O(n) time using Lemma 6 and identify
the majority residue modulo p, say p, resolving ties arbitrarily. If the CT-occurrences of II
at positions of T' equivalent to p modulo p are fewer than m/p — \/m/p, we conclude that P
does not have any k-approximate CT-occurrences in T and terminate the algorithm. We
henceforth, assume that we are in the complementary case.

We select y as the leftmost position in 7' such that y > n/2 and y = p (mod p). We
extend the fragment T[y..y + p) in each direction until we either accumulate 9% + 1 bad

blocks or there are fewer than 2p characters left. Let T[a..b) denote the obtained fragment.

Any k-approximate CT-occurrence T[i..i+m) of P in T must align Bp with a fragment of
the form T'[a+ip..b—jp) for nonnegative integers ¢ and j. Further, in this CT-occurrence, Bp
must be aligned with a fragment of T' that contains T[|n/2|]. Now, observe that at most 9%
bad blocks of T' can be contained in T'[¢..i + m), as at most 6k of them can be aligned with
CT-matching bad blocks of P and the at most k£ substitutions may fix at most 3% pairs of
bad blocks in T with good blocks in P. This implies that i + |Xp|,i + |XpBp| € [a, D]

Next, we define the boundaries t; and ¢, and describe the decomposition 7/ = X7 BrYr.

Let t; be the smallest positive integer in {a + ip — |Xp| : i € {0,1,2}}, let ¢2 be the largest
integer in {b —ip + |Yp| : i € {0,1,2}} N[1,n], and set T = T[t;..t3). Since, for any
approximate CT-occurrence T'[i..i 4+ m) we have i + |Xp|,i + | XpBp| € [a, b], this ensures
that i,4+m € [t1,t2]. Further we have that i = ¢; (mod p) since i+ | Xp| = a (mod p). The
partition of T is then defined as: XT = T[tl . .tl + |XP|), BT = T[tl + |Xp| . .tg - |YP|),
Yr =T[ts — |Yp|..t2). Finally, we return ¢, ta, and the bad blocks in Br. <

We also designate each block in Bp as implicitly bad if it contains a position i such that
there exists a position j in either an explicitly bad block or in J := [1,|Xp||U (| XpBp|, | P|]
such that ¢ = psvp(j) or @« = nsvp(j). Note that the number of implicitly bad blocks is
O(kp) C O(kA) (since p < A) as each (explicitly) bad block implies O(p) implicitly bad ones
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and J implies O(p) implicitly bad blocks. This designation is necessary because substitutions
are local operations, whereas CT-equivalence is a global property. Although substitutions
directly modify values within explicitly bad blocks, a single substitution can indirectly
affect many distant positions. In particular, if a substitution occurs at position ¢ such that
i = psvp(j) or i = nsvp(j) for some position j, then the values psvp(j) or psvp(j) may
change. To ensure that Lemma 31 can be invoked to trim long sequences of good blocks,
we must account for all blocks that could potentially interact with either the boundary
fragments or the blocks aligned with blocks that contain substitutions.

By Claim 36, it suffices to compute CHdy(T[i..i + m) ~» P) for each of the O(m/p)
positions in T that satisfy i = t; (mod p) and i,i + m € [t1,t2]. Let G = T[i..i + m).
G inherits its block-decomposition from Br, as well as the classification of some blocks as
bad. We call the considered position ¢ an overlap position if there exist positions 7 in P and
¢ in G that belong to (implicitly or explicitly) bad blocks and satisfy |7 — ¢| < 6kp, and
a non-overlap position otherwise. We treat overlap and non-overlap positions differently:

If 7 is an overlap position, we employ Lemma 24 to compute CHdi (G ~» P) in O(mk)
time. The number of overlap positions is O(k3p) = O(k3A) since we require one of the
O(kp) (implicitly or explicitly) bad blocks in Bp to be within O(k) blocks of one of the
O(k) bad blocks in By. The total time required for overlap positions is thus O(mk*A).
Note that we can efficiently enumerate all the overlap positions using the list of bad
blocks for both Bp and Bry.
If 4 is a non-overlap position, then we can show that CHd,(G ~» P) only depends on
the parts of the alignment of G and P in the O(k)-block vicinity of the (implicitly or
explicitly) bad blocks. More precisely, Lemmas 31 and 34 will allow us to delete most of
the good blocks, significantly reducing the lengths of G and P prior to performing the
comparison of Lemma 24. We first describe this trimming procedure, and then justify
that the conditions for Lemmas 31 and 34 are indeed satisfied.

We use Lemma 31 if P[¢'] is the leftmost minimum of ® and Lemma 34 otherwise, that is,

if the leftmost minimum is P[r’ — 1]. Conceptually, we perform the following procedure.

We traverse the lists of bad blocks in each of G and P from left to right in parallel in

O(k) time. Whenever we encounter a maximal pair of fragments U = G[z; .. xz2) and

V = Plx1..x2) of length at least (6k + 1)p that only consist of blocks that are not

(implicitly or explicitly) bad, we replace G|z ..x2) with U[1..3kp] - U(|U| — 3kp..|U]|]

and Plz;..x9) with V[1..3kp] - V(|V| — 3kp..|V|]. A repeated application of either

Lemma 31 or Lemma 34 guarantees that CHdi(G ~» P) = CHdy (G’ ~~ P’), where G’

and P’ are the strings obtained from G and P, respectively. Instead of making the

replacements on G and P, we explicitly construct G’ and P’ by copying the fragments of

G and P that are not deleted by the conceptual procedure described above.

As we have O(kp) (implicitly or explicitly) bad blocks in P and O(k) bad blocks in G,

and since each bad block prevents O(k) blocks from being trimmed, we have |G'| = |P’| =

O(k?p?). The computation of CHdy(G ~ P) using Lemma 24 thus takes O(k?p? - k)

time and returns CHdy (G ~» P). Over all O(m/p) non-overlap positions, the total time

required is O(m/p - k*p? - k) = O(mpk?) = O(mk*A).

It remains to be shown that the described applications of Lemma 31 are valid if P[¢'] is

the leftmost minimum of ®; applications of Lemma 34 are valid in the remaining case by

symmetric arguments. First, note that p is a CT-block-period of U and V by Lemma 22,

and they both have their leftmost minimum at their first positions.

The first condition of Lemma 31 holds trivially by our assumptions with r = (xo—x1)/p.

The second condition of Lemma 31 holds by Corollary 18 as p is a CT-block-period of
both U and V, and U[1..2p] =~ P[{ +p..L+ 3p) =~ V[1..2p]|.
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The third condition of Lemma 31 holds due to the facts that (a) by the definition
of implicitly bad blocks, there is no position j outside a good block with psvp(j) €
[x1..22 — p), and (b) for each position j in a good block, psvp(j) is at least j — p by
an application of Lemma 15 to .

The fourth condition of Lemma 31 follows by applying Lemma 15 to U and V. |

4.4 \Wrap-Up

» Theorem 1. The APPROXIMATE CT-MATCHING WITH SUBSTITUTIONS problem can be
solved in O(ny/m - k*°) time for k € [1, |m'/?]] and in O(nk®) time for any k € [[m'/>],m].

Proof. We can assume that k < m'/4/128; otherwise, the algorithm of Kim and Han [21],
which simply invokes Lemma 24 for k, P, and T[i..i + m) for each i € [1,n —m + 1], runs
in O(nmk) C O(nk®) time.

For A € Z (to be specified later) satisfying kA < /m/128, we apply Lemma 26 to P.
We either obtain a CT-rainbow of A disjoint fragments in P, or a fragment of length at least
m/(4A) with its minimum CT-block-period p < A. This takes O(mA) time.

We then apply the so-called standard trick to reduce the given instance of APPROXIMATE
CT-MATCHING WITH SUBSTITUTIONS to O(n/m) instances of the same problem with the
same pattern P, the same threshold k, and the text being a fragment of T' of length at
most 3m/2. For i € [0, |2n/m|], define T; := T[1 + |i-m/2] .. min{| (i + 3) - m/2|,n + 1}).
It is readily verified that each m-length fragment of T" appears in precisely one of the T;s.

We then apply either Lemma 28 or Lemma 35 (depending on the outcome of the analysis
of the pattern according to Lemma 26) to solve an instance of APPROXIMATE CT-MATCHING
WITH SUBSTITUTIONS separately for each T;. In the end, we merge the results.

Each instance is solved in O(mk*A+m?k/A) time. The total complexity over all O(n/m)
instances is therefore O((n/m)(mk*A+m?2k/A)) = O(nk*A+nmk/A). We now distinguish
between two cases:

If £ < |m'/5/128%/%|, we balance the two terms in the complexity by setting A =

vm/(128 - k'-5)]. Since kA < \/m/128, and 2k < A, the time complexity is

m nmk 9.

Else, we have k € (|m!'/®/1282%/%], |m'/4/128]). We set A = 2k, noting that kA = 2k2.
Since k < m'/*/128, we have k% < \/m/1282 and hence kA = 2k? < /m/128. Hence, in
this case, the time complexity is

nmk

o (nk4(2k) + Qk;) = O(nk® +nm) = O(nk®).

Since nk® = ©(ny/m - k2?) for all k € [|m'/>/128%/%]|m"/?]], the statement holds. <«

5 Conclusions and Open Problems

We have presented an efficient algorithm for APPROXIMATE CT-MATCHING WITH SUB-
STITUTIONS. Our algorithm can be seen as a reduction to several instances of computing
CHd(X ~~Y) for pairs of strings X and Y. We note that any improvement upon the dynamic-
programming approach of Kim and Han [21] for this comparison problem would directly
yield an improvement over our main result. Interestingly, no (conditional) lower bound is
known for either the problem of computing CHd(X ~» Y) or APPROXIMATE CT-MATCHING
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WITH SUBSTITUTIONS, and devising such a lower bound is another direction for future work.
Finally, we hope that our techniques will serve as a foundation for advancing the state of the
art in approximate CT-matching under the edit distance.
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